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XET 1>

St = {x e RITL | ||z|| = 1}, o: (EFMILEINT) S LED—FRBIE.

Def.| (Delsarte et al., 1977) A set Xy = {x1,...,xy} C S¢
(N < o) is called a spherical ¢-design of S¢, if the following eq. holds

1 N
=D f(@i) = / /@ do(@), Vf € PRI,
i=1 T

« IRA-IRA ('09), Seidel(2001) B ETIXMMOEKE T 1V ODERHBAINTULS.

Ex.| BAIMICRET 2 ESEEDEREEIE t-design of S° AT,




IXE T 1 > DOZERE

o mHMDTR (FEETERIE) : Delsarte et al. (1977), Yudin(1997)

o F1EMIRE: Tchakaloff(1957), Seymour-Zaslavsky(1984),
Bondarenko et al(2013)
T IEFEQEET YA VOMEICESITEZT LA I RIL—

o BAAIRE: (FIC/NTL IS LT) RERY/BIFRGEDZSHA SN TWS

o [LAFAZE: - QMCTH4 > (Brauchart et al., 2014)
- BanachZRNDFERIE®HIAH ~ finite frames (H., 2021a, b)
- #RETBIRERETEE (Sawa et al., 2019)
- W—RILEICEITBFHHEEHRDOEL (Dao-De Sa-Ré, 2017)
- Wiener ZER_E®D cubature 23zt (Lyons-Victoir, 2004) #r

Rem.| &, Cohn-Kumar(2006)IZ&k 3 universally optimality Z#D
KESEBDDERY, R T vl s TRILF—DOEHEHD S DIRFEHEEA .

*x Brauchart-Grabner(2015), Bilyk et al (2019), ...




IXET 1 > DFERE

Thm.| (Seymour-Zaslavsky, 1984).

HABDOART (d, 1) ZEET 3. SEP+HABSIE, t-design of ST (FLDT
HEET 3.

Thm.| (Bondarenko et al, 2013). BA#d > 2%ZEFET 3. COLE, £

BDON > ct LT, NETO t-design of S¢ HFEETS.

+ Korevaar-Meyers (1993) MF48: Tt-design of ST THEBM N < t?DHLDOWEICHEET 31 EHR.
(an =< bn < Jeg,c0 > 0, S.t., cran < coan, Vn)

+ Bondarenko et al. (2015): “well-separated” spherical design ICDWTREERDER%FEA.

x Etayo et al. (2016): AV /\NY MIBZHE LOTEZICH L THE.

HBEDFEEIE, BAEICDOWVWTIFESIHEARTULELY.

Prob.| ¢t-design of SETEEHN = O (t — o) DIEHREES R &£.




QMCTFH1 >

o EDEFEEMI-T design of ST #REM /BRI LEBRGEISERAER.
FCCIEREMNSEMEICEEL, BWVMEBEZEFD Xy C SCEBDIFL.

1 N
]Vg;f@wﬁuléwfﬁﬂdd@)

= HS(SH) Icd B QMC FH 1 V&5 Brauchart et al. (2014)
* W;(Sd): Brauchart et al. (2015), H("(S?): Grabner-Stepaniuk(2019)

Rem. | 8{EMYIC design of S? ZiFERTZHEIIMZ < $3: Hardin-Sloane (1996) F48.
lt-design of S2 THRED N > 112 + o(1?) (t = 00) LRZHLDHEICEET 3.

+ Chen-Womersley (2006): t < 100 cxtL, BIERERICED, (¢t + 1)? ATD t-design.

- Chen et al. (2011): FEMDEEA. ¢ > 101 ICEHL TIdRARR.
x Sloan-Womersley (2009): BEEERICELD, H.-S.DFBEDELITERRTVS. EBICIEN > L(1+1)27
* Graf-Potts (2011, 2013): ¢t < 1000ICXf L, BYERERICEK D, t-design 2K (HET—1) Iﬁ?ﬁ‘wﬁiﬁ).

L LEDS, (RADHBRD) d > 4AULEDHABERIZINE WV DIFEZ[RIHSNTULAL.



QMC design for H5(S%)(c L2(S%))

Yip:k=1,...,2(d,l)}: spherical harmonics of deg. I,

{al@} with a<3) — (141)2, Z(d,1) := dim Harm,(s%)
- For f € HS(Sd) (s > d/2),
s Z(dl)
£l = D" g™ D s> <00, fip = / _ T@Yip(@) do(@)
= k=1 x

- KGO (@, y) 1= 3320 S 2D By L (2)Y ().

Thm.| (General distance kernel, Brauchart et al., 2014)
For d/2 <s<d/2+1,

K<S><w y) =2V _5,(S?) — |& —y|?*™,  z,ycS?

where Vy_54(S%) 1= [fqiyga o — y|?*~% do(x)do(y)

x See also Brauchart-Wormersly (preprint): —f&®D s ICDWTHFLH-TWS. (&)



QIXNI(f) =% Yaexy @), I(f) = [ f(®) do().

wee(QIX NI (7)) := sup ;e gay |QIXNIU) = 1(f)
[ fllm<1
* Koksma-Hlawka BIRER: for any f € H5(SY),
QIXNI(f) — I(H)| < wee(QIX N HY (SHD || fllm.
* BT B, wee(Q[Xy; HS(SH)]) 3BERK K (x,y) ZEHVWTEMFMICRINS.

Def.| (Brauchart et al., '14). Given s > d/2, a sequence (X ) of N-
point configurations on S? with N — oo is said to be a QMC design
sequence for H5(S?%) if there exists ¢(s,d) > 0, independent of N, s.t.,

wee(QX NI H*(8%9)) <

Thm. | (Brauchart et al, '14) For N =1,2,..., there exist N-point spherical ¢t-designs Y of sd

with t < N1/ These form a sequence of ‘“generic” QMC designs.



Brauchart et al. ('14): & Z =1 f(z) = Jg2 f(x) do(x)
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FIGURE 3. Numerical integration errors for the Franke function

2 2
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Jittered sampling PP

Def.| Dy = {D,L-’N},fil: an equal area partition of S¢ into N pairwise
distinct subsets. Namely,

O'(Dj’NﬂDk,N)ZO, Vi, k=1,...,N with 3 #= k,
U(Dj,N) — 1/N7

diamD; ny < c/Nl/d.

Let x; = T; N be a point selected randomly from Di,N w.r.t. uniform
meas. on D; y. Then, Xy = {:ni},fil is called a jittered sampling PP.

e The jittered sampling PP IZDPP
(Brauchart et al., '20).

x K(z,y) = NYiL1 1p,  (@)1p, \ (y).

e Leopardi('09): & Dy DIFEME%Z K5 Fauchereau e I. ('08) &D.

x Brandolini et al.(2014): Q> /Y Z#KIE LD jittered sampling PP.



Thm.| (Brauchart et al. '14). If Xy denotes an N-point jittered
sampling PP on S¢, it holds that, for d/2 < s < d/2 + 1,

g’ g Y2 < B
77 < Blwee(QIXyL B (8D)?| T < —

Rem. | (Brauchart et al. '14). Given s > d/2,

/2 b(s,d)
} ~ N1/2
for some b(s,d) > 0, where x1,...,zy are indep. and uniformly dist. on S<.

E [wce(Q[XN]; H (S%))?

Prob. | Jittered sampling PP DfBIC, QMC design =49 RS
BizlS D B H?

Brauchart et al. ('14): “For fixed s > d/2, there exist many sequences of QMC designs for H*(S%)

that are not composed of spherical designs. “



2. KELOTIHRBREE QMCTH1 Y

e Macchi(1974, 1975)

e Kulesza-Taskar(2012):
§2.5.4 Quasirandom processes < MC * QMC ¥ DEE % 151

e S LD DPP:
e spherical ensemble of S2: Krishnapur('09), Alishahi-Zamani('15)
e harmonic ensemble of S Beltran et al.('16)
e generalized spherical ensemble of S2¢: Beltran and Etayo('18)
(e projection ensemble of S29t1: Beltran and Etayo('17))
e jittered sampling on S%: Brauchart et al.('20)



s? ED75IHRBE (DPP)

o K :S%xsd 5 C: A—=x)LE%

Def.| A simple point process on S? is called a determinantal
point process (DPP) with kernel K if its k-point joint intensity
functions py, : (S1)F — R>g (w.r.t. the measure o) are given by

pp(x1, ..., xp) = det(K(zj, ©;))1<ij<ks Yk 2> 1.

o Xy = {x1,...,zN} PS¢ ED N-point DPP#E5(E,

B3 (o ay)] = L, [ote i) dot@ydow)
= [, L, (5K 1K@ n)P) f@.y) do(e)do(y)

¥IC5 B S DPPsICDWVWTIE,
BY @] = [ @) f(@) do(@) = [ K(.2)/@) do(a) = N



Spherical & harmonic ensembles

spherical ensemble| e well-known ensemble on S2 (e.g., Krishnapur('06))

N1+ g(z)g(y)N -1
(1 + g(x))N=D/2(1 + g(y))N-1)/2’

! Jlf VII22 cor (1. 00, 23) € §2: S2 BALEHS C 1o X7 L AHET 3514,
.

o pa(z,y) = N2{1 — (

o K(x,y) =

TCTCE‘L/, g($1,$2,3}3) =

|z —yl>

. )N_l} (Alishahi-Zamani, '14).

Harmonic ensemble
o K(x,y) = Ry ((x,y)): ZEREMP.(SY) DBEH,

d+I—1
QL+ d)(“"7 )P(d/z,d/z—l)(x)

L
(7

o po(z,y) = R(1)% — Rp({z,y))".
o HOBIF (BE1T) N =dim(Pr(SH)) = Rp(1) = (“BH) + (¢ 1),

RL(CIZ) = (scaled Jacobi ZIER)



BB O FTHil

Thm. | (H., '18: (i), (ii)-(2), Marzo '184: (ii)-(1)) (i) Let d =2 and X be an N-point
spherical ensemble. For 1 < s < 2,

2T (s)

E WCG(Q[XN];HS(SQ))Q — QQS_QB(S,N) (N 225— e

)
where B(s,N) is the beta function.

(ii) Let X be an N-point Harmonic ensemble on S¢, with N = dim(P7(S%)) points.
(1) For d/2 < s < d/2+ 1/2, there exists c1(s,d) > 0, s.t.,
C]_(S,d)
Bl{wee(Q[y]; H*(8D)) Y112 < =272,
(2) For d/2+1/2 <s<d/2+ 1, there exists c5(s,d) > 0, s.t.,

Bl{wee(QUxy): BI(E))N? < 28D




C

alll

Gl

e (Brauchart et al., 2014, Brauchart-Womersly, preprint).
For d/2 + L < s <d/2-+ L+ 1 with L is a positive integer,

KO (2,y) = (1= DI Va0, (89 + Q@ -y) + (D e -y,

where
L
_ d
Qr(x-y) =Y (DI 1) oY 2(a,) PV (@ y).
=1
wee(Q[X y]; HE(S%))?
Riesz (2s — d)-energy L-th polynomial energy
17 ~ — 1 7 -
=DM Y el o Y Qe — (DETVo(sY),
1<i,j<N 1<ij<N

e Brauchart et al. ('20): “hyperuniformity” I & 2% {T17.
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Frame potential

o BRE T > & p-frame potential DIEERGRZE.
Def.| (p-frame potential). Xy = {z1,...,z2xy+ CS% 0 < p < 0

N N
FPp(XN) = > > [(ay, @) P

i=1j=1

Prop.| (Seidelnikov's inequality).

N N
Z Z@?' x )P > {NZPFP(p), p. even
%)

= o, p: odd
where PFP(p) = [Jsd sz, y)P do(x)do(y), and
Xy is t-design of S¢ < “=" holds for any p=1,...,¢

e Bilyk et al. (2020): p-frame potential @ minimizer O3 4.



Results of p-frame potential

Thm. | (H., 2021b). (i) Let Xy be an N-point spherical ensemble (on S2). Then,

27(_ +1 1.
E(FPP(XN))ZNQPFP(p)—i—N—N {( 1)]9 B( 1,p2—+]—\]1,N)—|—B(N,p—|—1)},

where B(z;a,b) = [§t*~1(1 —t)°~1 dt is the incomplete beta function.
(ii) Let Xy be an N-point harmonic ensemble on S% with N = dim(P.(S%)) = (dEL)—l—(dJré’_l).
Then,

E(FP,(Xy)) = N2PFP(p) + o(N) (N — o).

(iii) Let Xy be an N-point jittered sampling PP -+«a. Then,
2
C

2
E(FPp(XN)) < N?PFP(p) + N -~ N(1 -

YP/2,




2-frame potential DG E

Xy={x1,...,xy} CS% N < o0

Def.| A finite set X is called a finite unit norm tight frame (FUNTF)
for R4t1 if there is a positive constant A satisfying

N
> lw,z)|? = Allz|?, Ve e R
=1
x A spherical 2-design is also a FUNTF.

F:RITL 5 RNz ((z, ;)Y ;: analysis op.

F* RN — RIFL ()N SN ciz;: adjoint op. of F

Prop.| (Cf. Christensen, '03).

- d+1 1 1 o -
XnyisaFUNTEF for R < NF F = e 1Id—|—1 (Id—l—l' identity mat.)

Prob. Find more applications of p-frames!




Thm.

(Ehler, '12). Let Xy ={x1,...,xNy} C S? be a set of random points, independently

distributed according to prob. unit norm tight frames{uk}]kvzl, respectively. Then

~"

Ex. p; = the surface meas. o on S¢
1 1 d
d+1 Nd+1

1
B(|SF*F - ——Ta41l%) =

where || - || 7 denotes the Frobenius norm.

Lem.

1
d+1

1 1

7~ w2 BFPa(y)

Tar1l3) =

1
E(||=F*F —
N

Cor.

(H., 2021a). (i) If Xy stands for the N-point spherical ensemble on S2, then

1 4

1 * 2N
E(HNF F—§I3H]—“)— NF DN +2)

(ii) If Xy stands for the N-point harmonic ensemble on S¢ with N = dim(P;(S%)), then

1
d+1

1 _d+1
E(||NF*F— Tar1lF) =O(N~d ) (N — o)

(iii) If Xy stands for the N-point jittered sampling on S?. then

L )< S
d+ 1 4THF = o N1+2/d

1
E(|<F"F -
N



=il

e S FDDPP:
- spherical ensemble of S2: Krishnapur('09), Alishahi-Zamani('15)

- harmonic ensemble of S%: Beltran et al.('16)
- generalized spherical ensemble of S2¢: Beltran and Etayo('18)
(- projection ensemble of S2¢t1: Beltran and Etayo('17))

- jittered sampling on S%: Brauchart et al.('20

Prob.| Harmonic ensemble on S¢&bD, “LDEBULY' Riesz energy
R OBRMBRIIAL ? KDRBMNR I aL—2 a3 AEIR?

e BIREE, 7V I—>32XAFX—LETODODPP

CHELHDHNESTTWVWELT!
EE B (Z2HMEIIKXFE)
e-mail: hiraoQ@ist.aichi-pu.ac.jp



