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MATHEMATICS FOR EVOLUTIONARY COMPUTATION

September 7-8, 2021, Online

Mathematics for Evolutionary Computation

Naoki HAMADA

Engineering Division, KLab Inc., Japan

Evolutionary computation is a paradigm of black-box optimization algorithms that do
not, require the convexity or derivatives of optimization problems. It has been widely
used in various fields of industry and science because it can often approximate the global
optima with good accuracy in the practical point of view. However, even now, most of
its working principles are not mathematically understood, and the benchmark-intensive
development of algorithms is beginning to face problems in performance evaluation [1].
In this talk, I will introduce methods and applications of global analysis, in particular
singularity theory of differentiable mappings [2, 3], which seems to be promising as a
theory of evolutionary computation for global optimization.

REFERENCES

[1] H. Ishibuchi, L. He, and K. Shang, “Regular Pareto Front Shape is not Realistic,” 2019 IEEE
Congress on Evolutionary Computation (CEC), 2019, pp. 2034-2041.

[2] S. Smale, “Global Analysis and Economics: Pareto Optimum and a Generalization of Morse
Theory,” Synthese, 1975, 31:2, pp. 345-358.

[3] N. Hamada, K. Hayano, S. Ichiki, Y. Kabata, and H. Teramoto, “Topology of Pareto Sets of
Strongly Convex Problems,” SIAM Journal on Optimization, 2020, 30:3, pp. 2659-2686.
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STEVE SMALE %Eﬂq%i@{t
FEFEDH
GLOBAL ANALYSIS AND ECONOMICS

Pareto Optimum and a Generalization of Morse Theory

Precisely the problem we consider is the following: One is given real
differentiable functions u;: W — R defined on a manifold ¥ say for
i=1,...,m. What is the nature of curves @:R— W with the derivative
dJdt(ug=)(t) positive for all i, 12 For what xe W does there exist such
a ¢ with ¢ (0)=x? The critical Pareto set 0 is defined as the set of xe W,
for which there is no such ¢. The main problem is the study of 8. Another
way of looking at this is: how and when can one gradually improve the
values of several functions simultaneously? One could consider this

These questions lead to attractive mathematical problems. But espe-|
cially one obtains a new way of studying utility, Pareto sets in economics,
where traditional assumptions of convexity and monotonicity need not
play such a key role, Also I believe that the questions of optimizing several
functions at once, transcend economics; in other social problems, DEIi-

EER|ESE O |$E1’iﬂé§'5dﬁ7&</\b MNESOHBEZREITTS

Synthese 31 (1975) 345-358. All Rights Reserved
Copyright © 1975 by D, Reidel Pablishing Company, Dordrecht- Holland
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Smale 1973
ProposITION Suppose u: W — R™ satisfies the rank assumption, jet

transversality, and transversality condition 4,. Then (if not empty!)

the critical Pareto set 0 is an (m — 1)-dimensional manifold with corners
in_the sense of Cerf (thesis) or stratified set in the sense of Thom [7].

Thus 6 has the structure of an (m — 1)-dimensional manifold 6; together

with its boundarv 30 = 0 — 0.. The boundarv is a union of submanifolds
- MERSESEM- LR TOBEDEIESERS.
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® Varying f; = x with fixed f, = y3 + y(x? — 0.5) + z2
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the efficient point set with the origin y = 0 deleted is contractible within

itself {o a point.
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Chapter 6

Structure of Optimal
Solution Sets

BRAZ, O, EOETERED
IL— hERES/J0> hORESE, &bt TIHEE D.T. Luc

In mathematical programming if an optimization problem has an optimal s N _
solution, then the optimal value of the problem is a unique point in the field of KoopmansiitdJ Z!:I
real numbers. Due to this fact, the set of optimal solutions has rather simple ?%%}Eét}, &Eﬁl@ﬂﬂ

structure whenever the data of the problem are convex or linear. For instance, the BT3B/ — I\%@/ )
optimal solution set of a linear problem is a polyhedron, the optimal solution set o>~ ODEE%@“I“{ Efﬁt
; o]

of a convex problem is convex if of course it is nonempty. Such a nice structure of
solution sets is no longer true for vector problems. However, some properties which 4 ; B mEtrzEm. 28

are important in application such as closedness, connectedness or_contractibility BB L DIRES D MR

_of these sets are still in hand if the dat:? satisly f:ertain assumptions_, ‘This Fha.pter O>—(CEa9 5%&9\@[/ \
is devoted to the study of the properties mentioned above of efficient point sets NS oy
for linear, convex and quasiconvex vector problems. BRIBZHE.
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S g3, Si MMood BE) (&
2. Comfort: 'H&l@ ) |m8(|‘-ﬁE) ood (EEE)

: e us(@ = D" wilsi + Bsi(@)(si + Asi(@).
3. Hygiene: &% ENENOSMIEMoOdEBAILT BT B0 R

4. Bladder: 1L #9s.

*%E*qa Eggﬂsk 78a BREEIEAs (a)
[ RASB(CA% = Hygiene +40,
>. Energy' 7LXVL Comfort +30

6. Fun: ;%Ié UML) EBE®BI3 = Room +20
. = rML%9% = Bladder +40
7. Social: FEUELY  ruasss = Room +30

8. Room: @R L=
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ZHBE#iYElastic NetDfiFE 5 (solution map)

6*(w) = argming wy f; (6) + w,5(8) + w3 f3(6)
BEHEE

NL—hES JANZl WM

L | i

X CR"EMNESETD. B X - ROPUTEBZT ESMEHREND
fex+ A=)y <tf)+@A-t)f@y) (vx,y€eX,te[0,1]).

B X > ROUUTZBIE Y EEROEHEND @ HDa > 0WFRELT
1
flx+ A -t)y) <tf(x) + (A -Of () —Eat(l = Dllx = ylI* (vx,y € X, t € [0,1]).

ER : (G8) OERB{bRE=E

XS R"EMNESETD. BB = (fy, ... fn): X » RVZRE{L I DRREE, IAN
TORE#S: X > RN (58) BEiCTHDESE, (G8) MmEbFEEND.

GRS (85) BA{AEY

2 R” DR E O (2 <r<w) ETB. CDES, fERIMET
BRI AN TS S, 50, FED L — MRy [CDNT
corank df, = 1 135(E, fZ&/IME T IMEIIC-EENTHS.

TEIEDEBHIEIR : CDEED—HL

corank df, =2 DR T « r=1THBMHIL
JiL— l\%@b“&‘/:j—\
ENBeh, BIREG .

IR TR LA

EWET/A< 2B, CO-55EE{RH)

IOENSYAN VAR (BAREY (T2 D RAF(IRARR)
LI, JL—h

EAFHEACENR.

27




MBS TRV W IR RIEE) THER(C

L(R™, R™)ZR"MSRMN\DIREEGHREARDZER L, 1—0YUw RZERE
RYMER—RTD. FIRP >R™ & CT-#HEHR 2Q<r<on=m) &
3. BELn-2m+4> 0125, IR—THEIEST c L(R", RM)MFETEL,
B Dn € LR, R™) — Z(CDWTEES + nlHMEED/ L — NME

x € X*(f + m)CHBUWTcorank d(f + 1), =1 TPHD. DFD, f+nzm/
b9 BRIRE(FCT - BN THS.

RIDKICIID ?
FEROC-BOBEFINGS >4 LT RESER) &R EEHR1TEEN(C25.
DFED, FEHEHANLQBBAESHECHE TSNS,

[Hamada+ 2020] Topology of Pareto sets of strongly convex problems. SIOPT, 30(3), 2659-2686

SIRVY DRRAABENDH!

where RBIA

BER U (e=0)/Z & 558141 BEEMR S (e20) EBENICIRD

[Hamada+ 2020] Topology of Pareto sets of strongly convex problems. SIOPT, 30(3), 2659-2686.
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® Wasserstein GAN (WGAN)

® Transformer-XL

® SpecAugment

® Improved Consistency Regularization

® T, IRBHILGRLIDWLS
O E-ﬁl%gﬂf‘] 78:*595'%’5&(1 Discriminator Loss

Generator Loss

EUBEKRENER TENE
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® XICH TEEEISANNARILE = T-INSHITELEZL
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® X/F1a: X*(f,) = All-1 (vD)
® F1b: int X (f) nintX*(f;) =0 (V] s.t. [ # )

31




FHF1aDBERIIN—S AT AR TRETES

W=7 ARDEZEHETEIER : »
P(Wa(P.P) > ) < ]P’(H(S,,J,M) > cb) <a+0 b) forn - o

— n
/ \ J A XDa- XM

ﬁ Izcb IZcb

W.: Bottleneck distance H: Hausdorff distance M (ZRERDT. S, DT — A SvS

[CKD ¢, ZEFET D

N—=>RF> MREOS—

VYIYRh—=32X :

N\t N (G A\
ARyFE - REHEEEIR—FY

BRSO p =1

KER : lEhMClaDBEEZRETE
O

OO Four 0-cycles
No 1-cycles

O

32




FH1aDBEZ/I\—S AT AR TIRE UTZLY
T (e

AIFEZE R REOS—EF
xEv(@EME @ H.(X)EH ()RR

IRAEDNUTHERONZ IR

HBJIEZSFE, REOS—HhSEEIVZS

EE 3. M A2 niRca Ny b C® ZHKE
T5. L MEOM ME |z HELEET,

H,(M) = H,(A") = {OZ

o, MIZAMIZEMETH 5.

sSEBADIYtE> X (GEBA(E ()

(m . A

"o (g#n)

33




O RE M & oM MEBICEHEERE] (FARHCEVD ?

®n =3 D h-FIRFRIIRI>HLFRLEME

@ ESHRNTTU—TD n =4 O h-FEIREERIKRER

WGAN & miE#nxEm

® WGAN(ZFakes3fixReal D1l
BIEIEXE LU TWLWDEHFRED

® FRIRDWGANDERM(E ECHTRIEC EDHDE/ | (CIRDAE
O NDER/ZETEIRULWY, OXFUWERTI(EFRLSHASKROSND

® GANDERMA RN TH D Z EMNRERD1IDEENOND

@ IMEFTEDLSICTBICEIZENRBEMEXDINE ?

@ mEXIERDOZBENERELIRE (FADHBIRD) FITRER

® CNERRINEKDEEEDH DI T YNERTEDNE

CDEDT LD

® J'— LAIDSET ICZENRBEILMERZ S

o (59) BEANIREEIREICHITIERLEBEIS K

® LI LANEMDET U T CF2 1 OHFNE

34




REECES—EEBAIZVWC L

@ ELETE (CBHENIEIEN D D
IRRFI SN TULVRLDS EVVD TEELURWVWE IR 520N
DUAKDBERBEZICAUTHSOH TRDODMNBINE LNTRL)

® I N CDHFA(IKICIID @ FPHRF = ILRERE
THFECTE DWFTTIIIMRICIIDEF TIFRN
HGm S0 (SR - EEmOICRE LS, IWRANERZED

@ CETBENBIDTHEKD
FEZEN (CEFMM (CERAPRERETT ST
WERRDHELWCTEZUIRKTE, TEDZ LRSS

35




MATHEMATICS FOR EVOLUTIONARY COMPUTATION

September 7-8, 2021, Online

Introduction to multiobjective evolutionary
algorithm

Akira OYAMA

Institute of Space and Astronautical Science, Japan Aerospace Exploration Agency,
Japan

Multiobjective evolutionary algorithm (MOEA) has excellent features such as being
able to obtain global optimum solutions and being able to obtain Pareto-optimal solu-
tions for a multi-objective optimization problem. In this talk, basics and applications
of MOEA [1, 2, 3] are introduced for those who have not dealt with MOEA so far.

REFERENCES

(1] Kili B, “Erroifid 2% HIRGHREL 0 2 HREL L3 ? ) 2018, K& SHIRHE.
(2] Kili ¥, “¥arond 5% HIHRGEHREL 1| 2 BVRGEHREERE2Z <7 2018, 26 SR
(3] Rl 2, “¥uishned 5% HIHRGHRGEIL 2 A b 72 2 5EHREL TR, 2018, K25 S HifRAL.
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MATHEMATICS FOR EVOLUTIONARY COMPUTATION

September 7-8, 2021, Online

Singularity theory viewpoints, methods and
applications

Goo ISHIKAWA
Department of Mathematics, Hokkaido University, Japan

A point where the situation of the space/figure, or the behaviour of the function/mapping
looks very different from nearby points, is called a singular point. Singular points have
a significance by showing local-global information of objects under the study. Regard-
ing singularity theory as one of mathematical area, I would like to explain about several
central problems of singularity theory, stability, genericity, determinacy, classification
and recognition problems, the methods of bifurcation diagrams and stratifications, and
so on, and thus, introduce some of geometrical approaches and characteristic viewpoints
from singularity theory to try to find its possible applications.

REFERENCES

[1] V.I. Arnold, Catastrophe Theory, Springer (1984).

[2] V.I. Arnold, S.M. Gusein-Zade, A.N. Varchenko, Singularities of Differentiable Maps, Volume I,
Classification of Critical Points, Caustics and Wave Fronts, Birkhduser (1985).

[3] S. Izumiya, G. Ishikawa, Applied Singularity Theory, Kyoritsu Co. (1998) (in Japanese).

[4] K. Saji, Criteria for singularities of smooth maps from the plane into the plane and their applica-
tions, Hiroshima Math. J., 40 (2010), 229-239.

[5] R. Thom, Ensembles et morphismes stratifiés, Bull. Amer. Math. Soc. 75(2) (1969), 240-284.

[6] R. Thom, Stabilité Structurelle et Morphogénése, Benjamin (1972).

[7) J. Mather, How to stratify mappings and jet spaces, Singularités d’Applications Différentiables,
Lecture Notes in Math., 535, Springer-Verlag (1976), pp. 128-176.

[8] H. Whitney, On singularities of Euclidean spaces I. Mappings of the plane into the plane, Annals
of Math., 62-3 (1955), 374-410.

[9] H. Whitney, Collected Papers II, Birkh&user (1992).
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Singularity Theory

Goo Ishikawa, Hokkaido University, Japan  HBREAGHOLT - 20 Jj - v/ 2

[ Singular points, Singularity ]

A point where the situation of the space/figure, or the
behaviour of the function/mapping looks very different
from nearby points, is called a singular point. Singular

points have a significance by showing local-global infor-
mation of objects under the study. (fF5 flldhF R 0
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[ Everything is a singularity ]
[AYERRERATH L1 CGRE - Al TEARESGR 1998)

Every interesting thing is a singularity.
(BIRZE NS DIE, ABRRRRTHS.)
(Boo72bDIZEINDEZ & ZZENANFHOERDH. .. 17)

Goo Ishikawa, Hokkaido University, Japan f#RAGRON S - 20 4 - i) 4

[ Singularity theory as one of mathematical area ]

Goo Ishikawa, Hokkaido University, Japan  HBREAGHOLT - 20 Jj - v/ 5

[ Differentiable maps ]

A continuous map f : N — M between differentiable man-
ifolds N, M is called differentiable if, for any local coordinates
on N, M, f is locally expressed as a C*° mapping R" — R™

fl = (ylof)(xlaan"'vwn)a
fa = (y20f)(z1,22,...,%0),
fm : (Ym © f)(z1,22,...,2n).

C*°(N, M) : the set of all differentiable maps N — M,
endowed with a topology (Whitney C'*° topology).

Differential calculus, Differential topology, Differential ge-
ometry, Analytic geometry, Catastrophe theory, ...

53




Goo Ishikawa, Hokkaido University, Japan FRERORA - R0 - v 6

[ Singularities of differentiable (= C'*°) maps ]

Let f : N — R be a differentiable function on a differen-
tiable manifold, e.g. N = R". For p € N, if

(2w 2w itw) 2 00,00

then f is transformed to f(p) 4+ x1 under a certain change of
coordinates around p, by the implicit function theorem (&
BEBUEH).

A differentiable map f : N — M,dim(N) = dim(M) is
a local diffeomorphism around p € N if the Jacobi matrix

Ofi

61'3'
BECER) .

(p)) is invertible by the inverse mapping theorem (¥

Goo Ishikawa, Hokkaido University, Japan f#RAGRON S - 20 4 - i) 7

[ Critical points of and critical values of functions ]

Let f : N — R be a differentiable function on a differen-
tiable manifold.
A point p € N is a critical point of f if

(;—gi(p),g—i(p),---»%(pO =(0,0,..,0)

for a system of local coordinates 1, ..., %, of N around p.

The condition is equivalent to that, for any differentiable
curve v : (R,0) = N, v(0) = p,

2 F (@)= = .

Goo Ishikawa, Hokkaido University, Japan REAGRO - R0 4 - v 8

[ Variational problems ]

The source space N can be an infinite dimensional space.
Give a functional
J:{y:[ab] - R,C" y(a) = A,y(b) = B} — R,

b
J(y) = / L(y, y(2), §(2))dz, L = L(z,4,9),

y = y(z) is a critical point of J is characterized by
OL d 0L _ 0

Oy dx oy

Euler-Lagrange equation.

— geodesics on Riemannian manifolds

— Yang-Mills connections, etc.
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[ Singular points and singular values of mappings ]

A singular point of a differentiable mapping f : N — M
between manifolds IV of dimension n and M of dimension m
is a point p € N where the rank of Jacobi matrix

ofn  oh ... Of1
oz dxo Oy
Ofa  8f2 ... Of2
oz Oxo Oxp .
rank ) . . < min{n, m}.
9fm Ofm . Ofm
oxq Oxzo Oxp

A singular value ¢ € M is a point such that ¢ = f(p) for
some singular point p.
(Then f looks very different at p (resp. at ¢) from other

points around it. )

Goo Ishikawa, Hokkaido University, Japan RGOS - R0 i - i 10

[ Example ]
Let f : R* — R? be the plane-to-plane map defined by

Y1 =x1, Y2 = cc‘g + x122, Whitney’s cusp map.

(x1,22) > (1, 22,23 + 2122) — (21,23 + T122)

H. Whitney, On singularities of Euclidean spaces 1. Mappings of
the plane into the plane, Annals of Math., 62-3 (1955), 374-410.

Goo Ishikawa, Hokkaido University, Japan et N R R A0s] 11

Viewpoints of Singularity Theory
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[ Viewpoints of singularity theory (5d/5)]

¥¢ Describe and understand singularities algebraically, by us-
ing partial derivatives, coefficients of Newton-Taylor expan-

sions, based on geometric ideas.

Differentiable maps f and g are called A-equivalent (right-

left equivalent, diffeomorphic) if the diagram commutes

N —1 M

= | |=

N —9% M

for some (local or global) diffeomorphisms of N and M,

— This means two mappings have the same singularities.

Goo Ishikawa, Hokkaido University, Japan RGOS - R0 i - i 13

[ Viewpoints of singularity theory ]

— Stability of mappings (G0 RO EN)

— Generic singularities (Y =3V v 7R, R R
— Germs and Jets (GFe Yz v )

— Transversality (HE¥E)

— Stratifications (&4, WElL, SRR E])

— Determinacy (R iDMEEM:)

— Classifications (R =D 45H)

— Recognitions, Characterizations (475 s ORHHEATIT)
— (Uni-)Versality (520 & H4T)

— Bifurcation diagrams (FHE SO X X)

— Catastrophe (#Z A1 7)

Goo Ishikawa, Hokkaido University, Japan  HBREAGHOLT - 20 Jj - v/ 14
[ Stability ]

Lyapunov stability in dynamical systems

— stability of a state
Structural stability of dynamical systems

(Andronov-Pontryagin)
— stability of a system

A system is called stable if any sufficiently small perturba-
tions of the system do not cause a change of quality of the
system.

Topological space + Equivalence relation
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[ Stability of differentiable maps ]

A differentiable map f : N — M is called stable (resp,
topologically stable) if any differentiable map ¢ sufficiently
near f is equivalent to f up to diffeomorphisms (resp. home-

omorphisms) of N and M.

LETHUE, DU DEEG S E R & HROLHIZRINTES.

Goo Ishikawa, Hokkaido University, Japan RGOS - R0 i - i 16

[ Equivalence relation of differentiable maps ]

Differentiable maps f and g are called A-equivalent (right-left
equivalent, diffeomorphic) if the following diagram commutes

N —1 oM

= |=

N —9% M

for some diffeomorphisms of N and M.

MNFLERE D UNEHTER ...

Goo Ishikawa, Hokkaido University, Japan  HBREAGHOLT - 20 Jj - v/ 17

[ Target-local characterization of stability ]

A differentiable function f : N — R is called a Morse

function if any critical point p € N is non-degenerate, i.e.

det (%(p)) # 0 and critical values are all distinct.

w;
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[ Target-local characterization of stability ]

A proper differentiable function f : N — R is stable if and
only if f is a Morse function. (Characterization of stable
maps).

Any proper functions are approximated by a proper Morse

function. (Density of stable maps)

— generalization by R. Thom and J. Mather.

— Infinitesimal stability. (infinitesimal, linear algebraic,
characterization of stable maps).

— Nice range (of (n,m) such that C'°°-stability is generic).
— Deunsity of topologically stable maps (Topological stability

is generic).

Goo Ishikawa, Hokkaido University, Japan RGOS - R0 i - i 19

[ An unstable Morse function )

An example of unstable non-proper Morse function:
R, : a copy of R,
fiN=]],cqRq — R defined by f(zq) =22 +q.

...... -

Goo Ishikawa, Hokkaido University, Japan  HBREAGHOLT - 20 Jj - v/ 20

[ Genericity ]
RTYVAVDOEE oL bHIkHLHEL L, HEBKLEDOH
K, TROEBELTCEIIBEDHLHETH 5. |
(RT7vHlL TRz k] SHEHER, SECE (1953). )

BQWUEE I

(O RAARLEE I

DD DR

— Generic singularity theory
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Methods of Singularity Theory

Goo Ishikawa, Hokkaido University, Japan RGOS - R0 i - i 22

[ Genericity (M) and transversality (H#rii) ]

A property P on elements in C°° (N, M) is called generic
(YzxV v, %K) if the set of elements in C°(N, M)
with the property P is a countable intersection of open dense
subsets of C*° (N, M) (residual set).

In many cases, generic property is characterized by the
(multi)-transversality of ,,5" f : N(™ — ., J"(N, M) to some
countable family of submanifolds Q; C wJ" (N, M).

Goo Ishikawa, Hokkaido University, Japan et N R R A0s] 23

[ Jets ]
Let f : R — R have the Newton-Taylor series at t = to:
f(t) = a0 +a1(t — to) + az(t —t0)?/2! +as(t — o) /3! 4 - - - .
Define the jet-extension j"f : R - R X R X R" by
3" f(to) := (to, ao, a1, as, .., a.).
In general, a differentiable map f: N — M is extended to a
differentiable map j"f : N — J" (N, M).
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[ Transversality ]

— Thom-Mather’s transversality theorem

Goo Ishikawa, Hokkaido University, Japan f#RAGRON S - 20 4 - i) 25

[ Stability / Genericity and Transversality ]

f is stable +— (codimension of orbit(f)) < n,
P is generic <— (codimension of (Not P)) > n,

“codimension” : ¥ = v 2D FTORKIT.

+ Malgrange-Mather’s preparation theorem (“fW#ft”)

Goo Ishikawa, Hokkaido University, Japan et N R R A0s] 26

[ Determinacy (fEME) of singularities ]

f: N — M is called r-determined at a point p € N if any
g: N — M with j7g(p) = 7" f(p) is A-equivalent (i.e. locally
diffeomorphic) to f around p.

Example. f:R —> R, p=0.

= ai1x + 500

= aiz+az?+---

= a1z +asx® +azx® +---

= a1z + aex® + azz® + agxt + - -

If a1 # 0, then f is 1-determined. (fEBABUEHL)

If a1 = 0,a2 # 0, then f is 2-determined. (Morse D)
If a1 =0,a2 = 0,a3 # 0, then f is 3-determined.

~~~~~ (BoFAEDT FrY—, R.Thom)

=
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Example. f:R? = R, p=(0,0).

f = az+biy+---
f = az+biy+ ax® + 2bzy + coy® +- -
f = a1z +biy+ asz® + 2bozy + coy?

+asx® + 3bsz?y + 3caxy® + day® + -+
If (a1,b1) # (0,0), then f is 1-determined. (PEBIEEH)
If (a1,b1) = (0,0) but the discriminant axca — b3 # 0, then f
is 2-determined. (Morse D)

There is an algebraic condition on the 3-jet for that f is 3-
determined, and so on.  (— Thom-Varchenko, Fukuda).

Goo Ishikawa, Hokkaido University, Japan RGOS - R0 i - i 28

[ Classification (43%H) ]

It is known that a proper mapping f : N — M between 2-
dimensional manifolds is stable if and only if at any singular
value g € M, f is A-equivalent (diffeomorphic) to
Fold (z,y) ~ (x,%?), Whitney’s cusp (z,y) — (z,y° + zy),
or, Transverse Fold (z,y) — (z,v?), (z%,y) + (z,y).

— Stable mappings are generic. (n,m) = (2,2).
— Any generic singularity is geometrically and algebraically

characterized.

Goo Ishikawa, Hokkaido University, Japan et N R R A0s] 29
[ Recognition (#%ifk) )

Let f: (R? 0) — R? be a differentiable map-germ.

Theorem. (Whitney, Saji) f is diffeomorphic to Whitney’s
cusp map (z,y) — (z,y® + zy) at 0 if and only if
f is of corank 1, dA(0) # 0, (nA\)(0) = 0 and (nnA)(0) # 0.
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[ Stratifications (f&1k) ]

— Stratification of (semi-)algebraic set, elimination. (Tarski-

Seidenberg’s theorem).

H. Whitney, Elementary structure of real algebraic varieties,
Ann. of Math. (2)66 (1957), 545-556.

— Stratifications of mappings. (Thom-Mather theory).

R. Thom, Ensembles et morphismes stratifiés, Bull. Amer.
Math. Soc. 75(2) (1969), 240-284.

J. Mather, How to stratify mappings and jet spaces, Sin-
gularités d’Applications Différentiables, Lecture Notes in
Math., 535, Springer-Verlag (1976), pp. 128-176.
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¥¢ Decomposition of a mapping by smooth manifolds and

submersions.
—_—
—_—
—_—
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Applications of Singularity Theory
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9. ZoOMDiEH

—ffbE iz a— Y —REICEN A RS ZETAY ha Yy
I BEMRDEER N RS 25 Y 2 SRR T R T 0 R
B S AR B R & RS A R S A DR T
V=< v ay ba—)VHEE MRT 7T VY R RE L
RVY v v RVRER R

HIEEg:, WEPEmEr S EAOBL VR Ru ) A B, T
TR/ B Va - T UR=IVERR R NVIGORR S5
I G, BB
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[ Lagrange / Legendre singularities ]
— Lagrange singularity theory.
Singularity theory of families of functions. symplectic struc-

ture, Lagrange submanifold, caustics, ...

— Legendre singularity theory.
Singularity theory of families of hypersurfaces, contact struc-

ture, Legendre submanifold, wavefront, ...

— Applications to differential geometry, height functions,
distance square functions, focal set, frontal, ...

— Applications to optics, chemistry, biology, economics, ...
etc.

Goo Ishikawa, Hokkaido University, Japan et N R R A0s] 38

[ (Uni-)Versal unfoldings (deformations) % &@FH#7

A deformation of a singularity of mappings is called versal
if arbitrary deformation of the singularity is induced from
the given deformation.

Versal deformation is obtained by a transversal section of
the orbit through the given mapping in the space of mapping.

By the finite determinacy of the given map-germ, a versal
deformation is characterized by linear algebraic terms, “in-

finitesimal versality”.
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[ Bifurcation diagrams (/3 IKM=) ]

Family of functions — symplectic geometry, Lagrange sin-

gularity, caustic, Maxwell set, ...
F:R xR? >R, F(z,a,b) := z* + az® + bx

V\/W\
W7\
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F:RxR? = R, F(z,a,b) := 2* + az?® + bz,

C(F) := {(z;a,b) | 3£ = 0}, catastrophe set,
L(F):C(F) = T*R?, (z;a,b) — (%—I;, %—Ig,a, b)

Lagrangian immersion.

Goo Ishikawa, Hokkaido University, Japan  HBREAGHOLT - 20 Jj - v/ 41

[ Bifurcation diagrams (43I5%X), Discriminant ]

Family of hypersurfaces — contact geometry, Legendre

singularity, wave front, frontal, ...
G:RxR? = R,G(z,a,b) :=2® +ax + b,

The discriminant is given by the equation s=a® + $b* = 0.
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[ Legendre immersion and front ]
2(G) = A{(x,a,0) | G =0, 5Z =0}
Lc : (G) = PT*R?, (z,a,b) = ([22,29] ,a,b)
Legendrian immersion.

Goo Ishikawa, Hokkaido University, Japan RGOS - R0 i - i 43

[ Re-visit to Catastrophe Theory ]
¥¢ Discontinuity is studied by using differentiation.

¥¢ Local models by differentiable maps describe the phenom-
ena, combined with differential topology.

Singularity theory may have various possibilities of known

and unknown applications ...

Goo Ishikawa, Hokkaido University, Japan et N R R A0s] 44

V.I. Arnold (T» & A b v 785w BT3GR, SUBUEAAL)

“Thom O X A b1 7 HERO M2 72 #FM: ] (dirk mysticism)”
ARA SO 7 HERDEERER L REHT —
Simple singularities and Simple Lie algebras (ADE 43%8)

V.I. Arnold, Normal forms of functions near degenerate crit-

ical points, the Weyl groups Ay, Dk, Ex and Lagrange singu-
larities.Funct. Anal. Appl. 6 (1972), 254-272.
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[ Example of singular points — Singular curves in non-
holonomic manifolds ]

Let M be a manifold and D C T M a completely non-
integrable subbundle (which satisfies Hormander condition)
of the tangent bundle of M.

The End-point mapping End : C — M, where C is the space
of absolutely continuous integral curves v : [0,1] — M of D,
Y(t) € Dy, a.e., ¥(0) = p, is defined by End(vy) := (1) €

M. The singular “point” € C is called a “singular curve”.

Goo Ishikawa, Hokkaido University, Japan RGOS - R0 i - i 46

[ Tropical geometry ]
Tropical addition and tropical multiplication:
“+vy” = max{z,y},“v-y  =x+y, =z,y€eR.
Tropical polynomial
F:=“%jea ;2" = “T(jy . in)eA Citygn T - - 2in”
=max{c; + ji121 + - + jn¥n | j € A}
Tropical variety
Yr :={z € R" | F is not a linear function

in a neighborhood of =},

Goo Ishikawa, Hokkaido University, Japan  HBREAGHOLT - 20 Jj - v/ 47

[ Tropical bifurcation ]

Example. F = “z® + az + b’ = max{3z,a + z,b}.

<
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The bifurcation locus is given by the equation 3a = 2b which
is a “tropicalization” of %a?’ + ibQ =0.

https://www.math.sci.hokudai.ac. jp
/~ishikawa/tropical/ishikawa-tropicalO7.pdf
(ALRDYATFLDEF 2V T 1 —5RfED7z8D)
http TIZ7%2 < https £ U T A>T 72 L.
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Thank you for your attention.

CHEHEDONE S T VWET.
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MATHEMATICS FOR EVOLUTIONARY COMPUTATION

September 7-8, 2021, Online

Probabilistic Model-Based Evolutionary
Computation and Its Applications

Shinichi SHIRAKAWA

Faculty of Environment and Information Sciences, Yokohama National University,
Japan

This talk focuses on evolutionary computation methods for solving a black-box
optimization problem by updating a probability distribution for generating solutions
based on the objective function values. We overview the relation of such probabilistic
model-based evolutionary algorithms to stochastic natural gradient methods and their
mathematical perspective. Several applications of probabilistic model-based evolution-
ary algorithms, such as neural architecture search [1], are also presented.

REFERENCES

[1] Y. Akimoto, S. Shirakawa, N. Yoshinari, K. Uchida, S. Saito, and K. Nishida, “Adaptive Sto-
chastic Natural Gradient Method for One-Shot Neural Architecture Search,” 3$6th International
Conference on Machine Learning (ICML 2019).
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7

S A= AT —XFIF oY —F DR
& IBERERAT D FEE
H#{LEHE (Evolutionary Computation; EC)

* EHAELIEERIE (8A) BEELWL
= [Wikipedia] In computer science, evolutionary computation is a family
of algorithms for global optimization inspired by biological evolution. they
are a family of population-based trial and error problem solvers with
a metaheuristic or stochastic optimization character

= TV DS EFEBREAT L

¢ AEETEZRDEFE
s TS5y IRy 7 ZAEENEROREL
» ZRER (BREAOEXRNHEFED)
s SUXLHEDHBTILTY XL

https://en.wikipedia.org/wiki/Evolutionary_computation
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IWNTA—=RERD D EFHBEIXEOND D,
BOEREBL LA TELRW
) SHEEOERS T &2 E > CRELT ZRE

Black-box function

NRITA—=R 1 x =T .

minimize f(x)

Bl BHECKIEEE AL ELME (THRF L L)
EAY - BT RBELAE
SRS ARABI D 3 PO CEBE (it 8) T
BB DA 18—/ A — RBIBHE, etc. T

[Abe+ 20] R. Abe, et al., "Optimization of HO photonic crystal
nanocavity using machine learning,” Optics Letters (2020).

= Normalized |5 =

4

HEAEDOELTILITY XL

EEAY 74T Y XL (Genetic algorithms; GA)

HEILEEEE  (Evolution strategies; ES)

- BRI 70 Z 227 (Genetic Programming; GP)
HEHEE T/ T Y XL (Estimation distribution algorithms; EDA)
% Particle swarm optimization (PSO)

+ Differential evolution (DE)
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[Hansen 06] N. Hansen: The CMA Evolution Strategy: A Comparing Review, 7owards a New Evolutionary Computation, Springer (2006)

Covariance Matrix Adaptation Evolution Strategies (CMA-ES)

SREERTIERIRELT
SEEN T ANHERE

S EEEHNIRADHRILOY VT,
EOFHE, DHm/ T 4A—% (Fi5
N7 MILEHEDSEITY)) OFEHz%E
BYiRT

EBRICIIHPEITIN 2oL CIC
NELTWS
N(m,o%C)
25y 7.,__&4 < 43807551 https://en.wikipedia.org/wiki/CMA-ES
257 HOBITHEBET BT LTYRLTHY,
RREFBOT 7 4 Y ERIH L TAREAREEZ D
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The CMA-ES

Input: m € R™"; 0 € Ry; A € N>o, usually A > 5, default 4 4 [3logn |

Setcy, = 1;c1 &2 2/n? ¢y & pw/n?; ce 24 /n; co 2 1/y/myde ~ 1 wimy
decreasing iniand > Mw; =1, wu> 0> wyp1, gy’ =D 0 w2 A 3/A

Initialize C =1I,andp. =0,p, =0

While not terminate

x; = m+oy,;, Wwherey, ~N;(0,C) fori=1,...,\ sampling
_\H BUWEOAMIC
m 4 m+cmoy,, wherey, =>" wa)y; update mean| oy ) e
Py (L=co)py + /1 = (1 = co)2\/Irw Cc 1y, path for o
P (1 — Cc)p(: + 1|[0,2n]{Hp{r”2} \V 1- (1 - Cc)zx/ﬂw Yuw path for C FHYRT FLHEL
Co Il Il FEICEERKIT Wiz
0 <= 0 X exp do E[TA(O,I) ] -1 update of o DA K E L
C+C+eud i ey Wyl —C) + clp.ll —C)  update C| g zopics%
EX

Not covered: termination, restarts, useful output, search boundaries and encoding,
corrections for: positive definiteness guaranty, p_ variance loss, ¢, and d, for large A

from the tutorial slide by Akimoto and Hansen (GECCO 20178)

CMA-ES ¢ R EHETEIC & LSBT O ES

CMA-ES® rank-p update

[Hansen 06] N. Hansen: The CMA Evolution Strategy: A Comparing Review, 7owards a New Evolutionary Computation, Springer (2006)
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BB DOHAFEDR AL

BRAH pxle)  FHMEEIE : F(x)

BRED p(x|0) DH & TOFHMIEDHAFHE :
J(6) = By, [f ()] = [ f()p(x]6)dx

HERNGDNRZA -5 ERABICERTIIEE2EZD
V] () = [ fF(x)Vap(x]0)dx

[Wierstra+ 08] D. Wierstra, et al., “Natural Evolution Strategies,' CFC 2008
[Akimoto+ 09] Y. Akimoto, et al.: “Bidirectional Relation between CMA Evolution Strategies and Natural Evolution Strategies,” PPSN 2009

]
BRI D/INT A — X2/

sHERSTEORERE LT
KL-divergence’% #I| 5

./ NS A—REMEI—2 Uy FRET
8o (g

REARAITEEDERRICT 4 vy v —
¢ — ERITINOBTN AT~ DICAS

~ .1
Vg(8) x S_}n(l) - argéznax g(6 + 06)

Fiu
s.t. DKL(P9+59||P9) S 52/2
BB D EFED BADE © VeJ(8) = F~1(0)VeJ(6)
= [ fG)F~1(0)Vop(x|6)dx

Information Geometric Optimization (IGO)

» BMBHMOEBFED BARADBABICHFHR/NT A — R ETH
" ERETIR—RT S5y IRy I RBECD 7L —LT—7
s BRAMOEYTFAHLOHETE

Vo (6) = [ fFOF (6)Vg p(x]|0)dx

= J f(x)Vg logp(x|6) p(x|6) dx

1 _ s 7 -1
~ EZ F(x)Vglogp(x;16) SIS [” F=(6)V logp(x|6)

BHENHIETHNIERITNICE SN D
FRIZEMNBEREEZ MU (FrF 7)) ([CEICHIGEICERT D
(BRIBI D BN IR IT § 2 A )

[Olivier+ 17] Y. Ollivier, L. Arnold, A. Auger, and N. Hansen, “Information-Geometric Optimization Algorithms: A Unifying Picture via Invariance
Principles,’ Journal of Machine Learning Research 18 (2017)
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Information Geometric Optimization (IGO)

1. HERHFH O L EOREE LR
2. BfR%FHE
3. BHIRICKE > THERD = EH

A
pttl = gt + nzwiﬁg logp(x;|6)

=1

IGO : #ERH B R DEE

BXRPNBADEEICEZ T 7 v IRy 7 A5HE{L

BRETIVICZEELESANTEEX 5L, BREUEIAND/Z
A—RDEHIERDL IR B

A
mtt=m! + ¢, Z wrk(wz)(wf —mt)
=1
A
ctHtl =t + B Z Wrk(zt) ((mf — mt)(xﬁ — mt)T — Ct)

- CMA-ESOEHFHHA (0—EL) —EK
CMA-ESIZBRAEAREICHHmZEFRL TVWBEEZ NS
The CMA-ES

Input: m € R"; 0 € R4; A € N>y, usually X > 5, default 4 + [3logn |

Set ¢, = 1; ¢1 = 2/n?; ¢y & pow /0% ce B4 05 co = 1//Myde = 1 wim . 2
Lo -1
decreasing in ¢ and E fw,— =1L w,>0>wug1, oy = E le wf ~3/A

Initialize C =I,andp. =0,p, =0

While not terminate

z, = m+oy,;, wherey, ~N;(0,C) fori=1,...,\ sampling
RUWEOHR@IC
m < m+cmoy,,, wherey, = Z?lerk(i) Y update mean fFi’/j/j7 LS
1
P, (l—co)p, +4/1— (1 —co)2 /1w C 2y, path for o
P+ (1=c)p. + Vo on{ln, 17} /1 — (1= co)2y/Tw y,, pathfor C
0 4+ 0 X exp (fi—“ (EH ”’(’B”I)” - 1)) update of &
Iy
C+C+euy i w) Wiy] —C) + ci(ppl —C)  update C| g @aricss
B
Not covered: termination, restarts, useful output, search boundaries and encoding,
corrections for: positive definiteness guaranty, p_ variance loss, ¢, and d,, for large A
from the tutorial slide by Akimoto and Hansen (GECCO 2078) 21
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IGO D IR A

B ERETNVICANLI—ADHEEZD ENA T VIIRBILFED
Population Based Incremental Learning (PBIL)*>Compact GA & —%&

[Baluja+ 95] S. Baluja and R. Caruana, “Removing the genetics from the standard genetic Algorithm,” /CAML95, (1995)
[Harik+ 99] G. R. Harik, F. G. Lobo and D. E. Goldberg, "The compact genetic algorithm," /E£F Transactions on
Evolutionary Computation, vol. 3, no. 4, pp. 287-297 (1999)

B ERETIVICER S E2EZ 5 L EHERE{LFEDCovariance
Matrix Adaptation ES (CMA-ES)D—&8 & —3K

[Hansen+ 03] N. Hansen, S. D. Miiller, and P. Koumoutsakos, “Reducing the Time Complexity of the Derandomized
Evolution Strategy with Covariance Matrix Adaptation (CMA-ES)," £volutionary Computation, 11(1), pp.1-18 (2003)
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One-Shot Neural Architecture Search
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[Ronneberger+ 15] O. Ronneberger, P. Fischer, T. Brox, “U-Net: Convolutional Networks for Biomedical Image Segmentation,” M/CCA/ 2075
[Mulder+ 15] W. D. Mulder, S. Bethard, M. Moens, “A survey on the application of recurrent neural networks to statistical language modeling,’
Computer Speech & Language, Vol. 30, Issue 1, pp. 61-98 (2015)
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[Akimoto+ 19] Y. Akimoto, S. Shirakawa, N. Yoshinari, K. Uchida, S. Saito, and K. Nishida, “Adaptive Stochastic Natural Gradient Method for
One-Shot Neural Architecture Search,” /CML 2079
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Demonstration

The potential of this method is shown in [Shirakawa+ 18]
(incl. layer selection, activation selection, connection selection in CNNs, etc.)

[Shirakawa+ 18] S. Shirakawa, Y. Iwata, and Y. Akimoto, “Dynamic Optimization of Neural Network Structures Using Probabilistic Modeling,”
AAAI 2018,
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Method Search Cost Params  Test Error
(GPU days) (M) (%)
NASNet-A [22] 1800 33 2.65
NAONet [9] 200 128 211
ProxylessNAS-G [4] 4 5.7 2.08
SMASHv2 [3)] 15 16.0 403
DARTS second order (6] 4 33 276 (+0.09)
DARTS first order [6] 15 33 3.00 (£0.14)
SNAS [19] 15 28 285 (+0.02)
ENAS [12) 045 16 2.89
| ASNG-NAS 0.1 39 283 (£0.14) |

normal cell reduction cell

[Akimoto+ 19] Y. Akimoto, S. Shirakawa, N. Yoshinari, K. Uchida, S. Saito, and K. Nishida, "Adaptive
Stochastic Natural Gradient Method for One-Shot Neural Architecture Search,” /CML 2079
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[Saito+19] S. Saito and S. Shirakawa, “"C ing Model Ci ity in ilistic Model-Based Dynamic Optimization of Neural Network Structures,” /CANN 2079
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[Uchida+ 20] K. Uchida, S. Shirakawa, and Y. Akimoto, “Finite-Sample Analysis of Information Geometric Optimization with Isotropic Gaussian
Distribution on Convex Quadratic Functions,” /EEE Trans. Evolutionary Computation (2020).
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[Morinaga+ 19] D. Morinaga and Y. Akimoto, “Generalized drift analysis in continuous domain: linear convergence of (1 + 1)-ES on strongly
convex functions with Lipschitz continuous gradients," FOGA 2079
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Local Structures of Pareto Sets and Fronts and
heir Bifurcations

Hiroshi TERAMOTO

Department of Mathematics, Faculty of Engineering Science, Kansai University,
Japan

(joint work with Naoki Hamada (KLab Inc.) and Kenta Hayano (Keio University))

In this talk, we assume objective functions and functions defining feasible sets are
smooth. First, we classify local structures of feasible sets up to diffeomorphism. In the
most generic class, Kuhn-Tucker’s constraint qualification is satisfied [1] but that is
not necessarily the case for other degenerated classes [2, 3]. By using the classification,
we discuss their bifurcations. Second, we classify maps defined by objective functions
under Pareto-A equivalence preserving feasible sets and discuss their bifurcations.

REFERENCES

[1] H. TH. Jongen, P. Jonker, and F. Twilt, “Nonlinear Optimization in Finite Dimensions: Morse
Theory, Chebyshev Approximation, Transversality, Flows, Parametric Aspects,” Nonconvez Opti-
mization and Its Applications, 47, 2013, Springer.

[2] O. L. Mangasarian and S. Fromovitz, “The Fritz John Necessary Optimality Condition in the
Presence of Equality and Inequality Constraints,” J. Math. Anal. Appl., 1967, 17, pp. 37-47.

[3] J. Guddat, H. TH. Jongen, and J. Rueckmann, “On Stability and Stationary Points in Nonlinear
Optimization,” J. Austral. Math. Soc. Ser. B, 1986, 28, pp. 36-56.
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State-of-the-art Multi-objective Optimization with
the SAN (Subpopulation Algorithm based on
Novelty)

Danilo Vasconcellos VARGAS

Faculty of Information Science and Electrical Engineering, Kyushu University, Japan;
Department of Electrical Engineering and Information Systems, School of
Engineering, The University of Tokyo, Japan

Subpopulation Algorithm based on Novelty (SAN) [1] is arguably the current state of
the art in multi-objective optimization. The reason for such a good result lies on using
a novelty subpopulation to combine as well as keep track of previous solutions. In this
manner, it is possible to each step further expand the search in yet new directions.

REFERENCES

[1] Y. Jiang and D. V. Vargas, “Preliminary Results for Subpopulation Algorithm Based on Nov-
elty (SAN) Compared with the State of the Art,” 2021 5th IEEE International Conference on
Cybernetics (CYBCONF), 2021, pp. 67-72.
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OUTLINE

STRUCTURED POPULATIONS

GENERAL SUBPOPULATION FRAMEWORK
(GSF)
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EXAMPLES OF GSF

ADVANTAGES

SUBPOPULATION ALGORITHM BASED ON
NOVELTY

96




SANZE TDiE

THE PROBLEM

SOLUTION

Trail in Objective Space
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IDEA: NOVELTY IN OBJECTIVE SPACE

SOLUTION

SAN
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DE SUBPOPULATION

RESULTS FORTWO OBJECTIVES

RESULTS: FIVE OBJECTIVES

Very simple algorithm
which surpassed the
state-of-the-art |
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GSF

WHY SUCH AMAZING RESULTS?

HYPOTHESIS:
THE CONFLICT INSIDE POPULATIONS
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EXPERIMENT: OBJECTIVE FORCES

Calculating Forces in Objective Space

EMPIRICAL EVALUATION OF FORCES

ZERO MODULUS
&
UNFEASIBLE MOVEMENTS
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Application of singularity theory to strongly convex
multiobjective optimization problems

Shunsuke ICHIKI

Department of Mathematical and Computing Science, School of Computing,
Tokyo Institute of Technology, Japan

In the industrial world, it is important to optimize several objectives such as cost,
quality, safety and environmental impact. A multiobjective optimization problem is
an optimization problem for such several objective functions. In this talk, first of all
I introduce a topological property of the set of optimal solutions of a strongly convex
multiobjective optimization problem. After that, as a main topic of this talk, I give an
application of singularity theory to the problem.

REFERENCES

[1] Naoki Hamada, Kenta Hayano, Shunsuke Ichiki, Yutaro Kabata, Hiroshi Teramoto, Topology of
Pareto sets of strongly convex problems, STAM Journal on Optimization, 30, no. 3, 2659-2686,
2020.

[2] Naoki Hamada, Shunsuke Ichiki, Simpliciality of strongly convex problems, Journal of the Math-
ematical Society of Japan, 73, no. 3, 965-982, 2021.

[3] Shunsuke Ichiki, An improvement of transversality results and its applications, submitted (2021),
available from arXiv:2101.00854.
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(Application of singularity theory to strongly convex multiobjective
optimization problems)

— A28 (Shunsuke Ichiki)

Tokyo Institute of Technology

X :aset
f=C(f1,...,fe): X = R’ : a mapping
L={1,...,4}

x € X : a Pareto solution of f
4 for any 2’ € X, either (a) or (b) holds.

(a) Vie L, fi(z) = fi(a').
(b) Jie Ls. t. fi(z) < fi(d).

X*(f) ={x € X |z : a Pareto solution of f} : the Pareto
set of f
The set f(X*(f)) is called the Pareto front of f.

The problem of determining X*(f) is called the problem of
minimizing f.

f=Un i f): X >R L={1,...,0}
For a non-empty subset I = {iy,... i } of L (i1 < -+ < ig),
set

f[ = (fi17"'7fik)'

The problem of determining X*(f7) is called a subproblem of
the problem of minimizing f.

Az_l = { (wlv"'vwf) GRZ

4
Zwi:l’ wiZO}.

=1

We also denote a face of Af~! for a non-empty subset I of L
by

Ar={(wy,...,w) e A w;=0@G¢gD}.
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Definition 1 (Simplicial problem, Weakly simplicial problem)

[ X—>RE(XCR?), L={1,...,£}
The problem of minimizing f is simplicial
39 . AL XH(f)
s. t. VI C L (I #0), both
@‘AI A7 — X*(f]) and
flx=(pn « X*(f1) = f(X*(f1)) are
homeomorphisms.
The problem of minimizing f is weakly simplicial
& 3¢ : A1 — X*(f) : continuous
s. t. VICL (I#0), ¢(Ar) =X*(fr)-

X : a convex set of R™
f: X — R : astrongly convex function

3050 st Vao,ye X, Ve 0,1],

flz+ (1 —t)y) <tf(x) + (1 -1)f(y) - %at(l —t)llz — yll?,

where ||z|| is the Euclidean norm of z € R™.
(o 1 a convexity parameter of f.)

f=(f1,...,fe) : X = R’ : a strongly convex mapping
£, .
&f fi is strongly convex for any i € L.
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Theorem 3 (Hamada, 1)
f="(f1, -, fe) : R™ = R’ : a strongly convex C* mapping

Then, the problem of minimizing f is always weakly simplicial.
Ifrankdf, = € —1 (Yo € X*(f)), the problem of minimizing f is
simplicial.

Remark 1
For the proof, we use the mapping z* : A= — X*(f) defined by

¢
z"(w) = arg zrgﬂiggh (; w; fi (:c)) .

f=(f1,f2) : R = R (fi(z) = fa(z) = 2?)
Then, we have the following.

f : a strongly convex mapping of class C*°
Since rank dfy = 0 and X*(f) = {0}, f does not satisfy the
assumption of the theorem.

Since X*(f) = {0}, f is not simplicial.

f:R™ R (m > 0) : a C? mapping.
Y={r e L®™ R |Iz€R™ s ¢t rankd(f+7), <L—2}
Ifm—20+4+4 >0, then

{Ez@ if¢ =1,

dimpg X <ml —(m—20+4) ifl>2.
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f:R™ — R : a strongly convex mapping

Then, for any m € L(R™,R?), the mapping f +m : R™ — Rf is
also strongly convex.

Theorem 6 (1)
f:R™ = R (m > £) : a strongly convex C* mapping.
Let ¥ be the set defined by
{7 € LR™,R") | The problem of minimizing f + 7 is not simplicial. }
Ifm —20+4 >0, then

Y=0 ifl=1,
dimg X <ml—(m—20+4) ifl>2.

Example 7

Let f = (f1, f2) : R — R? be the strongly convex mapping
defined by f;(z1,22) = 23 + 23 for i = 1,2.
Let ¥ be the set defined by

{m € L(R*,R?) | The problem of minimizing f + 7 is not simplicial. }

Then, we obtain dimyg > < 2 by the previus theorem.
Indeed, by the direct calculation, we obtain > = B, where

B={71=(m,m) € LR:LR?) |1 =m}.

Since dimy B = 2, we cannot improve the evaluation “< 2".
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All unconstrained strongly convex problems are
weakly simplicial

Yusuke MIZOTA

Faculty of Science and Engineering, Kyushu Sangyo University, Japan

(joint work with Naoki Hamada (KLab Inc.) and Shunsuke Ichiki (Tokyo Institute of
Technology))

A multi-objective optimization problem is C° weakly simplicial if there exists a
continuous surjection from a simplex onto the Pareto set such that the image of each
subsimplex is the Pareto set of a subproblem. In this talk, we show that all uncon-
strained strongly convex problems are C° weakly simplicial. As an application of this
theorem, we reformulate the elastic net as a non-differentiable multi-objective strongly
convex problem and approximate its Pareto set and Pareto front by using a Bézier
simplex fitting method, which accelerates hyper-parameter search.

REFERENCES

[1] Yusuke Mizota, Naoki Hamada, and Shunsuke Ichiki. All unconstrained strongly convex problems
are weakly simplicial, preprint, 2021. https://arxiv.org/abs/2106.12704.
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All unconstrained strongly convex

problems are weakly simplicial

Yusuke Mizota

Kyushu Sangyo University

This is a joint work with
Naoki Hamada (KLab Inc.) and
Shunsuke Ichiki (Tokyo Institute of Technology).

(Paper)

Y. Mizota, N. Hamada, and S. Ichiki,

All unconstrained strongly convex problems are weakly simplicial,
arXiv:2106.12704

1 Introduction

Our motivation of this work is an application for

non-differentiable multi-objective optimization problem.

( elastic nat)

M={1,...,m}
X :an arbitrary set
f:(f177"'77fm):X—>Rm: amapping

x € X is a Pareto solution of f

<. There does not exist another point y € X such that

fi(y) < fi(x) forall i € M and f;(y) < f;(z) for at least one
index j € M.
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X*(f) = {xz € X | x is a Pareto solution of f }
X*(f) is called Pareto set of f.
F(X™(f)) is called the Pareto front of f.

The problem of determining X ™ (f) is called the problem of
minimizing J. |TRORE Sy = (f0,fely
/

ﬂh\\

It is known that there is a problem class where one can efficiently
compute an approximation of the entire Pareto set and front. It
is a CY weakly simplicial problem.

f=U1, . fm): X = R™
I={i1,...,9 } (i1 < --+ < ig): a subset of M

fI:(fi]_>-"7fik)

The problem of determining X ™ (f1) is called a subproblem of
the problem of minimizing f.

Amlz{(wl,,wm)GRm szzla w’LZO}

=1

A™71: 4 (m — 1)-simplex
I C M: non empty

Ar={(wi,...,wm) €A™V w; =03GgI)}.

Agp: aface of A1
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(m — 1)-simplex

We give the definition of weakly simplicial problems.

Definition 1. Let f = (f1,..., fm) : X — R™ be a mapping,
where X is a subset of R™. The problem of minimizing f is C"
weakly simplicial if there exists a C" mapping
¢ A™T1 5 X*(f) such that (A7) = X*(fr) for any
non-empty subset I of M, where 0 < r < oo.

-

L)

T

What's a natural class of mapping f which the problem of
minimizing is C° weakly simplicial?

One of answers is a strongly convex mapping.

A subset X of R™ is convex if tx + (1 — t)y € X for all
z,y € X and all ¢t € [0, 1].

P R

CohleX
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Let X be a convex set in R™.
f:X—)Risconvex(g)Vw,yGX,Vte [0,1]

fltz+ (1 —t)y) < tf(z) + (1 —1)f(y)
< [7(] f ') 4:;@

P wz\ R
ﬁ

0‘(\\/@)(
V\@f Lo'\ﬂ\iﬁx/

f : X — R is strictly convex LN Vr,y € X(z #vy),
vt € (0,1)

f(tfﬂ + (1 —t)y) <tf(z) + (1 —1)f(y)

E {xk <x><>) R4

oA
p\/\ 1&\/ ?3 Q {%ﬁ) ﬁ)\

] %

hot S’YVELT}/ Candey S‘TF‘((,#/ Q=K

f + X — R is strongly convex & 3o >0, Vz,y € X,
vt € [0,1]

fltw+ (1= 0y) < 6(@) + (1= )f () — zat(l =0 le = o]

where ||z|| is the Euclidean norm of z € R™. The constant « is

called a convexity parameter of the function f.
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A function f : R™ — R is strongly convex with a convexity
parameter a > 0 if and only if the function g : R™ — R defined
by g(z) = f(z) — § llz]|? is convex.

A mapping f = (f1,..., fm) : X — R™ is strongly convex if
fi is strongly convex for any ¢ € M. The problem of minimizing
a strongly convex C" mapping is called the strongly convex C"
problem.

Previous work

[HHIKT2020]

N. Hamada, K. Hayano, S. Ichiki, Y. Kabata, and H. Teramoto,
Topology of Pareto sets of strongly convex problems, SIAM J.
Optim. 30 (2020), no. 3, 2659-2686.

[H1]
N. Hamada and S. Ichiki, Simpliciality of strongly convex
problems, to appear in J. Math. Soc. Japan., arXiv; (119, 09328

Theorem 1 (HHIKT2020, HI). Let f : R™ — R™ be a strongly
convex C" mapping, where 1 < r < oco. Then, the problem of
minimizing f is C" 1 weakly simplicial.

Remark 1. Moreover, it is shown that if the rank of the
differential df, is equal to m — 1 for any x € X™(f), then the
problem of minimizing f is C" ! simplicial.

gweng/vcqu’( Al }/Sfm [jctal
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The main theorem in this talk is the following.

Theorem 2. Let f : R™ — R™ be a strongly convex mapping.
Then, the problem of minimizing f is C° weakly simplicial.

In the argument of [HI], Mw
proved in [Nesterov2004] are essentially used. But, by preparing
some lemmas on strongly convex functions without

differentiability, Theorem 2 can be proved by the same argument

! SV‘“}B\/ e aiyh a conveX pavauter A
S

M_MM

i
W—/JN—TH{—"‘A‘V,
r el oyt )« SHE0US )

Remark 2. Note that (strict) convexity of a mapping does not
necessarily imply that the problem is C° weakly simplicial. For
example, the problem of minimizing f : R — R defined by

f(z) = e” does not have a Pareto solution (i.e. a minimizer).
Thus, it is not C'° weakly simplicial although £ is strictly convex.

2  Preliminaries

Reference

[Nesterov2004]
Y. Nesterov, Introductory Lectures on Convex Optimization: A
Basic Course. Kluwer Academic Publishers, 2004.

[Miettinen1999]

K. Miettinen, Nonlinear Multiobjective Optimization, volume 12
of International Series in Operations Research & Management
Science. Springer-Verlag, GmbH, 1999.
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In this section, we prepare some lemmas for the proof of
Theorem 2.
We prepare the following lemma in [Nesterov2004]

Lemma 1. If a function f : X — R is convex and x¢ is a
interior point of X, then f is locally Lipschitz continuous at xg.

Lemma 1 implies the following lemma.

Lemma 2. If a function f : R"™ — R is strongly convex, then f
is continuous.

We give the following two lemmas in [Miettinen1999].

Lemma 3. Let f = (f1,..., fm) : R™ — R"™ be a mapping
and let (w1, ..., wm) € A™7L Ifz € R™ is the unique
minimizer of the function 377" | w; f;, then x € X™(f).

A mapping f = (f1,..., fm) : X — R"™ is convex if f; is

convex for any ¢ € M.

Lemma 4. Let f = (f1,..., fm) : R™ — R"™ be a convex

mapping. If © € X™(f), then there exists some

(w1, ..., wm) € AL such that © is a minimizer of
mLwifi.

Now, we prepare the following four lemmas on strongly convex
functions without differentiability.

Lemma 5. Let f : R™ — R be a strongly convex function.
Then, £~ ((—o0, f(0)]) is compact, where 0 is the origin of R™

and (—oo, f(0)] ={y €R |y < f(0) }.

Lemma 6. A strongly convex function f : R™ — R has a unique

minimizer.
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Lemma 7. Let f : R™ — R be a strongly convex function with a
convexity parameter c > 0 and xo be the unique minimizer of f.
Then, we have

F(@o) + 3 llz = woll® < f(a)

for any © € R"™.

Lemma 8. Let f; : R™ — R be a strongly convex function with
a convexity parameter cc; > 0, where i € M. Then, for any
(w1, ..., wm) € A™~ 1 the function S wifi :R" = Ris
a strongly convex function with a convexity parameter

m
Zz':l Wil .

In order to give the last lemma in this section, which is
essentially used in the proof of Theorem 2, we prepare the
following three lemmas.

Blue lemmas and propositions are proved by the same argument
as [HI] by using red lemmas.

Lemma 9. Let f : R™ — R™ be a strongly convex mapping.
Then, X™(f) is compact. (e’ C\‘?>

We can define a mapping z* : A™ ™! — X*(f) for any

strongly convex mapping f : R™ — R"™ as follows:
()

z"(w) = arg mfgg}l (é wifi($)> )

where arg mingcpn (317, w; fi(x)) is the uniquemminimizer
of Dl wifio &= wi o)
B
L
(wr,‘m) ’ .
, e
M V-
™ (Lemm mg)
Y
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(= c”)
Lemma 10. Let f = (f1,..., fm) : R™ — R™ be a strongly
convex mapping. Let a; > 0 be a convexity parameter of f; and
K, be the maximal value of F; : X*(f) x X" (f) — R defined
by Fi(z,y) = |fi(x) — fi(y)| for any i € M. Then, for any
W= (W1, ., W), W= (W1,...,W0m) € A™7 L we have
that

* * o~ KO e —
[|=" (w) — =™ (@)|| < ?Zh“i_wi :
0 =1

where g = min{ a1, ..., am, } and
KO :max{Kl,...,Km}.

Remark 3. In Lemma 10, the Pareto set X " (f) is compact by
Lemma 9. For any ¢ € M, since f; is continuous by Lemma 2,
the function F; has the maximal value K.

>
Proposition 1. Let f : R™ — R™ be a strongly convex
mapping. Then, the mapping =* : A™ 1 — X*(f) is
surjective and continuous.

Theorem 2 follows from Proposition 1 as follows:

Let I = {41,...,4r } (41 < --- < i) be an arbitrary
non-empty subset of M = {1,...,m } Since fr : R" — R* is
a strongly convex mapping, =*|a, : A7 — X™(fr) is surjective
and continuous by Proposition 1.

Hence, the problem of minimizing f is C° weakly simplicial.
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Remark 4. The mapping =™ in Proposition 1 is not necessarily
injective even in the case where the minimizers of f1,..., fm
are different as follows. Let f = (f1, f2) : R — R? be the
mapping defined by

fi(e) =2 + |af,
fa(@) = (z = )% + |z — 1].

Then, f is strongly copvex and non-differentiable.

\9& 101) > ?;,U‘\

Since the minimizer of f; is * = 0 and that of fy is z = 1,
these minimizers are different. Let ¢ : [0,1] — A be the
diffeomorphism defined by ¢(w1) = (w1,1 — w1). We can
easily obtain the following:

1 if0<w <1,
« 3 — 4w .
pTop(wn) = ¢ ifj<wn <
0 |f%<w1§1

Thus, =™ is not injective.
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3 Application (Liner represen

We apply the argument of proof of Theorem 2 to the following
non-differentiable strongly convex problem:

Fir" >R

X' a matrix with m rows and n columns

y: a row vector y of m
|-]] is the £3-norm, |-| is the £1-norm, € > 0 is fixed.
minimize f(6) = (f1(0), f2(0), f5(0))

where f;(0) = fi(0) + <fs(0) (i=1,2,3).

1 1
F10) = 5= IX0—yl*, f2(0) =101, f5(0) = 5 1101

Set hy(0) = w1 f1(6) + wa f2(0) + ws f3(0).
Then, 6* : A? — X*(f) by

0" = in h(0).
(w) = arg min ho, (6)
is surjective and continuous by Proposition 1.

fob™:A* = F(X™(f))

is also surjective and continuous.
We define the Pareto graph of f by
G*(f) ={(0, f(0)) e R"*2 | 0 € X*(f) } and the solution
mapping by
(0%, f00%): A = G*(f),

which is again surjective and continuous.

Note that for any w = (w1, wa, w3) € A2 \ A% 2,3} the point
0™ (w) is the minimizer of the function g, (w),x(w) in elastic-net;

A(w)

1 2 2
0) = — || X0 — 0|+ ——= |0
92(0) = 5 X0 = yI* + u(w) |0] + == [0]

where

w2
p(w) = —,
w1

ws + €
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The problem of minimizing g,,(w),x(w) (@) is a generalization of
the ordinary least squares (OLS) regression; the lasso regression
and the ridge regression. Since 0* (A?) = X *(f), calculating
X (f) is useful for the problem of choosing appropriate values
for p and A.

3.1 Bézier simplex fitting

[KHSTBS2019]

K. Kobayashi, N. Hamada, A. Sannai, A. Tanaka, K. Bannai, and
M. Sugiyama, Bézier simplex fitting: Describing Pareto fronts of
simplicial problems with small samples in multi-objective
optimization. In Proceedings of the Thirty-Third AAAI
Conference on Artificial Intelligence, AAAI-19, pages 2304-2313,
2019.

Let N be the set of nonnegative integers and

N;”:{(il,...,im)eNm

iik:d}.
k=1

An (m — 1)-dimensional Bézier simplex of degree d in R" is a
mapping b : A™ ™1 — R"™ specified by control points p; € R™

(i € NJ"):
dy
iENT
where ((Z) =d!/(i1lig! - - i) and w' = wilw? Ceplm
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It is known that any continuous mapping from a simplex to a
Euclidean space can be approximated by a Bézier simplex:

Theorem 3 (KHSTBS2019). Let ¢ : A™ ™! — R™ be a
continuous mapping. There exists an infinite sequence of Bézier
simplices b* : A™~1 5 R"™ such that

lim sup ) H(ﬁ(w) — bl(w)H =0.

100 e A —

[TSKH2020]

A. Tanaka, A. Sannai, K. Kobayashi and N. Hamada, Asymptotic
risk of Bézier simplex fitting. In Proceedings of the AAAI
Conference on Artificial Intelligence, volume 34, pages
2416-2424, Apr. 2020.

In [TSKH2020], an algorithm for adjusting control points so that
a Bézier simplex of fixed degree fits a sample of the graph of a
continuous mapping ¢ : A™ ! — R™ was proposed.

Based on the above theorem and algorithm, one can build a
Bézier simplex approximation of the solution mapping

(0%, fo 6*) : A2 — R™ "3 by using a sample of it.

We see that we can reduce a great deal of computational effort
by experiment results in the papar!
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A0,y (La-reg.)

Afz) (Lq-reg.)

N 03
X*(F(1,5)) (Ridge) &

01

X (FayHoLs

“X*(f{1,2}) (Lasso) fF(X*(f{13)) (OLS)

N N - f
FOX(Fr1.3))) (Ridge)

TABLE 1. Datasets

Attributes
Dataset Predictors Responses Instances
Blog Feedback?[2] 280 1 60,021
Fertility"[6] 9 1 100
Forest Fires®[4] 12 1 517
QSAR Fish Toxicity93] 6 1 908
Residential Building®[18] 103 2 372
Slice Localizationf[7] 385 2 53,500
Wines[1] 11 1 178
Yacht Hydrodynamics"[15] 6 1 308

@ https://archive.ics.uci.edu/nl/datasets/BlogFeedback

b https://archive.ics.uci.edu/ml/datasets/Fertility

© https://archive.ics.uci.edu/ml/datasets/Forest+Fires
https://archive.ics.uci.edu/ml/datasets/QSAR+fish+toxicity

© https://archive.ics.uci.edu/ml/datasets/Residential+Building+Data+Set

f https://archive.ics.uci.edu/ml/datasets/Relative+location+of +CT+slices+ontaxial+axis

& https://archive.ics.uci.edu/ml/datasets/wine

B https://archive.ics.uci.edu/ml/datasets/Yacht+Hydrodynamics

(A) Ground truth (5151 elastic net models trained with varying hyper-
parameters).

(B) Large sample approximation (A Bézier simplex of d = 25 trained with 5100
data points).

() Small sample approximation (A Bézier simplex of d = 4 trained with 51 data
points).

FIGurRe 3. QSAR Fish Toxicity (left: (6f.63,05)(W), mid:
(05,0%,05) (W), right: f o 0*(W)).
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TABLE 2. Optimal degree d* and its approximation error (average
+ standard deviation over 10 trials).

Large sample

Small sample

Dataset d* Test MSE d* Test MSE
Blog Feedback 30 5.21E-04 + 4.28E-04 1 5.62E-03 + 1.26E-04
Fertility 30 4.71E-05 + 1.34E-05 3 7.56E-03 £+ 1.82E-03
Forest Fires 30 5.52E-05 £+ 3.08E-05 3 7.17E-03 + 1.11E-03
QSAR Fish Toxicity 25 4.16E-05 + 1.09E-05 4 3.66E-03 + 1.41E-03
Residential Building 25 3.55E-04 + 2.55E-04 3  6.94E-03 £+ 7.20E-04
Slice Localization 30 5.95E-04 + 4.38E-04 3 8.83E-03 £+ 1.60E-03
Wine 30 6.71E-05 + 1.42E-05 3 7.00E-03 £+ 5.63E-04
Yacht Hydrodynamics 30 6.75E-05 &+ 4.32E-05 3 3.51E-03 £ 3.62E-04
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Weak Pareto optima are Pareto optima for
simplicial problems

Kenta HAYANO

Department of Mathematics, Faculty of Science and Technology, Keio University,
Japan

(joint work with Naoki Hamada (KLab Inc.))

For lots of real-world problems, the sets of Pareto optima have the shape of a
simplex and their faces are Pareto optima of sub-problems. Such a problem is called a
simplicial problem. In this talk, we show that weak Pareto optima are Pareto optima
for simplicial problems using a topological method.
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Reeb Space-Based Design of Benchmark Problems
for Multi-Objective Optimization

Daisuke SAKURALI

Kyushu University, Japan

(joint work with Reiya Hagiwara (Kyushu University), Naoki Hamada (KLab Inc.),
and Takahiro Yamamoto (Tokyo Gakugei University))

When studying solvers for optimization problems, evaluation is an important task —
this is especially true for multi-objective optimization, where the evaluation is itself
a research topic. For this purpose, a wide range of studies have been conducted on
constructing benchmark problems [1]; yet, it has remained to be incredibly challenging
to control the difficulty of the benchmark. In this context, we present our ongoing
study to achieve the required control, adapting the singularity theory as the basis.
The proposed approach is made possible thanks to the relationship between the singu-
larity theory and Pareto optima, which is the extension of optimum solutions in usual
optimization problems. Although this relationship has been known for a while, we
stand on the point of view of differential topology and Reeb space theory to construct
a new mathematical model to describe the behavior of a solver. When designing the
benchmark problem, one can control the multi-modality of multi-objective optimiza-
tion problems. According to our view point, the modality consists of factors such as
(i) regions in which the solver tends to be trapped around global and local optima and
(ii) how one such includes another. In the presentation, we provide a rather rough in-
troduction to the mathematical background, including recent research directions, and
discuss the progress and outlook.

REFERENCES

[1] P. Kerschke, H. Wang, M. Preuss, C. Grimme, A. Deutz, H. Trautmann, and M. Emmerich. “To-
wards Analyzing Multimodality of Continuous Multiobjective Landscapes,” International Confer-
ence on Parallel Problem Solving from Nature (PPSN), 2016, pp. 962-972.
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