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Comfortability of quantum walk
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A response from the surface of the internal graph is obtained by sequential
input of quantum walks to the graph. This response tells some information on
the graph structure. In this study, we will observe not only the information on the
surface but also its interior induced by quantum walks. To this end, we
introduce the notion of "comfortability" which gives how quantum walkers are
stored in this graph for large time step; that is, how quantum walkers feel
comfortable to this graph. We show that the comfortability can be expressed by
some quantity of the graph geometry induced by quantum walk.
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Figure 1. Conceptual schematics of the numerical madel. (a) Example of the time-evolution for a

node with three edges injected with the amplitude 1 from one edge. (b) Setup of the start and goal

with self- iunpn. and a sink. The colors of the start (yellow), the goal [green), and the sink (blue) are

unified in all the examples given later.
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Figure Distance Edges Amplitude Rational Expression

Figure 2a 1 4 0.25000 1/4
Figure 2b 3 8 012500 1/8
Figure 2¢ 5 12 0.08333 1/12
Figure Ze 5 12 008333 1/12
Figure 2f 5 12 0.08333 1/12
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Figure Waypoint Distance Edges Amplitude Rational Expression
Figure 4a Node 1 2 6 (L1666 1/6
Figure 4b Node 2 2 f 114286 2/14
Node 3 4 10 0.07143 1/14
Figure 4c Node 4 2 6 013043 3/23
Node 5 4 10 0.06522 (3/2) % (1/23)
Node 6 6 14 0.04348 1/23 2
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Figure 5a Node 2 4 10 0.10000 1/10
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Node 6 B(=4+4) 18 0.0147 1/68
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Figure Waypoint Distance Amplitude Rational Expression
Figure 6a Node 18 9+3 0.0263 1/38
Node 19 945 0.0158 (3/5) = (1/38)
Figure 6c Node 13 T4 0.027 1/37
Node 14 7247 0.019 (5/7) x (1/37)

24




SR\ E] D ETE R

250 ) —Z A JiEE 2040 ) — A U iEE
o— L
A e
2 o—-
B> 9 10411

N 1
G e “\H>

> N =7 s
2% — b Q/ .
A& —t
YR & T 2 B 3AFELTHIRL AL
R hbxy 7 E@RICFEDOHE
Ha—F

« B/—F%& [#7Y 7 b TKR

[(F7 27 b DEEITIEZEXATURICERIFTLTWLS
« &/ —FEABITIRODEZDEREN DS
s BFREED/-NIZE/ —F D [ #7227 | #EUET

=Rt

- FOLBEEREE — D O[T TER
« A7V MFUH LA—ETED
- A0 RFE K CET

- SIS Y —BECEEAE T

oot

26




=R L FIEDEE

@

b1

b2

Al
PO N )
—

I
Al A e
e

b3

Al

%

| sloan

a 8
£Tn/— K
a3 THREXER
& ZERITH

ceAl A TR AT

|
|
—

4

2TCD/— FORBERREREEZZTLHTITS 27

=R DIREERE R

20 ) —Z A JiEE

1062 7 v 7[s]

2 x10°2 7 v 7[s]

TN TOT T A 7200 14400
T3k 707 A 15.2571 31.0626
GPUER K 814.4004 1647.1699
linalg.matrix_power(CPU) 0.0005~0.0006 0.0005~0.0015
linalg.matrix_power(GPU) 0.0043 0.0044
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TP 787 7 4 21.2829 42.9818
GPUERK 813.7310 1628.5093
linalg.matrix_power(CPU) 0.0009~0.0015 0.001~0.002
linalg.matrix_power(GPU) 0.0028 0.0029
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Theoretical consideration on measures of quantum coherence and
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=Towards to studies of photosynthesis=
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(DThe quantum Goldilocks effect:

Seth Lloyd , Masoud Mohseni, Alireza Shabani , Herschel Rabitz arXiv preprint
@Quantum coherence in biological systems :

Seth Lloyd J. Phys.: Conf. Ser. 302 012037, 2011

®Environment-Assisted Quantum Walks in Photosynthetic Energy Transfer
Masoud Mohseni, Patrick Rebentrost, Seth Lloyd, and Alan Aspuru-Guzik " J. Chem. Phys. 129,
174106 (2008)

@Quantum effects in biology: golden rule in enzymes, olfaction, photosynthesis and
magnetodetection

(® Decoherence, einselection, and the quantum origins of the classical

W.H. ZurekRev. Mod. Phys. 75, 715, 2003

®Coherence and indistinguishability

L.Mandel Optics Letters vol16.No.23, 1991
(@ Dephasing-assisted transport: quantum networks and biomolecules

MB Plenio, SF Huelga - New Journal of Physics, 2008

Noise-assisted energy transfer in quantum networks and light-harvesting
complexesA W Chin#, A Datta23, F Caruso®23, S F Huelga# and M B Plenio™>® New Journal of
Physics, 12 065002, 2010
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Transfer Masoud Mohseni, Patrick Rebentrost, Seth Lloyd, and Alan Aspuru-Guzik .
Chem. Phys. 129, 174106 (2008)

Environment-Assisted Quantum Walks in Photosynthetic Energy Transfer
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! Department of Chemistry am.f l'.'hewrrcn! Biglogy, Harvard University, 12 Oxford 51, Cambridge, MA 02135
Iy ef Mechanical Engl i Tratituite of Teck oy, 77 Mussachuserts Avernne, Cambridge MA 02739

In this work, we develop a theoretical framework for studying
the role of quantum coherence in energy transfer dynamics in
molecular systems within the Born-Markov approximation in the
Lindblad formalism.

We demonstrate that the efficiency increases from 70% for a
purely unitary quantum walk to 99% in the presence of

environment-assisted quantum jumps.
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Purple Bacteria
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< 5|3 >The quantum Goldilocks effect:
Seth Lloyd1,2 , Masoud Mohseni2 , Alireza Shabani3,
Herschel Rabitz  arXiv preprint

The Goldilocks principle for complex,

The story of Goldilocks and the three bears was published by the English poet
Robert Southey in 1837, although it is presumably a variation on a much older
folktale. In the version known today, a small girl with blonde hair, Goldilocks, is lost
in a forest. She finds a house whose inhabitants have just left it. The house
contains three of everything — there are three chairs, three bowls of porridge
sitting on a table, three beds, etc. One of the chairs is too big for Goldilocks, one
too small, and one just the right size. So she sits on the one that is just right. One of
the bowls of porridge is too hot, one too cold, and one just the right temperature.
So she eats the one that is just right. One of the beds is too hard, one too soft, and
one just the right degree of firmness. So she lies down on the one that is just right
and falls asleep. At this point the three bears arrive home and . . . — the ending
ranges from gruesome to happy depending on the version.
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IBEEODERLBER. AAHNER
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(1)Indistinguishability index (By Mandel)
(CEREIZEELT)
(2) Purity of state
(3) Entropy index
(4) determinant
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(1) Indistinguishability index (By Mandel)

OPTICS LETTERS / Vol. 16, No. 23 / December 1, 1991

Coherence and indistinguishability

L. Mandel
Department of Physics and Astronomy, University of Rochester, Rochester, New York 14627

Received July 2, 1991

It has long been known that the interference produced by two light beams is related both to their mutual coher-
ence and also to the intrinsie indistinguishability of the photon paths. With the help of a decomposition of the
density operator it is shown that the degree of indistinguishability equals the degree of coherence. This pro-
vides the fundamental link between the wave and the particle descriptions.
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Indistinguishability index (By Mandel)

OPTICS LETTERS / Vol. 16, No. 23 / December 1, 1991

Coherence and indistinguishability

L. Mandel
Department of Physics and Astronomy, University of Rochester, Rochester, New York 14627

Received July 2, 1891

It has long been known that the interference produced by two light beams is related both to their mutual coher-
ence and also to the intrinsie indistinguishability of the photon paths. With the help of a decomposition of the
density operator it is shown that the degree of indistinguishability equals the degree of coherence. This pro-
vides the fundamental link between the wave and the particle descriptions.
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Indistinguishability index (By Mandel)
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(2) Purity of stater(p)
SERLRAE %31 3 5B
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Purity of state
SRRER M BEIE Purity of state
P(p) = trp?
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=H R (BHXICKSHEA) =
1
Z<Tr(p?) <1
~ FE% -
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Purity of state
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(3) Entropy indexs(p)
S(p) = —trplnp
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$(P) = — Xiz1 Ppulnppy = — Xit1 pilnp;
- 0<S(p) <Ilnn
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ELTOMIEE (! ?) 28H (2016FYEFEHER)
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(4) determinant index Det(p)

Det(p) = poEHIENTE

BERETFIR, 1=5 U —TRTHALIN, Det(p)
BHALERCHELTHRL !

Det(p) = L_llpi # 0 < Det(p) < (%)

< FlREIRRE > <EEREAINE>

pi=1
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& YRR &> T,
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=, &i=1Pi = Uli=1 Pi)"
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(1) Indistinguishability index

. |p12]
P = —
 (P) VP11P22
|PuF ~
P 2 = J: U Det = - 2 3
) P, Db (P) = p11P22 — |P12]° ¢ iiEEE
Det(p) = p11p22(1 - PIDAZ) — =3
(2) Purity of stat Pio (P)
urity ot state = fa{bRR =
P(p) = trp? =p.®+ p2=1-2p,p, =1—2Det(p)
(3) Entropy index
S(p) = —trplnp = —(p,lnp, + p2lnp;) =WALERT=
(4)Determinant
Det(p) = p1 D2 =xARR=
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SEHREULTD 4 DDEEDLBEER
=ABERR=
(1)Indistinguishability index
Py (P) = \/%"ﬁ%ﬂ !

(2)Purity of state

P(i)\) = trﬁz = plz + pZZ + p32 e pnz

(8) Entropy index
S(p) = —trplnp = —(p1Inpy + pzlnp; + p3lnp; - + pylnp,)
(4)Determinant index

Det(p) = p1 D2 P3 " Pn

\ 4

—x—iEEw! = HEEREFREERLE
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(1) Purity of state P(p) & Entropy index S(p)

P(P) =p1® + p2* +p3* -+ o’

S(P) = —(p1lnpy + p2lnp; + p3lnps -+ + pplnp,)
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Linear Entropy & W RRZFE-> T, UTOXDPBAIhTWi,
EFIEIRD 5 EF T b Linear entropy as an entanglement measure& L TIEHNTWLW3 | ?

S(p) = —trplnp~ — trp(p — 1) = S(p) EEBDOS(P)RAEIZIn(n)

ZOEE, S(P)=-tr(p?—p)=—trp® + tr(p) = —P(H) + 1 Inn)~n—-1

OEALBM? Inp=in(1+(-D}~(p-1)  CHRHARESL?

PP)BRKE]L < S(p)R/IMEOD
*FhBH D% (AEEE) P(p)&/ME1/n & S(P)RKIE (n —1)/n
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Lindblad 5123

H = —hQ(IRXL| + |LXR]) = — Q3

HOBRBERE (ZOEETEERREFpOREERZED)

1
|Pg) = \/_f(lR) +|L)) EHEE, = — hQ
1
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H = 2(|®o)(®p| — |1)(P1]) = Q7
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Super Operator
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@ Structure of Dynamics as Category

Hayato, Saigo (Nagahama) A New Approach to Quantum Fields 2022.2.24.

Definition: Category

A category is a system composed of two kinds of entities called objects
and arrows, equipped with domain/codomain, composition and identity,
satisfying associative law and identity law.

Definition: Invetible Arrow (Isomorphism)

Let C be a category. An arrow f : X — Y in C is said to be invertible in
C if there exists some arrow g : Y — X such that

gof:]_x, fog:].y.

An invertible arrow in C is also called an isomorphism in C.

Hayato, Saigo (Nagahama) A New Approach to Quantum Fields 2022.2.24.




Small Category

A category C is called small if the collection of arrows is a set. The set of |
arrows is also denoted as C and the set of objects identified with identity
arrows is denoted as |C|.

l_ Example (Preorder) ‘

A pair (P,~>) of a set P and a relation ~> on P satisfying p ~ p for any
p € P and
p~qgandg~>r=p~>r

for any p, q,r € P called a preordered set. The relation ~» on P is called a
preorder on P. The preordered set (P, ~~) can be viewed as a category
whose objects are elements of P, when we define the relation p ~~ g
between p, g as the unique arrow from p to q. Conversely, we can define a
preordered set as a small category such that for any pair of objects p, g
there exists at most one arrow from p to q.

Hayato, Saigo (MNagahama) A New Approach to Quantum Fields

Example (Indiscrete Category and Discrete Category)

An indiscrete category is a small category such that for any pair of objects
C, C’ there exists exactly one morphism from C to C’. A discrete category

is a small category such that all arrows are identity arrows. )

e Note that an indiscrete category corresponds to a complete graph and
that any set can be considered as a discrete category.

Example (Monoid and Group)

A small category with only one object is called a monoid. A monoid is
called a group if all arrows are invertible.

e To see the equivalence between the definition of the group as a
category, just define the arrows in a group as a category as the
elements in the group as a set, and the unique identity arrow (which
can be identified with the unique object) as the identity element of
the group.

Hayato, Saigo (Nagahama) A New Approach to Quantum Fields 2022.2.24.



Example (Groupoid)

A small category is said to be a groupoid if all arrows are invertible. )

e From the mathematical point of view, the present work is based on an
extension of the previous work [CIM19] on groupoid algebras over C
into category algebras of an arbitrary (small) category over a (in
general, noncommutative) rig R, i.e., "ring without negatives.”

@ Even in the case of R = C this extension physically means allowing
irreversible processes, since a category can be seen as a generalized
groupoid allowing invertible arrows in general. Involution structure of
the category algebra is provided by partial involution structure of the
category, as we will see later (T-category introduced there can be seen
a generalization of a groupoid).
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Functor (Covariant Functor)

Let C and C’ be categories. A correspondence F from C to C' which maps
object and arrows in C to objects and arrows in C’ is said to be a covariant
functor, or simply a functor, from C to C’ if it satisfies the following
conditions:

@ ltmapsf: X — YinCto F(f): F(X) — F(Y)inC'.

@ F(gof)= F(g)o F(f) for any (compositable) pair of f, g in C.

© For each X in C, F(1x) = 1r(x)-
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Contravariant Functor

Let C and C’ be categories. A correspondence F from C to C’ which maps
object and arrows in C to objects and arrows in C’ is said to be a
contravariant functor from C to C’ if it satisfies the following conditions:

O ltmapsf: X — YinCto F(f): F(X)«— F(Y)inC'.
@ F(gof)= F(f)o F(g) for any (compositable) pair of f, g in C.
© For each X in C, F(1x) = 1r(x).-

Hayato, Saigo (Nagahama) A New Approach to Quantum Fields 2022.2.24.

Composition of Functor

Let F be a functor from C to C' and G be a functor from C’ to C”. The
composition functor G o F is a functor from C to C” defined as
(G o F)(c) = G(F(c)) for any arrow c in C.

Identity of Functor

Let C be a category. A functor from C to C which maps any arrow to itself
is called the identity functor.

@ We can consider categories consisting of (certain kind of) categories
as objects and (certain kind of) functors as arrows.
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Involution on Category

Involution on Category

Let C be a category. A covariant/contravariant endofunctor (-) from C to
C is said to be a covariant/contravariant involution on C when (-)" o (-)T is
equal to the identity functor on C. A category with contravariant
involution which is identity on objects is called a T-category.
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Natural Transformation

Natural Transformation

Let C, D categories and F, G be functors from a category C to a category
D. A correspondence t is said to be a natural transformation from F to
Gif it satisfies the following conditions:

© t maps each object X in C to the corresponding arrow
tx : F(X) — G(X) in D.
@ Forany f: X — Y in C,

ty o F(f) = G(f) o tx.

The arrow tx is is called the X component of t.
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Natural Transformation

Functor category

Let C and C’ be categories. The functor category c’C is a category
consisting of functors from C to C’ as objects and natural transformations
as arrows (domain,codomain, composition, and identity are defined in a
natural way).

Natural Equivalence

An isomorphism in a functor category, i.e., an invertible natural
transformation, is said to be a natural equivalence.
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Causal Category

Causal Category

A category C equipped with a subcategory C<?¥ satisfying |C| = |C<?"| is
called a causal category. Arrows in C?Y are said to be causal. |

@ Any category can be considered as a causal category by taking
C = C%". Note that |C| is equipped with preorder ~~ defined as the
existence of causal arrow between objects.

e A typical example of causal categories is constructed as follows. For a
spacetime (with inner degrees of freedom) E, usually modelled by a
manifold and sometimes by a symmetric directed graph (as in lattice
gauge theory [Wil74]), we can construct a category C = M[E] whose
objects and arrows are points and path between them.
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Causal Category

@ More precisely, we consider M(E) as a subcategory of the "Moore
path category” [B09] of E consisting of smooth paths in the manifold
case and as the free category of E in the discrete case. Then we can
define C“?Y as the subcategory consisting of " causal paths”.

e For manifold case, the notion of causal paths can be defined as the
paths whose tangent vectors are all in the future light cone.

e For the graph case, a path (i.e., an arrow in the free category) c is
said to be causal if ¢ = ¢’ o ¢”” implies dom(c’) ~ cod(c’) and
dom(c”) ~ cod(c"), where ~ denotes a preorder previously defined
on the set of vertices.
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Relevant Category

Relevant Category

Let C be a causal category and O be a subset of |C|. The subcategory of C
generated by

arrows whose domain and codomain are in O,

causal arrows whose domain is in O and whose codomain is in

ICI\ O,

causal arrows whose codomain is in O and whose domain is in

IC| \ O, and

identity arrows (identified with objects) in |C| \ O,

is called the relevant category for © and denoted as O™
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Structure Theorem for Relevant Category

Theorem (Structure Theorem for Relevant Category)

Let C be a causal category and O be a subset of |C|. Any arrow in the
relevant category O can be written in either of the following forms:

c, Cout oc,co Cln’ Cout oco C/n, ,-,

where ¢ denotes an arrow whose domain and codomain is in O, c°t
denotes a causal arrow whose domain is in @ and whose codomain is in
IC|\ O, c'™ denotes a causal arrow whose codomain is in @ and whose
domain is in |C| \ O, and i denotes an identity arrow in |C| \ O.
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Structure of Relevant Category

Spacelike Separated

Let C be a causal category and O, O’ be a subset of |C|. O and O’ is said
to be spacelike separated if there is no causal arrow between their objects. )

Theorem (Nonexistence of Nontrivial Compositable Pair)

Let C be a causal category and O, O’ be a pair of spacelike separated
subsets of |C|. There is no pair of arrows (c, ¢’) ¢ |C| x |C| satisfying
ce o ¢ e (0) and cod(c) = dom(c).
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Partial Involution Structure on Category

Partial Involution Structure on Category

Let C be a category. A partial involution structure on C is a subcategory
C™ equipped with an involution such that |C| = |C™|.

@ Note that any category C has trivial partial involution structure, since
C is equipped with the involution structure |C| defined as CT = C.

e The notion is important because the category C™ physically means
the category consisting of " bidirectional” processes. Although this
notion is a generalization of the core (i.e., the maximal groupoid in a
category consisting of isomorphisms), it does not require the
reversibility of the process in the meaning of invertible arrows as
isomorphisms.

e We believe that this generalization from groupoids to categories and
from cores to partial involution structures is quite important for the
application to physical phenomena which include irreversibility.
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Relevant Category with Involution

Relevant Category with Involution

Let C be a causal category with partial involution structure C™~. The
maximal subcategory O™ of C™ closed under the involution is called the
relevant category with involution on O.

e The importance of the relevant categories with involution is that we
can naturally define algebras with involution from them. We will see
the details in the next section.
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© Quantum Fields as Category Algebras
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Category Algebra

A rig R is a set with two binary operations called addition and
multiplication such that

@ R is a commutative monoid with respect to addition with the unit 0,
© R is a monoid with respect to multiplication with the unit 1,
@ (" +r)y="r"r"+1"r, (r'" + ")r =r"r+ r'r holds for any
r,r',r” € R (Distributive law),
© 0r =0, r0 =0 holds for any r € R (Absorption law).

A subrig Z(R) of a rig R defined as the set of elements which are
commutative with all the elements in R is called the center of R.
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Category Algebra

Module over Rig
A commutative monoid M under addition with unit O together with a left
action of R on M (r, m) — rm is called a left module over R if the action
satisfies the following conditions:
Q@ r(m+m)=rm"+rm, (r'+r)m=r'm+ rmfor any mym" € M and
r.r' € R.
©@ Om=0,r0=0forany me M and r € R.

Dually we can define the notion of right module over R.
Let M is left and right module over R. M is called an R-bimodule if

r'(mr) = (r'm)r

holds for any r,r" € R and m € M. The left/right action above is called
the scalar multiplication.
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Category Algebra

Algebra over Rig

A bimodule A over R is called an algebra over R if it is also a rig with
respect to its own multiplication which is compatible with scalar
multiplication, i.e.,

(r'd)(ar) = r'(da)r, (a'r)a= a(ra)

forany a,a’ € Aand r,r € R.
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Category Algebra

Category Algebra

Let C be a category and R be a rig. An R-valued function « defined on C
is said to be of finite propagation if for any object C there are at most
finite number of arrows whose codomain or domain is C in its support.
The module over R consisting of all R-valued functions of finite
propagation together with the multiplication defined by

(o) (") = > o (Na(c), ¢, " ecC

{(c’,c)| ¢’"=c’oc}

becomes an algebra over R with unit e defined by

() = {1 (celel)

0 (otherwise),

and is called the category algebra (of finite propagation), denoted as R|C].

(] L pxel @
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Category Algebra

e The multiplication defined above is nothing but " convolution”
operation on the category C.

@ R[C] coincides with the algebra studied in [Mit72] if R is a ring. In
[Sa21] it is denoted as °Ry[C] to distinguish them from other kinds of
category algebras.

@ A functor from one category to another induces a homomorphism
between the corresponding category algebras if the functor is bijective
on objects. If the bijective-on-objects functor is also injective on
arrows, the induced morphism becomes injective.

@ Hence, the category algebra R[C°] of a subcategory C° of a category
C becomes a subalgebra of R[C].
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Category Algebra

Indeterminate

Let R[C] be a category algebra and ¢ € C. The function (¢ € R[C] defined

(el = {1 (c'=<)

0 (otherwise)

is called the indeterminate corresponding to c.

Theorem (Calculus of Indeterminates)

Let ¢, c’ € C, 15,1 be the corresponding indeterminates and r € R. Then

¢ {LCIOC (dom(c") = cod(c))

0 (otherwise),
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Category Algebra

@ In short, a category algebra R[C] is an algebra of functions on C
equipped with the multiplication which reflects the compositionality
structure of C.

@ By the identification of ¢ € C +— ( € R|C], categories are included in
category algebras.

@ A category algebra can be considered as a generalized matrix algebra.
In fact, matrix algebras are isomorphic to category algebras of
indiscrete categories. For the basic notions and rules for matrix-like
calculation in category algebras, see [Sa21].
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Category Algebra

Involution on Rig

Let R be a rig. An operation (-)* on R preserving addition and covariant
(resp. contravariant) with respect to multiplication is said to be a
covariant (resp. contravariant) involution on R when (-)* o (-)* is equal to
the identity on R. A rig with contravariant involution is called a *-rig.

| A

Involution on Algebra

Let A be an algebra over a rig R with a covariant (resp. contravariant)
involution (-) . A covariant (resp. contravariant) involution (-)* on A as a
rig is said to be a covariant (resp. contravariant) involution on A as an
algebra over R if it is compatible with scalar multiplication, i.e.,

(r'ar)* = r'a*F (covariant case), (r'ar)* =TFa*r’ (contravariant case).

An algebra A over a *-rig R with contravariant involution is called a
*-algebra over R.

T = — — — =y
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Category Algebra

Theorem (Category Algebra as Algebra with Involution)

Let C be a category with a covariant (resp. contravariant) involution (-)f
and R be a rig with a covariant (resp. contravariant) involution (-). Then
the category algebra R[C] becomes an algebra with covariant involution
(resp. *-algebra) over R.
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Quantum Field

Quantum Field

Let C be a causal category with partial involution structure C~ and R be a
rig with involution. The category algebra R[C] is called the quantum field
on C over R.

e For quantum physics, the cases in which R is some *-algebra over C
are important. The category C is considered as "spacetime with inner
degrees of freedom of the field".

e Note that a quantum field on a causal category C over a rig R might
be isomorphic to or embedded into another quantum field on another
causal category C’ over another rig R’.

@ Hence, even if we focus on the case that R = C, we might cover
many kinds of quantum fields.

@ Nevertheless, we keep to let R be general rig R with involution when
we can in the present talk for future applications.
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Quantum Field

@ Let us see how a quantum field as a category algebra incorporates the
relativistic covariance structure:

e To begin with, let us assume that a group G (say, the Poincaré group)
acts on |C| and there is a map u(") sending a pair (g,C) € G x C to
the arrow u(8:S) : C — gC in C satisfying u(&'6:C) = ;(8":C) 5 y(&:C)
and u(®€) = C, where e denotes the unit of G and C denotes the
identity arrow on C in the last equation. Note that each u(&:€) is an
invertible arrow. Then we can define the endfunctor ug : C —s C by

u&(c) = ul&ed(©)) o ¢ o (yl&dom(e))—1

which becomes invertible and induces the corresponding isomorphism
on category algebra R[C]. Note also that u(&) becomes a natural
equivalence between C (identity functor on C) to u8.
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Quantum Field

@ In general, given a natural equivalence u from the identity functor C
to an invertible functor & from C to C, we can define an invertible
element “ € R[C] as

u 1 (cis a component of u)
v(c) = .
0 (otherwise),

and isomorphism ¢ on R[C] as

da) = Ma(t)

@ This kind of transformation will be useful to study flows, generators,
and symmetries such as local gauge invariance from the viewpoint of
category algebras.

@ To sum up, the category algebra intrinsically incorporates covariance
structure coherent with the structure of "spacetime” category C.
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Quantum Field

Relevant Algebra and Local Algebra

Let R be a rig and C be a causal category. The category algebra R[O™] is
called the relevant algebra on O, a subset of |C|, over R. A subset O of
|C| is called a region if for any C € |C| \ O there is no nontrivial
factorization in O™ For a region O, the subrig R°°[O] of R[O"] whose
elements are in the form of a + J, where o denotes an element in R[O"]
satisfying a(C) = 0 for any C € |C| \ O and § denotes an element in
R[O™] N Z(R[C]), becomes an algebra over Z(R) and called the local
algebra on O.
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Quantum Field

Relevant Algebra with Involution and Local Algebra with Involution

Let R be a rig with involution and C be a causal category with partial
involution structure. The category algebra R[(0™¢~] is called the relevant
algebra with involution on O, a subset of |C|, over R. For a region O, the
subrig R°~[O] of R[O"™~] whose elements are in the form of a + 4,
where o denotes an element in R[O"™] satisfying a(C) = 0 for any

C €|C|\ O and 6 denotes an element in R[O"™'~] N Z(R[C]), becomes an
algebra with involution over Z(R) and called the local algebra with
involution on O.
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Quantum Field: Relation to AQFT

@ The family of local algebras with involution {R™°[O]}, especially
when R is a *-algebra over C, is the counterpart of {A(O)} in AQFT
[H96], where A(O) denotes the observable algebra defined on
bounded region O in the spacetime. Our framework so far does not
focus on the topological aspect of algebras, but the conceptual
correspondence between our framework and AQFT is remarkable as
we will see below.

@ Note that our "local” algebras in general contain certain kind of
information of "outside” of the regions. Nevertheless, they contain no
information of the local algebras corresponding to spacelike separated
regions. From the structure theorem of relevant category and the
definition of local algebras, we have the following:
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Quantum Field: Relation to AQFT

Theorem: Commutativity of Spacelike Separated Local Algebras

Local algebras R[] and R[] are commutative with each other if
the regions O and O’ are spacelike separated each other.

Theorem: " Einstein Causality”

Local algebras R°<~[0] and R[] with involution are commutative
with each other if the regions O and O’ are spacelike separated from each
other.
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Quantum Field: Relation to TQFT

@ Our category algebraic framework of quantum field theory can also be
compared to the conceptual ideas in other axiomatic approaches to
quantum fields such as Topological Quantum Field Theory (TQFT)
[At88, Wit88]. In the axiomatization of TQFT, a quantum field theory
is considered as a certain functor from the category of n-cobordism
nCob into the category Mod(R) of modules over some unital
commutative ring R (the typical case is R = C and Mod(R) = Vect,
where Vect denotes the category of vector spaces over C).
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Quantum Field: Relation to TQFT

@ We can construct such a functor in a generalized setting based on our
framework: Let C be an object in a f-category C and R be a rig. We
define the submodule ¢ R[C] of R[C] consisting of elements whose
support is included in the set of arrows whose codomain is C. Then
we can define a functor VR : C — Mod(R) by R = (), the
multiplication of ¢, i.e. a module homomorphism sending each
o € )R] to 1Ca € ©UIR[C], for any ¢ € C.

@ Since nCob is a t-category, the above construction works and we
obtain a canonical functor from nCob to Mod(R). Although this
functor does not satisfy all the technical parts of axioms proposed in
TQFT, it is coherent with the physical ideas of relativistic covariance
and quantum properties behind the axioms. This coherence will
become more clear after introducing the notion of states on categories
in the next section.
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State on Category

Linear Functional

Let A be an algebra over a rig R. An R-valued linear function on A, i.e., a
function preserving addition and scalar multiplication, is called a linear
functional on A. A linear functional on A is said to be unital if p(e) =1
where € and 1 denote the multiplicative unit in A and R, respectively.

A pair of rigs with involution (R, Ry ) is called a positivity structure on R
if R4 is a subring with involution such that r,s € Ry and r + s =0 imply
r=s5=0, and that a*a € Ry for any a € R.

V.
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State on Category

State

Let R be a rig with involution and (R, R;) be a positivity structure on R.
A state ¢ on an algebra A with involution over R with respect to (R, Ry)
is a unital linear functional ¢ : A — R which satisfies ¢(a*a) € R} and
¢(a*) = ¢(a) for any a € R, where (-)* and () denotes the involution on
A and R, respectively. (The last condition (a*) = ¢(a) follows from
other conditions, if R = C.)

Noncommutative Probability Space

A pair (A, @) consisting of an algebra A with involution over a rig R with
involution and a state ¢ is called a noncommutative probability space.
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State on Category

State on Category

Let R be a rig with involution, (R, Ry) be a positivity structure on R, and
and C be a category with involution. A state on the category algebra R[C]
over R with respect to (R, Ry) is said to be a state on a category C with
respect to (R, Ry).

e Given a state ¢ on a category C with involution, we have an function
@ : C — R defined as ¢(c) = ¢(c). For the category with finite
number of objects, we can obtain the following theorem [Sa21], which
is a generalization of the result in [CIM19] for groupoids:
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State on Category

State on Category as Normalized Positive Semidefinite Function

Let C be a category with involution such that |C| is finite. Then there is a
one-to-one correspondence between states o with respect to (R, Ry) and

normalized positive semidefinite Z(R)-valued functions ¢ with respect to

(R, R}), i.e., normalized functions such that

> &()B(() o €)é(e)

{(c,c’)|dom((c")F)=cod(c)}

is in Ry for any R-valued function £ on C with finite support and that
¢(c) = ¢(c), where (-)* and (-) denotes the involution on C and R,
respectively.
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State on Category

e Conceptually, the theorem above means that states on a category with
involution (with finite objects) are nothing but the weights on arrows,
which are generalization of probability distribution on a (finite) set as
the discrete category (with finite objects). More generally, we can say
that to define a state on a category whose support is contained in a
subcategory with finite numbers of objects is equivalent to define the
corresponding function which assign the weight to each arrow.

@ For a state on a category whose support is not contained in a
subcategory with finite number of objects, we will need some
topological structures (or coarse geometric structures [R03]).
Nonstandard-analytical methods (see [SN], for example) will provide
useful tools.
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State of Quantum Field

State of Quantum Field

Let C be a causal category with partial involution structure C~and (R, Ry)
be a positivity structure on a rig R with involution. A unital linear
functional on C which is also a state on C™ with respect to (R, R;) whose
image is contained in a subrig R’ with involution of R is said to be an
R’-valued state on the quantum field on C over R with respect to (R, Ry)

o’

@ In conventional cases R is supposed to be a *-algebra over C and
R =C.

@ The phrase "with respect to (R, Ry)" will be omitted if it is clear in
the context.

@ In general, given a state ¢ on *-algebra A over a *-rig R with
involution, we can construct the representation of the algebra into the
algebra consisting of endomorphism on certain module (generalized
GNS representation [Sa21]).
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State of Quantum Field

Our category algberaic approach is a new unification of the
noncommutative probabilistic approach and the category theoretic
viewpoint. As we see in the previous section, for f-category (or in
general, category with involution), its category algebra is a *-algebra
(or in general, an algebra with involution). Note that our algebra is
unital, even if C has infinitely many objects. Then the construction
above holds and we can see the unit € as "vacuum” in our theory.

The concept of states on categories also shed light on the foundation
of quantum mechanics as a part of quantum field theory. From our
viewpoint, a quantum mechanical system of finite degrees of freedom
can be defined as a noncommutative probability space whose algebra
is a subalgebra of a category algebra on a causal category with partial
involution and whose state satisfies the condition that the support is
contained in a subcategory with finite numbers of objects.
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State of Quantum Field

Note that quantum mechanical systems in the above meaning are not
necessarily contained in a single point but can have spatial degrees of
freedom, e.g., a system in double slit experiment, where the support
of the state can be considered to be contained in a subcategory with
finite objects.

Understanding the situation where multiple observers are involved in a
single quantum field—such as the EPR (Einstein-Podolsky-Rosen)
situation [EPR35]— through the concepts of local algebra and local
states seem also to be important research topic.

The idea at the heart of the above discussions is that we are free to
think of "localized states” (not just "global” states like vacuum
states). The concept corresponding to these kinds of states is
particularly important in the context of AQFT and is called "local
states” [We87, O0S16]. We can define the local states in our
framework, which is a conceptual counterpart of local states in
AQFR, as follows:
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State of Quantum Field: Relation to AQFT

Local State

Let C be a causal category equipped with partial involution structure C™
and R be a rig with involution. A state on R"°~[O] for a region O is
called a local state of the quantum field R[C] on O.

e From a physical point of view, the notion of local state is quite
natural. A macroscopic setting of the environment for the quantum
field basically concerns only the bounded spacetime domain, and the
global state should be seen as an idealization of it. Considering a
family of local states instead of a single state can be seen as a sheaf
theoretic extension of conventional quantum field theory [OOS16].
The extension will lead to the notion of consistent families of Hilbert
spaces and operators on them, which will be mathematically
interesting, through the GNS construction.
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State of Quantum Field: Relation to TQFT

@ In the previous section, we have constructed for any f-category C a
functor )R : C — Mod(R) by R = 1°(-) for ¢ € C. For quantum
physical studies, we need to induce a functor into Hilb, a category of
Hilbert spaces over C. Let us explain the role of states in this
induction.

e Given any state ¢ on the T-category C, R := ¢ R|[C] for each object
C € C can be equipped with "almost inner product” (semi-Hilbert
space structure) by defining sesquilinear form (-|-)¥ by
(/|a)? := ¢((a/)*ar) (generalized GNS consruction, see [Sa21] and
references therein). When R is a *-algebra over C and ¢ is a
C-valued "good"” state ¢ on the category given, this functor induces a
functor into Hilb.
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State of Quantum Field: Relation to TQFT

@ More precisely, suppose that R is a *-algebra over C and the C-valued
state ¢ satisfies the condition

plata) > p((°a)"(a))

for any a € R[C] and c € C. Then the functor )R : C — Mod(R)
induces the functor (VR? : C — preHilb, where preHilb denotes the
category of pre-Hilbert spaces, taking the quotient of ¢R equipped
with (-[)% by N¥ = {a € “R|p(a*a) = 0}, which can be shown as
submodule of ¢R. (Note that by the assumption

ola*a) =0 = p((t°a)*(:°a@)) = 0 holds.

Hayato, Saigo (Nagahama) A New Approach to Quantum Fields 2022.2.24.

Quantum Field: Relation to TQFT

e This kind of construction itself has certain generalization to a more
general R by using this condition directly). Then by the assumption
of ¢, ()R¥ extends uniquely to the morphism in Hilb by completion
and we have the corresponding functor from C to Hilb which sends ¢
to the unique bounded extension of ()R¥ (Note that a bounded
operator between pre-Hilbert spaces extends to the unique bounded
operator between Hilbert spaces).

@ By applying this construction for C = nCob, we have a version of
TQFT. Note that our framework is naturally incorporated with causal
structure and it is quite interesting to the counterpart of the structure
in TQFT.
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@ As we have seen, our new approach to quantum fields is conceptually
related to conventional approaches such as AQFT and TQFT.
Elucidating this relationship at a deeper level will be important in the
study of quantum fields. In order to carry out such research, we will
need to include more detailed structures such as topological or
differential structures in addition to the algebraic and
noncommutative probabilistic structures that we have discussed in
this talk.

@ On the other hand, it should be emphasized that our approach is
directly applicable to lattice gauge theory [Wil74] and other discrete
spacetime approaches, as can be seen from the fact that our approach
deals with general categories. Its applicability extends to the context
of unifying general relativity and quantum theory.
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@ Needless to say, the relationship with categorical approaches to
quantum theory such as " categorical quantum mechanics”

[AC04, AC08] based on the T-category should also be explored. The
categorical structure of the submodules of the category algebra as a
generalized matrix algebra and the computations based on it will play
an important role.

@ |t is also interesting to clarify the relationship between our framework
and the approach in a recently published article [GSC21] which also
deals with AQFT and Quantum Cellular Automata (QCA) approach
[DP16, Arl9] from a general categorical viewpoint.

Hayato, Saigo (Nagahama) A New Approach to Quantum Fields 2022.2.24.

@ The notion of quantum walk (see [Am04, K08| and references therein,
for example), which is closely related to the QCA approach, can also
be formulated from our standpoint. Based on our framework, we can
model a concrete dynamics of quantum fields as a sequence or flow of
the states on a category. In general, the dynamics can be irreversible.
The typical examples of reversible dynamics are called quantum
walks. The notion of quantum walks on general *-algebras and
quantum walks on T-categories can be defined as follows:

Quantum Walk

Let A be a *-algebra. A sequence of states given by

o' (a) = p((w*)faw') t=0,1,2,3,...

generated by a unitary element w € R|C], i.e. an element satisfying
w*w = ww* = € is called a quantum walk on A.
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Quantum Walk on T-Category

Let C be a f-category and R be a *-rig. A quantum walk on R[C] is said to
be a quantum walk on a T-category C.

@ A quantum walk can be considered as a sequence of "state vector”
through GNS construction.

@ The notion of quantum walk defined on f-category includes the
various concrete dynamical models under the name of quantum walks.

e For example, quantum walks on simple undirected graphs as a certain
sequence of state on an indiscrete category.

e The category algebraic approach will play a fundamental role for the
quantum walks on graphs with multiple edges and loops.
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@ Quantum walks on graphs have been used in the modeling of
"dressed photon” [Oh14] which cannot be understood without
focusing on off-shell nature of quantum fields [HS20], i.e., the aspects
of quantum fields cannot be described as the collection of the modes
which satisfies the on-shell condition, and quantum walks on
categories may become important in quantum field theory in general.
They will also connects the QCA approach to quantum fields and
other approaches to quantum fields.
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@ One of the most exciting problems is, of course, to construct a model
of a non-trivial quantum field with interactions. We believe we can
approach such problems. In particular, it seems that the fact that
relevant categories have arrows that go through objects in very
distant regions, while the local algebras defined on them satisfy
commutativity, may be the key to avoiding various no-go theorems.
Note also that our approach extends the coefficients to a general
(commutative or noncommutative) rigs, which greatly expands the
possibilities of dealing with interactions.

e Finally, it should be pointed out that our approach is not limited to
quantum fields, but can be extended to give a very general
noncommutative statistical model with a causal structure. We hope
that the present work will be a small new step towards these big
problems.
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C-RBNEFRORNIE

N:R
HZYIBRVRR (ETIIRERRE) ICH T B ERIT C-FERZER
(X,w) - C-KE X LEDEDRE w DHE - TRAEIN 3.

s EE XN C-RETHB Lk, KD D Banach EETH- T
[X*X||=|X||> X e X, 2@ EEES,
C-HRBUIBNMR (BUTEET) THEILZRET %o

e wH X LORETHS LIE, ¥ LORIZE I IEEREAREEK
THBLIZEWS,

e Sy : X FOREDES

EN EBREE EENERCER AEER WIS REEBOEIDH
coe 000000 0000 0000 0000 oo

C*-RBMNBEFRONE

= (X)X OEZIR W-RE

e, (X)X DEERIR (T, Hu) = Guwesy (Tw, How) hoERE
N3 (LESH) von Neumann XK.
XX (X, p)=p(X), pe X* TEEB X DB X ADERIE
DA
NI 2 (Born #ETAR).

X OYIEE ADRE 0 ICBEWTIERICAESINZ L E, AICETS A
DARY MILHBRNBZER Pr{Ad c Alw} IFRTEZ 5N S !

Pr{A € Allw} = (BA(A),w). (1)

SO C-RENETFROBENABR TERRES B, 8
ETRYUT LORELAV, FET 5L ERE—ERT 5.

v

BISHEE | IKEZROD Borel £5TR

e CCTlE, C-RE X OJFZR A 1ICxt L * (EERE T %,
85 < ABICEVTIE, w e X DFEEIE X OEREDT
X, , X, Ee>0T:

Uo(X1,++ Xnye) = {p € X" | [p(X;)~w(Xy)| <e, j=1,--- ,n}
(2
Sy DTG * (ItE%E X+ DIF * (KD Sy ADFRICEDEERT .

o Sy IZXfL, 85 * UMEDBEESHEN SEM TN S Borel EGEIFA
3. B(Sx) T Sx D Borel EBHEERT,
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BISHEE | OB ZEM

EE 1 (POEBHZER).
X DIRBIERSIZER V DAHIDEY (central) THB LI, X OHIDGIE C
TYV=0CX"={Cw|wecX*} ZRETHDHNEFEETBLIELS,

=S8
X DEHRDIHZER V(= CX*) ISR L, BHZEF V- 13 (Cx* ICH
BR) W-RETH3.

EE 2 (C*-HEREE).

C*-RE L £ DI ZERDOHOEBDEEDIE 0 = (X, Vo) &
C*-FEFAEIE (C*-probability structure) &R,

C*-PS T C-BREED T 52% KT,

Fa= (X, V,) € C-PSIZHL, S, =Sx, NV, £ELH

BESHEDESR

EE 3 (EBEX).

a,b € C*-PS £ 93%. BIR P(- + ) : B(Sx,) x Sa — [0,1] &, AT®D
EZEEBETEE, (a,b) ICHTZBBERCFENS ©

1) BweS, IcHL, P+ w) & Sy, LOBERAETH 3.

(2) & A € B(Sx,) IEXHL, BIf S, 2w P(A + w) € [0,1] IFFTAIT
HBo

A (1) B—RES {pH ITHL, P({p} ¢+ w) & P(p+ w) KT,
2 1
SN iy Ty ) /AP dP(p < w) (3)

(8) A€ B(Sx) EweS, TPAw) A0 EBBEZ wpa €S |

aZ CREX DO -FARET B, BEER P : B(Sy) x Sx — [0,1]

Bl 1 GRERIER).
% PO(A <« w) = §00(A) TEDHB. J

BISHEEDEERK

2FEED NERERDER ZEET %o a,b,c€ C-PS XT3,
Q, P:ENhZEN (bc), (a,b) ICXT B :BERHER
T 4 GEER).
QX PHEEHARTHZI LI, Fwe S, XL,
(@ P)T % Alw) = [ QL « p) dP(pw)  (4)
AN supp P(-+w)

B Sy, x Sy, LOERAEZEDBLETZE S,
Q & PHBRAMTEERLE, (a,0) ICHTZIEBRERQ, P ERTE
»3:

(Q <5 P)(T + w) = (Q %5 P)(T x Sx, |w). (5)

CDEBBERZ Q & P DEBER LR,
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BEHRDEHK

Q. P:E&nZh (b,0), (a,b) ICHT ZBBRER

EH 5 (AH).
QX PHEMFIRETHB LIE, Bwe S, IcHL,

(Qx P)(I' x Ajw) = Q(T = wipa)) P(A + w) (6)

Sy, x Sy, LOBEAELEDB L SEES,
Q¥ PHERABERLE, (a,0) ICHTIEBER QP ZRTEDHS !

(QaP)(I = w) = (Q* P)(I x Sy, |w). @)

CDEBBEEZ Q ¥ P DERM LM,

CNS5DEHZRWVWT, TREBRDEL ZEERT 5.

REBBDE

EE 6 (REEEBODHE).
REBBOEIIRTEZSNS -
WR C-FEREE o = (X,,V)
5 b a: fl&(a,b) I T DBBESE P; 25,
EXR o IS T B1EFEH 0+ a: 1, DBBERT
Py (A w)=6,(A), A€ B(Sx,), wE S,
HDOEHITEBERD SR,

EE 7 RREEBDE).
BREBBOEIIATEZS5NS @
XWR C-REEBIE o = (X, V)
$ b a: fld(a,b) ICHT 2 BBEE P, 5,
Prld, weS, ICRL, supp P(- + w) C S,
HOEBRIFBBERDBEMRICE S,

FEsepviEig £ 3 | SRR

R 2 ZREL, 1 ZFS Hilbert ZR & 7 3,
H EDEEERE p & B(H) LOERRE 5 ZU T TED ZRAEER
T:T(H) — B(H). DHLRFILAEL

A(X) =Te[pX], X € B(H). (8)
CDLE, ay = (B(H), T(H)) € C*-PS TH 3o

& 1.

A= cr aEA({a}) & B(H) ODBEMREL T3,

EEERRp ICEVWT ADERICHESNZ LT,

L a e Sp(4;p) = {a e R| Te[EA({a})p] > 0} IZHL

7&”@&@“&; P{A=a} b\—gl:Ei D ) (aH, (ZH) t:ﬂ?%%ﬁﬁgm

Pr(A +p) = Z Tr[EA({a})p](sP{A:a} (A), (9)
a€Sp(A;p)

Pr(ppacay — p) = Tr[EA({a})p).
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von Neumann-Liiders $t85{k:%

{R&5% 2 (von Neumann-Liiders §3821RE}).
BEERZ pICEVWT ADERICAESNZ L F, Tr[EA({a})p] > 0
w5,
_ E*({a})pE*({a})
Pla=a = TpBEA({a})]

BICIE, AcBR)ICBIHWADEEZERTZIRATD,
HIERDIRE P{AeA} IIRTcEZ5N3 .

Loea THoEA({aDlp(a=a) _ (Zaer B4 ({a})pEA({a})) - EA(A)

Te[pEA(A)] Te[pE4(A)] ’

(10)

@ von Neumann [vN'32] IZFERIEBRIZEICREE 2 ZE R Teo
@ Liiders [G. Liiders, Ann. Physik 8, 322 (1951)] I&iBft L =B &IC—
L7z,

[vN'32] J. von Neumann, Mathematische Grundlagen der Quantenmechanik, (Springer, 1932)

ERERBCETFAE

von Neumann [vN'32] IZREFTREM R Z RDRFD SEH LI :

R&% 3 (RTEFTREM RS [Ozawa'15]).
WNRRADYIEE A ZHITT_ERELRS, —EICRLEZF .

[Ozawa’15] M. Ozawa, Current Science 109, 2006-2016, (2015), arXiv:1507.02010.
o L HBEIE [NU'62] ICBEVTER

p Y E*({a})pE*({a})
a€R
M B(H) b5 vN BRI {A}) = {B<c B(H) | AB= BA} "D
ST SHIRHE (DRIHER) ICBRS5BWI L ZiERHL,
HERARY FLZHDOYEEICH L THEKROERDRDIDOEF
Bl
[NU'62] M. Nakamura and H. Umegaki, Math. Jpn. J. 7, 151 (1962).

ERERREEFAE 2

L]

Arveson [W. Arveson, Amer. J. Math. 89, 578 (1967)] I&#tHI7%
w8, TOESBEMEMSHFERIFELRVWILERLT,
N5 DIEITHRAZRICHE S, Davies & Lewis [DL'70] ld RIEATREM R
i (RER 3) ZMEL, AEICLDELZ—MROREE(LZLRT
B1VRAMLAY FOBEZZEZEALT.
[DL'70] E.B. Davies and J.T. Lewis, Commun. Math. Phys. 17, 239 (1970).
o INE [02'84] IIRLIEEA VA MILAY FEEAL, B(H) LD
LIEEA VX MLAY MIAEBRETERINS L ZT LT
e [00'16] TIE—MR®D vN KB L TORLIEME L > R FILA Y RHYA
FRETERINZLHOBETIERHEZRKH LT,
[0z'84] M. Ozawa, J. Math. Phys. 25, 79-87 (1984).
[00'16] KO and M. Ozawa, J. Math. Phys. 57, 015209 (2016).
e [KO'21] Tl C*-RBMNEFRDBERICT VA MILAY MEEEL
Bt Lo
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BIEIER - TV RARILXAT b+

a,be C*-PS &9 %,

PV, Vo) : Vo DBV, ADIEEREEROES

EE 8 (TR MILXAY B [KO'21)).
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1) ZIEFH5 PV, V) N\DEHRTH 3,
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000 000000 0000 0e00 0000 [o]e]
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DRERBE ||Zo|| & |Zel(A) = |Z(A)¢|, A€ F, TEET 3.

o (4,0, ) ICHTBIYAMILAY T L €S, ICxHL, T DI
BRI : Vi x F Vi %

(M,Z(A)p) = (T* (M, A), p), (12)

pEV., M eV, Ac F, TEET %o
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000 000000 0000 0080 0000 00
AVZRIAY E

UTD3EKGEEBLTEBERT : Vi x F = VI IIRL, (a,b,9) IS
BAVARMAYNITT =T EH/ITHON—RICEETS -

() EAcFIZHL, B&V; > M~ J(M,A) €V IJER, EED
IR TH B,

(2) J(1,8) =1.

B)&Epc Ve MV BLU F DEWIERET {A;}jen XL,

(T(M,U;8)),p) = > (T (M, A)), p). (13)
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BA ERREE EERER IR WEEER WIS REERDEDHF
000 000000 0000 ocooe 0000 oo
AYARLXY

WRFRSHa=(X,,V,) € C-PS TRRINBZLE2EZ 3,

Davies-Lewis D3EME.

WRRAS ZAET S, AHIZEM (S, F) ICEELZHEDER = 2H D8
EEEBA(x) XIS, (0,9) IKHTBA VR MLAY b T AU TFOEBK
TIfE—D2FET 3. S DEHBRE p ICHL, pICHITS = DHAICE
T BREME Prix € Alp) &

Pr{z € Allp} = [Z(A)pll, A €T, (14)

T5z26NM%, ELT, phEHEIN, A c FIZBETHRWENZER = D
EIZER T ZRRTORERDRE p(oen) 1, Pr{z e Alp} >0D
rE,
_ @)
Pleeal = IT(A) ]
THBo 1121, Pr{w € Allp} =0 DL FW poen) BFRETHB L
T3,

(15)

wiRs

EE 9 (HHES).

a,b € C*PS &3, T% (a,b,5) ICHTRAVARILAYREL
PES, ET B0 Xy LDREEDIR {ps}ocs B (Z,p) ICH T ZWESTH
3, UTOXRMGZBTLEEES !

(1) B s — ps 1488 * || Zp||-FTRITH B,

FTHEDE, IRTD A XIZXHL, s ps(A) IF | Zp|-FIRITH 3,
2)FEAcxrAcFITxL,

T(A)pl(A) = /A po(A) dIZpl(s). (16)

y

EE 1.
(a,b,S) ICHTBAVRARILAVY T E peV, ITRL,
(Z, p) IS T DWW {05 }ses DBICTEET 3o

£ 10.
(a,b,9) I T BRI YR PILAY b T HEE (S) 2T LI,
BV, ICHL, Bff s p, BETRTHI L ETZ WS,

ERRE

EE 11 (ERIRE).

% (a,0,8) ICHTBAIVARILAVE, peS, £T 3o

X, EDIREEDIR {ps}ses DY (Z,p) ICH T 2 BEHREDKETH S LI,
UTORGER/LTEIEVNS !

(1) &secSiIcxL, p, €8S,

(2) B s > ps 1358 * || Zp|-FIRITH B0

B)&EMecV; L Ac FIHL,

(M, Z(A)p) = /A (M, p,) dIIZpl|(5)- (17)

EE 12.

(a,0,9) IEHTBA VA MILRAY b T O (C) ZiT-d Lid, BHK
EEREER U : V; © L(S,T) — Vi TI*(M,A) = ¥(M ® [xal),
MeV, Ac F, 2RlcTbODEETZLIEVS,
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BA ERREE EERER IR WEER WS REERDEDHF
000 000000 0000 0000 ©coeo oo
BHRRE

EIE 2.
&M (C) ZilT12T (0,0, ) ICRHTBAVRABRIAY NI E peV, IZH
L, (Z.p) o9 ZRATAIBERIREDIE {ps}scs REICTFET 3,

EIE 3 [Ozawa'85).
(B(H),S) ISR T BAYARILAY N T & H EOFEEERZ p ICHL,
(Z, p) \oRt T B AT BERIREDIR {p, )} ses BEICEET 30

[Ozawa’85] M. Ozawa, Publ. RIMS 21 (1985), 279-295.

F—4R.
a,bec C~PS L, T%V, 5 V, ADOEMHYEEREESRL T 5,
(a0, N IEHTBA VALY N I ZRTEDS ©

Ir({x}) =T (18)
EN EBREE EENERCER AEER WS REEBOEIDH
000 000000 0000 0000 ocooe 0o
BRRE

EE 13 (AYZAFLAY FOE) .
AVZAMIAY FOBECIERDSHS ©
R C-HEEBE a = (X,, Va)
8 b a:TH(a,b,S) ICHTBIYRRLAY T,
SR o IHTBESES 0 a1, LI, (a, () loxt
FTB3AVRAMAY KR 1L,({x)p=p, pE V., DT Lo
HOBRIFA VR MILAY FOERICET<,

EE 14.
T, I% (b5, (a,0,9) ICHTBAVZAMUAY LT B T L TH
BRAETHB LI, (0,05 x S) ICHTBAVRARILAY I T

T'(T x A) = T/(T)Z(A) (19)
ERETODOHEETIEEEVDS, CDIT'ET LI DERLWVS,

BRFTRETA VGBI 5N TWVS [Wr73le
[Wr73] J.D.M. Wright, Quart. J. Math. Oxford (2), 24 (1973), 189-206.

BRNEE

EE 15 (1Y R MLAY MCHEESN 3 BI8HER).
(a,b) IcX T B BRRER P B (0,0, ) ICHTBA VA RMILXY L TICER
WINBLIE, THEMES) 2BRL, ho

P(A w) = |Zw||({s € S | ws € A}) (20)
DPEED we S, ELU A € B(Sx,) IKHLEDIDEEZE S,

Bl 2.
B cH
21 DOXR B(H). X T(H)
B AYIRLXAY MCHEESNZBEBREZ LD (B8R
THEAMTH)
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B cM
1272 1 2DOMRR M. (= CM¥)

5 R (C) BBLTA VR LAY MRS N3 EBRE
£5508 (ARTHRARTS)

H. Saigo, M. Naruse, KO, H. Hori, and I. Ojima, Analysis of Soft
Robotics Based on the Concept of Category of Mobility, Complexity

2019 (2019), 1490541. https://doi.org/10.1155/2019/1490541

EF5, BFTIRE, BRE, Schrodinger {EIGAN DIEE -
EHEVDIFL,

Thank you for your attention!
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Newton-Maxwell equation and non-relativistic
QED
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with
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Introduction

Finite dimensional case=QM

Infinite dimensional case = QFT

Lamb shift and interaction models

Regularity of N-M equations

Wigner measures associated with PF model

Fumio Hiroshima NM equation 2022
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Introduction

»P.L. Lions and T. Paul (1993) studied the limit of

Wi(x.&) = (2xh) " | e/ huy(x+ )un(x— ).

»The result is
Wi(x,&) — measure u

for a certain subsequence h, — 0, and u satisfies the Liouville
equation.

» (Finite dimension) P. L. Lions and T. Paul (1993).

» (Infinite dimension) Z. Ammari and F. Nier (2008,2011).

» (Interaction system) Z. Ammari. M. Falconi (2014),

»Z. Ammari. M. Falconi and FH (2022)<—todays talk

3/28

Fumio Hiroshima NM equation 2022

Symplectic structures

»h=h/2mr =1.054571817... x 10~34Js

»P = —ihDy and Q = x — CCR: [P,Q] = —ih
»X=(q,p)c TRI=RI@RI=CY (gq,p)=q+ip
»phase translation: X = (g,p) € T*R¢

T(X) = exp(i(pQ - qP))
»symplectic structure: X =q+ip, X' =q +ip’
o(X,X')=qp' —pq = Im(X,X') 1-ga
»Algebraic relations

T(X)T(X') = e MeXX0/2T (X + X

4/28

Fumio Hiroshima NM equation 2022
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Hamilton-Jacobi equation and time evolutions in QM
»Hamiltonian H = —h?A + V (V is smooth).

»classical Hamiltonian H(g,p) = p? + V(q), (g,p) € T*RC.

» Hamilton-Jacobi equation

pt = —‘3—’;,’
Hence _
{ qt = 2Pt
pr=-VV(qr)

with the initial data
(9o, Po) = (q,P)-

»The flow ®; : T*RY — T*RY is defined by

®4(q,p) = (at, pt)-

Fumio Hiroshima NM equation 2022 5/28

Definition of Wigner measures on T*RY

» A Borel probability measure u on T*R? is a Wigner measure of a
family of trace class operators (pr)ne(0,1) ON L?(RY) iff Scountable
subset & C (0,1) with 0 € & such that for any X = (p,q) € T*RY:

li Tr T _ — 2niRe(X,u) 1, dd .
pm rlpnT(nq, —7p)] /T e © et du(u)

»Let
M = M (pn,h € (0,1))

be the set of Wigner measures associated with (pp)p -
»(pn)nis pure iff #.4 =1.

Fumio Hiroshima NM equation 2022 6/28
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Example

»For Y = (q,p') € T*RY we define ¢y = T(¥2Y)¢y
»coherent state (C projection)

pn(Y)=19v)(9py| Y e TR?

»For X =(q,p) € T'RY, we have
Tripn(Y) T(nq, —7p)] = (9y. T(nq, —7p)dy) =° €27ReX.Y) = F1[5,](X)

and .# ={oy}. l.e., #.4 =1
»Semi-classical limit of coherent state |¢y)(¢y| is the delta measure
8y with mass at Y on T*RY,

Theorem (Lions and Paul 93)

Suppose that .# = # ((pn)n,h € (0,1)) is pure and .# = {uy}.
(1) 4 ((pn(t))n,h € (0,1)) is also pure.
(2) By the flow 3d; : T*RY — T*RY defined by ®+(qg,po) = (qt, pt) with

{ 9t = 2py
Pt = —Vv(ql‘)7

one obtains that
pe(-) = po(®e(-))-

Fumio Hiroshima
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e—%tH(.)e%fH

General structure on Wigner measures and flows

Pn

h—0

Uo

(®)4()

pr(t)

h—0

ue = to(®:(+))

»®; is the flow wrt Hamilton-Jacobi equation derived from quantum
Hamiltonian H, i.e., ®; maps the initial data to the solution to HJ

>7 = &n_o[©sH]

»CCR: [a(f),a"(9)] = (,9)
»a' ~+h

» .7 Hilbert space e.g. 27 = L2(RY)

»Q=10050e,...,€ .F Fock vacuum
»annihilation op. a(f) and creation op. a'(g):

»{a'(f)---a'(f,)Q}C.Z dense

a(f): @A — @1\
a(f): 1 - x

Fumio Hiroshima NM equation 2022
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» The free field Hamiltonian
H; = dr(lk|) :/]k|a*(k)a(k)dk
» The number op.
N=dr(1)= /aT(k)a(k)dk

>N, H; ~ h
»Field operator : ¢(f) = \/lé(aT(f) +a(f))~vh
> W(f) = exp(iv/he(f))
»Weyl relation
W(HW(g) = e M OW(f + g)

Fumio Hiroshima NM equation 2022 11/28

Definition of Wigner measures on L%(R?)

» A Borel probability measure u on L2(RY) is a Wigner measure of a
family of density matrices (pr)nc(0,1) On the Hilbert space 77 iff
Jcountable subset & ¢ (0,1) with 0 € & such that for any z € L?(R):

i THor W(V/2 :/ 2miRe(z.u) 2 gd) .
hOes onW(v2r2)] LZ(Rd)e In(2)

Fumio Hiroshima NM equation 2022 12/28
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Model in QFT

» Hamiltonian

H— h/ |k|aT(k)a(k)d/i+\/5\§§(aT(?) +a(f)

Hi
» Classical Hamiltonian
H(z,2) = / |k|2(k)z(k)dk+\% / (Z(K)F(K) + z(K)f(K))dk
»Hamilton-Jacobi equation:

JdH

iza(k) = 53 = klzi(K)+ (k)

S

2022

13/28

Theorem (Ammari-Nier 2011)

(1) Suppose that .# = # ((pn)n,h € (0,1)) is pure and .# = {uo}.
Then . ((pn(t))n,h € (0,1)) is also pure.

(2) Let d; : L2(RY) — L2(RY) and d4(zy) = z¢ with

Fumio Hiroshima
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Lamb shift of Hydrogen atom
»We consider a system of QM coupled to QFT (QED).
»In the Dirac theory, the energy levels 2S; , and 2P; » of a hydrogen

atom coincides: 255 » = 2P; . It has been however observed in 1947
by Lamb and Retherford that 25, > < 2P,

Bohr Dirac QED

] e
\
\

\
\

\

\

t=1 1=1 2

é
Njw —

0.365cm ™!

2
1=0 s112

TR
0035cm’! 2

Wavenumber¥ [cm™]

N[=~~
2

Figure: Lamb shift
» To show the Lamb shift we have to consider an interaction between

electrons and a quantized radiation field. This has been established by

H. A. Bethe in 1947.

Fumio Hiroshima NM equation 2022 15/28

Pauli-Fierz model
»We consider a system describing an interaction between particles
and a quantum field, and derive a classical equation (e.g.,

Newton-Maxwell equation) due to a semi-classical limit and Wigner
measures.

» Pauli-Fierz Hamiltonian
H= %(—ihV®1 — \/FiA(x))zqL Veo1+1® hH;

is selfadjoint op. on . = L?(RY) ® Fock space.
»Quantized radiation field:

A (X):Ldz_:1 aT e(j)ie*ikx +a; e(j)ieikx
=B EI e ) A R

»{e(1),....e(d—1),k/|k|} is a base of R and ¢ is a UV cutoff
function.
»CCR [g(f),ai(9)] = 8;(f,9).

16/28
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Classical Hamiltonian

»Classical Hamiltonian
- 1 2 o »
H(z.2.9.p) = 5(p~ A@)*+ V(@) + ¥, [ IKlIz(k)[ak,
j=1

where (g,p) € T*R? and

d-1 5(—k
Aul() = Z [euki (z,(k)e—'kw% 0 'kQ%> ok

with z = (z;) € L3(RY,C91)

Fumio Hiroshima NM equation 2022 17/28

» Hamilton-Jacobi equation:

%—’; =Pt — A(Qt)
(N=M)S pr=—% =(pt—AGr)) VA(G) —VV(q)
3—? = (Pt~ A(ar)) - e(k.j)e~ " (k) + k| Z;(1)

Assumptions:

(Ag) V e Cf,(RC’,R),

(A) |- 19 € LB(RY),

(AS) |-|°F2¢ e LA(RY), o € [1/2,1]

Fumio Hiroshima NM equation 2022 18/28
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Consider the following weighted L2 spaces H® and H® with the norms

d—1 1/2
12l o = (Z /d|k|2"\zj(k)|2dk> ,
j=17K

d—1 1/2
12| e = (Z /Rd(1 Hk\z)c\zj(k)!zdk) ,
=

and define the functional inner product spaces X° = T*R? x H° and

X° = T*RY x H® endowed respectively with the norms
lullfo = PP +197+ 112112,

2 2 2 2
lullxe = 1P +1ql” + || 2[Fo

with u = (p,q,z) in X° or X°.

Theorem (Ammari+Falconi+FH)

Let o € [5,1]. Then for ¥ initial condition uy € X° there exists a unique
global strong solution u(-) € C(R,X°)NC'(R,X°~") of the N-M
equation. Moreover, the generalized global flow

¢t:XG—> X°
up— u(t)

is Borel measurable.
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Definition of Wigner measures on T*RY ¢ L?(RY;C91)

»Let X = T*RY @ L2(RY; C9T).

» A Borel probability measure u on X is a Wigner measure of a family
of density matrices (px)ne(0,1) On the Hilbert space 7 iff 3countable
subset & € (0,1) with 0 € & such that for any & € X:

lim Tr[phT(nq,—np)W(\/Enz)]:/ g?miRel.ux gy (&).
h—0,he& X

Fumio Hiroshima NM equation 2022 21/28
Example

Consider the normalized Gaussian function ¢g(x) = (nﬁ)*%e*XZ/Zﬁ.
Then the coherent vector, centered on z = (g,p) € T*RY, is defined as
V2
=T(— :
Pz = T(5-2)Po
Similarly, for any a € L?(R9,C9 1) one defines coherent vectors in the
Fock spaces as

Qq = W(\i/_héa)ﬂ'

Hence, for any & = (z,a) € X, the one rank orthogonal projection
Ci(8) = |92 ®Qq) (pz ® Qg

defines a f-scaled family of density matrices over J# called the
coherent states.

Fumio Hiroshima NM equation 2022 22/28
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Consider for any & = (p, q,z) the family of coherent states Cy(§). Then

M(Ci(E),h e (0,1)) = {5}

with &; is the Dirac measure on T*R?® L2(R%,C9) centered on up.

Fumio Hiroshima 2022 23/28

Theorem (Ammari+Falconi+FH)

Assume (1) Trlpn(t)Ho] < C, (1) Tr[pn(t)(B2N? +q?)%] < C and
(1) Tr[px(t)AdT (|k|2°)] < C uniformly for h € [0,1].
Moreover we assume that . ((pn(t))n,h € (0,1)) is pure fort = 0.
(1) (pn(t))n,h € (0,1)) = {u} is also pure.
(2)
pe = to(®«(+)),
where the flow ¢; : X — X is defined by $+(q,p, z) = (qt, pt, 2t) which
satisfies (N-M).
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Theorem (Existence of Wigner measures (AFH))

Any family of density matrices (&) ne(0,1) 0N 2 satisfying the condition:

38 >0,3Cs >0: st Vie (0,1), Tr[on(p?+ g% +hN)®] < Cs,

has a non trivial set of Wigner measures, i.e.: . (oy,h € (0,1)) # 0.
Moreover, any u € .# (o4, h € (0,1)) satisfies

2
[ IulFdu(u) <.

For any sequence (hnp)nen in (0,1), iy — 0, there exists a subsequence
(hn, )ken Such that for all t € R,

M (P, (1), k € N) = {[lz}.

Moreover, for every compact time interval J there exists a constant
C > 0 such that for all times t € J,

[ (ot + ol +p2 + 67 o < C.

Fumio Hiroshima 2022 26/28
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»Let ;. X — X be the flow associated with H — Hp.
»Finally we can see that u; exists and

e = f(®9()) = fio(®9 0 &4()) = po(®4()). QED

Technical ingredients
»(Invariance) e~ D(A) c D(A) for all t and 7 € [0,1] for A= N, p?, ¢°.
i.e., we have to show that

|Ae" ™| < for W e D(A).

»(Self-adjointness) Let V. € L} (RY) and V_ be relatively form

bounded wrt —A with a relative bound < 1. H is self-adjoint on
D(—3A + Vi — V_)nD(Hy) (FH0O, Hasler-Herbst11, Falconi15,
Matte17)

Summary

»Hamiltonian H = Hp,

» Classical Hamiltonian H = H(z,z,q, p) for
(9,p,2) € T*RY@ L2(RY;C9 1)

» Hamilton-Jacobi equation

oH

at= 5o
oH
(N—M) pt:—a—q
izj =94

] = 9z

>pn(t) = e~ ppelnF
»lim Tr[T(zq,—mp)@ W(V2r2)pn(t)] = F ' [u(X, 2)
a
»d;: TR L2(RY; CO 1) = T*RY @ L2(RY; C9 ) satisfies

pr = po(®¢(-))

>¢t(q,p, Z) = (qtaptazt) satisfies (N_M)
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Yasuhide Fukumoto
Institute of Mathematics for Industry,
Kyushu University, Japan

Rong Z0U
University of Hawai'i at Manoa, USA

Nambu Mechanics

Nambu: Phys. Rev. D 7 (1973) 2405
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Euler equations for a free rigid body

Motion of a free rigid body
Angular velocity viewed from the body frame (21, 22, 23) € s0(3)

Angular momentum viewed from the body frame L = (11€21, 12€22, I323

fz—f:g I']—Il

. Li = LoLs, Lo == Laly,
Euler equations I I3 Il
: I — I
Ly = —7—LiLs

Lie-Poisson bracket {F:HHL)=—L-(VF xVH)

VF = (8F/8Ly,0F/0La,0F /0L3)

. 1 (L2 I L}
Euler equations F={F.H} HZE(THTfﬁ)

Nambu dynamics for a free rigid body

Casimir invariants C=cC(L?) L[>=Li+L3+I13

C={C,H}=0  {[F.H}L)=—-L-(VF xVH)
forany H

Casimir invariants
Take @ =1r12/2

H(F, G, H)

FHl =VF.(VGxVH) )= ——m—
F, H] (VG X VH) = 5ts I, Lo)

s S e s T b ¢ e e , 8(L,.G.H) .
L=t N XV )
Marsden (1992) &(Ly.Ls, Ly) ( )i
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Generalization of Nambu bracket

#. We would introduce an n-component vector x;
and n - 1 Hamiltonians H,, and postulate in lieu of
Eqgs. (1) and (2)

(4)

dF _8(F,H,H,, ... ,Hy )
di BlEyy Xgy v uey Xp)

’

where €;;,...; is the Levi-Civita tensor.

may in general consider a number ol canonical
triplets ¥,, n=1,..., N which form a 3N-dimen-
sional phase space, and write in place of Eq. (2)

dF _<~ _8(F,H,G) )
dt F 3[1’", .‘l'nrzn) ’

For example, this will enable one to handle a mod-
el which simulates coupled spin systems.' For the

2 a(F, H“G| , )
alx, v, 2)

where (H;,G,) are a given set of functions. Since

the Liouville theorem holds with respect to each

term separately, it also holds for the sum. But

the individual “Hamiltonians™ H;, G;, are no longer

constants of motion in general, though there may

Contents

1. Introduction to Nambu bracket

Motion of a free rigid body
Motion of an ideal barotropic fluid

2. Lie-Poisson bracket for MHD
a difficulty

3. Casimir=Topological invariants by Noether’s 1st theorem

Particle relabeling symmetry
cross-helicity

4. Nambu-bracket for MHD

5. Remarks on Noether’s 2nd theorem

Ertel invariant of non-isentropic neutral fluid
MHD
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Lie-Poisson brackets

Kuznetsov E A and Mikhailov AV 1980
SF _ af

Flw] = /f(w) dv functional derivative: o

H 1
OH _ 4. Hlw = [ A wdv
ow 2
Lie-Poisson bracket {F H} = /w (rot—F x roté_H) dv
dw w

F OF
{F,H} = /w- (rot(5 X rotA) dv =/rot—-(u X w)dV
ow ow

F
= /5—-rot(u><w)dV
dw

ow =
Vorticity equation =9 _ 5_F 0 v
dt dw Ot

Nambu bracket for vorticity equation
Fukumoto: Nagare 28 (2009) 499-500

ow ]
EZVX(UXQJ) ) F:{F,H}
Vorticity equation
OF SH
{F,H} = /w (rot— X rot—> dv
ow ow
Helicity ajw wdV ke
Y hlw]= fu Energy contour’; .
Shidw =u (on shell) ?

/
ff shell
Vorticity equation onshe

. OF O} OH : I
= —/ rote - (rotor X rota | dv = {F.h,H}| isovortical sheets
v 0w oW O
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Magnetohydrodynamics (MHD) of a
compressible adiabatic conducting fluid

Baroclinic effect

Lorentz force

Equations of MHD

Dp D d

o TN =] (D?‘. ot " Y V)

ou 1.

B +(uw-V)u=—-VwHTVsH|-3 x B|— Vo,
P

(w=w=¢e+p/p, j=VxB)

Ds .

=),

Dt

0B

%:Vx(uxB.). Vi B=

C

Conservation of helicity is destroyed by the baroclinic effect and the Lorentz force

U—M:Vx(-uxw)jLVTsz

i
5 !VX(;JXB)
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Magnetohydrodynamics of a compressible
adiabatic conducting fluid
Morrison & Greene, Phys. Rev. Lett. 45 (1980) 790, 48 (1982) 569

to the new variables (p, o, B, M) we obtain the Morrison and Greene (1982) non-canonical
Poisson bracket:

. 3 5F 8G 5G 5F
[F,G}l=—=| d&'x{p| — V|—)—-— V|[—
sM Sp M dp
5F 585G G §F
+o|— -V|[—) - VI —
[SM (50) M (50 )]
5F 8G 3G oF
+M- — -V - V| —
M M M sM
5F 8G 8G 8F
+B- | —-V —) - v _)
sM 5B sM sB
8F 8G 8G 8F
+B- [ [V— ) -V Rl R (3.10)
sM iB sM 5B

The bracket (3.10) has the Lie—Poisson form and satisfies the Jacobi identity for all functionals
F and G of the physical variables, and in general applies bothfor V- B # 0and V - B = 0.

Webb, Dasgupta, McKenzie, Hu & Zank: J. Math. Theor. 47 (2014) 095502

A difficulty T7he cross-helicity is not a Casimir (22?)

The complete set of Casimir constants of the motion
in magnetohydrodynamics

Eliezer Hameiri® E. Hameiri: Phys. Plasmas 11 (2004) 3423

oC Vi—o e fCc  8C Tw“} B ][' e‘:‘_r'| va‘(f
V5= MV —+p— V| M| +Bxoul| —|+pV—
SM ' ? Ve, Pam \pt T\ EB) TP 5
; 5C
in the volume. P 2 (s Vs=0. (14)
L15
| e § .
dw[ P = 0. advected ¢ surface remains constant under any Hamiltonian
\ 'SI\I K and not only under the energy Hamiltonian A .° Rather

than checking that the difficult Eq, ( we give a
direct proof. Note that for a volume advected by a flow
&(x.1). the integral of any function F varies according fo

| 8C
cu1‘1| TﬁxB|=0. 5 it )

[ 2\ ! '
] 4 — | Fd’x= I [F,+diviF&) ]d x.
dr 1y Ju

where the subscript ¢ indicates the volume inside the moving
r surface. Usimng Eqs. (8) and (24). we get

d [
o [ wcrd-‘x=f div] > (BXC)/p—hCld®x. (25
dt Ju o
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Nambu brackets in fluid mechanics and
J. Phys. A: Math. Theo.43 (2010) 305501

magnetohydrodynamics
) incompressible
Roberto Salazar' and Michael V Kurgansky™
! Canter for Questum Optics and Quantum Information, Depariment of Physics,
University of Concepcidn, Casilla 160-C, Concepeicn, Chile
* Deparizment of Geophysics, University of Cancepcitin, Casills 160-C, Concepeidn,
Chile
* AM Obsbhow [nstites= of Atmaspheric Physics, Moscow, Russia
dF{v. A —_
ar —| v MR bt Fr W ks
where A is the vector potential (B = V = Al
cross-helicity & [B]:
" I B
H= f it x pﬂ: +q—,
s 2L
ngd‘n-.u. o _]' W0 AL | (pe——
FHGla= [ x| =0 (o252 ) +eye(F. H. )
o | 8F faH  BK)
dFiv.A] i l}'.‘h..L],‘,_.,=fd11 _——_.(—:::—_)i
—g = H e + I L fady \&v  &v /]
We use as constitutive quantities the kinetic helicity X and tl
1
= — [ djx\ w
L= ’. d'rA.-B

cf Never & Sommner: Am. Met. Soc. 66 (2009) 2073-2084

Casimir = Topological invariant
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Helmholtz’s law (1858)

Vorticity equations

D

D (2) _ (8 | v) N
Dt \ p P

A+dy Lo
i
an infinitesimal material line element: d o obitt) & o da(t+dt)
<@
— 0

X uet)dt

D
d:g:%d&: (dX'aix) o(X1) = Edm(t) = (dz(t) - V) u

(6/01x = D/Dt)

Topological invariants of an ideal barotropic fluid

3D  Helicity (=Hopf invariant, Casimir invariant)

Hlw] = /D'v -wdV;, w:=VxXxwv vorticity

2D Generalized enstrophy (=Casimir invariant)

o D [w
Qlw, p] = /Af (p) wdA Dt (p) =0

where f is an arbitrary function, because

Question:
Why the helicity of 3D looks different from 2D Casimirs?
How far is the 2D Casimir invariant from the helicity?
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Emmy Amalie Noether 18s2-1935

Oberwolfach Photo Collection

Total number of photos: 15118

On the Photo:

Location: Géttingen

Source: archives of P,
Roquette, Heidelberg and
Clark Kimberling, Evansville

Copyright: Universitats-Archiv
Géttingen

Photo ID: 9267

Find related pictures

Correct Errors: If you
have corrections or
additional information on
this photo, please send
us a message using the

Fallawmiina farm

A unified View of Topological Invariants
from Noether’s Theorem

cf. Barotropic case: Y. Fukumoto: Topologica 1 (2008) 003

How far is the Casimir invariant from the helicity?

Particle relabeling symmetry
A. Yahalom: J. Math. Phys. 36 (1995) 1324
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2D Casimir invariant is a cross helicity

D fw
D’ (z) =Y

Defining F =V x fe, the vorticity equation reads

a0
ﬁi.fe.-,-_]—ux F=1.

D/ F F ) |
= a (F) — (F . V) . [()[ L"'F — I]f .-'"‘-.{I_]

2

F is a frozen-in field: ¢} {wg) = wi

cross helicity He[w, F] = / v.FdA| @ =V xuv
A

W
— _ . - — P2
Hc Mdm—k/ftwf(p)dfl A=R

Topological Invariants
of magnetohydrodynamics
from Noether’s Theorem
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A unified View of Topological Invariants
of magnetohydrodynamics from

Noether’s Theorem
cf. Barotropic fluids: Y. Fukumoto: Topologica 1 (2008) 003

cf. Baroclinic fluids:

N. Padhye & P. J. Morrison: Phys. Lett. A 219 (1996) 287

N. Padhye & P. J. Morrison: Plasma Phys. Rep. 22 (1996) 960

Y. Fukumoto & H. Sakuma: Procedia IUTAM 7 (2013) 213

C. J. Cotter & D. D. Holm: Found Comput Math.13 (2013) 457
MHD:

Webb, Dasgupta, McKenzie, Hu & Zank: J. Math. Theor. 47 (2014) 095501
Webb, Dasgupta, McKenzie, Hu & Zank: J. Math. Theor. 47 (2014) 095502
Relativistic fluids:

Z. Yoshida, Y. Kawazura and T. Yokoyama: J. Math. Phys. 55 (2014) 043101
Y. Kawazura, Z. Yoshida & Y. Fukumoto: J. Phys. A: Math. Theor. 47 (2014) 465501

Hamilton’s principle for Euler-Poincaré equation
for a non-homentropic flow

Confiquration @K)
A ¢ (x)

Lsymg»‘au labe| unction

Lagrangian label function i(x(X.1).1) = X, u:‘);;‘

i dr; Ot
D. D. Holm

ANa(x.t)
(:).l‘i

- dla 3
u; = —(D l)mwz (D) 4=

Define D) := det D, then

plzx,t) = p(X,0)D
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Variation of action: Baroclinic case

) . 3] a )
( du; = —[_.") 1)1_74 (E + uax) Al 4.

i o g {
‘ §s= (D), 0la

la = la+8la=—p § v=y, o0, 0].

\ [6B =V x (B x D~'al).

u? - B* o
— —elp.s) —— —P(x)

2% " oL 0L L oL .-
B & ) { } ( ; [ : o .
45 = / dt / ( du; + —dp H—4ds| H—=0B8;|| ¢ Llu.p,s.B:x] = p( = S
Jig D i !ijr_l .'_f,z«' ".iBg' - =
is—— [Ta favl2 s(D7Y). 6l L8L), 19 (DY)t (lﬁ,.._ﬁn
B e o " FATA | T Ay [PV AT LT T B

| ac 1
_\—..(ﬁ < (BxD nh)}

[Df1acy 148w @ (oc i 18 s
dug ) pOug ry  Org \ dp p s dr;

Dt fr,

+ It f dve p(D™1), Al =
./{“‘ [P {“’( ' Br\ o 2 Bug Oy

:-—'-((Vv.%)\ﬁﬂ :

o
1oL ac 1ac L
s o= =, = TR F=EV R
W= B op p s o' I=V
D, g, o .. B | L
L =27 (5 x B)
Dt iz Ay dag || po

Euler-Poincaré equations

Hamilton’s principle in material coordinates

. Ox; s
Define Vy = ; _ 9%
4 8XAU1' Hp= 6XAhz

Rewrite the variation in terms of the Lagrangian variables X
Sl = 61(X,t)

ss= [t [ aved =2 (v aposi 9 i T i
NS = a C i e £ 3 I ] L {2 ol Ty oo | w 81 %
[r [p X\ g Varodla) + ma (T ola) Vx - [(Bo x 1) x H]|

i IV, 7 ds 1
—I,rh)'fsli-A (( Ao 'Tf——[JXBu}IA)}‘
XAl |po

ot 0Xa

J=Vx xH. py:=p(X.0), Bp:=B(X,0)

for arbitrary variation §7 subject to B.C. and I.C.

Euler-Poincaré equations in terms of the material coordinates

av o s 1 :
A — —— —{T—|-{—(J x Bo)a|=0
ot dX 4 X 4 L0
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Particle relabeling symmetry

Time-independent change of particle labels X — X' = n(X);
(X MAX AdY ANdZ = p( X 0VIX! AdY!' A dZ" = pla, t)da A dy A dz=

s(X,0) =s(X',0) = s(x, t).

%"AB( B (X, 0)dX 4 AdXp = lr,ln('ﬁ( (X “:l(i”{q AN tf\b; = l 1;LBLd? /\dr

Infinitesimal particle relabeling

) N . i i)
X — X' = X + 6I; ﬂ'_X (posl) =0, (51-V)sg =0, ﬁ w (Bp x 8§1) = 0

Under particle relabeling the action is unchanged 6S =0:

—H M’ﬂﬁb‘)_T{ w0 dla) —|V\ [(Bo x dl) XH|

ox;
aVa on ds N\ Va4 = 2 o
—o0la ( o OXa Te,t\’,-. - E(J i B“)"‘) =9 A 0X 4 "
Assume Euler-Poincaré equations, then dz;
Hy = h;
A X 4 i

1{14{0!14) [I"pm?h}«l\_\ [(Bg x ol) x H] IZ(]

Noether’s theorem for particle relabeling symmetry

.8 2 P
— s e —:f 5 q - Sp = u, S —= )=
Do=pidh g - D=4, ( nx) =0 | o HlBax ,Jo) 8
Noether’s charge /.I-"ADM'I:"‘E-’: / B KT L [ v- DAV
Jp Jp "9Xa Jp
ox; r
Vo= v ) = i
aXA “ D.{ . r) \—A DDA

Baroclinic case ,
Utiyama  #4(2") :== o(x) + dga ()

(1959) 0 =dpa(r) = dpalz)+ wapdzt

bl Cl— f v-DdV;: (D=V xC)
D

dv 1.
E:u-)(@.?{;l—‘]:’).‘i‘;JXB,
)
2 =V x (u x D),
Ut
2 3 = B :
V-D=0, (D-V)s=0, Vx|[—=—xD)=0
;J
) () L ()
'f.':l{—‘c. ?.’:r.—ﬁ. :—li h.:—i j=Vxh
pou ap p s aB
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Vector field (material line element) D?

oD
— =V x (ux D),
2=V x(uxD),
B
V-D=0, (D-V)s=0, Vx|—xD)=0.
P
C. J. Cotter & D. D. Holm: Found Comput Math.13 ( 3) 457
Proposition 18 For the case thatay = pdV € A’ and ay = B-dS =d(A -dx) A2,
the only simultaneous solution of L,pdV =0and L, B -dS=0is D:B Only?
n_lpdV=HB-ds. (29)
B-Vs D@
& = A ¢ =,
p Dt
; af
D=V x (£(Q8)Vs) = 55VQ X Ve

oD af 0Q afas os]

Nambu bracket for non-isentropic
adiabatic MHD
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Nambu bracket for non-isentropic
adiabatic MHD
M[{)szpdV, S|o] 2/ p%dV—/. adV,

he[v,Cl = / - DAV, hy,|A] = /A BdV
VxA)

Casimirs

(D=V xC), (B=

Nambu-bracket representation for Lie-Poisson equation

d \
GF['U‘ A C,po|={F.he,H} o+ {F,M,H}p +{F S H} , +{F ha, H} 44
aF

/ {au ( ig)ﬂw(ﬁec H)}

dhe
dv

{F? he, H}l-v(.' =

{1“2 h-m-. H}v:’-ﬂ .

gt

dv

F

(6;‘:

m

dA

oH
0A

) + eye(F, by, H)} dV

SMGF & 8 SMEH
(F.M.I}, ::—/ { MOF il ¥ v-( it ’_H) —c,\—c(F,M.m}ﬂ
F: Jn ﬁju an r\lfa .r\lr; ap dw
aF d0H 68 & T dF 48
(F.S.H}, = — [ {_—jV- (f_—H-_—) _Hg (fi’_—) +r3-‘r‘.{.F.S.U}}rﬂ
\ Jo | oo ©° v da filed pov oa

J

A difficulty associated with Lie-
Poisson bracket

The complete set of Casimir constants of the motion
in magnetohydrodynamics

Eliezer Hameiri® E. Hameiri: Phys. Plasmas 11 (2004) 3423

oC
s va=0 I & }\1 B 1[ o,
. M, +p +BX 7 —
oM iV oM, P sM e e
in the volume. P: 6C_ _ -
i se i .
dw[ P = 0. advected o surface remaims constant under any Hmmlloman
\ 'SI\I K and not only under the energy Hamiltonian A .° Rather
than checking that the difficult Eq. (14) is satsfied we give a
_ _ direct proof. Note that for a volume advected by a flow
|' aC | &(x.1). the integral of any function F varies according fo
curl| —= XB| =0.
| M

a7
Fdx- I [F, +d1\tFa“;!]d X5

G’I Ty

where the subscript ¢ indicates the volume inside the moving

r surface. Usimng Eqs. (8) and (24). we get

dt

25)

[ u-Cd? 1—J divi X< (BXC)/p—AC]d>x.
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Is the cross-helicity a Casimir invariant?

Yes!

Proof that h_is a Casimir invariant

1 UT { &he dh, ah ah

—_+ — IV =0 fo H
o * Ao ¥ S * ()0}: or any

{.'r'f-c‘ hc-H}l‘L‘C - /D oo H?
5H

}fﬂx’ =0 forany H «— V-D=10
f

0
thes & HY, —— / HV ((T ) dV =0 forany H & V-.(sD)= (D -V)s=0
J”

R T O / E {T (D X —)} dV =0 for any H
i Jp 7B

— Vx(DxE) 0

iy
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Poisson bracket induced from Nambu bracket
{F,H} = {F,he,H} ,,c +{F.M.H} ,+ {F,8,H} , + {F, hu, H} 1 5

I eC \p " v v \p v

§F_ (6H\ 6F _6H O6F_ (o6H\ 6H_ [odF
S (5) e s m Gn) % G5
+5—F Ex(s—H +§—F Exé—H dv.

dbv \p  JA A \ p v '

Y on oF 5H 5F
REy== S g gl S Y0
M=pv, o=ps, D=VxC {F.H) /D 51 5D (a‘M )AD
af ar afd OF
g [ ) 2 % A [l
! [(mr "7) aM (riM ),s_MJ
iF SH [ 5H 5F
1l —s === | ==
: K.-SHI \_) ap (rsn-r \-) »]
3]

¥
[( 6F §H [ 6H SE
* (W")s——(mv) —]
F

aF aH A GF

8- (%) 55~ (335 ) 5]
r”f r JF -’"‘F g - ﬁ” e
tong - B V= m-lB‘T]E}rH.

Iso-magnetovortical perturbations

1
L Flv,A,C.p,0] = {[F h, G}y + {FM,GY, + {F.S8,GY, + {F hiy Gy

dr
o V(6F (ohe OGN Y
{Fohe. G e = — /M) {M : (M X m) (_x((l.h(n(,)}rll

, ) N (F [She G , R
{F hw G} 4= /D; {E . (H X E) teve(F, v’{m.(.)} dV

C[OMOF _8G  SF_ (6M oG
{Iv'._w.(,l}'_,:f—/ {" v e ( )A.'_v.‘:j[<'__,\41.(,“|}n’\'
JD

sp ov ap op dp v

5F 5G5S 5G 5G 88 R
{1.8.G}, = f/ {1. v (” g )f _CT- (0 o )»(-\-(-(1-'_5.(;;‘}{1&‘
Jp [alea y

\ p dv do i p ov do

where

Suppose that ¢ is an arbitrary functional of v, A, C, p and o.

_ 1@ G \ ye 7. 0G  arbitary vector fields
pov’ =sa N dp " od¢ and functions

u

Fuler-Poincaré equations for MHD = iso-magnetovortical perturbations

Jv B

- =uxXwtnx ;—V(,\fTs)+TVs; w=V xw.
K

0A 0 . dlps .

24 _uxB, Lo v, L2 g ().
lirs Jr or

-176 -




Arnold’s theorem for MHD

1
Total energy E:/{ pv? + pelp, 8) + = B }dv
n

dF dv 1ldp , dp dedp  Oeds dB i
O oy P E L EE) B, v
dar /p {’"’ & Taart Ta Tt (a)p ar ' os d,—) T8 }(

=0 for a steady flow

@. K. Valiis, G. F. Cornevals and W. R. Young

Steady flow Energy contour",

plv-V)v=—p(VhA—=—TVs)+ B x (V x B)
Vx(vxB)=0, V-(pv)=0, v-Vs=0

isovortical sheets

Remark on
Noether’s 2nd Theorem
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Variational symmetry

S[t}:jdtf drlw,p s, B x) = -/da.‘] d* e L1, 347, ).
o D
B;!

1, .
L=p [Eu‘ —€lp,5) — (I)GI:I:l -

variation of the Eulerian coordinates and the label function & = x4+de and [ = [*4-4]".

he particle relabeling symmetry requirs simply that

dx =0,
Variational S[f] = '}'1] =S[); S := / dt / d*eL(1*, N, x),
s try °
ymme 3~ mrfoe Al o for iy A At ST sy
S| = [ de | dec(®.dio, 5y, S = [dt | @60 i
| ./(f‘/;f L™ Al xS ./”./D (", al™, &)
Identity! £, D™, &) — L, N, x) + (V- dz)L + V - A = 0. Noether’s 2nd
theorem
-—) OpdJ" + 8.8¢" =0 (k=0,1,2,3; a = 1,2 3129 = 1)
s 7k ¢k UC c 70k cak @ 7§767£* aL
8J% = Loz +f)(6klf*)al +0A* 8o = o = o a,a(a]qn)

S, =0: Euler equation

9.0J% =0 = Noether’s 1st theorem

Hamilton’s principle for Euler-Poincaré equation
for a non-homentropic flow

Logrrangian labe|  Fenction

_0la

. . M a Do
Lagrangian label function 1(¢(X.1).0)=X; 0=~ 9Ls Oy
i

i dr; Ot
D. D. Holm

Al a )

5 s Ma(x. 1)
H‘,_=—([.) I)EAW. ([))/\i:

l:)l‘t'

Define D) := det D, then

plx.t) = p(X.,0)D
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Particle relabeling symmetry

] /‘n!'r/fntlu,r) Box) = /l’f/rf.;L{d{.c

L= ;[lu—-[ 5] — III}—ﬁ.

variation of the Eulerian coordinates and the label function & = x4+de and [ = [*4-4]".

Particle
relabeling
symmetry

he particle relabeling symmetry requirs simply that

dx =0,
S ::/ dz / dt 6%,
R
y_ 0L, 0% 0 0w
A 0p5+0 (3+8B 6B+0553
B=0 du; =0 = i
D=1

op=0, ds=0 =

Noether’s 1st and 2nd theorems
for nonisentropic adiabatic

motion of a neutral fluid
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Generalized Bianchi identity for a
nonisentropic neutral fluid

p(X',0)dX' AdY' AdZ' = p(X,0)dX AdY AdZ = p(x,t)dz A dy A dz
s(X',0) = 5(X,0) = s(z, )

Generator for particle relabeling b
Sp=0, ds=0 —> px PO =0

S 0 J D
Su; =0 =— l=0 (_ _ _)
or

(6l -V)sg =0

or Dt
- VS(] X v((] J
)]l = ——: Vi=——
Po oX
. . . . (‘)(U
cp = €p(X) @ arbitraly function of X; 5 = 0
Jr

{ [(VxV) VsU+V(, ) (Vq' xvn)}
o)

Variational symmetry v 3 ar
-v- { ( x Vsy — V7 x Vsg + 4\7(,‘ xvsu)} =0; mwi=—
Po

g = av; i)rf " ()s ’
ot JX; JX;

ap

Generalized Bianchi identity for a
nonisentropic neutral fluid

p(X',0)dX ' AdY'AdZ" = p(X,0)dX AdY AdZ = p(a,t)dz Ady A dz
s(X',0) = s(X,0) = s(x,t)

Generator for particle relabeling 9
(5,0 =0, ds=0 — G—X - (podl)

(S'I.l‘,i =0 = —(Sl = (i — 2)

=0, (8l-V)sp=0

ar or Dt
51— Vsg % Vco: v i
00 0X
. . . (')(,(]
co = €p(X) @ arbitraly function of X; 5 =0
Jar

{ [(VxV) Vs +V (S ) (V' x v-“u)}
.. £o
Variational symmetry ar

av 5i
-V <& % Vg — Vi x Vsg + —Vq' % Vsg =0 @wi=—
or Po dp

g = "oV UT e ()~
ot JX; 9X,;

-180 -




MILBERE : — ARAE T3/

Variational symmetry

9 S\
d Si 7
-V q& ,,V *x Vey = Vrx Vsg+ —Vqg' x Vs ) p =0 7m:= %
OT o dp

for arbitrary e

Generalized Bianchi identity

C) - : < S : . B.I.’A» o \
— [Vsg- (VX V)| =Vsp: [V — | =0 V, :=1v,— x = q(X,1)
or 0 Lo ( p> T ox,

Padhye & Morrison (1996)
Ertel’s potential vorticity

Euler equation S=0 =¢g.=Yvxu). vs %Q — 0
P t

Another identity is admitted:
ov

— —Vr+ E‘G’q" =TVsy. for some fuction T = T( X, t)
ot Po

Fuler equation S =0 == Euler-Poincaré equation

Generalized Bianchi identity for MHD

Time-independent change of particle labels X — X' = n(X);
p(X,0)dX AdY AdZ = p(X',0)dX' AdY' ANdZ' = p(a,t)dz A dy A dz
1 1 1
5eABCBC(X, 0)dX AdXp = EGABCBC(X’, 0)NdXy ANdXp = S€ijkBrdz; A dz;

Generator for particle relabeling 9 0
— ol) =0, [— B o) =0
X 5 X'=X+4l; ax  (PodD) =0, |55 x (Bo D)

dJ d D
561 =0 (E = Ht)’ (5[ o V)SO =0
v(X)B ‘
1 % (Bo- V)i =0, (By-V)so =0
0
v » arbitraly function

Generalized Bianchi identity

) 1
(—(BU-V)—B{]-Vﬂ'—fS-BOZO
ot Po
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Noether's second theorem for MHD

i_p, D_ (D 0
podl = Dy, P (m dX) P(X, 1)

Particle-relabelling symmetry in Eulerian representation

7D
fu—0 (a—t:VX(uxD).

bp=-V-D=0, ds=—(D-V)s=0, dB=Vx (DXE;)ZU
f

D=V xC; atleast C = f(Q)Vs

Variational symmetry

o oL oL L . O o
as—/dt/D (auf“ + dpdp—kdbéé-}—oBﬁdBi) v =0

55 = jdrfdv{ '[d—w—vx(uxu)—vrfxv.b—vx(%XB)+V><(%}E})}

LV W) =0
E(L)  Ou
p ot

2

—uxw—V(m; +w+<.‘>)—'TVs—1j><B
P

Generalized Bianchi identity for MHD

Time-independent change of particle labels X — X' = n(X);
p(X,0)dX AdY AdZ = p(X',0)dX' AdY' ANdZ' = p(a,t)dz A dy A dz
1 1 1
EEABC’BC(X7 0)dX 4 ANdXpg = §6ABch(X/, O))dX;l A dX]/_z; = EeijkBkdxi A dxj

Generator for particle relabeling i (podl) = O 9 (Bo x 61) = 0

X -+ X'= X +4l; 7 lax
- B
U; = —( = _— = — ].‘ S50 —
ou; =0 — 5o0l= (OT Dt) (01- V)sg =0
HX)B
&l = (r(—)ﬂ: (BU : V)'l,i’ = O, (BU : V).SQ =0

Ao
- arbitraly function

Generalized Bianchi identity

0 1
(BU V)—BU-VW—fS-BUZO
ar Po
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Summary

A unified view of topological invariants for a non-isentropic MHD
from Noether’s theorem

Casimirs
i g—t::u.‘-(u:—!—\?’{.'r—@)—e—]"v.q-l—l_jxB.
Mlp] = f pdV,  Slo] = f psdV = j adV, 2D !
o ' - =V x (u x D)
helw, C] = j v DdV, hyA] = f A Bdv ot s
D 2 : . e p:
(D=VxC), (B=VxA) V-D=0, l_D'VJn‘:lI_ VX(FXD)—“

Nambu-bracket representation for Lie-Poisson equation

d
EF[-U, AC po|={F.hH}, o+ {F M H}, +{F,8 H} +{F hn, H} 14

mmm) Extension of Lie-Poisson bracket that makes all the 4 integrals Casimirs

Nambu-bracket representations of isovortical perturbations
wave energy, mean flow

Structure-preserving numerical method Y. Suzuki
Noether’s second theorem
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