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About MI Lecture Note Series

The Math-for-Industry (MI) Lecture Note Series is the successor to the COE Lecture
Notes, which were published for the 21st COE Program “Development of Dynamic
Mathematics with High Functionality,” sponsored by Japan’s Ministry of Education,
Culture, Sports, Science and Technology (MEXT) from 2003 to 2007. The MI Lec-
ture Note Series has published the notes of lectures organized under the following two
programs: “Training Program for Ph.D. and New Master’s Degree in Mathematics as
Required by Industry,” adopted as a Support Program for Improving Graduate School
Education by MEXT from 2007 to 2009; and “Education-and-Research Hub for
Mathematics-for-Industry,” adopted as a Global COE Program by MEXT from 2008 to
2012.

In accordance with the establishment of the Institute of Mathematics for Industry (IMI)
in April 2011 and the authorization of IMI’s Joint Research Center for Advanced and
Fundamental Mathematics-for-Industry as a MEXT Joint Usage / Research Center in
April 2013, hereafter the MI Lecture Notes Series will publish lecture notes and pro-
ceedings by worldwide researchers of MI to contribute to the development of MI.
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Hybrid conference (Zoom & West W1-D-413 room in Kyushu University)
September 8 (Thu) — 10 (Sat), 2022
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12:50-12:55

13:05-13:55

14:05-15:05
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15:25-16:25
16:35-17:45

Opening
Shigeki Matsutani (Kanazawa Univ.)

Toshihiro Suzuki (Sojo Univ.)

Tea time

Yusuke Noda (Okayama Pref. Univ.)
Takako Mashiko (Kyocera Corp.)
Takuhiro Takahashi (Kyocera Corp.)

September 9 (Fri)
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16:45-17:45

Yuto Ito (Electrical Manufacturer)

Shousuke Ohmori (Waseda Univ.)
Takahiro Shimada (Kyoto Univ.)

Lunch

Mikio Nakahara (Kinki Univ.)

Tea time

Hisao Taira, (Hokkaido Univ. Educa.)
Jun Onoe (Nagoya Univ.)

September 10 (Sat)

9:30-10:30

10:40-11:40

11:50-12:50

12:50-14:10

14:10-15:10

15:20-15:50

16:00-16:30

16:40-17:10

17:10-17:15

Karel Svadlenka (Kyoto Univ.)
Hajime Igarashi (Hokkaido Univ.)
Shingo Hiruma (Kyoto Univ.)
Lunch

Noriyasu Iwamoto (Shinshu Univ.)
Ryuichi Tarumi (Osaka Univ.)

Shunsuke Kobayashi (Osaka Univ.)

Junichi Nakagawa (The Univ. of Tokyo)

Closing

On mathematical modeling (reality and mathematics)
in industrial research and development

Phenomenology of mathematics and the theory of expertise

Case studies of informatics-aided nanoscale materials simulation

Applying mathematical analysis to material science in Kyocera

Interpretation of the hidden symmetry of

hydrogen atoms using Clifford algebra
General topological approach to geometric patterns of matters
Topological multiferroics induced by local/quantum

symmetry breaking via lattice/electron defects

Polyacetylene: past and present

Various nanophysical properties of curved quantum systems
Novel physicochemical properties of

1D periodic uneven structured Cgo polymer

Variational approach to modeling of
elastoplastic deformation of structured materials
On homogenization of random media in
static and quasi-static electromagnetic fields
Application of continued fraction to homogenization method

in numerical analysis of the electromagnetic fields

Controllable surfaces challenging from robotics
Theory of elasticity on Riemannian manifolds

and its applications
Continuum mechanics of crystals with dislocations: differential
geometry and numerical analysis based on calculus of variations
Mathematical research on real-world problems is an
educational program for doctorate course students
in FMSP of the University of Tokyo :

Coordination sequences of crystals are of quasi-polynomial type
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

On mathematical modeling
in industrial research and development

Shigeki MATSUTANI

Kanazawa University, Japan

The speaker had been engaged in the application of mathematics in the manufactur-
ing industry for 27 years and at about the same time, has been involved in research
on pure mathematics related to the Abelian theory of functions for 20 years, explor-
ing the mathematical description of objects in the real world from the standpoint of
pure mathematics as well. The problems that arise when describing real-world objects
mathematically are a subject that the late philosopher Husserl addressed in his later
years. The various issues that Husserl pointed out also appear in the application of
mathematics to reality in industrial research and development. In his youth, Husserl’s
knowledge of optics, which was outstanding, helped him understand the limitations
of applying mathematics to reality through the optics of telescopes, and he studied
the frontiers of mathematics in the XIX-th century, such as Abelian function theory
and variational problems, under Weierstrass, before pursuing his philosophical studies.
Based on these experiences, he seemed to have developed a philosophical considera-
tion of reality and mathematics. Casimir, a researcher in mathematical physics who
published a number of deeply fascinating results related to the nature of mathematics,
also spent time as an engineer at Phillips after the age of thirty-three and presented a
crisis in the latter half of the 20th century regarding the relationship between academia
and industrial research and development, including mathematics. In Japan, where our
society does not tolerate changing professions in academia and industry, compared to
Europe and the U.S., the essential problems in the relation between mathematics, sci-
ence, and the real world, as indicated by Husserl and Casimir, are rarely addressed
in mathematics and science-related academia. The speaker believes that one of the
reasons for the stagnation of Japanese industry over the past 20 years may lie in this
relation and this situation. The speaker believes that the problem in the use of math-
ematics in industrial settings is the problem of “mathematics as a language,” which is
also an aspect of the problem presented by Husserl. By recognizing “mathematics as
a language” properly, the speaker believes that “handling the correspondence between
mathematics and reality well” will lead to the development of the industry. At the
same time, he also considers that “handling it well” is itself a profound problem; what
"handling it well” means.
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

Phenomenology of mathematics
and the theory of expertise

Toshihiro SUZUKI

Sojo University, Japan

Mathematics is a formal science. However, those who have performed mathematics
know that performing mathematics not only means following formal rules, but it also
involves something that can be called intuition. Then, what is mathematical intuition
involved when one performs mathematics? The modern philosophy of mathematics
has not addressed this kind of question seriously. Husserl’s phenomenology makes it
possible to consider mathematical intuition philosophically.

Within the framework of phenomenology, founded by Husserl, we are able to talk
about grasping mathematical objects in an analogy with external perception.

Moreover, the phenomenological framework allows us to discuss the “ origins” of
mathematical objects. Husserl’ s thoughts on geometry in his later years describe how
geometrical concepts arise from the technique of geodesy.

Finally, the framework for analyzing mathematical objects can be applied to an
analysis of the expertise that experts are supposed to have in various fields. We can
use this as an important tool for considering the expertise of science and technology.
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Kurt GOdel:

“The question of the objective existence of the objects of
mathematical intuition is an extra replica of the question of
the objective existence of the outer world.”

M FHESHDONRDE EEE’J%TODFDEIEE(;t HNEHFEDEE
MEEZEDOREDOLT)HTHS

“What is Cantor’s continuum problem?”(1964)
In Godel, Collected Workes, Vol.ll, 1990, 254-270.
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

Case studies of informatics-aided nanoscale
materials simulation

Yusuke NODA

Okayama Prefectural University, Japan

Recently, techniques of information science (informatics) are widely used in various
situations in academia and industry. Especially in the field of materials science, fol-
lowing “empirical science” as the first paradigm, “theoretical science” as the second
paradigm, and “computational science” as the third paradigm, “data-driven science” as
the fourth paradigm is drawing much attention, which develops data-driven approaches
such as extracting new findings and information, and searching for unknown materials
and structures with utilizing statistical and machine-learning techniques. In this pre-
sentation, I will introduce research examples that combined informatics and nanoscale
materials simulation, which are used for different purposes, with the keywords “utiliza-
tion of crystal structure database” , “optimization”, and “prediction model”.
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FIG. 1. The four paradigms of science: empirical, theoretical, computational, and data-driven.
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

Applying mathematical analysis to material science
in Kyocera

Takako MASHIKO, Takuhiro TAKAHASHI
Kyocera Corp., Japan

We introduce six topics related to simulations for material science that our company
has been working on.

A molecular explanation of thermal phase transition phenomena using principal
component analysis, which is one of the coordinate transformation methods of linear
algebra, is presented. We show an example of the phase transition phenomena between
a-silica and B -silica[l]. Next, we introduce an example in which we regarded the
D-Wave quantum annealing machine as an isolated many-body physical machine to
calculate the thermalization phenomena of integrable and non-integrable systems.

A chemical solution can generally be described as an undirected graph, but a solu-
tion mainly composed of hydrogen bonds can be described as a directed graph. From
this point of view, we introduce an example of improving the reaction efficiency by
controlling the hydrogen-bonding network of molecules in the solvent, and discuss the
water cluster splitting problem[2]. We also report two application examples of data
analysis in Kyocera: the optimization of our products using machine learning and
multi-objective optimization, and the search method for important parameters to im-
prove product characteristics. Finally, we touch on how we are promoting mathematics
in Kyocera.

REFERENCES
[1] T. Mashiko, Journal of Computer Chemistry, Japan, 2018, 17, 5, 196-198

[2] Japan patent JP2021-112283A
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

Interpretation of the hidden symmetry of hydrogen
atoms using Clifford algebra

Yuto ITO
Tokyo, Japan

Researches on hydrogen atoms have played an important role in the development of
theoretical physics. The development of quantum mechanics and quantum field the-
ory are good examples. Apart from the major developments in theoretical physics,
interesting mathematical structures have been found in hydrogen atoms by incorpo-
rating findings from various mathematical fields. One such mathematical structure is
“hidden symmetry”. Hydrogen atoms are known to be highly degenerate under the
non-relativistic approximation. This high degree of degeneracy cannot be explained by
the three-dimensional rotational symmetry, which is easily assumed from the potential
shape of hydrogen atoms, but can only be explained using a larger symmetry, four-
dimensional rotational symmetry [1]. Such a high degree of symmetry is often referred
to as a hidden symmetry or a dynamical symmetry. In this talk, the interpretation of
the hidden symmetry of hydrogen atoms using Clifford algebra will be discussed. In
general, Lie groups and Lie algebras are the most famous tools to describe such sym-
metries and in comparison, interpretations using Clifford algebras are minor. However,
I found some useful points in this interpretation, therefore I will present it.

REFERENCES

[1] M. Bander and C. Itzykson, Group theory and the hydrogen atom (I). Rev. Mod. Phys. 38, 330
(1966). https://doi.org/10.1103/RevModPhys.38.330.
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X3 =rsin@sin¢ 3
q3=\/;sin<§>cos<6 ¢>

| &}

¢

r>0,0<0<70<¢p<2n0<0<4n ) AN
q4=\/;sm 5 sin

Cylindrical EE{Z

B EEAE
Euler QPR ITEEIE

117



ERTBIERD?

r=1,0=0, 6=0 CEEULTEZS

1 =0 g, = cos <+—¢) g3 = cOs <_—¢>

X, = COS ¢ 1 2 2

X3 = sin¢ g, = sin <+T¢> g4 = sin (%(p)
¢ =2n

—REAUTHERNGW, RBICIEZAT IHE,

21

Hopf fibration

KSZHR (D r=1 ADHIR) Ol,_,: 8*x5' > SS>RUNNG D

$2x St & S IFBEFNICIF I TVWEAREE UTIEERD & ERE.
= IOV iRz T 2D T 7A/\—5

Hopf fibration: §' & §3 - §2
T7AIN—, 7 7AI\—K, EZH
BRE 2 O RICHAE ' B’ 2H, ZnsSHRbnTEN>TWS
¥ Hopf fibrationlcid 7 7 2 U —H'% 3.
§0 < 81 5 8!« Levi-Civita Z#a(ct8Y
$3 87 5 8§ < BRITKERRF-8RICHTIRE XI5
§7 < S = 88 — ORITKKRIRF-16RITHRAFIRE) F Rt

22
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R* ERRAFIIRENF & DFME -

KZEERF Schrodinger AR

2v72
HY(r) = [—h v —5] W(r) = E¥(r)
2m, r
_ " &m,E 8mi . L
XU TEE k= - e A= e HFEALTKS BaEITS &,

4 R ITHRAFIRENF D Schrodinger ARRRICIFEET 3.
|- V3 +kg?| wig) = 2%(g)

REBEHD 6 ICBICKSBVNWEWSHRFENSUTORBEILT 5.

0 0 N 0 0 W(g) = 0
N~ — D~ T43 5 — 44— q) =
oq, 9q, 0qy 0q3

SO(4) XFRETAICH B 7

POk TCsRFIIREN F D Schrodinger A2
[— V24 kq2] W(r) = 2¥(q)

DFFFEIL su@d) ~ so(6) TH D (NRICAFIREIFIE sun)) .

s0(2)®D|so(4)|C |so(6) —— ADARED T

/ \ DX

WERFHDERTT WREHDERTT & AJRGEEF
I . (FRDTT) M 5RBEH Lie RE
910_%—426—611+‘13a—q4—q40—q3 l

h 578 BHE87 Lie A& KREFOREICHLET S
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ZODFEDLLE
FiE avINY MM #RAZAL
g5 EEEZME i 2
BZ RV - Hopf fibration
175 S3 R*
REIDETIL BHEAF AFNIRENF
MFEEBICERTEMISBRTZREITZFETHS.
ZHZF 5L EERTHREOTHEAZHERL W
26

=P

¥

)
.

C 4. CliffordfR¥ic & 2 iR
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Clifford{{#t & I3 *

W AEZEE R

(}iial‘ﬁ\?‘/‘/)bﬁ%z) e, €, s €y (€ €) = 0 (EREXREE)

B NERE ARY

‘ le,e, e [0<k<n 1<i<ih<- <i<n} ZREE T HIRTER
(BF1L)
ee; = — e (i#j) (RXFRME)

W Clifford X% ci,
REEEE U TIABERKERAR (R ERKE L TRERS)
e?=—(e,e)=—1%HF9 (EF)
R - ARDPRBOARERICHAATNTWS (cf. (¢.¢) € Cl,)
— E & - & - B, WS RAFHNLE - BIEZ2H—MICRZS

Cliffordftzx D ¥l "

BT ClL~C (BREEED R ERKER)
HE:O0EXRIVKNL 1L, TERT KL ¢ IEXHULT,

Q2=—1 (BFLOR)
PRI B,
BIZIE, UTDKSICED EFBENRWN,

ep=i (ild C DEHENMIT)
W 12 CL, ~H (ET#EED R _EAKER)
HE OBEXRT N 1, TERT MU e, ey, 2ENRT ML eje, ITRUT,
el=el=—1,(e;e))* = ejeei0,=—efe; =—1 (BEFILDR)
ML T 5.
BIZIE, LTDXSICED EFBENEN,
e;=i,e,=j,e;e, =k (i,jk I& H OEEENMIT)
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LR Y — o s
R ERHRBDF EH *
Clifford {X& R E

cl, R
Cl, C
Cl, H
Cl, Hé H
Cly H(2)
Cls C4)
Cl, R(8)
Cl, R(8) @ R(8)
Clg R(16)

ARWGOA : EEORE -

Euler DX DHLIR exp <9%> = Cosg + eiejsing ZEWCEEZRETE2

€; €e; 0 0 0 0
exp | 0— ) eexp | —0— | = | cos —+¢g;sin— | ¢ | cos— —eg;sin —
2 2 2 ' 2 2 2
,0 .0 .0 0
= | cos”——sin“— | ¢+ | 2sin—cos— | e;
2 2 2 2/

= (cos B)e; + (sin Q)e_i

e €€ )
exp <97> ejexp (—97> = (—sin#)e; + (cos G)ej

0%

o
@,

TERT MU ¢ 1E n RTTRT ML
2ENRY M ee; 1E n RITZEREDEERERT ( so(n) ZHBAY)
exp(e;e;/2) DFEHERIBIE n RITZEED[EERFRIE ( SOn) ZiBAK)
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Clifford X#cE T35 RTiL”

CL Z2ZZ5.

. 1 1 1
2%"7 l\}l/fc—:?) L23 = 56263, L31 = 56361, L12 = 56162

-o,.L,,1<uvop<3

| L Lop| = 8oLy + 8ol = Bl = Bl

U

so(3) =BT 5.

\ 1 I 1
]E/\\a l\)l/ft:tj L14=_el, L24=—€2’ L34=—€3
2 2 2
A% &,
| Lo Lop| = 0oy + 800 = Bilia = Bl | S povicp <4

so(4) ZHET 5.
—EE\V\\OEs % R ATRE

KFEFEF so(4) DEETS5 LY

L L L
BEEIE L=rxp La=— L, =—2 L,=—
E=EFIE D, Ly = e 31 7 12 7
[LWL ] SuLp+ B pLuy = Suplue = 8,0Ls 1 < v, 0,p <3
so(3)Z BT 5.
. ~ m, 1
LRLAZ ML & M = (pXL-Lxp)—-L
—2FE | 2m, r
Ml MZ M3
L,=—tp,=—2 [, 6,=-23
W7 TR T 0 M T
HEANT B E,
[LWL ] = 8,,Ly,+ 8,y L — 8L — 8,0,

12BN, Inild Lie f8E so4) ZHT & &K,
—EEVVRTTICES EHh 2 OO IFS & BEER.

38
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KFRIFEF so(4) &CliffordX# ci, ¥ *°

B KERFICHITDs0(4)
TRREGICHT DIRDZEBEVDODRBRDZ =RITEEDYIES,
L=rxp & "RERI ML) (ZEKETE)

1

M= @xL—LmWJ%MrﬂﬁN7F»J(%ﬁﬁﬁ?ﬁ)

e

INSZEGI DI LETRRTDAH so(4) DEENRATE .

B Clifford X% ci,

R REICH T BB ENDRE BT
1BRY ML epenes ld TEERY ML) (ZRIRETE)

2ENRYT MU ejey, epey,e5e) (& THHENRT Ry (ZEERERTE)
ZRA UICEENTIETH S,
INSZRATDIETRRITONRE so(4) DBENRATEL.

Clifford {X#% R\ \fzHopf fibration *

Che~HD/ILLTDERODERII $° L RHES
ZDERI,

0 0 0 Euler OIURITERZE
0 = exp(—wk) <sin ) cos ¢i + sin ) sin ¢j + cos Ek>

0 0 % /
= sinl//cosE + cos(¢p — w)sin Ei + sin(¢p — y)sin Ej + cos y cos Ek
0<y<2r,0<¢p<27,0<0<nrx

EETS.
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Clifford {X#% B\ \izHopf fibration *

CheH D/ILLTDERDERIE §* ERMES.

ZDERI,
0 0 0 Euler QR TTEER
0 = exp(—wk) <sin ) cos ¢i + sin ) sin ¢j + cos Ek> /

0 0 0
= siny cos ) + cos(¢p — w)sin Ei + sin(¢ — w)sin Ej + cos i cos Ek

0<y<2r,0<p<27,0<0<=x

EEIT.
0kQ = — <sin E cos ¢i + sin f sin ¢j + cos gk> k <sin f cos ¢i + sin ﬁ sin ¢j + cos gk)
2 2 2 2 2 2
= sin@cos gi + sinfsingj + cos0k —>  =RITBEIR

0<p<27,0<0<z
ZEZDE, INOERKIE S? ERHES.
BIR f(Q) = 0kQ & §* H'5 §2 ANDEHE Bt 3.
5T Ker(f) =S! & D, Hopf fibration & Bt 3.

AEVEEIC & B Hopf fibration ORI “

CLh~H TIE 1~-3BRTTORAEVEZEZ DI ENTES.
G =Spin(3) = {h € H||h| = 1} =~ SUQ) =~ §°

H = Spin(2) = {"|0 <t <272} ~U() ~ §!
K =Spin(1) = {1, -1} ~0(1) ~ Z,

G (& e, ey, 006, KDER, H I eje, & DHEERK,
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AEVEIC & B Hopf fibration OfFR *

CL~H T 1-3RTTDRAEVEEEZ DI ENTES.
G =Spin(3) = {h € H||h| =1} =~ SU2) ~ §*
H = Spin(2) = {0 <t < 2z} ~ U(1) ~ !
K =Spin(l) = {1,-1} ~0(1) ~ Z,
Gl e eneie; KDER, HIE eey KDAER
T NG
G>H>K,G>K,H>K = G/K ~(G/H)/(K/H)
HBIEEAWDE, (HERETEICLITVWSEHINED)
SUQ2)/U(1) ~ (SU2)/Z,)/(U(1)/Z,) ~ SO(3)/SO(2)
Lieht> T,
$3/8' ~ SU(2)/U(1) =~ SO(3)/SO(2) ~ S?

! \ AN

PRSI PIVD 2@y R 12ERTMLE 2ER ML

ERTDREYE  ypgrarun KHOERE & z0ERS
(BRI o
(&Xxtik)

&

B KZERFIEIBELREMBENH D, SRICENIH/INENSH S,
B BN/ NE FER TEERSIE SO(4) THh 5.

B EnceiidEzBHIFEELT,

1) a7 M GIEREE) . 2) #EH#4t (Hopf fibration)
ZRBNAUEED, WIThEERTZRET 2FETH 5.

W Clifford REUIERTTZFHKE T 2HEEEZFFD.

B IARFEDOAIE CL, OBENSHATES,
B Hopf fibration® A& Cl, DREEN SERATE 3.
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

General topological approach to geometric patterns
of matters

Shousuke OHMORI
Waseda University, Japan

Characteristic geometrical patterns of matters in solid and liquid states, such as the
graphic structure of polymers, the clusterized structure of molecular liquids, or the
dendritic structure in solidification, have been hugely studied from the viewpoint of
disordered physics [1,2]. To investigate geometric patterns, several mathematical meth-
ods using topological concept, e.g., persistent homology theory [3], have been also de-
veloped. In my talk, the studies about characterizing geometric patterns based on
general topology (point-set topology) are reviewed and the recent results of this topo-
logical approach are introduced [4,5].

The geometric patterns can be discussed in the context of continuum theory, which
is one of the field of general topology [6]. A topological space is called a continuum if
it is a connected compact Hausdorff-space, and a geometric pattern is specified by a
continuum or a direct sum of continua.

For instance, a geometric pattern with dendritic structure is described as a topo-
logical dendrite that is a locally-connected continuum (a Peano-continuum) without
simple closed curve. These continua corresponding to the geometric patterns can be
represented universally based on a set of equivalence classes for a specific topological
space X. In the present talk, adapting a Cantor cube ({0, 1}*,7') as X, the universally
representations of continua are shown and their geometrical relations are discussed.

REFERENCES

[1] J. M. Ziman, Models of Disorder (Cambridge University Press, Cambridge, 1979).
[2] N. E. Cusack, The Physics of Structurally Disordered Matter: An Introduction
(University Sussex Press, Brighton, 1987).

[3] Y. Hiraoka, T. Nakamura, A. Hirata, E. G. Escolar, K. Matsue, and Y. Nishiura,
PNAS. 113, 7035 (2016).

] A. Kitada, S. Ohmori, and T. Yamamoto, J. Phys. Soc. Jpn. 85, 045001 (2016).
[5] S. Ohmori, Y. Yamazaki, T. Yamamoto, and A. Kitada, Phys. Scr. 94, 105213
(2019).

[6] S. B. Nadler Jr., Continuum Theory (Marcel Dekker, New York, 1992).
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— & IR ZE R 7 LV -
MEDRAFHIBEDORIEICONT

General Topological Approach to Geometric Patterns of Matters

IMI Workshop Il: # R =2 128 (D28 4a] A Eu1

AMKFERR - TAT AV FANREFT 1\ 1TV IRHE S (Zoom & IMI)
(9/8-10 2022)

BRAXZAFRAEETIZNRE VERCAYEFER
KHFHH

IMI AR T HERICH 1T 28 MEAET 9/9/2022 T—AREIHBZERRE ALV - ME QX AFMEEDRRICOLT)

ABDFh

v —R& {8 2= 5/ (General Topology) D A4
. —RAAEERMEOMESE
o LOHh DI

v 7508V REE— R ZE R R CERAIERR) SR HY
© ERAEREAVZISVILEBEDFE - FHOT

« M BECHEEEEDREEN
vV HEOEEFHIBEDRE (FEDFEE)

o EHAERERAV-EAIEMEE(/NI—2) DD
e Cantor cube modelZFB L\ =/ 23— DI FERIR

IMI AR R RFIEISH (T DA ERBRIT 9/9/2022 T—RRAIAEZER A% ALV E O R A FAEEDRITICDOLVTI
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— A& 48 22 FE A

o RITPORMAPELERFORBELTOERE?
o ERL—BITH-oTWAIA—D 2 TEESEAIHE]

v (ItEZERE

X:&&. 0 (X o):rEZEM
Def. T c 2%

)X,0er, (iDUVer->UNVET,
Note : EAHIIZHABHIE DA @tper= Uit e
vV —REAAERROERMART—< RIEE
o PEBEH{LTTHERSEE < UrysohnD EEEH#IL EIE etc.
o RITEM & 7595V CESHausdorffRITIEE

o ERGHAER < GTTOEFAFE, KRERDA(

IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

{5l : Sorgenfrey E &

v EHERORIAEZERE (Sorgenfrey E#R)

R EMAOES (ENER)
55 U= (@) a € RYPEBREMT WAE, where U(0) = ([a,b)ia < b} |

Note : 1—%5" R {i#fz. [FU = (U(a);a € R}, U(a) = {(a—&,a+£);0 < e} NEFERERT

(ExHEREREE £ RK)
B
R] Rl
g
e f ~ V
y g’
e w Y
0
[IEST glETEHR(EEDRT)

Note: f: (X, ) - (Y, 7)hSE#E(continuous) & 'V € 7/, f~1(V) € T

IMI AR R EFIEISH (T DA ERBRIT 9/9/2022 T—RRAIAEZERA /% ALV E O # A FAEEDRITIZDOLVTI
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{5l : Sorgenfrey E &

R]
v (R, t)DMHEE

T
A =2

«  0-dimensional (07T ZEE])

« perfect (FE2) ie., —mMBHIEENFHES TIEEL
o T, BENEZET-F (i.e., normal space)

o IEBEIEARRIREZERE

(zs# T\-\)

F:HEEDEK

0-dim OFl: FEREZER LD RS (1KRLED) (S55]
A4
peX, Ulp) ety
(X)) EEMEZERE, X =(x,} (X 0-dimTHB | i) =y € X;d(,y) < &} 5.t Sa(p, ) € U(p)
777777777777777777777777777777777777777777777777777777777 D ={d(p,x,);n € N} c R1&T %L,
S ERs.t.,0<5<¢e8¢D
ZDEE, S;(p,8) ETNFHREINBZDT,
p € Sqa(p,6) < Sa(p, &) < U(p)

IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

3 5 A L i

‘ 1

v" Question : .3 f
FARRS[0,1]1AV5[0,1] X [0, ]DIEEH A continuous, onto
EREHEREETS? 0 1
ie., [0,1]T[0,1]% [0,1]IXIBSHDLE S ? 0 1

| Hahn-Mazurkiewicz Theorem

locally-connected’Z A IEEAXE[0,1 1D EHEIE TH S

i.e., X : locally-connected, continuum = “f: [0,1]—X, continuous, onto

'
'
'
'
'
L

locally-connected TZELY
continuum

IMI AR R EFIEISH (T DA ERBRIT 9/9/2022 T—RRAIAEZERA /% ALV E O # A FAEEDRITIZDOLVTI

130



BCofELI5942)L

v BEHUISIZILDORT
N(g) ~&7P
e RT—I)VEMESR, N(e) : ZRIZESRYDESR, D : 75072V RT

Cantor 1R 1/35E & (CMTS) Kochph

_ — 4/¥

. A £V
...... o mgﬁ“ ugwm —126.
D = —% =0.63 ... MM%LM

WTE. (7592 0% ()1, £E#E (2002)
IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

2592 BEDREIT

v —RREMEZERGREAVNBECELTS 2L

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

@}
i
z
B
&
%
o
I3
5
e
[\
N
=3
[
r
S
-.Ln]
N
oy
<
l
>
g

| A(F G, F0)) < a(O)d ), (x,y € X)
C ET-TEEfEGRMRE (0 D)FELMHE/ NE R (weak contraction)&LYD

O S P P P PP PSS

Note : a(t) DNEMEEBOLEEE DME/NER

| Hutchinson (1981), Hata (1985), Nakamura, et.al.(1995) |
(X.7,) : SEIREEREERMICH L THRNERR{fj: X > X;j=1,2,..,m (2 <m < )}
MERBNE S IS C X st EANEREELS = UL, fSPRRITS.
COLEE, SEHDHEESLEWNS.

IMI AR R EFIEISH (T DA ERBRIT 9/9/2022 T—RRAIAEZERA /% ALV E O # A FAEEDRITIZDOLVTI
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2295 VIBEDR/E T

EE: OV /N\YIMIGIEZERX, o) HMIHERY B 24848 (topological self-similar, TSS)& &
UTDZ %=1 0%,

|
|
|
|
:
1. EEBfMEwIEE ie., 7d : metric s.t., t=1, |
|
|
|
|
|
|

2. L.TEDIIER d [SHLTHEWNENEBRR{:X > Xj=1,2,..,m (2 <m < o)}
FELTEREAZREERN X = UTL, ;00 ALY B ({f; }-TSS)

g N S P U U PP

Cantor IR 1/35E & (CMTS) Sierpinski 1—~Rwhk

Note: CMTS#°SClduniversalityZ$ 2
(ex. 0-dim, compactEEE#ZEfE (ZCTMSIZEHIAFEN D)

IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

2592 BEDREIT

Questions « TSSIFEDLSLDKESH ? <BIERMNER
TSSIFEDESUMELTNEDMN? (B ZERRER

| Hutchinson (1981), Hata (1985) |
(o) O ORI DR INEER(f: X — X} A5) £ [Fone to one,
() Xy infioay () > 1ERIT S UTOFAA WL, TSSHFE
a) DaLF UL (TyREER etc.)  b) FERE Dend pointZ D (dendrite etc.)
o) TSSIZ B MR L FA A I B (Sierpinski A=<k ele) |

(dendrite)
....| Hutchinson (1981), Kitada (2002) | ...
L (Xory) AV NEB TR OB R X > X =1,2,..,m (2 <m < o)} 1
ML T DEBGZEFEI=T EE, 0-dim, perfect’q {f;}-TSSHFTE f
(i) % f;l&one to one (ii) Card (U}":l{x EX;fi(x) =x}) =2 f;
(i) Sy infiso0 (6) < 1 o0 !

=

"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" ' RO0=13x, fi=1/3x+273
(Fa;(OIf;DHENEBRFRLD)

IMI AR R EFIEISH (T DA ERBRIT 9/9/2022 T—RRAIAEZERA /% ALV E O # A FAEEDRITIZDOLVTI
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B oML LB

EE: (D,7(D))AMLHEZE (X, 1) D 53 fE 22 (X [E 48 #7 1E ) (decomposition space)
& D : partition of X, i.e., X=U D, DND’# @ (D, D’ED)
(D) ={UCD;U U1} : decomposition topology ”

(n:X— D, x> D E D where ?'D s.t., x€D % natural map&lLVD) ‘

L Kitada (2012) |
(X,7) : 0-dim, perfect, T,-space, or Peano-continuum
= Fnon-trivial sequence {X, D,, D,,...} of decomposition spaces s.t.,

each D; is a 0-dim, perfect, T-space, or Peano-continuum, respectively

| Corollary

| (X1) : 0-dim, perfect, TSS [&, EWCEMATSSOHREMSI LY, D, D,, ..} £4D

Note - TSSICRI#EAZE/EIEFET=TSS
+ connected, T.S.S = Peano-continuum

IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

B oL EERE

v (X,1) :0-dim, perfect, T,-space, or Peano-continuum

CMTS
¥
ZEE D RSB A AT BE _—

* X :0-dim, perfect, T -space
n=2,3Xy, ., X, E@NF) = {0} s.t, X =U,X;, XinX;=0 (i#))
Vn = Z,HXL'I, ...,EIXl'nE(T N T) - {¢} S. t'!Xi = Uinj > Xianilzw (/;é D

&X ij, +0-dim, perfect, T,

e X :Peano-continuum KochHh##

v 3 3 . \f“mz
€>0,Xy, ..., Xn€F {0} s.t.,.X=U,X;, diaX; <¢ {
&
. A
X, € F—{0} s.t. X =UX,  diaX;<e

v 3 3
> 0, Xil' ey

&X ij, +Peano-continuum

IMI AR R EFIEISH (T DA ERBRIT 9/9/2022 T—RRAIAEZERA /% ALV E O # A FAEEDRITIZDOLVTI
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B oML LB

* X :0-dim, perfect, T-space

n>23X,, .., X, ECNF) — {0}

S.t.,X=Uin', XianZQ (l;éj)
Fix q;, ...,q, € X4

f(x)=x forxeX;

continuous onto

f(x) =q; forx €X,

' X DEREIR (FERIE)LI=L
fX)=aqn forxeXx,

=) f: X — X;, continuous, quotient, onto (not one to one)
(Peano-continuum® 5 & % E#k)

Def. £5f /: (X,1) — (Y.0), quotient (B F1R) © v =1,={UCY, [ (U)ET}

IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

B oL EERE

v SBRERGERIEZES-ODEE

.. Theorem

f: (X,;1) — (Y,v) : quotient, onto = & : (¥,1°) = (D,z(D)), y » f~(y) : EI4H
| where, (D,7 (D)) : decomposition space of X, (the space of fibers) |
D= {f1(y)CX;yEY}, (D)={UCD;UDET}

* f:X — X;, quotient, onto (not one to one) = /: X; =~ D

(D,7 (D)) : 0-dim, perfect, T,-space or Peano-continuum

= X- D - D> .. JABILI(ED, [FRCAEEE)

* X : 0-dim, perfect, TSS = § RXTDHD, [FCMTSIZ[F4E

B X= D, =D, =.. FE+EBERILF]

IMI AR R EFIEISH (T DA ERBRIT 9/9/2022 T—RRAIAEZERA /% ALV E O # A FAEEDRITIZDOLVTI
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v (KB AL OB EEE

B oML EEEE

/i
X : 0-dim, perfect TSS or connected TSS X » X N
g
m h, h,
x=J_fw  (gpss) p —>
Jj= ; e
D, s D FHEER
D, : decomposition TSS of X
_ h h
hy: X =D, fjl=h1°fj°h11 Zl 2 v2
"o p, » D
p=J_ @ whss) 2 s
]:
hy hy
D, : decomposition TSS of D, M 17 M

f}_Z hZ o}(:il ° h2—1

hy: D, =D,

p=J @y @irrss)

IMI AR ST HERICH 1T 28 MEAHT 9/9/2022 T—AREIFEZERIRZE ALV - ME QX AZMEEDRRICOLT)

ME DR AFRRE

KIREXFIFRAROYE]
HIREE(2015)

!

E A —[

B
5

I Bol

HERME
58 G
GERHE TELIT7R, £48)

(a) BB DEN (FRAEELE) (b) FIEDEN (RIFRE)
() DEMNYDEN (D FHEEX. B57F) (1) EHRMLEN GBRE. BREE)

THRAUNRDEERMEIZRONDREF. DFBELV. FALD
SEERDMED R R FREE((b)-(d)IE B
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BEFHEEDORE

v — R RGERAERR) L5 T T —F

TIRAIZRME L ME S FBIHEE (Topology Structure of Matters(TSM))
(29 DFERZFICHITHFHRMD LN — IR HIR G - D EE LA REM ?

 continuum FE7f=(F direct sum of continua 7E AR FHZER &L THIE D1
o R—RELBHFBEEM XERAVNTYHEQEMBICIRSAZLTSMORIRFIED

Y Y, Y3 ....1sm

— _ (continua)

XENLETSMOSE— 83

S. Ohmori, et.al., Phys. Scr., 94 105213 (2019)

IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

I FREEDORE

o BR: BEBICIIMEOREOT

ISR METOLOER DD TIFAC o— | |/ .
WM Z B L THDHERMNERELD) EEXT] ?ﬁﬂﬂ <
EFES
X-#% (E) W2
(&8
© XITEBARBAEXE NBRERTOYMDRA
D QETLIIILLETE *» decomposition space D of X
t (quotient)
» D = Y

equivalence relation
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BEFHEEDORE

Hausdorff-Alexander theorem

(X'7) : 0-dim, perfect, compact, Hausdorff-space, (¥ z,) : compact metric space

= 31:(X1) — (Y,), continuous onto

8-
h:(¥Yzy) =(Dz(D), y=f'()
(D,7 (D)) : decomposition space of X, Y S v
where, D= { f"I(y)CX;yEY},«(D)={0UCD;UUET} P
(the space of fibers) “D /h

— TSMI&, 0-dim, perfect, compact, Hausdorff-space’d 5.XMD
decomposition space DEL THIARIZRTES

IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

I FREEDORE

Cantor cube model

(X,7) =({0,1}7, 7,)  (CardA =R;)

({0,134, 7,%) : A-product space of the discrete space ({0,1}, 7,)
0 0
{0,1}2= {s:A—{0,1}}, 7,: discrete topology for {0,1},
A=N, R, etc.,

v" 0-dim, perfect, compact, Hausdorff-space

v Card A=R, (ex. A=N);
(X7)is a Cantor set (1 =1,, d(x, y) = 22 |x-p|/2")
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TSM®Dcontinuum|Z LA

DFEBRAEDRYNT—IEE
T. Morishita,

Phys. Rev. Lett.

. . . . 87 105701 (2001
1. finite graph : a continuum that is the union of 200n

finitely many arcs two of which are either disjoint or
intersect only one or both their end points

» arc: atopological space homeomorphic to [0,1]
=4\
T _ LR ST AT gE lE_L]J?*“J(!"jT7
(RYRT—OBELMR: 2 FHRRE, S0 FEE) (BAFIEAT—)

Y. Tezuka, et.al., J. Am. Chem.
Soc. 123 11570 (2001)

2. tree : a graph which contains no simple closed curve

(TURSAk, DLARE)

IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

TSM@) continuum|Z kb5 58

3. dendrite : a Peano-continuum e
(locally connected, continuum) that contains no
simple closed curve

(FZ95I, U7 -$EELLE)

Note : a tree implies a dendrite %

4. direct sum of continua:
(D=1 Ci, Bi=17)
S5 ={UC ®5_,C, UNC,E 1, i=1,.5}
where, each C; is a continuum

(VIR8—1EE, SHERK, BRRANGE)
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L]
Fov=p

b' € [0,1]DZHE/NERT: b’ =2, k/20, k,E{0,1},i=1,.2,...
M={2"€[0,1];n=12,....,1=12,.. 2n-1}

« belol]—-M

bEY & h(b)= {sE{0,1}2;5,,=ky, 5=k, ...} ED (1 b'= F(b)
Aphyy ooy JOA
. e (P hg, s JEA)
bEY © h(b)={sE{0,1}7;5,=k;, i=1, ... , 1, 8,.= 0,85,0= 1, S305= L, ...}
U {s€{0,1} 2 5,7k i=1, ..., 1, $500= 1, $3000=0, $,0:5= 0, ...} € D, -(2)
v arc Y MCantor cube ({0,1}A, 7,M)IZK DRI (D, «(D))
D=1{8,: bEV,} ((D)={UCD;UUETAY) ,
(1). F(b)e0,1]~M re=b

), F(b)eM

=7 beh(byER—1R |

IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

R

’ TSM =Y, : graph ‘

Y,=E,UE,U---UE,

E;:arc(=[0,1]), E; N E;= end point or D(E)

{0,1}1A=4,U---U 4, :EFHE (4, topological cone) E,

A4;=1{0}; % {0,1}A-1eh ™~ end points

4;= {l}gl x {1}§2 X..X {0}§ix {O,I}A_"él""éi; (i=2,...,i-1)

Ay = {1} X X {1, X {0, 1A 0 h

Y, >~ D,
A
v’ graph Y, DGR D, é
x=UL, [4,n87], b=4NS, X=1{0,1}A

A, Y,ADarc E,NRTHAHZEETRT A
* Y, ERDMEZRYIE
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R B

’ TSM =Y, : direct sum of continua ‘

Y.=(@i-.C, Bi=17)
C, : finite graph, i=1,...,s (s 77 R2—D)

{0,1380=J, U === U J: EFID BNV : cone)
J e (i=1,....s)

!

ZCHADgraphlxt g 2 EFHE

v direct sum Y DHIAEFRIR D,
x=JN U [4,089.1, b = J,N [4NS]

o Jy bNISRA—CIZEENTINDIEETRTIE
o [...]1: bAC,DgraphF D mERIT HIH

IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

R

ZTDHDRIR

| TSM =7, : tree | 5

v tree YDHIHEFRIR D,

x= U9, [4,087,], b=A4NS, b
X
TSM = ¥,: — QO HDBHEHIFR5—(ERAS)
Y= i=1C = @iz x} = {xg e X ° °
L b [ ] °
v YOERER D, e
Di={J,,... ) X = ’ °
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R B

v dendritefE BRI K> THELN S ZHE R

Q. dendritef# EC B CHELUBEEZL DRI T. TNLDEERTHD
ZEREIBHDOLT IENTESD ? (tiling [ERE)

R73Hdendrite(tree) Ddirect sum&LTHAY WP Cantor cube modelZ3# A -

v dendritefE R R UV ZERDERI
D;=®i-; D
D= (v = JNWUms, (ANSDEXE YU b= J0 AN 3 bEY,)

(D;: dendrlte’ém?'hW xI7)
IMI AR ST HERICH 1T 28 MEA BT 9/9/2022 T—AREIFBZERRE ALV -ME QX AZMEEDRRICOLT)

R

Po
TSM = Y,,: fern-structure
’ D ‘ YD .
{0,134 -
X' = {0}, X {0,1}A-01 \
X= {1}, X {1} X ... X {0}y A

X {()’1}A-{M,.., i} (=1,2,..)
X0= {1} 5, X {1} 55 X .. X {0,132

Y LOMBRBR = xns,)UEINS,), p= X0

b=XNS, l
1
* R?: Euclid metric space
F, : arc with end points /,, /,, hy: F,=10,1]
F, : arc with end points /3, p’, hy:F,=[0,11  (dia F,<dia F,)

Fy 2py, hy(p) =
fi o} —Fo hp)=p ERWT, Fpy = F U, F3 B 2ER
— CThE#HETS ({po}=Lim F))
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P RERDIERF

v Cantor cube X ={0,1}* DN EEMEL THRAGRMAZH/NI—2EH—HICKE

V XEEAEEDOREDEL
« X={0,1}": Cantor set(E B EZ DN EEERANV-BE

e X =Peano continuum NIGE

v (AR IFIN fzcontinuum*>direct sum of continua® B &M (387 o) Bk )
— FEMERR(OBERDORICIEFEZEA

IAARFEINI=NNFT—

=

D.OEFRME

IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

S RZEREDIERF

EE: DEXDHBEMELT, TOEHE SD) QIEFEUTTEETS: X

S(Dy) <S(Dy) © "D\ ED,, "D,E Dy, s.t. DD, / \ |
where D,, D, €20 & (DC2X-{¢}; D [& X DHRZER}

Note - m<ax2D:{{x};xEX},m<in2D: {X}
- 2IEFTIFAEL

It |

‘ g :
'+ D, D, E2°IT/HLT, 1 : X > Dy, m,: X — D, : natural map& ¥ % D, «— D, |
L 3g: D, — D,, continuous, onto, s.t., 7, = g°m; < S(D,) < S(D,) 7;2\ /,1,1

X :

e D, : continuum, D, : usc decomposition space of (X, 7) s.t. S(D,) < S(D,)

= D, is a continuum

Def. : a decomposition D of (S, 7)) is said to be upper semi-continuous (usc) provided that whenever
DED, UET, and DC U, there exists V& T with DC V'such that if A€ D and ANV# ¢, then 4 C U

Note : Cantor cube model MHFIAARITEL THON TSR ERERM LT usc THD
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P RERDIERF

v R AT

| {oD{(attaching)& S(D)IF/NE<HS |

D=D,®D, D:DILJD2
. . F
‘direct sum of continua : D,-D,MFIZ & Battaching space

S(D) = S(D’)

IMI AR ST HHERICH 1T 28 MEAET 9/9/2022 T—AREIFEZERERE ALV - ME O EAZMEEDRRICOLT)

S RZEREDIERF

v BRI A—D

| BAEBL SDIEINEHD |

S(D) = S(D’)

Jow fo - L

S(D) = S(D’) = S(D”)
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FEDH

v — A& tBZ= R iR (General Topology) DB
v 393 EFEE—BRABEZER G GERAER) CORBHY

v YEORFFIBEDRE

o EHAERERVEAEIEE I ) DD T
s Cantor cube modelZFFWL\=/\ 23— D AR
s BEHMEXAVTHMERIRENE

X

/

Dl D2 D3 - - TR
(B DR, E—)

IMI AR HERICH 1T 28 MEAHT 9/9/2022 T—AREIFBZERIRZE ALV - ME QXA ZMEEDRRICOLT)

CERHYMNESITINVELE

IMI AR R EFIEISH (T DA ERBRIT 9/9/2022 T—RRAIAEZERA /% ALV E O # A FAEEDRITIZDOLVTI

144



IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

Topological multiferroics induced by local/quantum
symmetry breaking via lattice/electron defects

Takahiro SHIMADA
Kyoto University, Japan

Realization of ultrasmall ferroics with nontrivial topological field textures such as vor-
tices, skyrmions, and merons holds promise in novel technological paradigms. Such
nontrivial ferroelectric orders and their functionalities, however, inevitably disappear
below a critical size of several nanometers. In addition, very few topological structures
can exist in ferroelectrics due to the lack of non-collinear interaction among electric
dipoles, unlike the Dzyaloshinskii-Moriya interaction among spins in ferromagnetics.
Here, we demonstrate from first-principles that “Atomic-scale Multiferroics” and “Po-
lar Skyrmions and Merons” can be formed by engineering lattice defects and electron
defects (i.e., polarons) in heterostructures of perovskite oxides. Doped (excess) elec-
trons are localized and form a polaronic state in the heterostructures (surfaces and
grain boundaries), and give rise to skyrmionic and meronic dipole moments around
the polaron formation sites due to the cooperative symmetry breaking of polarons and
heterostructures. We further show that the topological number of polaronic state can
be tailored by applied mechanical strain, i.e., strain engineering for polar topologies.
Our discovery overcomes physical limitations of the critical size of 3-10 nm where fer-
roelectricity disappears and the inability to form topological field (skyrmions, merons)
of polarization due to absence of chiral interaction among electric dipoles, and real-
izes unique polar topological orders at ultimately electron(polaron)-scale. The clarified
mechanism that local symmetry breaking via polaron formation coupled with het-
erostructures provides a novel approach to realize ultimate miniaturization of ferroic
materials and opens up new fields to create the polar topological objects. Our result
therefore adds a new class of functional polaron families as “Topological Polarons”.
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IMI Workshop II: #REIZICEF284mIEAEN
(20224:9H9H)

T - BFRMEICEDBEISFREOENE
NMROZHIL-RILFIIO04IADEIHE

Topological multiferroics induced by local/quantum symmetry breaking via lattice/electron defects

i

Tk '1‘1;1‘]' M

S,
Nz B RIS

REPRE KFRITPHATR R THEIR
iy ; el b=l shimada@me kyoto-u.acjp

P

K

10 UNVERSITY

ISHE PRI

REPAF KE T AR MR TFHIY

FE—[RIBAEFMT. 0 FEIHZF. Phase-field
SZb—3avRE

> FIZT =R DR EYFIE

> FTIMBEOEFYE (GHEFAEME-
) EEREODYTIZ IR

> [RF-BFRTONFIEREAE
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> EFHEIRCEIFTZEDEA;
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B ERANEBINEXITF ISV

MRS ﬁi(l—aﬁk) (14 2%M: PbTiO,, BaTiO,, PZT, etc)
/

B2 (Pb,Ti)- FE(O)1 A M EI RO (2T I -
' 7 == B EN EE%
- P: BEDR FERISA : THF1T—Y, toY—, EBETF, NERUEAT, etc

wodp B0 g wmm e U Q@

MR (20 T E — BSHTAE — O B2 — BT Al

R TZOBENS,
) MMM - B BN E RS A (CHRAAD TN R
F LN TESMINEEB ZTIAEICT T iRl L TEE
3

.Q =89 e

F KPOTOLNVERSTY

AR SRBTRORNF ISy I RN
AZRShR | TR Fanl

=m | (REHR) "T' & K ".”?‘?M

f_L T? ! } éi}fiif'?ﬂ.d“":"”'

2IRFT ’
(Eqk) ‘ N ]_+ lllll

0'1 \.i I B R I R R

C IR BRSO BEEE B
\ Closare dommamn ?
C. Thompson ef a, [ " "
; pys. Le 3] T.Shimada, et al,, PRB, 81, 144116 (2010) T.Shimada, et al, JPCM, 24, 045903 (2012)
;;"'fﬂ,i,,f&x, j—jlgﬂi

T.Shimada, et al., ActaMech, 224, 1261 (2013)  T.Shimada, et al., PhysicaB, 410, 22 (2013)

Shay —
1.X7%
RIR
(#RIR)
.
66 SOI(ZOOJ\ e b o
j— J 'j,{ -\7 3’- _-L j T.Shimada, et 024102 (2009) T.Shimada, et al, PRL, 108, 067601 (2012)
T.Shimada, Lett, 16, 6774 (2016) _T.Shimada, et al, PRB, 89, 144102 (2014)

S, —_— p
0:X7c «
£4ﬁ M Poling
(/n\ ) e &8
: T.Shimada, et al., J.Appl.Phys,, 123, 114101 (2018)

j‘/ Ry - $1F
’ “‘ o ."! T.Shimada, et al,, Sci.Rep., 7, 45373 (2017), etc.

(51 — 4
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FZARSIER & ﬁiﬁd)xk%{ AP EIRRAR
—T—VEXTjj c
'T\ \[_, —

-LI»‘.W oo /]

T.Shimada, et al,, Sci. Rep., 6, 35199 (2016)

TJZDU/@ -

u» T
JAC= RO FIE—X> b

H=—J. Rxgi“ds

B5EARD
ESE=Spoay il

+J/Rypb 2 oy - —u E " T.Shimada, et al, Sci. Rep., 6, 35199 (2016) M
rarerey —_——
o 'ty Tiv vl i i I 5 l&-i I
;ﬁﬁﬁ*ﬂj 1" .“ 'i_ ‘- {"ﬁ & ﬂ ..... D» g_
X.Wang,T.Shimada,et ;l.,‘., s ‘3 e o :
JAP,123,114101 (2018) ~ 1.4 i *?i?‘ il ;
+IRAREIS Q5 EXIF o 1 e
R L.Lich T.Shimada, et al., L Lich, EF;;:;::I: ':t al,
* g Acta Mater, 113, 81 (2016) (3 Mater, 125, 202 (2017)
LL|ch TSh|mada etal, ﬁo)}_ EE'CE%_ %EtZTU /me
| Nanoscale, 9, 15525 (2017) EEnigiEsEEt (ROOMBE—TE) |
AR - T.I'}E REBEN T /B0 - HaeZSZ e J
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NIVFIIOARX (BEIEsHE5EE4A)

SHESEE (RFEB : PZT, PHTIO,) WA (2= : Fe, Ni, Co)

up-spin down-spin

A

BEFOMEMER - BEORD P BREDIH ZESDRD - —AEICHS M BEAL

TSR - TSR

W7 42D

1
S Z
N\

A B ERFCRIME - NILFITIOAIA
L smEmm —)  mREL: REYNIZO257IUR, BRESTIUR

e Fo P !
FABDEE-ER-isERE Rz BHigU C
(H—BRTHI-BIR-BIBEIANTLER)
B : BB -SR-S HEeE R 08I s
- BHINES BRI i 815 F
[7J+ﬁ' Ii—ﬁd'/*ﬁl_l"
(FoEE1 : AEEELEEERELELY =/, éﬁ’ N\
MEREM: QETFEE (H: Ti*t in PbTIO3) .j:(":{";" ,.« M
$ BRyIEFHER [:;ﬁﬁ;ﬂ ) |
<%

B BOMCEESNL d UEREE (Bl: Fo) ———me
EBIZE igis H

| RIRE2 : WEEBRRHEQOTE |

HOEFAT I YA X THRIMEEDN EDNS
*%ﬁﬁ"] @ﬁﬁ'lﬂfﬁ?ﬁ@bn% * Y.zhang: et. al., Phys. Rev. B, 90, 184107 (2014).
(5] : ARISTEN 3-10 nm FZE TERFFFBIENVEIC) 1.Shimads ot o phys. rev 579 024102 (2609

(5K | 8

S KAOTOLNVEREITY
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Rz AN O A EFRIREEDER]

PbTiO;: 3Eﬁz‘§'l€m*ﬂr

' PbTIOﬂ'J% AR

e S INEBRS - R E— XD b
8o [ / DEZFISZ

e ' N H N

$ e o
5 E [a) T -_F_; 'i'- t':._'-._._‘ "
N7 PoTiO,CRETE DV FETR

—8000 _“;un _3$m a gnlno Enlm agon ' M.Wang, et. al,, J. Am. Ceram. Soc., 93,
2151 (2010).

Oxygen vacancies Dislocation cores

Grain Boundaries

fEERAI SR ORE CRATUI IR F 2211
PERALBEDNMEF RBENEEE 2185
JERfEBR

S, = '8 FRazTFFAIBILT
T s EF 2T LOLFIIOAIA
?sshr;lr?aa;;',m/'.’;el::tﬁ;féf,sz“, (1260()1061)i 3(2016). %EU HTE30] ﬁg'l‘i

T.Shimada, Nano Lett., 17, 2674 (2017).
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N CHI TR EDE =
SEREAPLTIO, — FEREME

T a—

-

W ootio > 4T T 7 N ] SRS RS b
i) - ..g :___-cu_—l_—t- =3 / @tZTU :/X
: A : i
5 ==
i L <>
| SRt oEToRLTIOC
2\ .f DRI
i 1 NG T T “I'M.Wang, et. al,, J. Am. Ceram. Soc.,
_8000 6000 -3000 © 3000 6000 8000 93, 2151 (2010).

FHIE I IRNZBEMEDRIRE ? AD=X Al ?

REBEN ? [RFZEFLORBED ? O F... ?

E—FIREAICLDERIATRFIVINORERERLEAET (BR)
HWHORIBZIFETEY, ANZXLERBEOFE...

AT RPaDEF ,U\tﬁF}Eﬁﬂﬁd)ﬁ_’\,m
—
1 wu Petet]

Band gap AF’EZET" 9

Egap 02
3.4 eV
¥ B FRIGER DT FIRE

w (RIGDEEEISMOT3)

RO — IREBARIT

I\ Ry T8 NG
CBMorr \ <
- D Egap—DFI’ *ﬁ?kl‘fﬁ@%?qkﬁg
| 1.6~2.0 eV b\“ﬁiﬁ'c\gfg LY

W

() 5K | 2
i KPOTO LMVERETY
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)\ Ty KRBV AR VSRR AR

X | REROFE—RIBERATEAR) 1 Ty RFBIEUE(C L BPbTIO M DIR SR fEE KERME

LDA GGA GGAsol GGA+U
\ RS (—mmnzmigmsen AR | KBE
a 3.86 3.85 3.88 3.90 3.86 3.88
c 4.04 4.84 4.15 4.01 4.14 4.15
cla 1.043 1.257 1.070 1.028 1.072 1.071
Egap 1.6 1.8 2.0 2.5 34 34

&

BEEALBECEICA I 2 — AL B E A BRI\ — N — IT»

TAYISHRT I E— (L LB\ Ty RRLBEEOEICLD,

PhTIO, DRSS AFEY EPREERECEE NI
— REREI QSRR D ETHEIC

*1.T.Shimada, et al. Phys.Rev.B, 87, 174111 (2013).

FRAUYD : TEROE—[FREEFFTOK 5 ~ 1 0 fSICRATESEOEM

@ | 5LBR K F

KOO LMVEREITY

B FIR R F O RIS IE
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Controllable Ferromagnetism in Super-tetragonal PbTiO; through

Strain Engineering

Linzing Zhang,” Dongxing Zheng, Longlong Fan, Jinguo Wang, Moon Kim, Jisou Wang,
Huanhua Wang, Xianran Xing, Jianjun Tian,® and Jun Chen®

’\:j] Cite Thiss Naris Lert. 206, 20, 851885 E Read Online
hvd

of theoretical calculatio;Melectric PTO can
produce ferromagnetism{ Shimada et al. demonstrated the
possible origin-driven factorm ferromaegnetism in
PTO, such as the Ti and O vacancies,”~ nanometer-scale non-
stoichiometric _effects,”” Ti-rich dislocations,”* and doping
electrons.”> In the TiO,/PTO interface, the interfacial
multiferroics also can be driven by charge transfer.”® However,
very few experimental examples of magnetic PTO have been
reported.
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

Polyacetylene: past and present

Mikio NAKAHARA
Kinki University, Japan

Polyacetylene (CoHs), has attracted attention of chemists, physicists and mathemati-
cians since its synthesis in 1970s due to its characteristic behaviors. It was eventually
awarded the Nobel Prize in Chemistry in 2000.

In my talk, I will start with a short review of the Su-Schrieffer-Heeger model of
polyacetylene [1,2]. Then show that the SSH model has two phases characterized by
different topological indices [3].
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2. R TEFLUDSSHETIL

trans-(CH)p;

\/\/ﬁg\/\/\/\

H H H H H H
2a
= —C=C—C=C—C=C—C=C—C=C—

Su-Schrieffer-Heeger Hamiltonian

SSH, Phys. Rev. Lett. 44, 1698 (1979), Phys. Rev. B 22, 2099 (1980).

Ztn-l—ln( n+1,s ns+hC)+ KZ(yn_H_ yn) +2MZ 2

thi1,n = to — a(y,,+1 — y,,), an~ 1.22A, |yn| ~ 0.04A.
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{Cls, Cosr} = OnOs.st, [Py Y] = Onwh/i. L = Na fixed.
@ Born-Oppenheimer i&fEl; B X [EE U 724&+ D I % & EH).
o I+ 1% static, Ex = (1/2M) Y, P2 % 4.
e —Hkk7% dimerization y, = (—1)"y.
o H(y) = Z[to—l—( 1)"2ay](Cl, 1 Cns + h.c) + 2NKy>.
o JH a — 2a, @%0) V= VR Lkp = +7/2a.
- <
Undimerized Chain (y = 0)

] HO == Z to(Cj;_’_l’SCn’s ar hC)

n,s

1 —i
o Cks = \/— E e'kanCnsa n,s = ﬁ E € kaan,Sa |k| < 7T/é’-
k

2. R TEFLUDSSHETIL

Undimerized Chain (y = 0)

e H° = —2¢, > ks COS kaCZ’kaﬁ.
+2to 29 empty
empty Egc
— kp kg, ko _ _—kp Tk
—7/a — /20 7/2a wja —7/2a g m/2a
occupied occupied
~ 2ty — 2t

- </
R TEFLUIE1/2-filled N> REED. ke ANV ROHRIZH L. (=
&JE) F%E 222 BH 5L, FTD/NY K (valence band) IX58 4127 &
N, E®D/NY R (conduction band) IX584I2Z2. NV KD F vy T 0.
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Undimerized Chain (y = 0)
° le,s _ Z eikan(_l)ncms’ Ckv,s _ Z eikan Cn,s- (e2ikpna — (_1)n)
o Coo=) e "Gy, +i(=1)"CE ).
@ Then H® = Z(E,?VC,L’LC,L”S + E,?CC,f?TSC,is), where

k,s
EY}" = —2tgcoska, EJ¢ = 2tycoska, BA'N e, = 2tgcoska & B <.
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Dimerized Chain (y # 0)
° les _ Z eikan(_l)n s Cl‘</s _ Z eikanCms

o H(y Z[ek L. — o)+ A ar + ¢Lee

+2NKy?. T ZIZ €, = 2ty cos ka, Ay = 4oy sin ka.
e Bogollubov Zihay = akCY o+ BkCi g, ap = af G+ BrCY T
HY(y) % xtfaAk. |ak\2+|ﬁk|2—1 o — 0,8k = 0asy —0.
o JEXIAESE =0 — 204 Brex + (a2 — B2)Ak = 0. B A
akx =/ (1+ ex/Ex)/2, Bx = /(1 — ex/Ex)/2sgnk, where
E, = \/ei—i—Aﬁ.

o Hy)=> Ex(nf, —nf,)+2NKy? Ef = —E, Ef = E. n=ala.
k,s
Hi(y) D2 IZ y = 0 2 PGB L IHIZ y £ 0 21 L.

=
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\/c,cupied
2t
Dimerized Chain (y # 0)
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o FJEARER [0,y) X ny [0,y) = 10,y),nf (|0,y) =0 & {ii7= 9.
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E ——2—L e 2 ka)2 + (4avy sin ka)2dk + 2NKy?
oly) = (2t cos ka)? + (4ay sin ka) + y

/2
= 4Nt0 / \/1 — (1 — 22)sin?(ka)d(ka) + 2NKy?

4Nm NKt222
= —F(1 —
T ( Z)+ 202

Y

w/2
z=2ay/ty. E(m)= / V1 — m?sin? xdx 1355 2 FlSE MG MRS .
0

Dimerized Chain (y # 0)

e y=0—E(1)=1&b E(0) = —4Nty/x.

o Y1 N7 b DEET 3L E— 13 —% _ %[Eo(y) _ B(0)].
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K =21eV/A%, W = 4tg = 10eV, a = 4.1eV/A,
Ec =2A = 8ay = 1.40eV.
— E./V(eV)

0.04F

—2zp -0.1 0.1 2o

maximum @ z =y =0, minima @ z = +75 ~ +0.13 eV < yp = 0.04 A.
yo/a ~ 0.03 < 1. Peierls instability.

2. R T7EFLYDSSHET I £ O

.
— E./V (eV)

0.04

0.03

— kr ‘.' ‘.'kF I 0.02
g * 0.01

— =o -0.1 0.1 =z
=(eV)
Z0.01

LR T 3OV ¥ — o« y? TEMIERIEEZ 572\0». BFORFIRT
y = +yo ~NOMEEFEHHL Z 5. Dynamical Symmetry Breaking.
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R. Shakar, arXiv:1804.06471.

J.K. Asbéth, L. Oroszldny, Andras Pélyi, A Short Course on Topological
Insulators, Springer 2016.
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— kp Tk &

—/a —m/2d /2a m/ o
occupied \/occupied
=10 — 2ty = 2ty

4, FEROBIVHNMHFAELE LTORY) TRFL v

N=8M=16, E~Z bl {|1,A),|1,B),...|8,A),|8, B)}.
N N—1

H=v>Y (Im B){m Al +hc)+w) (Im+1,A)(m,B|+h.c.).

m=1 m=1

O v(O Of(O OfO OO O|jO O O O 0 O \

v 0lw 0|0 OO O|O0O O|O0O O O O O O

O w|0O v|(O OO OO O|JO O O O O O

0O 0|lv Ofw OO O|O O|JO O O O O O

o 0|0 w(O v|O OO O|JO O O O O O

o oj|o Ofv Ofw O|JO O|JO O O O O O

o 00 0|0 w|O v|[O OjO O O O O0 O
o o o|o of0O Ofv O|w O|0O0O O O O O O
o o ojo of0 OO0 w|O v|O O O O O O

o ojo ofO0O OO O|v O|lw O O O O O

o ojo of0O OO0 O|O0 w|O v 0 0 0 O

o ojo of0O OO O|O O|lv O w 0 0 O

o ojo of0O OO OO O|O w O v 0 O

o ojo ofO0O OO O|O O|JO O v 0 w O

o ojo ofO0O OfO OO0 OO O O w 0 v

\ o ojo of0O OO OO O)JO O O O v O
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@ [m, X) = |m) © |X) € Hext & Hint.
e H= VZ |m){m| ® oy + WZ(|m+1>(m| Qor+|m(m+1®o_).
LI s = (0xtio,)/2
2. NIVININVh=T Y
e Edge —— Bulk —— Edge.
o Bulk ZeMEIZ N — co THEASFMIZ L o\, JRHIREL S S % B

%9.
N
Hpuie = » _(v|m, B)(m, Al + w|m (mod N)+ 1, A)(m, B|) + h.c.
m=1

@ Eigenstate Hyuk|Vn(k)) = En(k)|Wa(k)),n e {1,...,2N}

MR Y hNHEAE L TCOR) TRF LV

@ Hyuk =

O v 0 0 0 0 0 00 0 0 0 0 0 0 w

(v O w 0 0 0 0 0 00 0 0 0 0 0 0
O w 0 v 00 0 0 0 0 0 0 0 0 0 0
0O 0 v 0w OO OO0 OO OO0 0 0 0 0
0O 0 0w O v 0 0 00 OO0 0 0 0 0
0 0 00 v 0w 0O OTU OO0 0 0 0 0
0 0 0 0 0w O v 0O OO0 0 0 0 0
0O 0 000 0 v 0w OO OO0 0 0 0
0O 0 0 0 0 0 0w O v 0 0 0 0 0 0
0O 0 000 000 v 0O w O 0 0 0 0
0O 0 000 0 0O 0O 0 w O v 0 0 0 0
0O 0 000 0 0 0 0 0 v 0 w 0 0 0
0O 0 0000 0O 0O 0 0 O w 0 v 0 0
© 0 000 00O 0O 0 0 O 0 v 0 w 0

Ko © 0 000 0 00 0 0 0 0 w 0 v
w 0 0 0 0 0 0 0 0 0 0 0 0 0 v 0/
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o WiEXIFRE X O Bloch O EH AT

K= L3 emim)
—\/NmZIG m).

R URMOES 2 112 >7%. k=2mn/N,ne {1,2,... N}
kix®1 BZoHizdHb. ke |0,2n] or k € [—m, 7).

(Wn(k)) = [k) @ |un(k)), |un(k)) = an(k)|A) 4 ba(K)|B).

A(K) = (k[ Hou [ k) = 32 5 ) (k, ol Hou k. B) (B].

A(K)|un(k)) = En(K)|un(k)).

o H(k+2m) = A(k), |un(k + 27)) = |un(k)).
1 .
o WM m A) = —— e ™K k) & |A).
2,

4, FEROBIVHNMHFAELE LTORY) TRFL v

] 1 —im in
H(k) = Nze “(m| Hpuix|n)e™™
m,n

; ; 0 v+ weikx
_ + e—lkx + _e/kx — ]
[VUX W(J+ o )] ( v+ We/k 0 )

= (v + wcoskx)ox + sin kxoy.

A(k) (Z%) — E(K) <Z§’;;> .

E(k) = +|v + we ™ > = £/v2 + w2 + 2vw cos k.

EIRSR (!
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Dispersion relation E(k) = +|v + we™|?> = £4/v2 + w2 + 2vw cos k.

E(k) E(k) E(k) E(k) E(k)
k\m ) kir ™ ) kim klm
- -7 -7 - —
vu:.l,w:(i ) v#l,w:Oé ‘ V/U:/wzl v=05w=1 V 7)7’:VO,w:1
flat band undimerized flat band

@ A =ming E(k) =|v—w|.
e v=w — &JE. v#w —dimerize, Pierls instability, #fif&x{k

4, FEROBIVHNMHFAELE LTORY) TRFL v

NERRE L v R Y —

@ |u,(k)) € Hint = C2.

@ H=dyoog + Zl-:x,y’z di(k)oj = dyoo + d - o,
do=d, =0,dy =v+wcosk,d, =wsink. " BHhDAL ",

@ k=—m7—7TdiEH0D(v,0)FEwDOHZ 1T 5.

e HEI! v>wASIEMIFEMADED 2R 572\, v < w2 olXMIE
DY & 1T 5. SY(1BZ) — SY(d) I$FEARE m(SY) THHE
INd. v=wTF vy IDNHZ 50k = +7.

2. (7). 2
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Dispersion relation E(k) = %|v + we™ k|2 = +/v2 + w2 + 2vw cos k.

E(k) E(k) E(k) E(k) E(k)
) ’U’:‘l,w‘ZO : b’vu:i,w :‘OA;’) ; N IYU;w:‘l ”’u;dS,wv: :1 ‘ ) v’:ﬂO,w: 1 ‘

0 v 1 _ Ly 1 .
v 0O +1 +1
H(|m, A) £ |m, B)) = v (|m, A) & |m, B)).
- 4
v=0w=1
0 0 0 O 0
0 O
w 0 1 ot 1
0O w 0 O +1 +1
0 0 0 O 0 0
- ,)/
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ARRRIZH T 5 Edge States

o HHRIEIZ N — oo TIHRME (v > w, v =0, BH) X[ E

(v<w,v=1, bFRaII)N).

@ N=8,M=16 DH#l. E =075 bonging-antibonding pair. R 1

VAN v=0w=1&v=05w=1.

%E odd site 7R even site

, E=0 E— —0.00293 FE = 0.00293
m=1 m16m1 T -
v=0w=1 v=05w=1

o NN NN FINAN

WY W v

4, FEROBIVHNMHFAELE LTORY) TRFL v

@ v=0,w = 1. Eigenvalues:
{-1,-1,-1,-1,-1,-1,-1,1,1,1,1,1,1,1,0,0}
@ Edge states H|1,A) = H|N,B) = 0.

0 0
N=2— 0

0

0

o s o o

0
0
0
0

o O o R
o o s o

w
0
0

o o o o
I
o
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e HHZHM, v=1,w=0& v=1,w=0.5.

ﬁ odd site 7% even site

= —0.548 E = 0.548

_16m1 =16 m=1 =1
v—lw—O v=1w=0.5

LS LS PSS
RN

4, FEROBIVHNMHFAELE LTORY) TRFL v

Chiral Symmetry

@ H (X Chiral FrEZ KD < THIMT = —H. 7=7ZL
M=r=r1-r2=y
@ Sublattice A & Sublattice B D 5 58 H +
Pa = Zm:l |m, A){m, A|, Pg = Zm:l |m, B){m, B.
H =3 Im, AY(m', Bl + h.c. &0 H = PaHPg + PgHPa.
o [ = Py— Pg = @0, & Chiral; THI = —PAHPg — PsHPA = —H.
0 H|V,) = Ep|Wp) — HI|Wp) = —TH|V,) = —E,T V).
0 En 0 |Wy) £ |V,
@ E,=0—|V,) IZFAE~IEBIZDOAsupport zHDKHIZTE 5.
HW,) =0 — HPA|V,) = HI +N)|V,) = (I = T)H|V,) =
Pg & FIBR. Pa|W) & T DEBERZ b
CPAIV,) =TT+ D)V, = (T +1|V,) = Pa|V,).
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Chiral Symmetry of SSH Model

ol :|mA) — |mA), |mB)— —|mB) %o, TREINS.
o H(k)=d 0. TH(K)F = —H(k) £ b d, = 0.
@ d cR? XV m(St) IZEEREFFD.

b _)/I

Winding Number :

o d(k) = d(k)/|d(k)| IZHAIM EDNRZ M.
(= (J(k)xw> dk.

27 dk

—T

(0 Ak
'mM_QMY 0),mm di (k) — id, (k).

o Inh(k) =In|h| +iargh. argh = %K) tan (k) = —d, /dy.
- =

4, FEROBIVHNMHFAELE LTORY) TRFL v

Chiral Symmetry of SSH Model
1 1
ayzgf@@@—@m¢whi%f@mhw

1

v EEZDZIZEF()v>sweov<w iy, (i)d, ZEAT5.
() FENVIDF vy T%2AL S (v=w)BENDHY, (i) X Chiral Xt

 FMERRMB LTSS )
W @i,

From “A Short Course on Topological Insulators” by Janos K. Ashkéth, Laszlé Oroszlany. Andras Palyi Palyi
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o HDWBZELZZEZ LS. (i) 78T A XiEWp > < b &AL (i) Rk
D (i) E=0fHED NV F vy FIFFAURN. D& &Lk
ERREIZZRE R R 5.

BE(k) “

E(k)

Elr topological -
-7 -7
\/ U=1 \/
R S / trivial\ I S
v>w v=20 v=w
v<w

o 7 (F) DRAITHIEN D NIV F =7 VM EFEME. R FDNI
WV h =7 VIFHEFEME. @&HTF vy TRY O &bk E Y] 5.

4, FEROBIVHNMHFAELE LTORY) TRFL v

NRBO Y HINARE &

o MRUIVAINAZEIZNEALE, B

e B N — oo TD A well defined. XFMET7 o527 hX s,

e —~DODUHIBT S edge state D= b KB VNI ALH,
—e< —E <E=0<+E <e¢ WZREEMALZE—F.
HA — PAHPA, HB = PBHPB, NA = dim ker HA, NB = dim ker HB &
To5L, L6 RBERTTELTRT THADDT Ny — N 1ZHiZk
LA TR R

@ Eg REII NN I F vy TOHIZIZAZME LRV DT, NILZIZIFER

AR IRE=ET 5.
- o4
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e E# v (bulk) vs Ny — Np (low energy edge states).
@ SSH @ trivial # (v > w) Tld v = Ny — Ng =0. bART I AL
(v<w)TlErv=Ny—Ng=1.

@ bulk hARBE I HNVAEENSUGHIZE T BB RNV F YB35 5,
Bulk-Edge Correspondence. (APS index theorem?)

</

4, FEROBIVHNMHFAELE LTORY) TRFL v

SSHIZHIF25Y ) b :

soliton soliton

~ 7 + N N WNS»r »r »r
trivial topological trivial

trivial-topological-trivial #§3&. m = 3 {Z1% monomer, m = 5,6 |21
trimer. TNH %2V Y FUE LS.

o VU M ZREHEMALEZEYEE—- FOBGFET 5.
o NS IFPEEHK 72 (Fermion number) 2 £ D. 7 EE .

.
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<

3-solition

m =

0

v

0 0|0

A IZ support. H|3,A) = 0.

m =

5, 6-solition

B (Z support. H(|5,B) — |6,B)) = 0.

]
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@ —HRR7% trivial fHIZ topological HHOEWTE 2 &, MDYV Y h oA
¥4 5. A sublattice V' VU b > +B sublattice V' b .

e v#0,w#0DKEX, VY MO ENE T RLF—IZ0 0
5 +F 124228 (bonding-antibonding pair).

4. CARaIhNBERAE L TOR) TREF LV
E = —0.00293 E = 0.00293

0F |
=E=] Ze
| -

0(E

v eecoe
w w w w v

o HERETIE —ERENVEEINSE. 020DV Y bz
XN, BV Y N ITIREDORFDFEIET S.

o EBIFIAVYVOHHENHLDT, BHTELELLNPDAY V%
HORFA 1 B X 4, 43 Bok FBUIBIH X e,
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FeoERE

o RUTEF U VIZWH, THm, (¥R, BEERIZHE.

e RUTEFLUVDMHIF MRV INVAELETHAEIND, vFRAY
A1V AFRIR D toy model. & 2R IIHISF 2RI Tt T Z 5.

@ Bulk-Edge Mz £ 2. FRECHCHIIA T E %5 ? Fermi ML T/
IN =T VR T B L Dirac fiRERTERI NS
(Takayama-Lin-Liu-Maki @ ##57 € 7 V).

o NERFHEEON, EBIFALYTRNTLUE S, TTF-TCNQ &
FiX trimer &2 65, AV TENALRW. BHITES0?

@ Geometry, Topology and Physics, 3rd edition Tix® %» A & HiHAT %
FRETY. TR

@ HEETINTIXY Y N UL RD 5N TEH Y, Jacobi d Elliptic
BHEL (sn) T&RKZ# 5. MN and K Maki, Phys. Rev. B 24, 1045
(1981).
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

Various nanophysical properties of curved quantum
systems

Hisao TAIRA
Hokkaido University of Education, Japan

The present study shows theoretical and numerical analysis of quantum transport
phenomena in nanostructures with curvature. In nanoscale thin films with curvature,
effective scalar potentials arise due to geometric curvature. Nanoscale materials with
twisted atomic structures also give rise to effective vector potentials due to geometric
torsion. These effective potentials indicate that the transport properties of electrons
and other materials with geometric curvature and torsion change significantly from flat
systems. In this study, we clarify what kind of properties are manifested by these geo-
metric effects. Specifically, we focus on deformed nanocylinders and twisted quantum
rings, and show that the spatial profile of the wavefunction changes and that a quan-
tum phase shift due to torsion occurs. We report in particular the peculiar quantum
transport phenomena induced by the quantum phase shift due to torsion.
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Ea=6-TeV

a large x-electron-conjugated|
system

Current [nA|

J. Onoe et al., Appl. Phys. Lett. 82, 595 (2003)

E&E

metallic

SISLIVILY

resty
2 F% -

flcm

0= ITF] 0 Qem

0.4 02 0 0.2 04
Voltage between tip | and tip 4 [V]

1o

1ot

Sheet resistance [ME£2]

LRI FIRRRE
n(E)o« |E-E,|"

a: BA7K —Luttingerf& £

H. Shima et al., Phys. Rev. B, 79 (2009) 201401(R).
Ceo D T—L 2R3 —

—Rxk > EFHEEHY

i3 {a} - 5 {b} . .
D(E) k=002 ¥8e0.15
o |E _ EF |lZ 04 /\ ¢
o w0
x X 7]
o2
EF E o

193




S. Ono & H. Shima, PRB 79 (2009) 235407.

BRUEREpITREDIRIETRUANELS & pc(k”T}

Prinz, pss(b) 243 (2006) 3333.
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Bao et al., Nature Nanotech. (2009)
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0
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CT complex

Helical One-dimensional Stack
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Williams et al., Phys. Rev. Lett. 89 (2002) 255502.

------ Substrate
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X. Chen et al., Nano. Lett. 3 (2003) 1299.
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

Novel physicochemical properties of 1D periodic
uneven structured Cg, polymer

Jun ONOE
Nagoya University, Japan

We have reported that electron-beam-irradiation (3-7 keV) of a Cgq film results in
formation of a 1D Cgy polymer with a concavo-convex periodic curved structure [1],
and the polymer exhibits physical properties arising from 1D metal [2]. The behavior
of the free electrons on the curved surface is given by the Hamilton operator of the
following equation (quantum mechanics of submanihold).

- R S R i 0 ,
i[5 (s s

i,j=1

Here, g = det[g;;] represents the metric tensor. The first term is an operator of the
kinetic energy of electrons, and the second term consisting of the mean curvature h
and the Gaussian curvature k appears like a scalar potential (the second term does
not appear in the 1D plane surface). So far, it has been a mystery whether or not this
curvature term affects the behavior of electrons since 1950s. We theoretically predict
the effect of the geometric curvature term on the electronic behavior of the above 1D
Cgo polymer [3] and then experimentally demonstrate it [4]. In this symposium, T will
introduce novel physicochemical properties [5, 6] emerged by the quantum mechanics
of submanihold of the 1D Cgy polymer.

REFERENCES

[1] H. Masuda, H. Yasuda, and J. Onoe, Carbon 96, 316 (2016).

[2] H. Shima and J. Onoe, “ The Role of Topology in Materials ” (S. Gupta and A.
Saxena eds.), Springer, Chap. 3, pp. 53-84 (2018) and references therein.

3] H. Shima, H. Yoshioka, and J. Onoe, Phys. Rev. B 79, 201401 (R) (2009).

]

[5] S. Ryuzaki and J. Onoe, Appl. Phys. Lett. 104, 113301 (2014).
[6] M. Nakaya et al., Adv. Sustain. Sys. 5, 2000156 (2021). [Press release]
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One dimensional peanut-shaped Ceo polymer
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RIS How do we produce 1D uneven (M) Ceo polymer ?
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Nanocarbons classified using Gaussian curvature

The curvature of curve “C”
passing through point “P”
convex [1: k<0

concave [1: k>0 Gaussian curvature k = kK,
Maximum curvature: «, Average curvature h = (k +k )j2
Johann Carl Friedrich Gauss Minimum curvature: «, :
(1777-1855) '

Nanocarbon family Gaussian curvature

Tomonaga-Luttinger liquid (TLL) states
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5 TRT=350K]  § N 2 L
s z Z
= 2 = | aEz2 mev
E w066 S g E‘wﬂ’ﬁyﬂ ‘ et
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Appl. Phys. Lett. 92, 094102 (2008).
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Phys. Rev. B79, 201401 (R) (2009).
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Novel properties different from those of the other nanocarbons

Tomonaga-Luttinger liquid (TLL) sltates Fullerenes
A
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H.W. Kroto et al., Nature 318, 162 (1985)

Europhys. Lett. 98, 27001 (2012). 1996 Nobel prize in chemistry
Phys. Rev. BT9, 201401 (R) (2009).

Nanotubes Graphenes

HR-STM image of SWCNT (Dekker’s group, Delft)

S. lijima, Nature 354, 56 (1991) K.S. Novoselov et al., Science 306, 666 (2004).

2010 Nobel prize in Physics

What happens to free electrons

when they propagate in 1D uneven (Y1) curved space?

Are they affected by the geometric curvatures?

Johann Carl Friedrich Gauss
(1777-1855)

A big puzzle since 1950s

The curvature of curve “C” passing through point “P”
convex f1: k<0
concave [M]: k>0

Maximum curvature:
Minimum curvature: x,

Gaussian curvature k = x,x,
Average curvature h = (k,+K,)/2

Jensen-Koppe-Costa (JKC) potenti:

h: average curvature
k: Gaussian curvature

T Wt R (e M |
H=— —_— — e h —k
2 g 2 5 88 5
geometric

g =det[gij] metric tensor curvature term

H. Jensen and H. Koppe, Ann. Phys. 63, 586 (1971).
R.C.T. da Costa, Phys. Rev. A 23, 1982 (1981).
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Vector potential (AB effect)

Vector potential A was thought to be introduced
mathematically, but its physical meaning was

Magnetic field lines Vector potential given by AharOnOV and BOhm
B =rotA
J0A
E=-2
ot

David Joseph Bohm YAKIR AHARONOV
Y. Aharonov and D. Bohm: Phys. Rev. 115, 485 (1959)

Aharonov-Bohm effect

phase difference =

superconductive coil

fphase shift VR, -
e Dr A. Tonomura
. B 1942-2012
interference o k
fringes e

phase difference = 1/2 A

magnetic
field

A¢=ifAds=ideS . A. Tonomura et al.: Phys. Rev. Lett. 56, 792 (1986)
n n Electron-beam holography

Prediction of the geometric curvature effects on
Tomonaga-Luttinger liquid (TLL) states
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Prediction of the geometric curvature effects on
Tomonaga-Luttinger liquid (TLL) states

200K rea TS —r=a

e trmsoov | lumx OB FIG. 11 (color vuline) Schomatic Mustration of & quantum
FIR ] p: frollow eylinder with periodie radins wodulation
E 10K 4 g oK B 1.0 T T T T
DK
- g 1 =
8 CNT ——q_=k /300

nent o

[N R S 08F ——q_=k/30
p(T) = [T e \0\6 S
g p(E) x |E7EF|0' ”:L._ 310K i

CNTs: a=0.5 | 150 K

A ‘\1:__";*__ 02} 3

) <K

Expo
o
H

0.0 . . . .
+ L3 0.0 0.5 1.0 1.5 2.0 25
— omk o
e, S ar [A]
ce e ,° o2 P hz[ (f ) ]
2m’ @ =1 0q' 8 oq’

H. Ishii, H. Yoshioka et al., Nature 426, 540 (2003). Phys. Rev. B9, 201401 (R) (2009)
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24 h EB irradiation
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Evidence for the geometric curvature effects on electronic properties

FIG. 1 (color vulime) Schomatic Mustration of a quansum
hollow evlinder with petiodie radies modulation.
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A potential driven by a periodic uneven ([“Iiy) geometry has been curious to
affect electronic properties of materials since 1950s.

fi=- 2hm[%gz %(/g g%> +(n>= k)

First observation of geometric curvature effects on electron behaviors

Discrete Geometry Analysis

Physical quantities «—> Geometric quantities

quantitative or qualitative correlation ?
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TABLE 1. Electron-phonon coupling constant A of nanocarbon
allotropes. The kind of chemical bonding between Cg is also shown.

FIG. 4. (Color online) Schematic illustration of nanocarbon al-
lotropes: two Cgy between which are connected via (a) van der Waals
interaction, (b) single C-C o-bond, (c) 2 + 2 cycloadditional bond,
(d) 1D Cg polymer having coalesced GSW bond, and (e) single-

Cgo compound A Bonding (Cg-Cyp)
(@) A3;Cq (A =K, Rb) 0.6 (0.5) van der Waals
(b) NayCg 0.3 Single C-C o bond
(¢) ACq (A =K, Rb) ~0.1 2 + 2 cycloadditional bond
(d) 1D Cgp polymer 0.02 Coalesced GSW bond
(e) Single-walled CNT 0.006 —
Multiwalled CNT 5.4x1074 -

walled CNT.
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Anomaly in the resistivity at temperatures below 50 K
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FIG. 1 (color online). Transport regimes of polaron. Schematic
phase diagram showing the four different regimes of polaron
mobility g in the plane of A-T' (4: EPC strength, 7': temperature).
Here, the unit of energy is = 1, and wj is the phonon frequency.
Arrows show the direction of shift of the borderlines between
different regimes when the phonon frequency decreases.

A. S. Mishchenko et al., PRL 114, 146401 (2015)
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Application to environmental issues: CO,; immobilization

COMMUNICATION RSy
SYSTEM:!
wwwadvsustainsys.cor Tt

Immobilization of CO, at Room Temperature Using the

Specific Sub-NM Space of 1D Uneven-Structured Cg,
Polymer Film

Masato Nakaya, Yasutaka Kitagawa,* Shinta Watanabe, Rena Teramoto, lori Era,
Masayoshi Nakano, and Jun Onoe*
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(1) Locally induced Coulomb interactions due to mirror image effects increase positive and negative charges
on the C (1D polymer) and O (COz2) atoms, respectively, which play roles not only in weakening the CO2
double-bond slightly but also in stabilizing the TS of the CO2 + H20 reaction.

(2) In addition, the O atom of H20 easily approaches the C atom of CO2 when activated by the bending motion.

Adv. Sustain. Sys. 5, 2000156 (2021) [Press rel
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CO: activation methods

Conventional 1D Ceo0 Polymer

+ Radiochemical
+ Thermochemical
+ Biochemical

- Photochemical
+ Electrochemical
- Catalysts

CO: pinning

Angular vibration: LUMO energy decreases

B. Khezri et al., J. Mater. Chem. A’ 5, 8230 (2017)

$ ¥

Reduction Not reduction
To add electrons to LUMO
(antibonding orbital) LUMO electron affinity up T
Weakening O=C=0 bonds Increasing electron withdrawing

N-doped 1D Uiy Cso polymer exhibiting CO; reduction efficiently
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W. Zhou, H. Shen, Q. Wang, J. Onoe, Y. Kawazoe, and P. Jena, Carbon 152, 241 (2019)
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“X Curvature-driven new functional nanocarbons

(theoretical prediction)

3D exotic-nanocarbons

three C atoms has an
unpaired electron

Uneven curved surface makes the Dirac- Concave surface induces
cone inclined to form an intense flat band at magnetic properties
the Fermi level (like Pt)

Y. Noda et al., Phys. Chem. Chem. Phys. 16, 7102 (2014) N. Park et al., Phys. Rev. Lett. 91, 237204 (2003)

Penta-graphene: A new carbon allotrope

e —— 19
; ' Pl Shunhong Zhang™™, Jian Zhou®, Qian Wang™><", Chen®®, iy !, and Puru Jena®
PNAS 112, 2372 (2015)

Negative Poisson’s Ratio
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Fig. 1. (A) Crystal structure of T12-carboh viewed fram the (104 and 1001]
Hirections, (& Top and sid ¥ the S0k of
penta-graphere. The square marked by red dashed lines denctes sunit cell,
and the represect the sp® hybridzed C atoms.
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Mapping of nanocarbons using Gaussian curvature (k) and dimension (D)

ﬂ\ 7 7 7 unidentified

LIR IR Y
Nanodiamond

2D [ carbon sheet
fullerene 1D M carbon tube

—

Penta-graphene

1D M7 carbon tube 2D M carbon sheet Mackay crystal

based on (1) knowledge (literature), (2) experience, and (3) intuition/inspiration

Serendipity
Novel
WEVCHELS

Quasicrystal

- 7
~ Chemistry

Barren land
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

Variational approach to modeling of
elastoplastic deformation of structured materials

Karel SVADLENKA
Kyoto University, Japan

Structured materials, such as metallic alloys with atomic-scale layers, show peculiar
deformation patterns, which may have significant implications on material properties.
In this talk, we discuss one possible approach to modeling and understanding of this
kind of pattern formation through the so-called rate-independent evolution in the vari-
ational setting of finite-strain elastoplasticity [3]. Besides mentioning connections to
homogenization via Gamma-convergence [1], we present the underlying mathematical
theory and show numerical simulations in comparison to experimental measurements

[2].
REFERENCES

[1] Fabian Christowiak and Carolin Kreisbeck, Homogenization of layered materials with rigid com-
ponents in single-slip finite crystal plasticity, Calculus of Variations 56:75 (2017).

[2] Daria Drozdenko, Michal Knapek, Martin Kruzik, Kristidn Méthis, Karel Svadlenka and Jan
Valdman, Elastoplastic deformations of layered structure, accepted for publication to Milan Journal
of Mathematics (2022). https://arxiv.org/abs/2207.01986

[3] Alexander Mielke and Tomds Roubicek, Rate-Independent Systems: Theory and Application,
Springer, New York (2015).
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Variational approach to modeling
of elastoplastic deformation
of structured materials

Karel Svadlenka (Kyoto University)

joint work with M. Kruzik (Czech Academy of Sciences)
and K. Mathis (Charles University in Prague)

IMI Workshop II: Geometry and Algebra in Material Science I
September 8-10, 2022, Kyushu University, Japan

Motivation: Composite structured materials
Homogenization of layered structures
Evolution problem and its homogenization
Simulation and comparison with experiment

Conclusion
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Composite structured materials

m Two or more material
components.

m Arranged in geometrical
structure.

Particles Shart fibers or whiskers Continues fibers

Sheet laminates

What happens when the scale of the structure gets finer and finer?

Resulting material may have excellent properties — a lot of research
done to try to design new materials in this way.

Example: Interesting things can happen.

Material with negative Poisson ratio Material with negative thermal expansion

- *“S_H_T‘*_‘“' n I__)ﬁstretchmg

heating

H, Wang et al., Comput. Mater. Sci.

K. Takenaka, Front. Cham

Magnesium alloy with layered stru

Special Mg alloy, developed at Kumamoto university contains two
additive elements (one from each group below):

m Co, Ni, Cu, Zn, Al (transition metals)

m Y, Sm, Gd, Tb, Dy, Ho, Er, Tm (rare earth metals)
This results in LPSO (long period stacking ordered) structure.

Magnesium layer
Layer B

» al =S Ry
Fhsaigoot

.Q . Wy T rme
- -..."' LY L

o0

(=]
s na . 'Y
ﬂgo u:.‘.‘-.:n:.'. > P

s Cluster layer

.o A
o f -
ol af P
HAADF-STEM microscope L :

i fLP h @Mg eZn @RE
image of LPSO phase Egusa et al., 2012
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Magnesium alloy with layered structure

Key property: after compression of the alloy, kink band structure
appears, which significantly strengthens the material.

Why important? Magnesium has many good properties except
mechanical strength.

Kink bands appear upon compression and material is strengthened.
i i £ r T | T

500

o
@

5o

AN

Wiy
| WMgq7Zn,Y, and MggeZn,Y; RS P/ M Alloys
3 \ ©Nanocrystalline RS P / M Alloys
00 { ARS P/ M Alloys (AZ91, ZK61, etc.) 1
+ vI/M Alloys (AZQ(I,%KGI, ete.)

Vv Fei
iy

Cy

'
S
3

>

200

H
{

2 100}
L

ile yield strength  5,,/ MPa

Tens

0
0

L . \ :
2 4 6 8 10

Elongation 8(%)
Y. Kawamura et al., 2002

50 um

K. Hagihara et al., 2019

The strengthening mechanism is not yet understood.
Conjecture: disclinations at kink tips form an energy barrier.

Research plan and goal q

m Derive an “averaged” elasto-plastic evolution model for the
layered material by taking the width of LPSO layers to zero.
Keywords: homogenization, (evolutionary) I -convergence

m Analyze the averaged model with the purpose of elucidating the
strengthening mechanism from mathematical perspective.
Keywords: I-convergence, energy concentration

m Perform numerical simulations and compare with experiments.
Keywords: FEM, minimization algorithm, parameter fitting

| would like to report on partial results.
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Stationary homogenization

What are the properties of the material obtained in the zero limit of
period?

make structure investigate prope

a 25
finer and finer, I | the cont
keeping volume _ obtained in zero
ratio of layers limit of layer width

period layered — _ —

structure _
*elastic & plastic  E———
—~ .
properties of each p———
layer are given  p——
¢} 0.1
. Lo 0.08 0.08
Importance of this limit: oe|
m simpler to analyze
0| % 0.04
m cheaper to solve numerically fadt \ i
ooz | i 4 | 002
B is a reasonable approximation ol i R g
0 04020304050807 0809 1 0 01020304 0506070808 1

Bertad & Rybato, Bekeoses, 2018

Solutions of — (& (x/)u’)’ = 1 with zero bdry condition.

Main tool: I'-convergence

Definition
Let X be a complete metric space and let Z, : X - RU {400}, k € N
be functionals. The functional .7, : X — RU {+o0} is called the

I-limit of {.%} if the following two conditions are satisfied:
(H1) liminf-inequality: For all sequences {ux} C X with ux — uin X,

Oo(U) < liminf yk (Uk) 5
k—o0

(H2) For all u € X there exists a recovery sequence {ux} C X:

uc —u in X and Z.(u)= klim Fi (Uk) .
—00

Important properties:

m If %, are equicoercive, then min %, = ||m inf Z.
X k— o0
m [-limit .7 is always lower semicontinuous.
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Model of layered structure

Unit cell

1
e ij//-\\ /(/ CTﬁclﬁ
/ £ . - \ (-"']"l#,"lii

Vu= F,F,, F, = R(z), R € SO(2) Unit orthogonal vectors

\ \ Fp =1 J f_:jL
\ i F,=T+x(z)s@m, 7€ L?(_Q)/ € :M
p‘/ layer direction  slip direction

Energy functional:

JoPdx ifue WH3(Q;R?),Vu=R(l+~s®m),
E.(u)= R e L>~(Q; SO(2)),v € LZ(Q),W =0 a.e. in eCiigig
400 otherwise

Reference slide (

F,=I+ys®@m m=s'

s=(1,0T =05 ¥s=(L1)T/V2  v=035

blue = original
red = transformed by F),

1 15 2 25 0 0.5 1 15
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Two rigidity results

Theorem 1 (Rigidity for Sobolev functions) Reshetnyak, 1967

If ue W2 (Q; R?) satisfies Vu(x) € SO(2) for a.e. x € Q, then there
is a constant rotation R € SO(2) such that Vu(x) = R for all x € Q.

= Rigid layers can take only rigid motions.

Theorem 2 (Asymptotic layered rigidity)  Kreisbeck et al., 2017

Let a sequence {u.}. ¢ W'2(Q; R?) satisfy u. — uin W'2(Q; R?) as
e — 0 for some u € W'2 (Q; R?) with det Vu = 1 a.e. in Q, and

Vu. € SO(2) a.e. in QN eCgig forall e > 0.
Then there exists a matrix R € SO(2) and v € L2(R) such that

Vu=R(l +ve1 ® &). (1)

p i

= In the homogenized material only horizontal shear is allowed (up
to a global rotation).

Stationary homogenization result

Theorem 3 (Homogenization via [-convergence) Kreisbeck et al., 2017

The family {E.}. I-converges in the weak W'2(Q; R?)-topology to the
functional E : L3 (Q; R?) — [0, oc] defined by

S [ 42 dx if ue W'2(Q: R2),
—25182 [y dx Vu=R(l+ve; ® e2) with
E(u) = R e SO(2),~ € L2(Q),
v € K\ a.e. in Q,
00 otherwise.

The pointwise restriction Ks ) for s = (s1, s2) and A € (0, 1) reads

{0} if s = ey,
Ko\ — —2?—;)\,0 if 5150 > 0,
’ 0, —22—;>\ if 518, <0,

R if s =ey.
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Outline of proof q

m Liminf inequality: We want to show that ux — v in W'2(Q; R?) implies
E(u) < liminfx_, o Ec, (uk). For u piecewise affine, we obtain from Theorem 2 the lower
bound

(Vuym — (1 — \)Rm|® — X dx = E(u).

;
lim inf E, > [ -
im inf sk(uk),(/ﬂkl

For general u, we approximate v € LZ(Q) by simple functions.

m Recovery sequence: For u ¢ W'2(Q; R?) with
Vu=R(+~ve1 ® &), R € SO(2),v € L3(Q), we want to
find a sequence {uk} such that ux — uin W'3(Q; R?) and
E(U) = |imk*>Oo Esk(uk)-

Prove first for constant v and then approximate by simple
functions.

Recalling averaging lemma we find

N € Ns:={F € R?*2 : det F = 1, |Fs| < 1} such that

Ne1 ::‘?617 )\N+(1 —A)R: R(l+ye1 @eg).

However, such N need not belong to the set
Ms = {F € R?*2 . det F = 1, |Fs| = 1} of gradients with

Chigia { (AN L (1—NR=Vu finite energy. We apply the averaging lemma again to
~ approximate N by fine laminates between two gradients
R e SO(2) F, G € M; with finite energy. The small region “between”

this laminate and boundary is handled by convex integration
techniques. The sequence thus constructed has the desired
properties.

Two basic auxiliary lemmas

Averaging lemma

Let Q be a bounded open set in R”, and let g € L2_(R") be a
M-periodic function. Then

X 1 . 2
g (E) ol /ﬂ g(x)dx weakly in L5(Q) ase — 0.

| \

, Laminates
F/{ / 4 Given two matrices F, G € R2¥2, there exists a
J e/ /) /  laminate function u € W\2(R? R?) whose gradient
/ / K; A f,/ | alternates between F and G if and only if F and G
V ¢ & 4 are rank-one connected, i.e., there is a unit vector
VA & / m and a vector v € R? \ {0} such that
"' F-G=v&m.
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Extensions q

[Cott m Elastic rigid layers (kreisbeck et al., 2020)
i Similar result is obtained if rigid layers
Ve V) are allowed to deform elastically with

(Crigid elast coefficients diverging with a certain

dist”(Va, SO(2)) speed with respect to layer width.

(Chatt {/ /: 2 m Several slip systems (ks, A. Ishikawa, 2022)

B+ 55 @m) oF Analogous result but with no restriction

R(I + 75 @) on slip magnitude + is obtained for soft

|Crigid| layers having two or more slip systems.
R

m Higher dimensions (ks, A. Ishikawa, 2022)
[Ceoft Analogous result is obtained for layered
/'/X structures in higher dimensions but the
rotation in the limit can vary in the
direction perpendicular to the layers.

R(I +vys®m)

1
C"ri;_{i:l_

Irreversibility of plastic deformation

Plasticity is a history-dependent behavior
— we need to consider evolution
problem.

g Physical model derived by
load C time-incremental approach:
/ m in every time interval lattice
B distortion along one of available slip
anload systems is allowed at each point
m the system is assumed to deform so
that it minimizes the sum of its final
A D E energy and dissipated energy
— Energy density depends also on
internal variables, e.g., the plastic tensor.
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Rate-independent system and energetic solution

Rate-independent system (Q, £, D):
m State space Q = Y X Z (reflexive, separable Banach spaces with weak topology)
m Energy functional: £: [0, T] x Q@ — RU {0}
m Dissipation distance D : Q x Q — [0, x]

Energetic solution g : [0, T] — Q satisfies

(S) &(t q(t) <&(t,q) +D(q(t),q) VqeQ

() &(t,q(1)) + Dissp(q; [0, 1]) = / 0:£(5.q(s)) d

where dissipation is defined as total variation wrt to D:

Dissp(q; [, ]) = ZD (q(t1).q(t)) -

r<r0<t1 <tN<s

Time discretization leads to the minimization problem

qk‘H € Arg main (5(tk+1,a) + D(q",a)) .

Evolutionary I'-convergence

Definition of (Q, £.,D.) ©=} (Q, &, Do)

(Q, &, D.). evolutionary '-converges to (Q, &, D) as € — 0,
provided that for any sequence q. : [0, T] — Q of energetic solutions
to (Q, &, D.) (which exist) such that q.(t) — g(t) in Q forall t € [0, T]
and &. (0, g-(0)) — &(0,q(0)) fore — 0,then q: [0, T] — Qis an
energetic solution for (Q, &), Do), and the corresponding energies,
dissipations and loadings converge to their counterparts.

Sufficient conditions for evolutionary -convergence:

(1) D. =DVe >0,where D: Z x Z — [0, +0o0] is |.s.C.

(2) & : Q — R are lower semicontinuous for all ¢ > 0;

(8) E-(q) > Cllq||3 —cforallge Q,e >0with C,c>0anda > 1;
(4) {&-}-I-converges to & with respect to the topology of O;

(5)

5) if (1., g-). is stable for all e > 0 and sup.. o & (L., 9-) < 400, such
that (£.,q9.) — (t,q) in [0, T] x Q, then g is stable.
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Mutual recovery sequence

A sufficient condition for the property (5) :

Existence of mutual recovery sequence

For any sequence (t.,q.). C [0, T] x Q with sup_-¢ & (&, g:) < +o0
that converges to (t,q) € [0, T] x Q and any g € Q, there exists a
sequence {qg.}_C Q suchthatg. — gin Q and

lim sup S&(tsa ae) +Ds(q€7 as) _ga(tz-:a qs) < go(t, a) +D0(qa a) — 50(t7 q)

e—0

P 3

For layered structure, almost no evolutionary homogenization results
(only very special cases).
Problem is limit of product of weakly convergent sequences:

R.(1+ .61 ® &)

— compensated compactness?

Rate-independent elasto-plastic model

Rate-independent system (Q, £, D)

0= {u e WP (Q;RY) : u=upon Fo} x {y € L'(Q) nW"(Q)}
Fe=(Vu)F,"

E(t, u,y):/ﬂW(X,Vu(x)(l—y(x)s®m))dx+/ﬂW(X,y(x))dx

+5/ |s®@ m® V~(x)|* dx — L(t, u)
Q

D (112} = /Q o(x) |11 (X) — 72(x)| dx

W :Q x R¥*9 — R U {400} polyconvex, frame-indifferent, coercive

(s, m): glide direction and slip plane normal

w(x,vy) > C|vy|" — ¢y forsome C,cy > 0,r > 1,andall x € Qandally € R
L(t,u) == [, f(t) - udx + fr1 g(t) - udS

o:Q — [og,+), 09 >0
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Existence of energetic solution

Existence theorem [using Mielke et al.]

Let o € 0Q\I'y be of positive (d — 1)-dimensional Lebesgue
measure. Let p’ > d and let uy be such that

Jo W (x,Vup(x)) dx < +o0. Assume that £ and D are as above, L
belongs to C'([0, T]; W' (Q; RY)*), the functions W, w satisfy the
mentioned properties, 1/p+1/r=1/p’ <1/d,and a > 1. Let the
initial condition (u°,~°) € Q be stable. Then an energetic solution
exists.

Remark: It is shown by [Mainik & Mielke] that time-dependent
Dirichlet boundary conditions can be considered in the above
proposition if up € C' ([0, T] x Q;RY), Vuo € BC' ([0, T] x Q; R9*9)
and |(Vuo)_1 | € L>(Q). Here BC" stands for bounded and
continuously differentiable maps.

Experiment (

brass panel

screws

m Compression of stack of paper sheets (normal to sheets is x-direction).
m Sheets confined from the sides and from bottom.

m Instron 5582 testing machine with a constant cross-head speed of 0.075 mm-s ™" (initial
strain rate of 1035~ 7).
m Video recorded by Panasonic HC-V180EP-K camera with full HD resolution 1920 x 1080 px2.

m The front side of the paper block facing the camera sprayed with black acrylic paint in order
to create a speckle pattern for digital image correlation (DIC) analysis.
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Results of the experiment (1)

Displacement in e=direction Displacement in y-direction

Results of the experiment (2)

50
5x speed

0 50 100 150
Time [s]
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Numerical implementation by FEM

p
compression through g(t, u, ’Y) = / {C (‘Felp —d2 — 2|0g(det Fe)) —+ D(det Fe — 1)2
Ty prescribed displacement 0
iy ’ ’
+atr ((Fe) FeM) + B1Fol" + €| VFp } dx
5
mm
if det Fe > 0 and +oco otherwise. Wetake p > 2, a = r = 2.
ol ol
displa- displa-
e Q e D (11, 78) ~ D° (1, 72) = o‘/ V52 + 1 (x) = 12(x) 2 dx
Q
()~ “fixed’boundary * 42 1m 1 k41 . k ~ k+1 ~ ~
e " enmomn, (P () +e(FaF)) ]

Parameters: domain Q = (0, 42) x (0, 75) [mm] divided into 4184
elements, time interval t € [0, 100] [s] discretized into 76 steps,
compression speed 0.18 [mm/s], s = (0, 1)T, material constants
C = 0.6 GPa, D = 0.2 GPa, « = 0.1 GPa, 8 = 20 kPa, ¢ = 500 N,
o = 1 kPa, regularization § = 10~°, perturbation for gradient 108,

penalty for det F® < 0 is 10° on triangle, 2nd order quadrature rule,
stopping criteria TolX = 10~ '°, TolFun = 10~*.

Tirre = &a Energy = 1443328015

Csplitennnt in e-giebon Divplacermnt in y-direction

Mtak e train v Shear e o
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Results of simulation (2)

experiment simulation
100 I L L L L L I 30
804 | 25}
= . 20}
= r 3
Ry =
B =15t
L L3
10}
experiment #1| |
| experiment #2 51
experiment #3
0 T T T T T T T T 0 :
1] 2 4 & 8 10 12 14 18 18 \] 2 4 6 8 10 12 14 16 18

Displacement [mm]

Displacement [mm]

Results of simulation (3)

Displacement in x-direction

Left: experiment, right: simulation.

Shear strain
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Conclusion and future tasks

The model has a good perspective! It is capable of capturing the
important features of the deformation mechanism.

Future tasks

m Derive the model as evolutionary I-limit of rate-independent
system for layered material, in order to see the connection
between material properties of the layers and the homogenized
material.

m Perform experiments with different material and compare with 3D
simulations (this month with aluminum plates and LPSO). What
works for paper sheets, will work for LPSO?

m Understand the dynamics of gradual kink appearance: influence
of acceleration or boundary conditions?
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

On homogenization of random media in
static and quasi-static electromagnetic fields

Hajime IGARASHI
Hokkaido University, Japan

In this talk, we consider the homogenization of materials with fine structure such as soft
magnetic composite (SMC), multi-turn coil and Litz wire. It is shown that the classical
Ollendorff formula for static fields, which is equivalent to Clausius-Mossotti relation
and Maxwell-Garnett formula, can be extended for magneto-quasi-static fields by in-
troducing complex permeability. We show experimental validations for this method.
We also show that this method does not work well for a dense medium. In the latter
half of this talk, we present a homogenization method for SMC that is a random-dense
medium by using discrete element method for dynamical simulation of iron particles
and finite element method for evaluation of electromagnetic properties. From experi-
mental results, we conjecture that the homogenized permeability of random media is
higher than that of periodic media.
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On homogenization of random media in magnetostatic and

magneto-quasi-static fields
20224, 9A10H, L K2
YR T T AVFE RN AR

E+E —
LimEX? HHREFBRER

What is homogenization? 1
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What is homogenization?
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Current phase angle

What is homogenization?

40.0
[degree]
Current amplitude [A] 10.0
Phases 3 phases
poles 4 poles
Coil Turns 85
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Electric angle [degree]

-Ref. model
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BoELiBTE

LJ
7\
8 y i \ <
/
; Y \.‘ / \\
- / ”
Eel 1 \\ / \
=1 AJ \
%} l \
5 Y/ \_
g’ ‘\ /
‘ N \
3 Optimized model |
== « Reference model
: 0 10 20 30 4}() 51{) 60
01 | 500 Ele. angle [degree]

Generation

Proposed method

S. Hayashi, H. Igarashi, Parameter-Topology Hybrid Optimization of Electric Motor with Multiple Permanent Magnets, Presented at ISEM2022

248



AESFEORKRHNE g
ToRT DA rotB = uoE (1a)

I75T—0ER| rotE = —jwB (1b)

(1)%Fig 1IOMAEEZRETRRT &

E,

ar

10
;W(TBQ) = ok,

QDEDEDLSITRyE L OWMA HEXEZTD
Fig1 442 R DWHARERNS

d*E, 1dE, KXMBEBREFHEEIN-HR
2 —
a2 ;dr +a‘E, =0 3)

f=t2L a? = —jopo Q)

FOTERBEFORDAY LB TRETES.

1
J2 = 0B, (r) = 5= Jo(ar) ®

HEROREHE

5.00E+03

What is homogenization?

——1000Hz
4.00E+03 —e—50Hz - e R
: | REALERE S OREICTRLSETT .
= 3.00€+03
% 2.00E+03 6 — 2 [m]
" LooE+03 Hwo

0.00E+00
0.00E+00 2.00E-03 4.00E-03 6.00E-03 8.00E-03 1.00E-02
r[m]
R =1cm
0c=6x%x107[S/m],u =g =4 x 1077 [H/m|]

Frequency [Hz] 5
50 1cm
1000 2 mm
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What is homogenization? 8

Non-laminated Laminated

What is homogenization?

ST
Lk A#EILICEREHESR A
)
BERRE BE#EREL, 2DDR A
Two-scale convergence 7 — LD L TREE
Ollendorff SNiGEBCIGMIEFEIZT S50 —HR M
Clausius-Mosotti BEIITRE
Maxwell-Garnett
FIFiE RDEDET VLB a2kt EEE TS

(brute force)
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What is homogenization? 10

Litz-wire coil Soft magnetic composite (SMC)

Materials composed of fine elements

Homogenization of multi-turn coil 11

Skin Effect  Proximity Effect
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Homogenization of multi-turn coil 12

What is homogenization? 13

EE&% : Ol Iendorﬁo) :_Et Macroscopic fields

B,H M

<40

Hjpc = H+ NM

1)

lo

Hiy, = Hyoe = NMyy, e

M;, = (Hr - 1)Hin

=
S

.ur_l
My,=—T"—+——H
in 1+N(ﬂr_1) loc

F. Ollendorff, “Magnetostatik der Massekerne,” Arch. f. Electrotechnik., 25, pp. 436-447, 1931
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What is homogenization? 14
< A& E  Ollendorffd =
B4zt Al
TI(M - 1) Min
M= nMin = loc 6 6
1+ N(.ur - 1) a 6
R
MRS Volume fraction n
B = yy(H + M)
</ 0#EREE : Ollendorffd =X
() =1+
" T+NA-m - 1)
Homogenization of multi-turn coil 15

[CESSEINECYN

Cylinder in static field

Hoejwt

I

Cylinder in time-harmonic field

pr—1
pr+1 Ho
[
J1(2) _
h@
]1(2)
ST

a
z=a/jouo = (1-))5




R DR DER B

Homogenization of multi-turn coil

a
z=a—jops =1 -j)5

. J1(2)
B, @ (@) = py m
Cylinder* 1
Q () 21, (z — tan z)
fir(w) =
Sphere** " (1—-2z2)tanz—2z
. tanz
fr(w) =
z
Plate***

* H. Igarashi, IEEE Trans. Magn, IEEE Transactions on Magnetics, vol. 53, no. 1, Art. 7400107, 2017.

** A. Berthault, D. Rousselle, G. Zerah, Journal of Magnetism and Magnetic Materials, vol. 112, pp. 477-480, 1992.
*** ¢.g. Y. Shindo, O. Noro, IEEJ Trans. Fundamentals and Materials, vol. 134, no. 4, pp. 173-181, 2014.

BEREMEDED YRR

Homogenization of multi-turn coil

(b)
2a wo z =ak
. H
&=]1(Z) i 1
U 7J1(2) 1— z?
1 72
= 4-—2
(]1(2)) — 6-g—
zJo(2)
(d)
2a z=ak
0
- - . 2(1_tan2)
Rac 0 z)o(z) 22 Hr _ Tz _ 2 ;
4-—2 b (1-z2)222-1 5o z_
fy— 5— z
8 — 7_ z2
9_

17
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Homogenization of multi-turn coil 18

YhsE =M f=OllendorffM =

/ n: filling factor
/ N: demagnetization constant

Ollandorff formula* for static magnetic field
N — 1)
1+NA -k -1

(ﬂr)z 1+

*F. Ollendorff, Arch. f. Eledtrotechnik., 25, pp. 436-447, 1931.
Extended Ollandorft formula** for eddy current field

2y (@) = 1) i) —
2+ A- M@ -1 APTHE)

<ﬂr(w)) =1+

**H. Igarashi, IEEE Trans. Magn, vol. 53, no. 1, Art. 7400107, 2017.

Homogenization of multi-turn coil 19

BRBWEROREIRBFE

1.20

1.00

0.80

0.60

0.40

0.20

0.00
0 2 4 6 8 10 -050

normalized radius a/8§

SEAR REEB
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Homogenization of multi-turn coil 20

RERIER

Re(Z)
12.00
10.00 >
—Measured
8.00 * Computed

4.00
2.00

50-turn enameled copper coil,
with conductor radius 0.15 mm, 0.00 . . . ) ,

cover thickness 0.03 mm. 0 0.5 1 15 P 25

frequency 10° [Hz]

H. lgarashi, IEEE Trans. Magn, IEEE Trans. Magnetics, vol. 53, no. 1, Art. 7400107, 2017.

Homogenization of Soft Magnetic Composite 21

Soft Magnetic Composite (SMC)

Measured macroscopic permeability of SMC is larger than those computed
from the Ollendorff formula and cell method assuming rectangular particles.

We consider the inhomogeneity in particle size and
possible magnetic and electric contact.
o Ve Q\ R Macroscopic permeability
k&" < LS o particle  air (filling rate: 0.87)
£ P ‘j* Boe /@t
&“«r«_ %d' o measured* 45
‘{,\},, S i vt FEM (rectangular)| 13.99
ko S = BB Ollendorff
T?ﬁ" - (\ N=1/2) 1380
SOARELL e e (

Ollendorff formula

R

X0k 30 um X nu, — 1)
Cross section of SMC* FEM model of ) =1+ TS =D NA-mm =1
SMC

*Y.Ito, H.Igarashi, M.Suzuki, Y.Iwasaki, K.Kawano, “Effect of Magnetic Contact on Macroscopic
Permeability of Soft Magnetic Composite”, IEEE Trans. Magn, vol. 52, no. 3, pp. 1-4, March 2016.
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Homogenization of Soft Magnetic Composite 22

Ollendorffd X DR R

30 ——50%

——60%

70%

N
«i

N
o

80%

——90%

-
o

Macro reparive permeability
=
v

w

f‘_._._‘

10 100 1000 10000

relative permeability of particle

o
[N

Filling factor and macroscopic permeability

N — Homogenization of Soft Magnetic Composite 23

Brute Force: Discrete Element Method (DEM)

DEM analyzes particle motion considering collision and
slipping:

Equation of motion
mi+nu+Ku+mg=0

Ip+nrip +Kr2p=0

m: mass g : gravitational acceleration
u : displacement I : moment of inertia

n : viscosity const. r : particle radius

K : spring const. ¢ : angular displacement
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Homogenization of Soft Magnetic Composite

We analyze free-falling particles which have random initial position
and obey the Gaussian distribution in size. A mass wall (blue) presses the particles.

t=0.000000
200

=
b

s
>

150
o) (5)
Q Q

=

O
Probabilin dansiry
i =

¥

T

100 O Q OO
@

O

O

O
OO
N
//’

=
=

\
o [f
=

50 %d)o O Pﬂ:i:]:rud.iluf:m]

Gaussian distribution
(u = 5um, 0 =1.2 ym)

0 20 40 60 80 100

Particle motion A. Maruo, H. Igarashi, IEEE Transactions on Magnetics,

B. 2002205, vol. 55, no.6, 2019

Homogenization of Soft Magnetic Composite

25

200

150

100

200 200 200 200
150 150 150 150
100 100 100 100

0
20 40 B0 80 100 0

4th 5th

0
20 40 60 80 100 0

3rd

20 40 60 80 100

a
20 40 80 80 10. O

st 2nd

0
0 20 40 60 80 100 0

We performed five DEM simulations to consider dependence of

the result on random number.
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Homogenization of Soft Magnetic Composite 26

Conditions
Applied field 1T
Particle p,- 100

it

Equivalence in Energy

t= Opm (n =0.86)
WIS 0051 f B2(x) . B}|Q|
! o Kx) ()
pill i L Wil Y macroscopic () = B2 |9
t=0.4um (n = 0.75 t=0.6um (n=069)  Permeabiiy TR G o
Q@ u(x)

Magnetic flux lines

The filling rate 7 is controlled by changing thickness of insulation layer t.

Homogenization of Soft Magnetic Composite

Ollendorff vs DEM

60
= Present method -

S0 | - -Ollendorff
;;? A Measured value [1]
=40 |
g —— % IR (Present method)
5
230 |
2
=
&20

0+ vort

0 . . . . .

0.6 0.65 0.7 0.75 0.8 0.85 0.9

Filling rate
Macroscopic permeability v.s. filling rate

[1] Y.Ito, H.Igarashi, M.Suzuki, Y.Iwasaki, K.Kawano, “Effect of Magnetic Contact on Macroscopic
Permeability of Soft Magnetic Composite”, IEEE Trans. Magn, vol. 52, no. 3, pp. 1-4, March 2016.
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Homogenization of Soft Magnetic Composite 28

t= 0.000000 1= 160.000000 t= 0.000000 t= 160.000000
200
200 OOOO OOO 200 O O OO OO 200
oQ &§%e0 @
150 08 O%OO 150
o0 Q) o O
o]
100 OCC))O OO O 100
0® o%o
) OOO OO
50 OOOOO S
Co 2o
80%0 OOO
0 000 OOO o
0 20 40 60 80 100 0 20 40 &0 80 100 0 20 40 60 680 100 0 20 40 B0 80 100
Non-uniform SMC Uniform SMC
To study the effect of inhomogeneity, another SMC model composed
of uniform particles is generated using DEM.

Homogenization of Soft Magnetic Composite

Uniform SMC

The magnetic fluxes of uniform SMC are rather uniform in
comparison with those of non-uniform SMC.
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Homogenization of Soft Magnetic Composite

FHYEMICKYTIOEFEIZBEMNT S

50
—=—Non-uniform SMC 4
£40 - —a—Uniforms SMC
) - o -Ollendorff Va
S 30 -
g s Measured value* /
2. /
o 20
2
E 10 -0
2100 -
0 L L L L L
0.6 0.65 0.7 0.75 0.8 0.85 0.9 ©
Filling rate

Uniform SMC
Dependence of macroscopic permeability
of SMC on filling rate

*Y.lIto, H.Igarashi, M.Suzuki, Y.lwasaki, K.Kawano, “Effect of Magnetic Contact on Macroscopic Permeability
of Soft Magnetic Composite”, IEEE Trans. Magn, vol. 52, no. 3, pp. 1-4, March 2016.
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Homogenization of Soft Magnetic Composite

l’} “l.% Equivalence in Power
- ‘ ik
Q&!Q

31

The magnetic flux concentrates near the surface of the particle due to the skin effect.

=] B|2(x BZ |Q
WD/ f(j(ul I )+0|E|2>d5 L
N Q p(x) ()
TR T S %
. TS @t“%ﬂux )
W r}_‘. ﬁ 4ﬁ.“ complex jwBZ 19|
Y = macroscopic () = lBlz(x)
3 " . _ 2
permeability fn (jw—#(x) o|E| )dS
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Homogenization of Soft Magnetic Composite

The eddy current loss computed from
1 S . B?
Pe = ERe([a)H -B) =Re (jw W)
» The eddy current loss increases quadratically with respect to the normalized
particle radius.

IEA3 ——5am
0.4pm /|
— 8E+12 - /
= 0.6um y
= /
Z 6E+12 | ,
P /
S 4E+12 b 0
S 2E+12 | ////
0 R R = L
0 1 s 2 3
Joule loss

32

Homogenization of Soft Magnetic Composite

Parameters for DEM
Time per step (s) 1x1073
Steps (-) 1.6 x 105
Average of radii (um) 5.0
Standard deviation of radii 1.8
(pm)
Number of particles (-) 200

Domain:
70pm X 70um X 180um

H. Sato, A. Maruo, H. Igarashi, "Analysis of Nonlinear Magnetic Properties of Soft Magnetic Composite Using Discrete Element Method,"
ISEM2019, 98, Nanjing, China, Sep., 2019.
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Homogenization of Soft Magnetic Composite 34
200 | Treatment of insulating layer
- ro=r—t t : th1c@ess of
insulating layer
~—
g 100
=
50
a
0 2 40 80 80 100
X (pm) .
2-D model 3-D model ‘,’
(80 particles) (200 particles) \
Homogenization of Soft Magnetic Composite 35

3RITETIL vs 2
35 ¢

3 L
25 r

2 F

Magnetic flux density B (T)

—_—

RITETIL

3D 0.2um 71%

2D _0.2um_80%
2D _0.4um_74%
2D _0.6pm_68%

0.00E+00

5.00E+05
Magnetic field

1.00E+06
H (A/m)

1.50E+06
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Homogenization of Soft Magnetic Composite 36

BRTETIL vs 2RITETIL

35
E 3 on
;zs e 2>
i o
::|: / ’: 16 -
20 I — L
o,_ | tl 4 /
0.008+00 )(lirl ;1‘2 L
g L
S
= 0.8 |
=
=
‘é 0.6 3D 0.2um 71%
EDOA " 2D 0.2um 80%
s 2D 0.4pm 74%
=02 5
2D 0.6um_68%
or L L L L )
0.00E+00 5.00E+04 1.00E+05 1.50E+05 2.00E+05 2.50E+05

Magnetic field H (A/m)

0.2T-1T: High Permeability in 3-D model

Homogenization of Soft Magnetic Composite

—— Measured characteristic
—s— Computed by 2-D model

16
144
1.2

14
0.8+
0.6-
0.4-
02-

Induction (T)

0 2000 4000 6000 8000 10000 12000
Magnetic field (A/m)

2-D by FEM vs. 3-D Measured*

*C. Cyr, P. Viarouge, S. Cienet and J. Cros, "Methodology to Study the Influence of the Microscopic Structure of Soft Magnetic Composites on
Their Global Magnetization Curve," in IEEE Transactions on Magnetics, vol. 45, no. 3, pp. 1178-1181, 2009.
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Homogenization of Soft Magnetic Composite

n X n nodes
T'L'=T+6i

8~ (0,52)
61' =0

i=1

r+6;

When resistance r is uniform,

the toral resistance R equals the parallel resistance: R =

n—1

r—>1rasn —»> ©
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normalized R

1.05

4
©
«

0.9

0.85

0.8

—e—n=5

normalized R

0.1 0.2 03 0.4 0.5
delta

2D lattice circuit (n = 5)

Homogenization of Soft Magnetic Composite

S5 LgFRIBOEHRIETRO 5 R EFSE

1.05

——n=20

o
©
@

0.9

0.85

0.8

0 0.1 0.2 03 0.4 0.5
delta

2D lattice circuit (n = 20)

R(8) is independent of the circuit size n.
The deviation in R(6) decreases as n increases.
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normalized R

0.85

0.8

y =-0.7026x% + 0.0505x% + 0.9988

1] 0.1 0.2 0.3
delta

04 05

Resistance R reduces with §2.
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S5 L5 [E RO £ KiEH

When &,,8,~N'(0,82), § <1

1 1 61+ 6, r+0; r+6,
R‘ﬁﬁ{”T}
r+d; r+6,
T
E[R]| = =
[R] ~

When §; + 6, = 0 is imposed in such a way that

81 =¢€,8, = —¢, e~N(0,62), SLr

. 1 r2 — g2
-1 L1 T or
7‘+51 r+62

r 1 r 82
~ 21 — _ _

ERl =5 —5 Elefl =5 -5

Homogenization of Soft Magnetic Composite

Topology Optimization Problem 1

Find a permeability distribution u(x) such that the macroscopic permeability
in a two-dimensional domain Q is maximized that is,

__Bil9
(u) = W)ds — max. B,
Q u(x)
subjected to
Q

1
o] Lp(x)dS < po

w(x) = pp ()P + uo{l — p(x)3?

p=2
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__Homogenization of Soft Magnetic Composite 44

Topology Optimization Problem 2

Find a permeability distribution x(x) such that the macroscopic permeability
in a two-dimensional domain () is maximized and loss is eddy current loss is
minimized that is,

B§ 19|

= . atw =0
() f BZ(x) s — max. w B,
Q p(x)
2
Pe = Re| jw —— | » min. atw = we #0 Q
2(p1)
BO
1
subjected to —f p(x)dS < py
191 Jg

u(x) = pp(x)? + po{l — p(x)3?
a(x) = ap(x)P + ap{1 — p(x)}P
p=2

Homogenization of Soft Magnetic Composite 45
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Conclusions 46
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

Application of continued fraction to

homogenization method
in numerical analysis of the electromagnetic fields

Shingo HIRUMA
Kyoto University, Japan

In the numerical analysis of the electromagnetic fields, the materials such as magnetic
steel sheets, coils, and soft magnetic composites are sometimes modeled as bulk mate-
rials to reduce the number of unknowns and computational costs. Since this kind of
modeling loses information about the field distribution in the materials, it is difficult
to compute the losses in the material. The homogenization method aims at obtaining
the macroscopic property of such materials to calculate the losses. In some cases, the
analytical expression of the macroscopic property is obtained from the analytical solu-
tion of Maxwell” s equations, which is the frequency-dependent complex function. The
continued fraction expansion of the macroscopic property leads to the Cauer equivalent
circuit. The continued fraction expansion can be formulated more generally through
orthogonal basis generation of the solution space. The error of the equivalent circuit
is obtained by considering the geometrical relationship between the dual formulation
of Maxwell * s equations.
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Controllable surfaces challenging from robotics

Noriyasu IWAMOTO
Shinshu University, Japan

Surfaces can model the outer layers of objects at various scales, such as buildings,
clothing, epidermis, and vesicles. In each of these fields, the ability to control its
shape is expected to be one of the research topics in the future, and the technology
of controllable surfaces will be helpful. This technology includes, for example, active
materials that are controllable by temperature and magnetic fields, and the number
of researches in robotics is steadily increasing. However, as in computer graphics,
scenarios in which the spatial position of a surface point can be directly manipulated
are limited. From a robotics perspective, the robot’s shape and the position of points
must be calculated from the robot’s state or control variables. This corresponds to
recovering the surface shape from its first and second fundamental quantities or from
the elongations of lines along the surface, which is not an easy calculation. To solve
this problem, we should not only develop the robot’s mechanism but also based on
mathematical concepts. In particular, we focus on the idea that the theory of robotic
surfaces can be simplified by assuming conformality in its local coordinate system. In
this talk, we will introduce two types of robots and one model developed in Actuated
Differentiable Manifold Laboratory [1]: a robotic S-isothermic surface [2], a boundary-
controlled robotic surface that mechanically solves Plateau’s problem, and a piecewise
constant mean curvature surface model. We also introduce the Willmore flow described
by mean curvature half-density [3], which is expected to be utilized as a feedback control
theory for the robotic surface.

REFERENCES

[1] Actuated Differentiable Manifold Laboratory, Shinshu University Web Page:
http://www.fiber.shinshu-u.ac.jp/iwamoto/index.html

[2] Noriyasu Iwamoto, Daiki Kusakabe, Takuya Umedachi, Planar Conformal Deformation of Robotic
S-Isothermic Surface, IEEE Robotics and Automation Letters, 7(4)(2022) 1153111536

[3] K. Crane, U. Pinkall, and P. Schéder, Robust Fairing via Conformal Curvature Flow ACM Trans-
actions on Graphics, 32(4)(2013)
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IMI WORKSHOP I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE III

September 8 - 10, 2022, West W1-D-413, Kyushu University, Fukuoka, Japan

Theory of elasticity on Riemannian manifolds and
its applications

Ryuichi TARUMI
Osaka University, Japan

The theory of elasticity is the mathematical basis for analyzing the mechanical prop-
erties of materials and structures. Recently, our research group has generalized the
theory from Euclidean spaces to Riemannian manifolds and then implemented it into
the numerical analysis. Elasticity on the Riemannian manifold enables us to analyze
the mechanical property of soft materials whose morphology is controlled by residual
stresses. In this study, we present a brief overview of the elasticity theory, implemen-
tation of the material point method, and some examples including plant morphology
analyses.
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Bubble casting soft robotics. Nature 599, 229-233 (2021)
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Material Point Method (MPM)
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Figure 7: An overview of the material point method (MPM). The top and the bottom rows are steps that operate on particles while the middle,
depicts grid-based operations

A material point method for snow simulation
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Material Point Method (MPM)

Mapping from particles to grids

Material Point Method (MPM)

Hybrid Continuum Mechanics

Deborah Sulsky, Shi-Jian Zhou and Howard L.Schreyer
Application of a particle-in-cell method to solid mechanics
Computer Physics Communications, 87, Pages 236-252 (1995).
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Continuum mechanics of crystals with dislocations:

differential geometry and numerical analysis
based on calculus of variations

Shunsuke KOBAYASHI
Osaka University, Japan

Dislocations in crystalline materials are linear lattice defects that play a central role in
the plastic deformations and the strength of materials. Various studies have been con-
ducted focusing on the geometrical characteristics of dislocations and their influence on
the mechanical properties of materials. The theory of continuous distribution of dis-
locations is one such attempt to introduce defect structures into continuum mechanics
analysis by considering dislocations as tensor fields on smooth manifolds. This theory,
proposed independently by Kondo [1], Bilby et al. [2] and Kroner and Seeger [3] in the
1950s, was the first attempt to incorporate differential geometry into continuum me-
chanics to describe the natural state of a crystal, a seemingly contradictory state that
is stress-free but contains dislocations. Amari subsequently brought these independent
studies together in a unified manner, focusing on the theory of distant parallelism [4].
The natural state is described as a smooth manifold with a Riemann metric and an
affine connection, but it is generally characterized by the fact that it cannot be iso-
metrically embedded in three-dimensional Euclidean space. The state of a real crystal
with internal stress is obtained by embedding this natural state in Euclidean space.
While such attempts have been greatly advanced in subsequent studies, it is difficult to
directly determine this natural state for the complex dislocation distribution observed
in real crystals.

In this study, we developed a method for determining the natural state of crystals
for arbitrary dislocation distributions using an approach based on continuous distribu-
tion dislocation theory and the calculus of variations. In this method, Cartan’s first
structure equation and Helmholtz decomposition are used in the construction of the
variational problem [5,6]. The natural state of the crystal can be calculated directly
from the solution to this problem. To verify the validity of the framework developed
here, we performed numerical analyses for several dislocation distributions. The me-
chanical state of the crystal including dislocations can be calculated by embedding the
natural state into a three-dimensional Euclidean space.
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Mathematical research on real-world problems is an
educational program for doctorate course students

in FMSP of the University of Tokyo :
Coordination sequences of crystals are of
quasi-polynomial type

Junichi NAKAGAWA
The University of Tokyo, Japan

Mathematical research on real-world problems is an educational program for doc-
torate course students in FMSP (Leading Graduate Course Frontiers of Mathematical
Science and Physics) of the University of Tokyo. The academic-Industry collaboration
Program ‘ Mathematical Innovation in Data Science ~ has started up in April 2018
provided Nippon Steel Corporation with funds, affiliated with the Graduate School of
Mathematical Science, the University of Tokyo has proposed themes for the program,
and provided several themes for doctoral students who mainly major in algebra or
geometry.

The coordination sequences of periodic graphs are predicted to be of quasi-polynomial
type by Grosse-Kunstleve et al. (1996). After that, various mathematical methods to
calculate coordination sequences have been developed and they are actually calculated
in many specific cases as in the work of Conway & Sloane (1997), Eon (2002, 2012),
Goodman-Strauss & Sloane (2019), O’ Keeffe (1995, 1998), Shutov & Maleev (2018,
2019, 2020). And, we were able to give the affirmative answer [NSMN21] to the ques-
tion posed by Grosse-Kunstleve et al. [GKBS96] using monoid theory. On the other
hand, Crystals in real world are observed to be quasi-polynomial in many cases. In
SGW2022, we hope to study that what mathematical conditions on quasi-polynomial
type make it quasi-polynomial, in the view points of mathematics and numerical cal-
culation in graph theory.
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%n2+2 (n =0 mod4) T Y
o 0 o o |
QT A%
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[NSMN] . . 19
X1 :HDI~DYERAM

HERMALEONDTITIFELEAE FHEIHDZDZHDERTDH
I (Theorem 2.2) [=(V.E)V2Z57 L. HRwe VREAETS. Abel # H
BLICHBIEHLTWT BT/ HIERI S 7 THEHET5. 2Dk =, B
K1 Zyo = Z: ne #{yeV |dist(w.y) < n}
BEZERANTH S R F0ET L LTRSS AT
Zeo— Z: n— #{ye V| dist(vg,y) =n}

HIEZIEANTH 5. Bz e oEF oL RS 5. E5I12. b LY 7
[/HDBHEEZ | DULFkizunizoid. \_ﬂao)lsg’&‘fz&i%mftﬁ”i_té

'f‘d:Ea“z—j
I:=(V,E) BRI #4513 #E LR (RY)
R 1 n=20),
FALE ) =0
G = RZ‘ Sp = 5?’1 5 (n > U. Odd],
H=27%cg, %n—l (n > 0: even),
BRI T E RSk
_ 148z+3224223
S = TA—2)2(0ta)
FaV/H~{A B,C} AR 7 7
[NSMN] 20

TRDOF CH O i Z K72 L 72D 1dE /7 4 F O

HERDFEEETHONTWAETFREL FARX K BA W ATETH Y, WH -
PR B O ZERE O RIRA R O BEGIEAE & L CHRIE L T E W HIFERA A E »,

RN OBANEEL + FRE, COREISALTERTEED.
ESLRYF

[NSMN]
Definition A.1. (1) A monoid is a set Al with a binary operation + with the

following three conditions:

e (a+b)+c=a+ (b+c) holds for a,b,c € M. mxfE&E|
e a+b=>0b+a holds for any a.b e M. w#it

e There exists an element 0 € M such that O+ a = a holds for any a € M.
BATELTOOTDEFAE

® L, DHERT D=l - IFHEL
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[NSMN] 21
EARICEDTFEIFTEDESH
BEir 51 [SO=1, sp=4n(n>1) J F—R)LE G:=R? H:=7?°cG

EZE .
BROUST T=(V,E)
= Vi=H, E:={(v,vte)lveV,i=12}e =(10)e, = (0,1),

BIS7ERERR VH~{0h=F <+— KRRFERDH

RBFEHBERE/ AR Mg = MpC Ly X L2
Ms = Z,{(1,(0,0)),(1,+(1,0)), (1, £(0,1))}  SEDERT

_ FERomSHFEL., 21 TIEA-(0,1)IZFEL,
VEPDERTTIHHE -(0,1) BUES0ICRES,

Ms = Zzo{ (1,-(0,1))}

Definition 2.8~ Let 5 he a subset of F. We define My € Z>o % G as the submonoid of

M1 Ziwg % G generated by the elements in the set
) ~ (1,-(0,1) G =0 7 dm = o
M; DESH p Ao :
S = (dot) € T X G 2 E Plog.0q..... vy, ) fOr some og.... . hyy E 5
= 202 with 0 € m < d and ag = oy '

Note that Mg admits a graded monoid structure by the first projection Mg — Zsy. ie.,

the degree of (d.x) € Mg is defined to be d

[NSMN] 22
EARICLDTFEFITIEDEHS
EEE’L& [S():l, Sp = 4n (n > 1) J 7—&)|/g§ G:= Rz, H:= ZZ cG

5% .
=t #BROIST  T=(V,E)

o Vi=H, E:={(v,vte)lveV,i=12}e = (1,0),e, = (0,1),
25 S2ERER V/H~{0}:=F
REAEERERE/ARH Mg = MpC Ty X 72

i ¢
s1=4 ‘ Ms = Z50{(1,(0,0)), (1, £(1.0)), (1, £(0,1))} 5ED4*RT
s, =8

i/ le‘ A f" r+ I
(Mg)g + (Mg)yr © (Ms) g4q7, d,d" € Zsg J

(Ms)1 + (Ms); © (Ms),,

Definition 2.8 ~ Let 5 he a subset of F. We define My € Z>y % G as the submonoid of

M1 Zzy % G generated by the elements in the set
Ms DEE () € Tuo X C € Plag,tvge, .., by, ) fOr some ag... .. hyy E 5
= 202 with 0 € m < d and ag = oy '

Note that Mg admits a graded monoid structure by the first projection Mg — Zsy. ie.,

the degree of (d.x) € Mg is defined to be d
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[NSMN]
BT STDRRRZMNIEEDEE (p15ERIOERT )

n=20),

sn=49n—3% (n>0:o0dd), HBROIST T =(V,E)
%n—l (n > 0: even), V:=HU@,1) + HU(0,1) + H
E:= {(Ul + h,VZ 4+ h), (VZ + h,v1 + h)l(vl,VZ) € Eo,h € H}
o Eo:={(0,£(1,1)),(0,(1,-1),(0,(0,-1), (0, (-1,-1)),(0,(1,-D)}
‘ony  BEIITERER AT OEHI3EE
V/H=HU ((1,1) + H)u ((0,1) + H) ~{A,B,C}:=F
,I_}\ s, ;ﬂﬁﬁ'%ﬁﬂ&ﬂiﬁk%/’ﬂ: MS‘\C Mg C Zsg X 72
/G_ Tap—
Mgy = Mgy = Zs0{(1,(0,0))} s= {A}, {4, C)DAERTT

My = Miapcy S={A4,B},{4,B,C}DERTT
\OL = Zs0 {(1,(0,0)),(2,£(2,0)),(2,£(0,2)), (2, £(2,2))}

23

Definition 2.8~ Let 5 he a subset of F. We define My € Z>o % G as the submonoid of
Zzy % G generated by the elements in the set
2=
Ms DEE () € Loy % C x € Plag, tiqe. .., (ry,) for some oy, .. ..r1,,,\é . ]
R =SR2 with 0€ m < d and ag =, ’
Note that Mg admits a graded monoid structure by the first projection Mg — Zsy. ie.,
the degree of (d. &) € Ms is defined to be d
o — . s o a 24
BT I7DRERRMNIEEDIGE
eI 85I L LR .
) ( 01) F—~LNB G:=R:, H=27cG
n=>0),

sn=2n—1 (n>0:0dd), HERDIST T =(V,E)
Sn—1 (n>0:even), V:=HU(1,1) + HU(0,1) + H
E:={(v; + h,v, + h), (v + h,v; + h)|(vy,v,) € Eg,h € H}
Eg:={(0,+(1,1)),(0,(1,-D),(0,(0,-D),(0,(-1,-1)),(0,(1,-1))}
BEISIERER
V/H=HU ((1,1) + H)u ((0,1) + H) ~ {A,B,C}=F
RBHEFRERE/AR Mg € My C Zyg X 72
< Mgy = Mpaey = Zs0{(1,(0,0))} S={A},{4, CYDERKT

- “p 9 ., ,,"/
/ / Miapy = M{apc) S={4,B},{A,B,CYDHERTT
i P = I {(1,(0,0)), (2. £(20)), (2,£(0.2)), (2, £(2.2))}

(Macy), + Macy), % Mue),  BEE. (M), SB5ET 53 RBERET DBENH D0

E/ARDFEEHLEE + | BT LA
(Mg)gq + (Ms) 4 ¢ (Ms) gra, d,d" € Zsy J
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BYSTORERNIBEDIES 2
n=1>.0),

sn=49n—3% (n>0:o0dd), HERNDIST T =(V,E)
%n —1 (n>0:even), V:=HU@,1) + HU(0,1) + H
E:= {(Ul + h,vZ + h), (VZ + h,Vl + h)l(vl,VZ) € Eo,h € H}

Ep:={(0,£(1,1)),(0,(1,-D),(0,(0,-D),(0,(-1,-D),(0,(1,-1)}
B Z7LREKR

“sHin A V/H=HU ((1,1) + H) U ((0,1) + H) ~ {4,B,C}:=F
TERAMD s . .
“TEACDE! R E 3 REFERRERE/AR Mg € Mp C Zy X 72

My = Miacy = Z0{(1,(0,0))}

. / M8y = M{ap,c
N\ N = Iso {(1,(0,0)), (2, £(2.0)), (2. £(0,2)), (2, +(2.2))}

-

R ERBAEBE/ AL L OEBERFME XF E/AEMBEEE+ 18]
Bl: XAC, = Muaey + Zoo{(1,(0,- 1)} (Mg)g + (Xs‘"ﬁ)d, c (X;"ﬁ)dm,' 4 d €T

[ =/ qrma
ye=ap=c _|( da+x
S={AC} T |\E Zyo XV
x € P(agy, ay -+, a,y,) for some ag, -, @y € S
with0 <m < d,and ay = ay,.

x € P(ag, ay,,a,)with0 <m <d,
ap=a,am =B, and S = {ag, a; -, )}

E/AK Mspae) = {(@) € 7o X G 72011, 00))

B I7DRRRNIBEDES 26
BB 5 ER

1 ( 0) T7—RNILE G:=R?, H:=27?>cG
n=10),

sn=2n—1 (n>0:0dd), HROIST T'=(V,E)
Sn—1 (n>0:even), V:=HU(1,1) + HU(0,1) + H
E:={(v; + h,v, + h), vy + h,v; + h)|(vy,v,) € Ey,h € H}

Eg:={(0,+(1,1)),(0,(1,-D),(0,(0,-D),(0,(-1,-1)),(0,(1,-1))}
BUI7ERER
V/H=HU (L) +H)u ((0,1) + H) ~{A,B,C}:=F
REUFEHREKE/AR Mg € My C Zyg X 72

May = Macy = Z=o{(1,(0,0))} E/ARDERT

i_‘_’\\‘ p _ M{A,B} = M{A,B,C}
o o =7, {(1,(0,0)), (2, £(2,0)),(2,£(0,2)), (2, +(2,2))}

RYHEHRERE/A Pio)’ﬁ'ﬂﬂiﬁmﬂﬁ X$Ps X0 X X Xlilen X, X0, Xy Xn
Xy =My +{(0,(0,0)}, Xit=Mue +{2.00) XA = Mug +{(10,-D)}

XG5 = Mg +{(1,£,D), (1,1, -1)}

XG5 o = Muge +{(2(-1,-1),(3,(1,+1)), (4,3, £1)), (4, (33))} E/ANMEDERT

.
XES 0 = Muase +{(2,00,-D), (2.2, 4D),(3,0,1), (3,(0,-3)), (3, (-2,-1), (3,(~2,-3)),} @its@
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[NSMN] EEEADEF 2

AEHREE
X)) =| |Xs)y = #(X); = (—1)#A+1#< (Xs)i> ~  &AC P(F)IZDNT #( (Xs)i>
P:F DAXES MNELERETHLIEETEEELL

Proof of Theorem 2.2.  For an element o € F, put A, :== {S C F' | 0,0 € S} and write

P(A,) for its power set. Then Lemma 2.8 and the inclusion-exclusion principle imply

#e e V| dist(0,2) <d} = D #(X")a

wassooRaEn o\ REEERERE/ARD
=S #( U e ) ST ERRE R (e
acl S€Aq -ttt TTT s T T
! |
Ty ceb(nens).
a€F AEP(Aa) : SeA :
Hence it is enough to show that the function : ﬂ Mg MSHBRER :
P sea '

_Br

Lo A+ Z?() —_— Z. d — # m (Xlg.a d'
S ZOENAILNER I ESERD
is of quasi-polynomial tvpe. Bruns & Gubeladze, 2009, Theorems 6.38 and 6.39

. IREDFERDE =T NEEMAEINDOBFRIEHEE? 28

REDERDEMBINDAEHERSLESEAXBIYBORFNERHTHD
EZERITGEOTLHIEENSLY,

gﬁggﬁ]%g@ E_n1+§rr+9; (m=1 mod3)
o ]
d‘ P sp-neo () ﬁn"—ln 4—E (n=2 mod3)
58 CE - TR
242 2 3
E"‘S‘?ﬁ < ome 5" (n=0 mod3)
@ o — O %n: —% (n = 1,3 mod4)
0 o Scaci(m) =61 +2 l_ ee | szmolnd %H: —-% (n =2 mod4)
223 (n=0 modd)
}f} Snaci(r)=4n"+2 8
| c ! En: —.é (=1 mod2)
‘. ST||(I!J Snt+2 | E | Sgrskn) = 2 2
0—’: ;n:+2 (n=0 mod2)
| aadl
(FIREEX ]

HEELEDEROER MMETFOBERRARS B |'+7!ETI3E"‘B§%%AFJ IMJ:GDJ:DE
HEPRRRBEMA S L. BRI ETI AN
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AE—b9 BIRFCTERMABMINNELLST—R J
9 3
. -n?+= (n=1 mod 2)
Nifis NIEFMDRE—k =45 2
Enz +2 (n =0 mod 2)

92+3 = odd mod 4
2n 2(n—o mod 4)

AsRF D RE— Sn = gnz (n =2 mod 4)

9
En2+2(n=0 mod 4)

BRGNS ESERRIHEEr—R

5 3
=n? +5 (n = odd)

CuO (II) 2
5
ORFMibRE—hk Sp = 3 5"2 +2 (n =0 mod4)
5 2
Sn (n =2 mod 4)

5 3
—n? +3 (n = odd)

CUEFMDLRE—F 5, = { 2

5
Enz +2(n=-even,n=>4)

sowa02 HEARE
7. X 73
Cu (01(01010))
g@ﬁﬁmtﬁé (1,(0,0,0))
AFEFED IR FEERZ o (2,(0,0,0)
O (3,(0,0,0)
0,1,2,3% FATHET HLcoverTES

|

TOIDCURFEEN->TLDAEDORF
(3,(-1,0,-1)),(3,(-1,0,0)),(2,(0,0,0)),(2,(0,0,-1))

MIDCuRFERMN>TNDAMEDORF
(2,(0,0,0)),(2,(0,-1,0)),(3,(0,0,0)),(3,(0,-1,0))

M21DORFEEIN>TLNBAEDCUREF
(0,(0,0,0)),(0,(0,0,1)),(1,(0,0,0)),(1,(0,1,0))

MB1NORFEEMN>TLBAEDCUREF
(1,(0,0,0)),(1,(0,1,0)),(0,(1,0,0)),(0,(1,0,1))
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SGW2022

31

AERe cs20T
Cu0 O0RAZ—k s0=1
s1=4 s11=304
( 5 3 s2=10 s12=362
—n?+ = (n= odd) s3=24 s13=424
: 2 2 s4=42 $14=490
s =4 2.2 _ $5=64 5s15=564
n > n“+ 2 (n=0 mod4) <690 o
5 s7=124 s17=724
2 _
| 37 (m=2 mod4) $8=162 518=810
#LIER $9=204 $19=904
$10=250 $20=1002
. x64+2x% +3x*+8x3+3x2+ 2x + 1
B = y !
(1-x)30+x)1+x2)
32
SGW2022
R cs20FT
Cu0 CuRZ—h s0=1
s1=4 s11=304
s2=10 s12=362
Enz +E (n = odd) s3=24 s13=424
s = ] 2 2 s4=42 s14=492
n
S, _ $5=64 s15=564
2n +2(n=-even,n = 4) 692 <16-642
. - s7=124 s17=724
BERAE 96 518=812
$9=204 $19=904
$10=252 $20=1002
BRAMOLTFO
2 RBORHBD
) 2x0— x% + x*+ 6x34+ 2x%+ 2x + 1 AFEEDLEND
BR%= 1-x)31+x)
x*+2x3+4x% +2x + 1

=—2x%+

(1-x)31+x)
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WiE ME-HHEZOME = HPEOME +HFEONE = HEME~DHEMNY 33

OEEXR MBI EI DR EIRE (RASG2013)
HERIAIILT—DEELT R FHELIZS (Growth) THhHZ ENVHIBR

QIBEHE S DELIET L IEBR (SGW2014)
REDERZDE S NELZERIZHE-TLNSZEAHIBA

QERI T D F MM E DARICHEF CRAFMSPH S HIREHMZ 2016~)

ME - M EORENSHEDEBHREN

(&) [NSMN]Coordination sequences of crystals are of quasi-polynomial type, Acta Cryst A. (2021).
BRI STDERMUBINNEZERE THAZENHERNIZERASH ., FERFOHECHIR

ORI DHE A EICEREZH T HFEREICETF (HA5G2022.1)
L ERER S TFuture WorklZL TLWV=MRIZEF

OBEEDFERZTEIBIN TV DERAIE5] D 8914 B D Study (SGW2022)
[(BIESTE] REOEROEMBIIEIELZIER(ZHE>TNSREEANZL,
EDI S ETRBEEMADERMUBINNEZIEXENSEZIBRIZHDLEA5M0?
B Gr.l: #ERITSTDBRMEMIFAENDIVE1—40—FE2E2ELIREOHE R DE LTI D
=<} ATEMNHEDRSITH o=, CuOITEZIERE THY . EREEHORFEIF2(3THLC 4
Gr.2: ERAIEIDOFEHRENENIETORYN T —IBEDE-T REELEZ MO,
BEIZEET 2Ry T—I1EE GEEEIREICHE ?) DHEHAR~D BEHREHAEF

Future work DfEREE (RFOEE)RTEICEAT HIEEREA
HEMERREDIEERE, RybD—IBERE. th. ME -MHIBOEE~DLFEH
ERIEA-HEMEORE -EILZH8EF !
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