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1. EFHZFICIT S von Neumann DAER

ARTlE, 1932 4EI2FF Z 1172 von Neumann [1] 12 X 2 E T /122N R Z2RET
. L, MIEICHE ) IREEMICE T 2 208 (KEWHEMEIGH) 3&a v, Z2h
5%, UATokIyicdrRens,

AE Q1 RELVES). TEOETHR S ITE, SOREBER LTINS, 5
Hilbert 22/ H 255G T %, S OIREE 121, H LOEEEHAENNIGL, S OYEBE
%, H EoHCEEEREIRNIGT 5.

8. EHEMR R ORLLVESGO2NKE%EZ BR), R EOGARFVVEED2E%E
B(R) ¢#£7. HOEEMEHE X DAY FAVHIEZ EX(A) (A € B(R)) TET. £
BOFEHr e RIINLT, EX(2) = EX((—00,2]), PX(z) = EX({x}) LEX<.

2 Q2 (Born DIFETAN). (LEOYHLE A ITLEDOIREE p CHIENTEET, Z Ol
Al x DHERSAIZRATHEZ NS, ZnzYHE ADIRE p IoB 1 2 RS L
LN

Pr{x € Allo} = TH[E*(A))] (A € BR)).

NI Q3 (BHEFRE). 7S 1%, WAt 25 t + 7 O, (RFHICHRTEE L %42\ >) Hamiltonian
HZLOIHRETSH, bL, RSVt TREp(t) ILhH 2201, Rt +7I1C8
J2%S DRE p(t +7) ERATEZ SN,

p(t + 7_) _ €7iTH/ﬁp(t)6iTH/h.

NE Q4 (BHFR). H ZIREEEBIET2%S, & K 2IREEB ET 2% S, DERFR
S=S,+S, DIRFEEERIZT VYL HRIK TH5EZ6h, S, DWHE A1 S oYl
BAQI LA—HIN, S, OYPHEBIZSOYHEB I B LHE—HINS,

2. BRIEEAVARILXAY b

5. 7c(H) THED ML —R7 7 ZEMEDOZREMZ RS, L(rc(H)) Tre(H) b
DE SR E D22 2 KT, M, Tn XITHIBRZ2 £ T, id, TM, LOEEGHREZH
by,

EFE. T € Lite(H)F, EEDOn=1,2,...12VT, T®id, B7c(H)®@ M, D
EEEHRTH 5 L &, TRIEEEKRETIEN S,



;5. CP(1c(H)) Tre(H) hOBAEEBR DM %2 KT

TR (BREBEAVANLAY FOERE [2,3]). AL R H IS 25EL2IE
ECP)AYARLAY N LR, CP(te(H)) Iz RS, SafEHZEMAH CMERTEEN 72
R LD Borel HIETIZ(R) L —RZ2HET 25D TH 5.

Thbb, T:BR)—= Lire(H)BCPA Y AMLAY FTHB EIF, ROEKMLED
RO ETH B,

(i) SERIEEM TED A € B(R) I LT, Z(A) iE 7e(H) LOFEIEEGHRTH 5.

(i) ATEMEY : HLIcZb o R WIlA,, ... A, ... € BR) EERED p € 7e(H) 1T
XL CREADIE D 3,

I(U Aj)p = ZI(AJ')/)-

(iii) BRI : (TR D p € 7e(H) IS8 L TRADHD 32D,
Tr[Z(R)p] = Tr[p].

3. EFHEDEEETIV

& GAEBEOEE(3]). M= (K,6U M) »HERE (13, MHEIEE
FTIL) THH LR, UTOFEMEE2HLTILEE2F).

() K & Hilbert Z2ft] (70— 7 DIREZREZET) |

(i) EF K IKET 2HMR7 by (Fa—7ouREEZ£T) |

(i) Ul Ho K Lox=% V{EHFE EHAERIC X 2EREEZRT) .

(v) M 1 K Lo HCHEERE (X = —PilEs2£T) .

ER OMEEEM = (K, &,U,M) &, XOMlED7a balzeET UbLzbDT
b5, WEE, eV FEEH ZRONRS L)L FERC Z2F > 7a—7P
DL 0 2> 5 K% At £ TOMBEMEHTITbN, ERRZI0ICET 2 7 u—7DIRE, U
FHEZ 0 2 S At £ TOARBE S + P ORBIFIEZ £, HIEMIX, B AL ICE
27— ET A=Y —HE M ZHETLLICLhEOND,

T (R2EEAYAMNAY NORBER [3]) . EEOMBMEET VM =
(K, &,U M) 1%, Bt

€] I(A)p = Tex[U(p @ )NV @ B (A))].

TCCPAYVAIMUVAYVIET (MDA YARILAYFEREINDG) BED, RO HIME:
Bz,
() HA9H . Pri{xe Alp} = Tr[Z(A)p].

(if) REFTEEIRE ©  peen) = Tﬁ%p}

WIZ, TRTDOCPA VAPV A Y FTIE, () 27T HLHENEE TV (K, €U, M)
2RO,

EE M= (KLU M) 2RSS 2HERBRETS. ZDLE, RSOMEED
PR X ICHLT, X(0) =X, X(A)=U(Xo U £EL, P OEEOYH



HYICHLTY0)=IeY,Y(A) =U(IeY)U ££T. MO POVMII %
) (A) = Tre[EYA(A)T @ [€)(E)] (A € B(R))

TEFRT S, 22T, Treld, K EOWHFL—2%FKT, MDOPOVMILIZ k->T, Hl
EMEOMER A HEDHII346) D3,

3) Pr{x € Allp} = Tr[II(A)p].
EEIND, EEDOFEB x e RICHLT, I(z) =T1I((—o0,x]) &&EX.

4. HHERAE D ZRFIGFHIRBRE

EE (HHMNEREDESR 4,5]) £H O OEZEEBHAEALRQICL>T
WE (e 254,

4) N=Q-06

REELIES, —MIC, © & QIIMEREEKT, u(dl,dw) % 0,Q DFEGTERIME
%, N OYYWN 7 iE%Z FHFRE L FERDS, B P E0iAE L AOBEAEDHEK L
THADE G, Laplace [4] (&, N Do), $ExdFEHRE

s) £1(2,0) = (V) / 10— wl j(dh, duo)

ZIREL D, Z0DWH, Gauss[5] 2, ZERFEHRELREL, ZOVHBRTHLTE
EHEARBRED, SHE TP EOEENER L IN TV

1/2 1/2
©6) — (N2)Y (// w — 0)u(do, dw))
T2

ZOfE, FEAHERSA w(dy, dd) 2 TRE S DT, BIT

N/ —

LEET D,

5. ELWHEBAIEE (F?

& (ERCHEAEOER) . AR 0 off (Hoft) #EEEHIRAZRQD
fii GAEfE) 1<k > THIET 2846, ROBGBEY > L E, ERBAETHS L
J.
®) Pr{Q =0} :=u({(f,w) e R* |0 =w}) =1.

B (HEIFEFHIFEARRBEORESM - T2M) . HoOfl & HEMEIREAHER I u
Z b OMEDEMETD 2 1D DRBEFZFME, cq(p) =0TH 5.

FIEEA.
ca(p)? = // (w—0)*u(do, dw)
{(0.0)ET2]0 74w}

il

oW,



6. REEV ICHITDYIEE X, Y OEAESESI R EIL?

EE (EFESHEERIHBOERE6]) . WHE XY, RE ), R? LOF L IVHEEH
B G A ST b X, EROERE L VB £, 1o LT, BRIERE F(X), g(Y)
DIEFED LI p(£(X), g(YV)) IR LT,

) Tr[p(f( t/)iz p(dx, dy)

DIRD LD S1E, p2REp ICB T 2R XY OBEEERD R LTS

TR (RBEENTREEOER) . WHE XY, REpBLEZ 6N L E, FED
FH o,y c RICNLT, [EX(x),EY(y)] =02 H322% 61, REpIcBLTX &
Y 3AHETHS (X «,V) £FI.

EE (REEXRSHOGFETE(6]) . REpIcK T 2YWEHE XY ORGTHERY
DEIET 2720 DB 5L, XY 23 p CHHETHE I L THB. HIHRXK
LD EE, U, pA XY OREEGREOHELADOEDRATH S I L LFAGET
b5,

7. EFEEHEE

TR (EFTLHEBEOER [7]) . WHE XY PRE p it TELEET S
(X =,Y) &3, AﬁF-@&%fﬂWﬂMﬁﬂD}_Oﬁﬁbio_kfﬁ%
EE. HOWIEA S DELHZERZ S+ oY, WILE X LIRE p TRS 12 K(E
EBrEM %

(10) C(X,p) == {f(X)¥ € H| f € B(R),¥ € ran(p)}*
LEET D,
EE (EFELHEEOBBILER (7). WHE XY, REpICNLT, XRO%&MIZ
el
i X=,Y.
(i) X,Y 2% p CHHET, Z DFEEMERIA 1 b p({(z,y) € R? |z = y}) = 1 2l
7.

(iii) X & p CES N KEERIZEM C(X, p) KB T A2 EEOREp I LT, X &
Y OWERDNAGD T 5, Thbb,

(¥, EX(2)) = (¢, B (2)) (z € R).

YrsiE X DSHERCCIREE p 23R 7 R OVIREE p = |U) (V]| DEAIE, RO L HIFfEIC
5.

(v) Uk X &Y OM#EOFEAMHICN T 2 FKEEX 7 P LoERAeDY, T4b

B, V=3 qc|lX=1Y=u).

V) Y enm[PX(2) A PY (2)]¥ = .

T (EFTLEEOEBY (7). BIR =, ZFHMEBRTH D, L hbiF, #HENT
b2, Thbt, X=Y»r2Y=,2%6F X=,2.



8. ELWEFAIFE & (X?

EE (FESIEDESR (7). MEHEET LM = (K,6,U,M) Z8FoHE»% S
DR Y IZB TR ADIEER GELWBIETH 2 L1k, REBYEITEWT
A0)=A® I & M(A) =U(Te MU PRTESMEETZILETHSE, Thbb,

(11 A(0) =yoe M(AD).

ER. MEDIE L W» & gHllEY L E ORI & HE M OMER ST 523,
COZERHENIEL W I EDREFMETH > T, PaFRMFICERS Zw,

EE (EEGHEORHILEIR 1 [7) MESEE TV M = (K, &, U, M) 23% S DIR
pICBOTYRER ADIEL WHlETH % 720 DLE5504:1%, TED Y € C(A,)p)
BT, HEMEOHERSAVPEMEROMWERIMEZHETL L THS

(¥, EA2)y) = (0, T(x)y) (v € C(4, p).

L7235 TC, TREDOIREpIcBTYliE ADIEL WHIETH % 72 0 DME+43 50
1, HIED POVM 3BLE A D AR VI T3 2 ETHB 11 =FA

EIE, (ERSAEORBILER 2 [7) HEEHEET T VM = (K,& U, M) 235% S D
TREE ) IZB W THEIIIBEE A DIE L WHlETH 5 72D DMTEA+3 51, o LTER
L7z, ADEEDEAREN U I X > CTH—DEAMEICNT 5 T @ M OEAFIREC
EIN3Z EThH3. D%,

(6, 0) 0D Ap=ap %5513 (I @ MU(p®E&) =al(p ).

N

H
JEF

=
o
Iz

9. BIEEDERAIE IR
ROIRERE K.
o S: HHHIER. Hilbert 2[E] H THEI N3,
e E: TR 2. Hilbert 5[] K TE I N 5.
o A: 2 S OHHHIEYFE,
o My, My: BREER E BT 2 A\ A[ffale X — ¥ Wi, ZZRIMNICEEN /- A D
BUHIE IR 5
o BRONHFIEZRT HRK LD =F VEHLU ) 1ZRDNAL LY L7 {E
FHFE A(0), Mj(AL), (j=1,2) (0 < Ab), ZED 5,
(12) A(0) = A®I,
(13) M;(At) = U(AH)(I @ M;)U(At).
o) L (EZRFZS LERBIRE OYIHIRIEL T 5.
ZDEE, INTNOBMIEZD POVM XA TERIND,

(14) I0;(x) = (¢|PM O (x)|¢).
FDIRFE ¢ 1B TEHIE 13 HEE « 2 ROMELRTE 3,
(15) Pr{M;(t) = x| ® £} = (P[IL;(x)[¢)).



RDOREZZNT 5 ANOBHIZ IR A DMESHZIEL (BT 5, T4hb
5, EEDIREE ¢ ITR LT,

(16) Pr{M;(t) = 2l|¢: ® £} = Pr{A(0) = x|y ® £}.
Y oT, RADIRY 7.
(17) I(z) = P4(x).

My (t) & My(t) \Z A7 DT, WIWHRGE © @ £ ITE T 2 206 ORI AHERIAG D
9 5,
(18)  Pr{Mi(t) =z, My(t) = yllv ® &} = (¥ @ [P O (2) PO (y) |y & €).

L7235 T, B HHER LOMEATEXRBSELMHBEZ R T, Bhzikd 3 LT
&5, ZOF, ROEHDEKY D,

EE. CAEMEOEHBEMIIMETEIE (8) FH—oWiE A %2 AOBHEIHET 2
L, ZRNEFNOMEMIZ—KTS 2 £y oid

Pr{M(t) =z, My(t) = y[[ ® £} = 0.

fEEA. X (17) & EtERE DR EULERE 1 225

(19) My(t) =ypge A0) 222 A(0) =yee Ma(t).
wm SR OHEE D 5

(20) M () =poe Ma(t).

L7eioT, v#y%o6lE

@2 Pr{My(t) = z, My(t) = ylly ® £} = 0
DI 37D,

10. ZRFFHARBREMSOEFUENDILER

EE. Hilbert 22[H] H ZRAEZEM L § 5% S OYWHE A DOMIEICET 2 HEHE €
FIUM = (K,&,U, M) 52607k %,

(22) A0)=A®I, M0)=I®M, M(At)=U(I® MU
£9%,
REMERRZ
(23) N(A,M) = M(7) — A(0)
LEHET .
%S DIRME Y THIEZITR ) L &, ZO_FVHTHIR
(24) eno(A,¥) = (¥ @ EIN(A, M)y @ €)'

%% S DIRFE ¢ ICB T 2EEMHHRIC L 2 EF ZFFIITAIRBRE LTS,



1. BEEARICE P2 EF _RFHTEHIBEEDHE
A(0) & M(At) 23n[H7e & 21k, REY @ EITBIT S A0) & M(At) DRSETER
A pao),e(an (0, w) DFAET 5.,
(25) faoyaran (0, w) = (¥ @ &, EAO(0) EMA) (w)y @ €)

0L, REY @ITBT 2 EOME A0) & HIEE M(At) DFSATERD i DS
ET50T, HWAEERZ®EAL T,

(26) eq(faq),m(ar)

B2 OWED "I FIREE L EZ 5N S,
EE, (WDERE [7,9]) BAEEHRIC X 2B I GIRERAIR, ZoERE
BOMT,

eno(A,¥) = ea(pa),mar)

NI RYASR
T, fIHMIED 2 A(0) & M(AL) 2T & 21F, #MESL 0 THIENEL
(BWIGEEDRH 5.

12. MEERRICLDIHREDEERLEDTHEVI

Q7 A=

ELT, A0)=A I ZHET2RODICMAL) =M eI ZHEHNET 2T L%
E2bL,

(28) eno(A, ¥) = [|[AY — My ||

HIR D V7 B,

(29) eno(A,¢) =0

LB,

(30) (WIPA2)) =1/2, (Y|PY(2)[¢) =0.

&0, BHEYIEOMERS M L WEMOMERD B L 2T, HEIXIEMHET
X720,



13. EF2EFYFAHIRRE

IRAE o ICB O CHIBZEHIE T TV M IC X 28 E A OJIEICEIT 2 &1 2 TPF
TR R I e(A, 0, M) R L, 20D TRELEEEET S,

() (BREMEERTTEEM) (A, ¢, M) 1E, FEHEE 7V M OMIEMEDMEHR S %
ED 5 POVM I, #EHIER A, #EHERE IS X > TERBETH 5.

(D) (RISRIEE) A(0) & M(At) DREAHERDIA p(z,y) DFAETIUE, LK 2 3
SRS E T3, Thbb,

€(A’ wa M) = /’LG(M)

N RYASR

(D) (fB2t) MREEET T MIC X IR ¢ I 1T 2 YR A OMIED IEE 2
5I1F, (A, M) = 058D 3D,

av) (GE2M) (A, v, M) =020 XHEEHEE TV MICX2RE BT
HE A DOMEIZIEHTH 5,

EE, (B2 [9]) i FHFERE T 2 TP IRRE eno (A, 1, M) £, (D—(ID)
DEMZHIT T, FEAMERDIMHPFETIUL, AV) DR O3 MITIE AV) 1D
ST TR,

B & EE DR AHERSA DAL L e WIS IS EHEIC L 2 EF2 V) W
FTIUT VL ?

TR BA—KREF2EFHIFARBELRD LI ICELT 2.

31 Z(A,¢) =supeno(A, e_itAw).

teR
DI, enolA, e Ay HERETOTFAILEILE, T OERD S REAHERN A 1 h5TF
ET g
(32) E(AY) = enolA, ¥) = £(A, )

NP ARVASR

RDOEIHDIR D 37D,

EE (BAi—REF2FFIFEARBREDOELSN - T2 [9). HEMEE TV M,
e A, REE IS LT, ROGHEDEK D 3D,

() AT —HRET 2 TV PR (A, M) 1, (D)-1V) DEMAZ TR,
(i) A(0) & M(At) DRSETERIIMOEE T UL,

Z(A, ¢, M) = eno(A, ¥, M)

N A RVASR
(i) A(0)2 = M(At)2 =T%61F

Z(A, ¢, M) = eno(A, 1, M)
DR D 3.



14. FILWEREIC K DFEEERE

EE. UTFTIR, —BoBBEHEET VM= (K,[),U M)IZX3 AB DELIYFE
RRHIE & 1%, DB f, g 2T, (K, |6),U, f(M)) ICk>TAZHEL, RIS
(I, 16), U, g(MN 12k >TBZMET 25D LTS, ZOHEDZNZTNOWEREIL
RDEHITEFRIND,

D) ATHREEDSR T OVIREE o D

(33) eno(A,¥) = ||[f(M (A1) — A0)](v @ &)]|-
(34) eno(B, ) = [|[[g(M(At)) — B(O)l(y @ &)
35) g(A, ) = ig]}?)»sNo(A,e’“Aw).

(36) aB#ﬂ=i£€MﬂBﬂ%w¢)

(I) AJPREEDEEFHZE p THA 6N 554G

(37) eno(A, p) = [[[f(M(At)) — A(0)](v/p @ [§) (D) as-
(38) eno(B, p) = [|[g(M(At)) — B(0)](v/p @ [§) ()] s
(39) E(A,p)::SUPENO(Aﬁe_”Ape”A)

(40) (B, p) = supeno(B, e "Ppe'P).

ten
NS ITH L TRDOIEDAEEVERIR DR D 37,
I, (FARFAEREDREELR®R [9-12]). A BZRSOYHELL, c =cno
Flhliey=2E7 5.
(D) ATTIREEDS N 7 R VIREE © DB

Cap = §| (V[[A, Bl[¥) |
EECLE, ROBURDIELD 3D,
(i) e(A)e(B) + 0(B)e(A) + o(A)e(B )> Cas.
(i) 0(B)%e(A)? + o(A)%e(B)? + 2e(A)e(B)4/o(A —C4p > C%p.
anlﬂ%%ﬁ%ﬁﬁm%pﬁézéhéﬁA.
Dy = [Trl|\/plA, BV
EBLE, ROBRHIRD D,
(i) e(A)e(B) + o(B)e(A) + 0(A)e(B) = Dap-
(i) 0(B)%(A)? + o(A)%e(B)? +2¢(A)e(B)/o(A — D%, > D%p.
15. RGA—FREIHICL B/A—KRETF 2 R FIIFHIRBREDRE
%12 fiTl,




10

LT, A0)= A ZHET3Rb DI MAD = M o T 2HENET 2T 7 L%
Erl, COEFLTR, BRSPS AR O LT,

@1) eno(A, ) =0

L0, BEE YR ORI L MR EOWERM DL 50T, MERE

MEHE TR e drotz, OFD, FHETIEEZETAHT Y P LTkl olkl LIl
5, ZORNIEAEZTRS 12O, EETR 7 7 A NVERETS L,

(42) eno(A, e ™) = 2|sint

BEoNE, LT,

43) (A, ) = supeno(A, e ) =
teR

HIE L LEGEREI% 5 2 5 [9].
ZDEHICAIIREE (1) = e Ay EALER 2 2 LICk D, BBRAEES BN R
Tid, W4 — v TRKRFEQE T4 % o 2 il T 2 € v Il ERcBil & L [13],
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1. it eic

AL 2022 4 7 AICBAfE X 7 THRERE - BFIE - $B BRI BlGR & FEBR~
HERE BTMmOBER KBWT, NMXIER 7Y v h2AT v TRTY +— 27 O Witten 1§
B DRA PILTHERLULZNEORITT. RFFEARIZEEIC 2021 FEICHM SN2
RIMS $FERFZE (REAY) TZRRZ ML - BELER E Z O] 2BV THHRKRZ LT
BY, AWEANEICE T 2 BH0IBORENTIHZIT (RIMS) 2338173 2 #8C TART
ETT. ZOMBTIAMEOERSL, MHORNOKEL LR GEZ LD THD
9. ZFITCARTEREZELZT, FICABOESERRE» LAY MLy 7 M
ERWT 2 00EEEWERARED ML —ZADFEZED 2R HICHALTE D 3.
ATV FRAT Yy TERFU =7 ZHET2EROENIIHARIGGED Ve BV E T

AWFIIE AT (BINKF) , HFEFER (BINKY) , Sl (uifsE
KD, MEBEERK (BMKY) L oHEFAMFLICEIZET

2. BAE
ZITE, IRIERT Yy bRT v TEFY 4 — 27 OBFNREEICOWTHAL
F9. AL MNER X FOFRERZEE B(X), vy 7Y p 7 7 AMEHFEE S,(X)
PERELET. B, S ML—2 7 S 2FRZE0LEEELET. HICEAEA
WL To(A)Z ADARZ bLE LET.
1 KIC 2 IRFE SSQW D B AL + 222 U T CTED T ¢

(1) H=12Z)®XZ), 1XZ):= {¢ Z—C Y )P < oo} .

z€Z

11



L%z P7Z) Lok 7 MERHZEL LTEDET

(2) L:1%(2) = 3(Z), (Ly)(x):=v(x+1), »el(2z), zcZ
a, b, p, g% P(Z) LOBIBIFERAZL L, UToRFZmMETELET.

(3) b(x), q(x) >0, a(x)*+bx)*=1, px)?+q)?=1 zcZ

LMD T, SSQW ORI ERIEMRZR U %2

U =TT,
(4) 10 g1 0 a b
r = b , IV:=
0 L*| ¢ —p| |0 L b —a

TEDHFT. T'eVida=%Y»roH K RIEHETT.

Remark 2.1. REFEEHZ U ICEHNS a, b, p, ¢DS5H, b ¥ ¢l CIEZESH
UBEERZRIC T 2EARET TP, (3) D LI - TH— ML KbDIRVEIT
[9] D Corollary 4.4 DL =%V [(EEOKERICE D 7.

MTRICBR 2 2 =2 VIERZED A A FVRBMEDRARIFZEIC T 2 BEZMETT.

Definition 2.1 (Definition 2.1 of [11]). U % b A~V F2ER] X Foa =X VIEFHEL
T35, UBIAIVIMERZRO X, H22=%Y20HCHRRIEMART HEE
LT,

(5) TUT = U*
DIRIT B ERVS,

Remark 2.2. £ (5) DSRTWRHIX, U & U IZ2=X VEETH 2] L WVWHH
TS, ZIho, T4 IARMRL=R VIERED AR FUZFEINCEI L THFRT
Hbd1 LWV ERIEPNE T

Lemma 2.1 (Lemma 2.2 of [11]). U Z EL~UL F2E0 X L=k V{EHRL T 5.
RIFFETH 5.

(1) UEH 4 7 A% Fo.
(2) Uld=o0a=x) roHCOHERIEAZOBETREINS.

12



Lemma 2.1 D2 DHDS ML, (4) TERS N U DIEH» 6 U E A A 7 A0ME%E
RO 3D £5.
TIhBlRUDARZ MLVOEMICERLT, fFHEQ %

S U-U*

(® Q="

CEDET.
I ZHEHEFEHAZRTERVWLZ =X Y 2O HCOHERZIEARLE LET. 5L 00) =
{1,-1} 2320 3. T2 QORAEELS, —iCQ X

0 @
Qo

(7) Q=

Ker(I'-1)®Ker(I'+1)

DEREFRBET. LrLl, 2O REKer(I—1)@Ker(l+1) ETORRIZR-
TWADT, Qo DERNAFIZRZERA. ZITROGEEZ VT Qy DEZHS
MIZIEET.

Proposition 2.1 (Lemma 3.2 of [14]). H FLOFHZE e ZRTED 3 -

Vo] [VIER —vTp
V2o | |Vvitp VIgp |

ZDYE, RHBKDILD.

1 0
el'e* =
0 —

0 *
) €Q0€* = [ QEO] )
lﬂmwwm Qo 0 12(Z)®I2(Z)

ZZIZT, Q€ B(*Z) THhH,

@ﬂ:%[¢1+mm¢1+p—v@—pwf¢1—p—ﬁa+an+n}.

ZOMEDFFHDRA > M, T OMAalEEZEZ 2] L WIRTT. #HFLiRs7
AF7E M3 TEASRE L. Q, DRAFEHHIC > THELNET

AWFZED HINE Z D Qe 1A 2 Witten FEZHHH 22T 2HTT. Q,, 1ESSQW
DRI HNREREET 2 EEREHRCMES T SN ET. RIFKICHET 25
ITHRFIC OV TIE RIMS #7i8kICiE2 2 e LET

13



3. FAER
F L7525 Witten F58Z2ATOXTEAL X7
(8) w(A) := lim ind,(A)
772U, w(A) ZEHOMRIEET 2 L EDAERLET. 2T,
(9) ind;(A) := Tr(e ™ — e,
THY, Tr()E PL—RERLET. FHREBRZ1HD, UTORFERLET.
Assumption 3.1. 8 0DFE R ay, pi, by, qx BFEL T,

at:= lim a(z) € [-1,1], p:= lim p(z) € [-11],

T—Eo00

by = lim b(z) €[0,1], ¢x= BT q(z) € [0,1].

z—+oo

DD LD, HIZ, RDOFEMEHED LD,

Y lla(@) —ay| +la(=z = 1) —a_[] < co, Y [Ip(x) = ps| +[p(=x = 1) —p_|] < o0,

D lIb@) = by + b=z = 1) =p-[] < oo, D [la(@) = gr| +la(—x = 1) —q_]] < co.

sgn FL T CTERSINATERME LET !

ARIFFED FAERIILL T OED TT.

Theorem 3.1. Assumption 3.1 DF, KRONRAHLD LD .
(10) w(Qe) = Wlag, py) = W(a—,p-),
ZTW:[-1,1]x[-1,1]] > RTHDb,

0 [ =ls| =1
Wi(r,s) = .

[sgu(r + s) —sgn(r — s)|/2  otherwise

14



Remark 3.1. (1) #ETOEEIE, =0 Remark ® (2), (3) TRR2AROHT
BIHZ LE L. MRERRE TR, MEBFRERICE ST P R2ED, Ei
DFEVIC—AETEZEIHBALE L. AKX Q, 37V FARILLADE
BTV PRV LDEEEZVTNLEAR AR Lo THBY X, 1B, [2]
TN ENTWD 1 XIC Dirac fERZERD Witten T DHNZHBWT S, FF5EEK
sgn & WKL T Witten 6B 5 X 5N TVWET. Dirac IR EF 7 4 —
2 DRARMEEHMIR OB RIC X5 R (7| 35 D 55, EEORKD Diracff
MR BFY +— 27 OBREEZRMLTWa AR BX X T,

(2) Qe B7 L RN LDFHED Wittent6¥2 2 ZTEKR L ET. Assumption 3.1
DF, Qe W7V RENALTHZMEATRMZ py| # lag]| 22D [p-| # |a_| T
T 0 E, RORKHMEDILHET.

sgn(py) — sgn(p-) Ips| > lay, |p-| > la_]|,

sgn(py) lpel > lag, Ip-| <la_],
w(Qeo) =

—sgn(p-) Ip+| <lay, |p-| > la],

0 I+l <lag, |p-| <la-|

ZIDBRIT, w(Q)E —2,-1,0,1,2 DIEE A EX D 7.

(3) Qe MWIETZ LU KRN LDGED Witten$68% Z ZTER L ET. Assumption
31DT, Q7L FARNVATROVRESTDEHIEIRD 30055 1 DD D
SLOHTY.

(a) lai| = [ps| 222 la—| # [p-|,
(b) las| # |p+| 22D la—| = [p-|,

() lar] = lp4| 222 |a_| = |p-|.
X ZPHXM (0,1) DEFRBRE LET. ZOZhOBHEIOVT, RORKHH
DRVAZS: 33

(a) las| = [ps] 222 Ja—| # |p-|

x(p+) = x(=py)

-1, la_| <p_,
(p+) —x(=ps)
Ww(Q.,) = w 10, Ip_| < |a_|,
X(p+) = x(=p+) 11, la_| < —p_.

2

15



(b) las| # [p4| 222 la-| = |p-|

1-— 9 ) |a+‘<p+7
(p-) — x(=p-)
w(Qq) = 0- BN oy < Jay
X\P-) — X{—P-
AT e

(©) lag] = Ip| 222 |a| = [p-|

= xlp) = x(=p+)  x(p-) —x(=p-)
w(Qfo) - ) - ) .

ZIHhBRIT, w(Q,) & —3/2,—1,-1/2,0,1/2,1,3/2 DEEZEZ HLRTD D
9.
4. 4BEDAEITEHZED SSF & PD

IET7 L PR LDEGED Witten FE OB 2IEHAL DT, DT TIEHEI [y =
Ips| GEZL FHRALICRZEME) BIELET.

FEMR LD AL P2 P (Zso) ZIBAL, {0;}0 Z 1*(Zs0) LOFERIEMIER
FELET. 0BT 7 MEFZL L, Q= [6)(6] L EDET. KOO IH FT.

(11) V0 = 0pr1, V=1 w0 =1-0Q.

w(Qu) KD BB, LUFD 200 HEHEERZEORT 252 2 B SNET.

2
(12) T(P) := {(v+v*) - 12_P;2} +1 _QPQU,
(13) Ty(P) = {(v+v*)—12_P2P2}2, 1<P<l.
IR ODIEHFEZEANT 2HT, Witten faDEHIX
Te(larT(P) _ arToP)y g, %.

DFEICREINET.
ST, BHEBIOERZEDOED P L —ZXRHET2IC T2 MLy 7 MR
(SSF); ZEBALET.

1. .
(14) 5(:13) = ; EEIEO Arg AT(p)/T0<p) (:L' + 16)7 x € R,

16



ZZT, Argldz € C\ {0} T LT Arg(z) € (—m,7] £ R32RALLET. %7,
Arpyyyp) () & (T(P), To(P)) DRTITHF % Perturbation Determinant (PD) TH D,

(15) Ar(pymyp)(2) = det((T(P) — 2)(To(P) — 2)7")
(16) =1+ %(607 (To(P) — 2)"'6), z€C\R.
TERINZET. SSEFRPDIZOVWTIX[12] D 9EEZSHINS L LWTT. SSFZH

WAHHT

Tr(etosz(P) _ etocpT(](P)) — / (etaPz)lé(x)dI
R

DESIC ML —REBEOPRRTZIENTE, FHEIAREE LD T,

SSFZHHLIZT 27012, PDZHHLICT 2RENH D ET. LA L Th(P) &
ABEDZESERFRT, PDIRIETH(P) DL Y ARY bR A->TWEDT, PDDOFIEK
ZHHMTH D IS E T, LarL, REBMEEr 8w eHnws%HT, PD%
2D EMERZROGAICmAETEET.

Lemma 4.1. {fFE® z € C\ RIZH L,

Hr) -HEe() e P

Arypy(z) =1+ (1- P)/z ) 1-p

I THRBBOFEARIEMETED 25D L, HR)IEUTODTH 5.

—2
Ve~ 1 prva—e
z—2 T o 5 t—2z
z+2+1 2

H(z) = dt, zeC\[-2,2].

Remark 4.1. £ Lemma 4.1 TS L7z H(2) I3 =X w?+2w+1 = 0 (2 € C\R)
DIFETH 5. H(z) DFFLWHEEIZ 2] D Appendiz CZBIRE Tz,

Proof. v+v* DARY MGIRERWS. 25 2=2 VERARu : (2(Z>0) — L*((—2,2),dt)
DFEL T,

u(v +v)ut = M, (ud)(t) =

17



MDD, TIZT, M3t IX2HIBEHETDH 5 ([10] D Appendix B ZZH).
CORREHVS &,

2
AT/T[)(Z) = 1 + j<607 (TO —_ 2)7150>

2 RV 1
=1+ 5 dt

1—P —92 2 (t—2mp) —Z
_ 24— 1 &
o 2 (t—2mp — /2) (t —2mp + /2)

Vi— 1 1
(1-P \f/ [tzmp\/gt2mp+ﬁ a
H(r:(2)) — T,(Z)).

R (RO W
Z T, 27H» 5 31THIRB 2 BCRBUME TA? — B? = (A+ B)(A— B)J ZHW,
SITHD 5 41TH IR 2 BICER D 3 B iR % v 7. O

CORIEBz=0+ic e LT, = +0 DMIRZI > TWE X T, H(x + i) DMIRIX

-2 —4
%. T < -2,
_ ; 2
(17) lim H(z +ie) = xil—m, —2<r<?2,
e—+0 2
e+ V=1
— T > 2

2 EHEIMENIED B DT, 7o(r) PWVD 1e(r) < =2, =2 < 74(7) < 2, 7o(T) > 2
Tz TR RNEZMLERDHDET. ZOLE, POHEICK-s THHEMNED 2 HIC
FRPBETT.

MR LTUToFRPIEONET.

Lemma 4.2. PiI -1 < P<1%2W=3r35. ZOR, ITHEHIID.
(Ho<|Pl<1/V2oE%

|7 ()] < 2, IT_(z)] <2, if0<z<4(l—mp)?
7 (z) > 2, I7_(z)] <2, if4(l—mp)? <z <4(1+mp)?,
() > 2, () < =2, if4(l+mp)* <z

18



2) [Pl=1/V2Dr&
m(z)>2,  |r(z)] <2, if0<z<16,
To(r)>2,  T(2)<—-2, ifl6<um.
(3) 1/V2<|Pl<1Dt &
Ti(2)>2,  T(x)>2, if0<z<4(mp—1)2

7 (x) > 2, [m_(z)] <2, ifd(mp—1)?2 <z <4(mp+1)?

T+(z) > 2, () < =2, ifd(mp+1)* <z

Remark 4.2. Lemma 4.212BWTC, P DOfE% 1/v/2 TRY]-> TV HHIE mp DHLD
5 BEMPBERLTED,

0<mp<1l <= 0<|P|<1/V2, mp=1<= |P|=1/V2, mp>1 = 1/V2<|P|<1.
DEFEICHKT 3.

Lemma 4.2 ¥ (17) ZH#HAEDOE 2 HITE D, PD D e — +0 OMRZH 5 HH T E
7.

Lemma 4.3. ROERD D L.

1
(1) 0<|Pl < —.

V2

Jig Aryr(e + 10

m _—2P\/§+i\/4— (2mp + \/5)2+i\/4— (2mp — \/5)2] :
O0<zr< 4(1 —mp)2,
m _—2P\/E+ \/(Qmp + ) —4+i\/4— (2mp — \/5)2] ;
4(1 —=mp)* <z <4(1+mp)>
1
(2) [P = e
GEIEOAT/Q}](.’E'FK) = m [—QP\/E—F \/4\/54-.%4-1\/4\/.5—95] , 0<ax<16.

19



1
(3) —= < |P| < 1.

V2

61~1>I41}0 Aymy (@ + i€)

m __QP‘/E"' \/(QmP )’ — 4 \/(2mp — V) -4+ iO] ’
0<x<d4(mp—1)2%
%1;;h&_‘ﬂ%ﬁ“k¢@mp+v@f—4+d¢4—@mp—vqu
d(mp —1)2 <a < 4(mp + 1)2

ZZFETHKRB Y, Lemma 4.3 2°5 SSF #EH T 2HAAJEETT. SSFIIERD
Argument Z VW TERSINTVWE L. ZZTROAAREHNE T,

g — Arctané y >0,
Arg(z +1iy) = {0, 2>0Ay =0, r+iy e C, \ {0}
, z<0Ay=0,
Ar/ry(z + i) 13— fRICHER LW S 720, Arg(z + iy) = Arctan(y/z) DARZE
BHT 2L, RAN 2 2HBIANETLEDoTLES>ODT, BHEX LI HD ¥
. ZZTLERORKZE>TVWET.

SSFIZUATOEDIZRDET. 0<x<4(l —mp)? ODXMETIX £(z) IXIFERRME
ZED 30, EECEFICE 2 HELRVOTHBL . EBEHICHNTL 3
DiFz = 4(1+mp)? DHEFED 722 DT, 222 BOXEOET/IZ T Zitd8 L E 7.

(1) P=0.

fr)==, 0<z<A4
(2)0<|P|<%.
ﬂx)—;iAmwn_Qpiiiféi:if;§?2—47
A(1—mp)* <z <4(1+mp)*.
(3) |P\:%.

1 1 —_9opgl/4 4
§(z) = 5 — —Arctan vt Ve
2. i—Vz

20



&(x) = 1 lArCtan_QP\/;E + \/(2mp Va4

2 7 V4 — (2mp — V)2

4(1—mp)? <z < 4(1+mp)*.

)

r<0&a>41+mp)? TEE(x) =0XRDET. 2 <0DHAR, T & Ty HHcIE
BHOHCHBREHARTH2HLH6TSRALDET. —7, o> 4(1+mp)? FFEIC
Arctan D7 FOIEAZFFICHANRZIT IR D FRA. ROFRB—DODEER L &
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Theorem 4.1. KON DK D TD.

—-1< P<0,

0
(18) tLierm eftTr(etaPT(P) _ 6tapTo(P)) _ f(a;l _ 0) _ )

— 0<P<l.
2’ -

ZOREREHWSHET, Theorem 3.1 ZALHIT 2HNTEE .

B, MEELOBFHOBRETEW-EE A KICEE R L RFE s, FHEBKICE, £
BROBE O OEER I X > M ETER L % L. AR E MBS (21K13846)
D EZTTEY £5.
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Theory and experiment for time, quantum measurement and semiclassical approximation
-interface between classical and quantum theory-

7. July, 2021, IMI Auditorium (W1-D-413), Fukuoka, Japan

Uncertainty relations studied in
neutron optical experiments

Yuji HASEGAWA

Department of Applied Physics, Hokkaido University, Japan
Atominstitut, TU-Wien, Wien, Austria

In his seminal paper, illustrated by the famous y-ray microscope Gedankenexperiment, Heisenberg
introduced the uncertainty principle, which states a lower bound for the product of measurement error
and disturbance [1]. The position-momentum uncertainty relation was generally proven by Kennard
[2], followed by the generalization by Robertson for the arbitrary pairs of incompatible observables
[3]. Extension of the classical notion of root-mean-square (rms) error, which is widely accepted as
the standard definition for the mean error of measurement, to quantum measurements is a
non-trivial task. Recently, the noise-operator-based quantum-rms error was used to reformulate
Heisenberg’s error-disturbance relation to be universally valid [4]. The validity of the
reformulated relation as well as the violation of the conventional relation was demonstrated
first in a neutron optical experiment [5]. Furthermore, the definition of noise-operator-based
quantum-rms error is refined and its completeness is experimentally confirmed [6]. Here, I
describe recent investigations of uncertainty relations in neutron optical experiments. General
description of recent developments of tests of fundamental quantum mechanics and dark
interactions with low-energy neutrons are present in a review article [7].
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Measurements in quantum mechanics 1

Claasical apparatus Quantum apparatus
<continuous ,,value“> <discrete as particle>

3
Measurements in quantum mechanics 2
Absorption(demolition) =» Amplification =» Signal (pulse)
; I ) " A
1
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Is quantum theory correct? 1

Is the moon there,
when nobody looks?

l DETECTOR (Upper Pathi
I~
L ' ﬂ—],—

UETECTOR (Lower Puthy

Results depends on how it is measured !!

Is quantum theory correct? 2

God does not
play dice !
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Neutronen interferometry: quantum skier

Neutron interferometer family
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Neutrons in quantum mechanics

’ Particle and wave properties ‘

p=mv =h/A
(L. De Broglie)

’ Schroedinger equation ‘

ihM=H‘I‘(F,t)
ot

(E. Schrodinger)

’ Uncertainity ‘

Ax Ap > h/2
(W. Heisenberg)

Quantum information technology: entanglement

42



Bi-partite and tri-partite entanglements

2-Particle Bell-State 2-Space Bell-State
|\P> = %{l T>I®| ‘L>H + | ‘L>1®| ¢>II> |‘P> = %{l T>s®| I>p + | J’>s®| H>p}
I II represent 2-Particles S, p represent 2-Spaces, c.. spin & path

Magnetic Frism iy . Violation of Bell-like inequality

Incickpy  Polirizer

NewErans > g S'= E'(QUX]) + E‘(al’Xz) - E‘(U‘z’XI) + E’(“zaXy)
=2.051 £0.019 >2
Nature2003, NJP2011

Kochen-Specker-like contradiction
E,E, =0407 E'=(X, ¥, ¥,X,) = -0.861

PRL2006/2009
Tri-partite entanglement (GHZ-state
“{lNeutmn>={‘\Y|>®‘T>®‘\Y(Eo)>
(et @ (e V)@ (e ¥k, +hw,)>)}
Quantum My oisirea = 2.558 £0.004 >2
contextuality - Desecten PRA2010/NJP2013
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Heisenberg’s uncertainty relation

Lens of the
objective

Heisenberg’s Uncertainty Principle

Cliearige irt miomentiin

AxAp_ = h

Change in position

=

13

Uncertainty relation: historical 1

. In 1927 Heisenberg postulated an uncertainty principle:

_V.\J_I(Lw
y-ray thought experiment
<>
—> pl ql -~ h ‘.Ji'f;‘.' *
with q; (mean error) & p, (discontinuous change) iy
. — in modern treatment for commuting observables:

QP>

{E:errorof the first measurmen (Q)

7n: disturbance on the second measurement (P)

’ R & B

14
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Uncertainty relation: historical 2

. Kennard considered the spread of a wave function y

it
f . x |
o(Q)o(P) = 5 —, PR
2 et |
o: standard deviations —

. Robertson generalized the relation to arbitrary pairs of
observables in any states y

o) o(B)z 3 |(v|[4.5]v)

— dependent on the state but independent of the appartus
Is (A)n(B) > —‘ gz/‘[A BH g//>‘ generally valid?

s L A -

15

Universally valid uncertainty relation by Ozawa

Definition of error & disturbancee:

- Error i 1s defined as the root-mean- square (rms):
s =(y e Utemu-401[ |y

& a HI")ill space,

- vector in A,

Lt ary operator on H @k
M oa self-adjoint operator on &

- Disturbance is defined in the same zmanner:/
1/2
n(B)=(y @&|[UNBONU-B®I ||y ®¢)

e(A)n(B) + e(A)o(B) +o(A)n(B) =

LS| =

(v

A, B]| ¥

¢ :errorof the first measurmen (4)
7 : disturbance on the second measurement (B)

o:standard deviations
M. Ozawa, PRA 67, 042105 (2003).

. R SN

16
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Experimental setup

1Sin lz)

" PREPARATION

" MEASUREMENT 1:A : oy
( Oyt =cosh g, +sin U)J

S &

Results: error-disturbance trade-off

=
in

——

=
s

1) = +2)

A=d, Oy= G4 = cos(@)Tz +sin(¢)oy

-~

B:Uy

a4’ =(y| 4 [w)+{w]Oily) +(v|0,|v)
+(Ay|0,|Ay) - {((A+ Dy |0, |(4+ D)

Disturbanice of the measurement of B B)  Error of the measurement of A: £(4)

i =]
I

) = =) ) = =)
) = |-=) [BY) = |-2)
(A+De) = [+a) (B +DY) =|+)

&
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Results: new/old uncertainty relation v

25 e N
s ] = | . .
H/ * a8
2
_{.4 ‘:\,__
1.5 ¢ :errorof the first measurmen (4)

_e(A)o(B)+o(AdmB)+el AneB) 7 : disturbanceon the second measurement (B)

o:standard deviations

05 LT Heisenberg product

: J. Erhart, Nature Phys. 8, 185-189 (2012)

o L &) B
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Publications by other groups

I N N mEr
PRL 109, 100404 (2012) PHYSICAL REVIEW LETTERS 7 ST EMBLR 2012

£

Violation of Heisenberg’s Measurement-Disturbance Relationship by Weak Measurements

Lee A, Rozema, Ardavan Darabi, Dylan H. Muhler, Alex Huyol, Yosaman Soudagar, and Aephrim M. Steinberg

week cimbun

PRL 110, 220402 (2013) PHYSICAL REVIEW LETTERS 31 MAY 2013

. e EEobogt
"y

Experimental Test of Universal C

(a) Morgan M. Westan, Michacl J.W. Hall, Matthew S. Palsson, Howand M. Wiseman, and | ArXiv; 1304.2071
Centre fur Qeintian| How well can one jointly measure two incompatible observables on a given quantum

(Reve Cyril Branciord SCIEMTIFIC

; Conire fir Engiesrl (s .
() Comy The Cinfvarsiry of hars v L REP?RTS e
e (Thanwdd: April 9. 300 4
princiy Wtvenbery s umceriniury principhe i ong of the main tenets of _ I W
ings an Bundanental impoctaisce for oo 1 E lat
phiton unerpret wn olthe Heisenberg's errardisrbance
T, . uncertainty relati
o |

gt pelation
thw error o6 ome observalils vers thie oty A
chiaiactcries the distubance of n obnervalde indmced by e g
derrve & strunige envoc-dishnbance relaiion for s scenanio
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Tight relation derived by Branciard

[28(4)7(BNI=C +2(4) 2+77(B)2}% >C,

where 5:5\/1—52/4, ﬁ=77\/1—772/4, CEK'/"[A’B]‘W»/Z

_ wkondng

FRL 113, 120801 (20141 PHYSICAL REVIEW LETTERS

[l |
Expurimental Joiot Quuntum Measurements with Minimo |

Mtarin Bingboncr """ Devon N Biggeraart'” Matihea A, Biooe, ant
@yril frnciard,’ snd Andrew € Whine'

. by Heisenberg
T

+(24)
eutron
experiment
b+

£

40 05 10 15
C. Branciard, Proc. Natl. Acad. Sci. U.S.A. 110, 6742 (2013).
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Tight relation: experimental setup
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{=g |~/( B=oa,
I
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oc-1 PCnaise
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Tight relation: error-corrections

9 A3 DRI

B

=
:

e |
E | #
= F

2% 4
9 P
. ¥
:il. I_Jl --1;‘?; = L1} ) lIII
ertor ef A)
. I &

23

Tight relation: all mixtures

A £ ¥ | 1=,
7 | l j
. o s L
BRI ~T;\ J all ool L“'“" f‘;l.u = |
= n=05 L = - L
g o . Jos ToT0n R For ooy N
£ * E | —a=02s LS El 0 =02 4
Eus / ‘.\ %M — =i} ‘.. %u_‘; —ar= Y
= . ~ \ 1 . -
: Y pula) == (A+aay) K (=t ¥ )
02fs ¥e ‘i\ 02 = B n2f 2 \ﬂ\
i > ) 3 | N
L I ﬂtﬂ 11 Td K E ¥ B N [ kT s (1] 5] [r}
wrror e A) error e A)

error €[ A)

B. Demirel, PRL 117, 140402 (2016).
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Exploring hidden errors in quantum measurements

Uniform quantum rms (g-rms) error

£ =sup &y, (A TLexp(itA)|y))
teR
where

exo (ATLIW)) = (w[(4-M ) |v)
(=TT v)

for sharp measurement

A:observable to be measured
M=>" x[1(x): meter observalbe

with POVM [1

|y): state to be measured
S. Sponar, npj Qunat. Inf. 106 (2021).

y I &) B
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Exploring hidden errors in quantum measurements

PUVM Theory, e, (4. 1y, da)))

{10, fa))

o : projective
Theory, e,(A, Uy, [ela)))

-rms error profile o, (

S. Sponar, npj Qunat. Inf. 106 (2021).

x I &) B
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Concluding remarks

Neutron polarimeter and interferometer are
effective tools for investigations of foundation of
quantum mechanics.

- Uncertainty relation is studied

in neutron’s successive spin measurement.
remark: error and disturbance are experimentally determined

- Quantum Cheshire-Cat was observed

in neutron interferometer
remark: weak value as a measure of “effectiveness”

, I A -

39

’ I A -

40

51






RpfE] - B E - HE BBl oD PR & SR~ R & TR D BT

July 21-23, 2022, 1K IMI, Fukuoka, Japan

Time operators associated with
harmonic oscillators

Fumio Hiroshima
Faculty of Mathematics, Kyushu University, Japan

(joint work with Noriaki Teranishi)

A time operator T, of the one-dimensional harmonic oscillator

- 1
he = *(pQ + 5(12)

2
is rigorously constructed. It is formally expressed as
. 11 A .
T. = ———(arctan /et + arctan /et
5 \/E( Ve Vet?)
with ¢ = p~'¢. It is shown that the canonical commutation relation [hmﬁ] = —il

holds true on a dense domain in the sense of sesqui-linear form, and the limit of 7, as
€ — 0 is shown. Finally a matrix representation of 7. and its analytic continuation are
given.
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Time operators associated with
harmonic oscillators

Fumio Hiroshima®! and Noriaki Teranishi?
THEORY AND EXPERIMENT FOR TIME, QUANTUM
MEASUREMENT AND SEMICLASSICAL APPROXIMATION

-INTERFACE BETWEEN CLASSICAL AND QUANTUM THEORY-

Joint Research Center for Advanced and
Fundamental Mathematics-for-Industry

October 5, 2022

IFaculty of Mathematics, Kyushu University
2Faculty of Science, Hokkaido University

Definition of time operators

Let [A, B] be the commutator of linear operators A and B defined by
[A, Bl = AB — BA.
If a sa operator A in Hilbert space H admits a symmetric operator B

satisfying CCR:
[A,B] =—il

on a non-zero subspace Da g C D(AB) N D(BA), then B is called a time

operator of A.
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Three examples
W 1. Position-Momentum Let p = 12 and g = M, be the
multiplication by x.
[p7 q] =—il

B 2. Number-Phase Let a= g+ ip and a* = g — ip. N = a*a is called
the number operator. [a,a*] = 1. A symmetric operator ¢ satisfying

[Nvé] =—il

is called a phase operator. Formally it is described as

b= é(loga — log a™).
W 3. Energy -Time Let iy = 1p?. Let
2 | -1
Tag = 5(p7"q+ap™").
Tag is called the Aharonov-Bohm operator or time of arrival operator.

[/30, fAB} — il

Domains problems

W Let He, = E,e, and [H, T] = —il. We apply e, on both sides to result
(H—E,))Te, = —ie,
and hence
0=(en (H—E;)Te,) = —i.
This is a contradiction. Thus we can see (1) or (2):
(1) e, & D(T)
(2) e, € D(T) but Te, ¢ D(H)
B As for time operator, there is a long history of confusion. The origin of
this may come from the statement of W.G. Pauli made in 1933 that the

introduction of a time observable T with a self-adjoint operator H having
a discrete eigenvalue is basically forbidden.
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Three time operators of 1D harmonic oscillator
B 1D harmonic oscillator

1
§(p2+€q2) 0<e<l.

H. =
1. Angle operator [7]: 6 = arctan(y/x).

S 2\/‘

2. POVM=Galapon operator [2, 4]: Let P be a positive operator valued
measure associated to H..

: = ( ma')
Te = /[07%] tdP, =iy Y %en

n=0 m#n

(arctan(v/ep~'q) + arctan(v/zgp™ 1)) .

3. Phase operator [3]: Let a and a* be the annihilation operator and the
creation operator in L2(R). A phase operator is formally described as

b= é(loga —log a®)

It is hard to define log a* as an operator = [6].

Heuristic derivation of angle operator 7.
W Take momentum representation. FpF 1= My and FgF~t = +i 5.
Instead of notations L2(R), My and —i-% we denote them as L%(R,),q
and p, respectively.
Thus [p, q] = —il.
| ,‘:/E is transformed to

1
H8:§(£p2+q2) 0<e<l.
We shall construct symmetric operator T. such that

[He, T.] = +il.
B Let t = g 1p with D(t) = {f € D(p) | pf € D(g71)}.
[Ho, t] = i(1+et?) = [H., f(t)] = i(1+et®)f'(t) = F'(t) = (14et?) !

1
f(t) = NG arctan y/ct.

Symmetrizing f, we see that

T

L= E\[(arctan\ft—karctan Vet®).
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We rigorously define T, by using the Taylor expansion:

arctan x = i (=1)" X2 x| < 1.
= 2n+1

Note also that arctan x can be extended to a function on C as

i i+ z .
5 log — ze C\{i}.

arctanz = = lo

B ¢ is unbounded and non-symmetric = it is not trivial to define

oo

t# =t t*.

9

arctan/zt”

If /etf = if, then f & D(arctan /ct).
B It is not trivial to specify a dense domain D such that

D c () (D(t") N D((t")")
n=0

Spectrum of angle operators

)
Z \[t# 2n+1

D(S#)=1{fe (D"

n=»

_|_

lim
N—>oo

)2rLf eX|sts}

o

Formally S#* = L arctan \/zt* and T. = %(55 + S7).

L
Loven = LH{e™™/®V3) |0 € (0,1)} € L,
€oaa = LH{xe /@3 | a € (0,1)} € 124,
B £oon + Loaq is dense in L2(R), and Leven L Lodd-
Theorem (Spectrum of S7)

(1) D( ) D Leven and D(S ) D Lodd-
(2) i(0,00) C Specp(Sf).
(3) [H, S:] = il on Leven and [He, SX] = il on Lodq.-
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List of problems

1. Ultra-weak time operator [He,S:] = il on Leyen and [H., SZ] = il on
Lodd, but Leven N Loaqa = {0}. Define an ultra-weak time
operator t.:

ta[Ha(bvw] - ta[Hawv (b]* = '(¢,¢)

holds on Leyen @ Lodq in the sense of sesqui-linear form.
2. Continuous limit lim._ot. = AB-time operator.
3. Matrix representation Set t.—1 = t. t[e,, ey] for some {e,}.

4. Analytic continuation t[e,, e,] for
en, ém € LH{x"eT2’/2 | z € H\ {i}}. Here H denotes
the open upper half plane in C.

5. Positive op-valued measure t # tg.

Hierarchy of time operators (abstract theory)[1]

B Hierarchy of classes of time operators.

{ultra-st-time} C {st-time} C {time} C {weak-time} C {ultra-weak-time}

B Let A be a sa operator on H and D; and D, be non-zero subspaces of
H.

A sesqui-linear form
tg: Dy x Dy = C, Di xDy>(¢,0)— tg[p, ] € C

with domain D(tg) = Dy x D5 is called an ultra-weak time operator of A
—
3.%,3% C Dy N Dy such that the following (1)—(3) hold:

(1) cD(ANS.
(2) tglo, v]* = tg[w, @] for all ¢, ¢ € 7.
(3) A€ C Dy and, for all ¢, ¢ € €,

tB[A¢7w] - tB[va (b]* = _i((ba ’L/J)
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Ultra-weak time operators associated with H.

B We define

tCVCIl[M% ¢] = %((7/% Ssd)) + (56/(/)7 ¢))a 1;[}7 ¢ € 'gcvcna
foaalth, 8] = 5((4,576) + (5:,8)), 6 € Loaa

t. is defined by
te = teven D toda

l.e.,
te ['l/}even ¥ wodda d)even ¥ ¢odd] = jteven[wevena Qbeven] + todd [woddv ¢odd]-

Theorem
t. is an ultra-weak time operator of H..

Continuous limit
B Angle operator: T, = %% (arctan(y/ct) + arctan(y/zt*)).

B Aharonov-Bohm operator: Tag = 3(t + t*)
B T,p5 can be extended to the ultra-weak time operator.

Meven = LH{e™/? | € (0.1)},
Moqq = LH{xe /2 | a € (0,1)}.
Let
tasolt 0] = 5 106,60) + (60,0)} 6,0 € Meven,
sl 0= 5 106 £0) + (0, 6)) 9,6 € Mo,

Define tag by tag = tag,o @ tag1

Theorem (Continuous limit)

5"_'1}) ts [djv ¢] = tAB[ZZ}a ¢] on E):neven 2, modd~
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Matrix representations for o € (0,1)
We set t.—; = ¢, 55#:1 = S# and

he = e /2 a € (0,1).
B What is matrix (x?h,, Tx?h,)?

Bl We want to see the function K, such that

t{x7ha, x°he] = (ha, Kapha), a,b € NU{0}.
Let us set

Theorem
Suppose that « € (0,1). Let P be a polynomial. Then

SP(x?)hy = (P(ta) log 1 + Z) ha.,

-

N

" 2 _i 1+a
S*P(x7)xhy = 5 (P(ta) log T a> xhg.

Together with them we have the matrix representation of t. Let
R = LH{x"e~*"/2 | n € NU {0}}.

Corollary (Matrix rep. for o € (0,1))
Let f, = x?h,, and f, = x’h,,. Then t[f,, ] is given by

i

1
_4 ha? (tgxzm_x2nt(;n)|0g 1+a}ha) a=2n,b=2m
—«
i n_2m+2 2n+2,m 1+
~2 ha, § (tax - X ta)logl_a hoa) a=2n+1b=2m+1
0 otherwise.

Let ,
A=LH{x"e™/?2| ne NU{0}}.
Theorem (Matrix rep. for a = 1)
AN D(S%) = {0}. In particular, let e, be an ev of H, then e, ¢ D(5%).
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Analytic continuations

W let h, = et®*/2 for z€ C. Cf., hig = e~ /2,
Let € : C\ {—i} — C be the Cayley transform defined by

z— 1

€(z) = et
We have 1
log 1 i_ - log(—%(vi)).

BletH={zcC|Imz>0}andD={zeC||z| <1}.
Bz — —log(—%(2)) is analytic on C\ {ai | @ € (—o0, —1] U [1, 00)}.

Neven = LH{P(x?)h; | P is polynomial, z € H\ {i}},
MNoaa = LH{P(x?)xh, | P is polynomial, z € H\ {i}}.

We also define t, by
t, = X72 _ ,i
z 2 dz )’
We define 5# by
SP(x®)h, = —= (P(t,)log(—%(z))) hz,

[ | SA‘A# = S# on K, for a € (0,1).
B [S7 H] = —il on Ny.

B We define sesqui-linear forms feyen and foaq by

~ 1 A A
teven[77[17 ¢] = 5{(57/% ¢) + (1/}1 S(b)}v 1/}7 (b € meven,
~ 1 - ~

todd[wa ¢] = 5{(5*1/)3 ¢) + (7/% S*d))}, @ZM ¢ € modd~

B The sesqui-linear form 1 is defined by t = feven ® todd.

Theorem
t is an ultra-weak time operator of H.
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Let f € L2(R).

Geven(2) = (£, SP(:2)h,) = (F, —é (P(t,)log(—#(2))) h), z€DNH
Gua(2) = (£.5"P(<2)xhe) = (£, ~ L (P(t.) log(~€(2))) xh.). z € DL

Define Foven(2) = (f, SP(x?)h,) and Foqa(z) = (f, 5*P(x?)xh,) for
z € H\ {i}. Then Fy4 is analytic on H\ {ai | @ € [1,00)} and the
analytic continuation of Gy.

Corollary (Analytic continuation)

Let z € H\ {i}. Let f, = x*h, and f, = xbh

— ( 2, {(t" 2 _ X"t log(— "zo”(z))} ) a=2nand b=2m,
1 — 1 n 2m n a=2n+1and
t[fa, f] i ( -, {(tz 2mi2 _ 2nt2ym )Iog(—%(z))} hz) b—om+1

0 otherwise.

B Let z = ai with a € (0,1). Then {[f, fy] = t[fs, fi].
B The map z — {[f, fy] is analytic on H\ {ai | o € [1,00)}. In particular
i[f., fo] is the analytic continuation of {[f,, f].

u]
)]
I

"
it
S
P
?

H 25
AT 45535 T B SRR e 3

-1 1

Figure: R/ EAVEIET B MBI LH{x"e™ /% | n=0,2,.. .}
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POVM=Galapon operator
B Let (Q, B) be a measurable space. P is POVM if and only if for each
A € B, P(A) is a bounded non-negative sa operator, and

(f, P(A)F)

B>A—
1712

€ [0,1]

is a prob. measure for any non-zero element f € H such that P(Q) = 1.
B Fot t € R we define o) = SN, ette, and

1
P = g(wﬁm, Y.
B The operator P(yy on ([0,27], B) is defined by

B3 Ar (FPw(Ae) = [ a(e)(F M)

[0,27]

W 3w — lim Py(A) = P(A) and P() is POVM.

—00
B The sesqui-linear form t¢[f, g] is defined by

rG[f,g]:/ td(P(t)f,g) = Iim/ t(f, P g)dt.
[0,27] [0,27]

N—oco

B 3 A self-adjoint bounded operator T satisfying tg[f, g] = (f, Tcg)
and || Tgl| < 2.

m;
Tsz/ tdP()f =iy Y (emF)
[0,27] n omgn 0"

We define the unbounded operator Pg by

Proposition (CCR of Galapon op.)

It follows that
[H7 T(;] = —i(27TPG — ]1),

in particular

[H,T¢]=—i1 on LH{e,—en|n# m}.
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We can also define the sesqui-linear form associated with T¢ by

(616,41 = 3{(6. Tev) + (Te6,0)}.

t¢ is also an ultra-weak time operator of h.

Theorem (angle operator # Galapon operator)
It follows that t # tg.

Proof: t; is bounded, but t is unbounded.

A

Concluding remarks A= T, T¢, ¢

In physics it is formally treated that [H, A] = +i1 for

1
T = E(arctan g 'p+arctanpg™t),

Te = th(t):izz%en,

[0,27] n m#n
b= é(loga —loga*) = [6].

We made relationships among them clear [5].
(1) T# Te.
(2) If T is defined in the sense of sesqui-linear form t, then the domain

of t is dense and t{H¢, ¥] — t{Hy, §]* = —i($,%) hols on a dense
subspace.

(3) The continuous limit of T, is Tag = 3(q 'p+ pg~1).
(4a) A matrix representation of t is given on K, for « € i(0,1).
(4b) It can be extended on R, for z € H\ {i}.
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Time operators of the harmonic oscillator in £?(N)

Noriak Teranishi
Department of Mathematics, Faculty of Science, Hokkaido University, Japan

(joint work with Fumio Hiroshima)
The harmonic oscillator h = (p* + ¢*)/2 has a time operator

-y (e

neN \m#n

and a ultra weak time operator
1 .
T= 5 (arctan(p~'q)+ arctan(gp™)) .

It is shown that there exists a unitary operaotr U: L?(R) — ¢?(N) such taht
UTgU" =i(log(l — L) —log(1 — L*)),

UTU* = —i(log(a*—laﬁ1og(aa*-1)),

where L is the left shift operator and a is the anihilation operator. We show that some
relations between the time operator T and ultra weak time operator 7.
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(AR )

EISN=R
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(N) ICH 1T 2 AIREI F DR RE{ER R

Pl e
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AWFEIE EEXE OUNKRE) COHRFEFRICEI2DDTHS.

@ Phase fEFiZ& ¥ angle fEA .
@ Galapon FFfEIfER .
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e 5
B =

[2(R) L0 RTFHRIRET H () — %pQ + 6%(]2 R L,
H(0) DRFEVER R Tap IR T 3 AR DK
T(e) = 1 arctan(y/ep~'q)+ arctan(y/zgp!)

NG
DR EA BOBER TEEMNCES b N,

H(e) e=>0 H(0) = %p2
ultra-weak CCR CCR
1
T(e Than — — 141
© € — 0 (form sense) AP 2(qp ra)

(AL R )

|

B TRMIRE H = H(1) D ARZ MVZBERE GO A HK 5

1
2n6N}.

o(H) = {n—l—

WE-T, HIIEFRFEIEARE LT angle EHE T = T(1) &35!
2, BRBRHEIERAR T 2Ho> TV 5.

BERE 1

200 (B9 REFEIfEFR T ¥ To 11X, WEMREREH 275507

(A RE) [S{EIHES
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L*R) TRTWTH XL b2 oRVDT, EHEEZ 3.
HDOnBHOBEBXRZ "ML % g, &5 5.

XL{HION TV K51, LA(R) G FRROL=XIVEHRUICXDH
RICA(N) 2=k V[AfETH 5 :

U:L2R) — £(N)

gn > €p = (&nn)meN

UHU* =N +1/2, N :e,+— ne,

(AL R )

%3, angle fFRERT = %(arctan(qp‘l) + arctan(gp~t))
26 A(N) DFETEEHZTWVL.

VIO HETIE

Lewis, Lawrence, and Harris

"Quantum Action-Angle Variables for the Harmonic Oscillator”
FIZED angle TEFHZE T 13 phase (EAZER" L RXROBFREBDH L5 L 0L
DELADD 5

(loga —loga®) + G(N)

DN | .

1
i(arctan(qp_l) + arctan(qp_l)) = g —

(a*, a lFZNZTNER, HRIERAZETH S :a*e, = vVn + lepyr)

(A RE) [S{EIHES
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FERNC [N, f(a)] = —i 2238 f 2 RkD B &,
DT f(2) = —ilogx &1 5.

Mo T, angle (EFIZR T @ (2(N) 2B 238590
¢ = —%(loga —loga™)

TH2ELEVEIATHLEY, ZHEROMEISEHTHSS.

Dy c A(N) ZBRA FZEME T 5. 2oL
Do n D(loga) = Dy
Dy n D(log a™®) = {0}

(AR )

1

o= 5 (loga —loga*) X CN _EOEMAZFE Y L CIEMIRER WS,
Z(N) LoEHFZ L LTHELRD 5.

zoT, BRI —%(loga —loga*) L ALROIERERERS L
(e R .
Gy = —% (log(aa* )+ log(a*'a))

(IEAHEAR) [S{EIHES
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log(aa*~1)+log(a*~la) DERZHERT 5.

EF 1
A A(N) o P(N) I L TREED B.

log A == — Z %(1 — A)F

k=1

D(log A) == {f € (2(N) ‘ > %(1 — A)kf exists}

a*: L2(N) v (1 — Py)?(N) IZHE 72D T,
a*~t: (1 — Py)?(N) v (2(N) DTFEET 5.
a*ta: gzven(N) s ggven(N) = <(a0a 0,a2,0,--- )>
a*~ta,a*?] =2 on a*2Dy.
a*7ta)) 202, (N) N Dy.

*—1

—

even

D (log(
D(log(aa*~1)) 2 2,4(N) n Dy.

(AL R )

z log(a*ta): £2

even

(N) v 2(N), arctan(q 'p): L2 ., (R) ~ LA(R)

even

N = DN

log(aa*~"): £54q(N) o 2(N), arctan(pg™"): Lgq(R) v~ L*(R)

phase fEFIZR & angle (FRRIIFAYFL#EEZE L TW50DT, BFHH
HBHIITTH3. %&F, ¢ 'p, pa ! DENFTIDEF Y bL
e~ pe—0r? DIFEGERERT S,

U: L*(R) — 2(N), Q= (1,0,0,...) TRNLT,

2
Ue—o2/2 — 71/4 2 exp <—1 —aa ) Q
a a

2
—az?/2) _ _1/4 ® l-—a a”
U(ace ) T —(1+a)3/2a exp<1+a 5 Q

(A RE) [S{EIHES
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Unitary equivalence

) 1 y
LW”“M@“M€MW>_;ng+Z>UaMW

i 1—a 2 1—aa*?
=—1 Y — )0
20g<1+o¢>ﬂ- 1+anp l+a 2
i [ 2 1—aa*?
- x—1 1/4 Q
2 og(a a)ﬁ 1+anp 1+a 2

7

(AL R )

a*~la ZFAWT (2(N) O #7722 LT CCR Ziilil- STEAR 2157225,
AR - HIBEAZR TR IR SR WES I 0 ?

ERIERR o Z2RORT 5 L of = VNL*.
ZZTLiepr—enq (-1 =0)3EST7+TH 3.
[FRkIC, HIREARZMDET 2 a=+VN+1LTH 5.
#>T, Don 2. (N) ET

even
a*la = (WNL*)"'WN + 1L

IN +1
L1 L
N
N +1

L

N

+
+

—+
~

=
b

LQ

=

(A RE) [S{EIHES
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N+1

L2725,
N +2 *

FEREICLT, aa* ! =

ZZT, WY EE ge CY ZRD, g(N)L2 ZEZTHD.

f9%
g(N + 1) f(N) = g(N = 1) f(N = 2)Ps3 = 5 0n Do 0 €2,,(N)
Qe D(g(N - l)eo‘f(N_Q)L*Q)

il TR T3, (eg, g(N+1)f(N)=N +2).
DY ERHMWIALT 5 !

g(N + 1)L26af(N—2)L*2Q _ aﬂeaf(N—Q)L“Q

(AR )

i 5
a,feClF|l—af|<lt
9N +1)f(N) = g(N = 1) f(N = 2)Ps2 = 8 on Do n £2,,(N),
Qe D(Nlog(g(N + 1)L2)e/ (N=DL*?)
A D(log(g(N + 1)L?) Net WV =2)17%)

=p

s ds. ZOLE

[N,ilog(g(N +1)L*)] = —2i on <eaf(N—2)L*2Q>

BRIT 5. FhabB, — log(g(N +1)L2) b N OBTHIEIERS
PENS.

(IEAHEAR) [S{EIHES
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a,feClF|l—af|<ll
g(N + 2)h(N + 2)
h(N)

g(N)h(N)
h(N —2)

fN) = f(N=2)Pzy = f

on Do n 4(N),
Qe D(N log(g(N + 1)L*)h(N — 1)L*€0¢f(N72)L*2)
N D(log(g(N +1)L*)Nh(N = 1)L*e*/ W-21™)

Zilededs. ZOLE
g(N +1)L2 (h(N - 1)L*e”‘f(N*2)L*QQ)
= af (H(N = 1)L*ex (V-D17q)
[N,ilog(g(N + 1)L?)] = —2i on (h(N — 1)L*N=-2L" g,

DIWILT 5.

(AR )

Galapon BERI{EFAZ

JEFE 2 (Galapon’02, Arai-Matsuzawa'08)

H:H o HiZo(H) = {E ) pen 2 Y E2 < 0 B2 7.
{gn} 2 HODEERZ MO AEEL TS Hg, = Eygn.
ZDr &, Galapon DFHETEHE T # XK TED S :

Taf =iy (Z %) n-

JEPE 7 (Arai-Matsuzawa'08)
HHFa>0, A>0, pe RBFELT

E,=M+pu n>a

PAETETE. ZOLE, To 3ERLEBECHBRERAZETH 3.
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Lg = i(log(1 — L) — log(1 — L*))
CEBRDBHD ZSRbDEEZTHL.
A 8

geCNIIMEEDneNT |g(n) =1 %20ikTLT3. 2O
Lg(N) =log(g(N) — L) —log(g(N) — L*) 1& N ORREHEAFETH %

[N,log(g9(N) — L) —log(g(N) — L*)] = -1

on Ran((L* — g(N))) n D(NLg(N)) n D(Lg(N)N).

(AR )

b5 UIAL
log(f(L)) —log(f(L*))

DD DTEZTAHS.

EH 9
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mo DIRICHEZLTE. ZOLEHEEFEMce CHEFEELT
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(1) 0¢o(f(L)),
(2) »BERIITHRD 2 D £T

[N, log f(L) —log f(L*)] = —1
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e {Em] vz m.
e
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BACKGROUND

Definition of a time operator. In the standard formulation of quantum mechanics,
position operators, momentum operators, and the position-momentum uncertainty re-
lation are well-established. The position-momentum uncertainty relation AzAp > h/2
can be derived mathematically from the canonical commutation relation [Z,p] = ih.
Meanwhile, the energy-time uncertainty relation AEAT ~ h is also known experimen-
tally. So, in analogy with position and momentum, one expects that the energy-time
uncertainty relation can be obtained from the canonical commutation relation (CCR)

(1) [ﬁ , T] = ih.
Such time operators are necessary to derive time-energy uncertainty relations and to
unify space and time at the level of quantum mechanics.

However, in the framework of standard quantum mechanics, time is not an observ-
able but just a parameter because it is difficult to define a self-adjoint time operator T
that satisfies Eq. (1). To illustrate this difficulty, let us consider the Aharonov-Bohm
time operator [1]

A m o RN
@) T =~ (™ 4+ 570)

which describes the arrival time of a free particle on a line (R). This operator satisfies
Eq. (1) with the Hamiltonian H = $2/2m. On the other hand, observables in standard
quantum mechanics are represented by self-adjoint operators. Unfortunately, the op-
erator (2) does not have orthogonal eigenstates and real eigenvalues, so it is symmetric
but not self-adjoint. Today, it is well understood that self-adjoint time operators can
be defined for Hamiltonians with discrete energy spectrum [2, 3]. What is the discrete
analog of the time operator (2)?7 What would be its physical interpretation?

Time Operators in Terms of Time Crystals. In our previous work, we have con-
sidered the problem of time operators in the context of quantum time crystals (QTC)
in ring systems S! [4, 5]. A QTC is a quantum mechanical state which spontaneously
breaks time translation symmetry. The periodic oscillation of a QTC seems to pro-
mote time from a parameter to a physical observable. So, we proposed that QTCs are
candidates for constructing time operators. A generalized commutation relation called
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Hermitian
Symmetric
Self-Adjoint
15
(Time Crystal)

Non-Hermitian PT-symmetric

NH To ology, 7"
T 4_—P—’ 51 (Time Crystal)

Change

FIGURE 1. (Redrawn from Ref. [5].) Ts: is a self-adjoint time operator
and Tg"r is a PT-symmetric time operator that is defined on a ring
system (S?). In the large radius limit (from S* to R), T reduces to the
Aharonov-Bohm time operator Ty (2).

the generalized weak Weyl relation [6] is used to derive a class of self-adjoint time
operators for ring systems: Its eigenvalues are interpreted as the period of a QTC. The
Aharonov-Bohm time operator (2) is obtained from such time operators by taking the
infinite-radius limit. We also reveal the relationship between our time operators and
PT-symmetric time operators (which are non-Hermitian operators but have real eigen-
values). These time operators are then used to derive several energy-time uncertainty
relations. A summary of our time operators is given in Fig. 1.

The Arai-Miyamoto Inequality. Mathematical correctness does not necessarily im-
ply physical reality. Any physical theory is fully accepted once it survives experimental
verification. One way to test the existence of time operators is the “Arai-Miyamoto
inequality” which was first proposed by Miyamoto [7] and later developed by Arai
[8, 6, 9]. This inequality is derived from the weak Weyl relation (WWR)

(3) TU =U(T +1t)

where T is a time operator and U is a unitary operator. Using U = e “*/" and
differentiate Eq. (3) we recover the CCR (1). We can also write Eq. (3) in the inner
product form

(0, [UTIY) = (¢, tUY) .

Then, using the triangular inequality and the Cauchy-Schwarz inequality, we obtain
the Arai-Miyamoto inequality
40T

@ [ (0,00} P < =

where o = |[(T — (¢, T¥))¢||. Experimental demonstration of this inequality will
prove the existence of time operators. But, there is an additional hurdle to overcome.
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That is to say, Weyl relations such as Eq. (3) are not yet fully recognized by the physics
community. Therefore, we also need to verify the WWR, experimentally. Equation (4)
is derived only from the WWR and does not depend on the specific forms of T" and U.
Therefore, equivalent inequalities can be obtained using other observables that satisfy
the WWR.

(GOAL OF THIS PRESENTATION

We propose quantum crystals as a stage where the WWR and the Arai-Miyamoto
inequality play an essential role. In quantum space crystals, the operator Z is insuffi-
cient as a position operator because it does not satisty the periodic boundary condition
of the crystal. Instead, W = e is needed to make the position periodic. The canonical
quantization on S! with W and the canonical angular momentum operator L
(5) WL = (i + FL)W
is known as the Ohnuki-Kitakado quantization [10]. Eq. (5) has the same structure
as the WWR (3). We have shown that periodic time operators are also needed in
quantum time crystals [4, 5]. Therefore, we show that the WWR, is necessary for

periodic quantum crystal systems and that the Arai-Miyamoto inequality holds. The
connection between the time operators in Fig. 1 will be investigated in future study.
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Introduction: Is time an observable?

OIn quantum mechanics, position operators, momentum operators,
and the position-momentum uncertainty relation are well—
established.

OThe energy-time uncertainty relation is also known experimentally.
However, in the framework of standard quantum mechanics, time is
not an observable but just a parameter.

eI BAA,  BEFHELZC Avadh Saxenal, FHHFAS [%,p] = ik Analogy [ﬁ 7‘«] ; ih
20224F7H208 (&) Axhp 2 hj2 = AEAL 2 h/2
e o [, A e »Time Crystal: A physical system where time becomes discrete
fE - & 7R E;égﬁ}g{uwiiﬁtiﬁ F. Wilczek Phys. Rev. Lett 109, 160401, (2012);
~HHEREEFROER~ K. Nakatsugawa, T. Fujii and S. Tanda, Phys. Rev. B 96, 094308 (2017)
»Time Crystal=Time Operators
1 K. Nakatsugawa, T. Fujii, A. Saxena & S. Tanda, J. Phys. A 53, 025301 (2020) 2
Outline Crystal Structure in Time?
1. Quantum Time Crystal in ring system:
K. Nakatsugawa, T. Fujii & S. Tanda, Physical Review B 96, 094308 (2017) Space Crystal
. . K Crystal: Space translation
2. Time Operators from Time Crystals: e‘e o o is brok
K. Nakatsugawa, T. Fujii, A. Saxena & S. Tanda, J. Phys. A 53, 025301 (2020) symmetry is broken
. - t
3. Toward an experimental test of the Arai-Miyamoto
. . .
inequality e Time Crystal .
In relativity theory, space and
IT time are related.
- Can we have Time crystals?
3 4

New Types of Crystals

Phase Crystals
P. Holmvall et. al., Phys. Rev.
Research 2, (2020)

Time Crystal
F. Wilczek, PRL 109 (2012)

Phase-space Crystal
L. Guo et. al., PRL 111 (2013)

8

T—
VE. Re(a)

k space?

T space? ¢ space?

Can these new types of crystals really exist?
First, reconsider space crystals

Ground State of a Crystal

A ground state must satisfy the symmetry of the Hamiltonian
= Symmetry broken state cannot be a “true” ground state.
F. Strocchi, Symmetry Breaking (Springer, New York, 2008)

E.g. The periodicity of a crystal is not evident from its wavefunction.

Broken symmetry becomes apparent due to collapse of wavefunction.
J. van Wezel and J. van den Brink, Am. J. Phys. 75, 635 (2007)

F. Wilczek, Phys. Rev. Lett. 109, 160401 (2012)

P. Coleman, Nature 493, 166 (2013)

Loss of coherence plays an essential role
to determine physical ground states.

Qusarver

P. Coleman, Nature 493, 166 (2013)

6
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Macroscopic Quantum States

4 Type 1:Information about the entire system is not N
obtained by local measurement
[¥) e (la)s + 1)) @ ()2 + 1)) @ -+ @ (law +1/)1)
O O O

tSuperconductivity, Josephson effect )

nype 2 Information about the entire system is \
obtained by local measurement
[¥) o (la); @ la), @ -+ @ la)y) + ( )
O O O

-Schrédinger’s cat, Greenberger—Horne—Zeilinger state,
Q)pological order, etc. j

They are both superimposed states but differ in
terms of measurement 7

Quantum Crystals

The symmetry broken state is
not the true ground state

* Periodicity is not apparent from

the crystal’s wave function

measurement

F. Wilczek, Phys. Rev. Lett. 109, 160401 (2012)

Periodicity appears after

P. Coleman, Nature 493, 166 (2013)

Quantum time crystal: Energy
conservation implies time translation
symmetry (superposition of lattice),

but it may be spontaneously broken.

o+ o+

Entangled
state

)1 @18, @ ® [Ny
@A) @@ W)y

BN, @I, ® @ IN)y

) ® ), ® @ |y
1) @ 18), @ ® [y
ER), Q). ® @ M)y
)

Incommensurate CDW

The Charge Density Wave (CDW) amplitude is
n(x,t) = ny +ny cos(x/A + 0)
A=m/kp o ion

Charge density
—"—"'—"—“—".—"—"—'?—!’—"4
2a

Q Order Parameter: Macroscopic wave function
Q Incommensurate CDW : 1/a =irrational number
Energy independent of 8 = Fréhlich superconductivity

i_211 s ss ss ap o es s er we 0=0
a T 8a LH e 02305

ICDW

possible

OA boson, so superposition is

OMacroscopic wave function
OA space crystal, direct
measurement is possible

Ideal space crystal with

Ring

Topological crystals

S. Tanda et.al., Nature 417, 139 (2002)

CDW Aharonov-Bohm effect

LE coherence. (T;gllug;a et al, Europhys. Lett. 97, 57011
9 10
Classical Dynamics of ICDW ring Quantization of 1D (R) System
P L L J—
Assumption: 8’ = o 0 o »«.1 Vs J\J Tp’
Consider the CDW phase 'f. B ” '\\ 1) b
Lagrangian Ceagpalr™ — _ o AT
[H. Fukuyama, JPSJ 41, 513 (1976)] {x,p}pp =1 - [X,p] = ih
1(6,07) =2 [ (o2 go?) = Lo
@ )_4nc§J:, x[6% - g ]_5 V
Fermi Velocity: vg / - T
Phason velocity: ¢y AABLLDAAR %
Moment of Inertia: | = Rhvg/c? / ll} I,
Collective coordinate: 6(t) = 2kpx(t) l/} \ ﬁl/) R /
\ //
»Equivalent to a single free particle on a ring! ~__ - o
How can we quantize this system? . e .
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Quantization of Periodic Systems

L. Susskind and J. Glogower, Physica 1, 49 (1964)

P. Carruthers and M.M. Nieto, Rev. Mod. Phys. 40, 411 (1968)
Y. Ohnuki and S. Kitakado. J. Math. Phys. 34, 2827 (1993);

S. Tanimura, Prog. Theor. Phys. 90, 271 (1993)

The wave function of a ring system must be periodic
But @ is a multivalued operator and breaks periodicity

[ew,L] = he'?

Single-valued

—)

We must consider the
“weak Weyl relation”
instead of the CCR. {

Ground state of ICDW ring

Charege Density Operator:
i ~ cos @
Ground state Expectation value:
1 w
(fi(t)) ~ Z,f do[n(6,t) + ng(6,t)] =0
s m.x,0)
NSNS 16, 5,0)
SO [ (0, x,0) +ng (6, x,0)]/ 2

‘Period P =4nl/h < R ‘

N NN
b T 0, WO VIR e,

N TN TN TN TN TN AT
LI L L L] . LU LR 1
The ground statfe is a uniform .,.\. ,.‘.\-_/:;f:\._‘/\-\;:\._ /;
" D ,
superposition of CDW & Superposition

14

Symmetry Breaking by Decoherence

Superposition Localization

2-state system (Leggett
et al., Rev. Mod. Phys.

\art/S

Tunneling 59, 1 (1987))
(2 g @ Coupling with environment
will localize the particle
&‘ PP Idea: Breaking of time
— — >t

translation symmetry by
decoherence?

=

t

Environment

Symmetry Breaking by Decoherence

Measurement problem: How (or why) collapse of a wave function
i = P; occurs?

Caldeira-Leggett model: Model of measurement problem using
interaction with an environment (caldeira and Leggett. Physica A: 121:587— 616 (1983))

= ﬁsys + ﬁlnt+ ﬁEnv

HSys HEnv ﬁ = ﬁSySﬁEnv
) = e—zﬁc/hﬁelﬁz/h * ﬁSys(t)ﬁEHV(t)

PO = trany (5(0) = ) (9F™, HOOE™)

Ignore environment freedom
(trace out). Then, time evolution
becomes non-unitary. The result is
decoherence i.e. collapse of the
wave function

15 1
: - 0 1
Model: ICDW Ring + Environment Decoherencein S
CDW charge density .
(o) ~ {(Ufe?U;) = tryingletrenv.(5(1))] = f €97 p(6y, 67, 0)d6;
Consider fluctuating magnetic flux Reduced Density Matrix o
Environment: Harmonic oscillators {q;} . ¥ .
c.f. Caldeira and Leggett. Physica A 121, 587 (1983) p(67,¢5.t) :f deiJ' dg; [p(ei@, 0) Z J(65 + 2mly, s + 21ly, £ 6, ¢, 0)}
- - 13, €L
1 ¢ . 2 < 1, mja;]z Az) Feynman-Vernon Propagator
H=—(L- ) —q;| + ——Db; + qj ) ¢, i
21( Z“’j ]) Z U ](ef,,p,,z;gi,.p,,o):f fusf fu¢'exp[i.s'[d)+,¢*171‘[(;;*]}
o h o+ =(p+0)/2
Interaction with Environment Classical Action ¢7=¢-0
Environment Hamiltonian ¢ t T
Slp* ¢~ 1=~ | drig*(@p~ (@ +2 | dr | dsp™ —s)p*
Charge density operator : 97 47] Ju e © -[v Tfu ot S)f__ ©
A =ny+n,C Noise Action agir -5 =Y 5 e ‘Jl.:r cos iyt — 1),
Expectation value: I N A A _ *
_ _ r = | dt| ds¢”(Dag(t —s)p~(s) 2 .
n(t) = (s, e/ M=t/ ) 971 ziJU Tfo 5" @ap(t =)™ L Ziu'm,[.’.._.‘" — 5) 4 iy 7 J
17 ) 18
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Aysuaq ob1eyn

Aysuaq obieyn

Time Crystal by Decoherence

\/\/‘\A AYAYS
w0 te s 000

N\

AN
1eee 0 eee soeeee o

R ~ 10~m: radius,
I: moment of inertia,

- Decoherence
A

| Without N WOwW N asl vg ~ 10°m/s: Fermi velocity,
Environment v’ ~ 1073vg: CDW phason velocity
8 Time/Period
Period P = % = :L’R ~ lps
With
" Environment ,|.HH;,H|H<
- of
H\‘M\ ‘ _llll e
rqélberlod ' ’ ' ' ' |

»m.U J\r,\[\m»h!\ i l'
A4

Origin of Oscillation

AxAp > h/2
$
Momentum uncertainty :Ap ~ i/2R
A 4
wave packet spreads with velocity v ~ 22 ~ ZZM

¥

Interfere on the opposite side of the ring

2mR _ 4mmR? _ aml
PeriodP =—=—=— ©ﬁ©%©
h K NN AU
N v
Interference of wave function O/ @
+ uncertainty relation VSN PSS
+ ring system ky v
= Time crystal! OO

NS

IAYAYAY IS

1e-06}

AE-N
o S
2 -
3 [ g o
2 5 |
g 5
5
s 1a-08/ e
a7 i i
t'P

Metastable time crystal

PKtxl/y

£ X

"‘ "y T ”

QTC period Life time

Time Crystal in Mobius ring

Antiperiodic boundary condition:
$(6 + 21) = —p(0)

Ground state: gs(0) o cos?

Time crystal oscillation

Time superlattice

1 B T I _,‘u“w'“"%

g
w
j [ oy 1"
“Superlattice” with length y
Small oscillation=Periodicity of ring
Strong oscillation from the beginning

Charge density

ol - iy s

gz

-1

Time Crystal

Time Operator

Order parameter for a time crystal?

Canonical Commutation Relation

In quantum mechanics, non-commutativity of operators plays
an essential role. One example is the canonical commutation
relation (CCR)

[x,p] = ih
From the CCR we obtain the uncertainty relation.

Ox0p 2 2

In relativity, time-space and energy-momentum are related.
Can we obtain time operators?

[H,T] = ih
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Weyl relations

d/ds d/dt
—_— —
Weyl relation Weak Weyl relation CCR
isT ,itH . . .
eet T et = (T +¢) [H,T] = ih
- elsteltHelST

M. Miyamoto J. Math. Phys. 42, 1038 (2001)
A. Arai, Rev. Math. Phys. 17, 1071 (2005)

25

Time Operator

Free particle on a line R

x

Y. Aharonov & D. Bohm, Phys. Rev. 122, 1649 (1961)

26

Generalized weak Weyl relation

Weak Weyl relation

Canonical commutation relation

d/dt
—

Generalized weak Weyl relation

3, eité] = R(t)eltA d/dt

Generalized CCR

Ideal for ring systems!

A. Arai, Rev. Math. Phys. 17, 1071 (2005)

27

Time Operators in Terms of Time Crystals

« Time crystals seem to promote time from a parameter to a
physical quantity

* In ring systems time becomes periodic and consequently
form a time crystal. Consider this periodicity carefully.

el > W, H=1?/2]
W) = et/ e=ift/h = W (¢ + P)
f® =ZeW"(@®) =f(t+P)

P : Period of our time crystal

+ Atime operator T for a ring shoud be a function of L, W
T@t)=F (ﬁg, I/T/(t)) =T(t+P)

28

Time Operators in Terms of Time Crystals

Time-of-arrival operator in §*

Hermitian
PN mR2[ 1~ ~ 1 matri
T =" L@t w2 SRS
i lze+n 2L+h Self-Adjoint
N _ 7— Topol TJ
Ts1 > T ¥ Change 4 [Time Crystal)

[8,L] = inC€ - [z,p] = ik
[H,Tq]| =inC - [H,Tg] = in
S=W-why2i

We obtain self-adjoint time
operator in ring system

C=W+why/2

29

Time Operators in Terms of Time Crystals

Generalized weak Weyl relation ~ Ae~t% = e~tB(4 + K (t))
A. Arai, Rev. Math. Phys. 17, 1071 (2005) R _
[4.8] = ik'(0)|
t=0

1D system: B K(t) Commutation relation
x | p t [x,p] = ik
Tr | H —t [Tg H] = —ik
Ring system:| 4 | B K(t) Commutation relation
s |1 so-s [S,L] = iAC
Ter | H |Ti(t) —Tqa [Tg1,H] =ihC

30
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Relationship between time crystal and time operator

* In quantum mechanics, time is regarded as parameter, not an
operator

Time Crystal: Time translation symmetry becomes discrete
Can we solve the problem of time operator in terms of time
crystals ?

In the R — o limit we obtain the time operator for R but with
linear time evolution. This coincides with the “criticisms” of

time crystal ground states (H. watanabe and M. Oshikawa, PRL 114, 251603
(2015))

We surmise that K (t) characterizes the time-evolution of a
time crystal.

We will have a time crystal ground state if K(t) = T(t) = T
has a periodic expectation value at ground state. 3

Quantum Crystals

“Arai-Miyamoto Inequality”

32

The Arai-Miyamoto Inequality

Consider the weak Weyl relation (WWR)
TU=U(T +1t)

Can we obtain an uncertainty relation from the
WWR? One consequence of the WWR is the “Arai-
Miyamoto inequality”

Arai-Miyamoto

2
) <22
’ = 2 Inequality

M. Miyamoto J. Math. Phys. 42, 1038 (2001).
A. Arai, Rev. Math. Phys. 17, 1071 (2005).
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Intuition of the Arai-Miyamoto Ineq.

402
I, U < -
‘ Overlap

34

Derivation of the Arai-Miyamoto Ineq.

* Rewrite the WWR into inner product form

W, [U,TIY) = (b, tU)

which is invariant by the replacement T - T = T — (i, T)
W, [U,TIY) = (b, tUY)

¢ Use the triangular inequality and the Cauchy—Schwarz inequality.

I, (0. T < (b, UT)] + (b, TUw)| < 20U I|IT]| = 207

where we defined o7 = ||Ty|| = II(T — (1, TY))Y||. Consequently,
we obtain the Arai-Miyamoto inequality.
2

iU <2

35

Alternative form

« Wecanalsoreplace T —» T =T — (), Ty), U —» U = U — (3, U)) in
the WWR

TO=0(T+¢),
(. [0.T]p) = (b, tUw)

* Use the triangular inequality and the Cauchy-Schwarz inequality

[, [O.TIw)| < [(w, TTw)| + (v, Tu)| < 2]|Tp|||T9]| = 20407

where defined oy = ||l71[)|| = ||(U — (@, Up)||. Consequently, we
obtain the uncertainty relation.

oyop > [, tzUw)I

* oy can be interpreted as some temporal uncertainty. However, it is
difficult to interpret oy;.

36
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Alternative form

* oy is explicitly written as

o = (W, U UY) — [, UP)|? = 1= [, Up)|?

¢ Therefore, we rewrite _|<w,t2uw)\

form
2
4oy

(W, )2 Sm

< oyor into an equivalent

« This is a stronger form of the Arai-Miyamoto inequality.

407 40}
t2+40f " t?

(W, Up)|? <

Uncertainty relation in St

* The Ohnuki-Kitakado quantization on S* is equivalent to the WWR.
[Y. Ohnuki and S. Kitakado. J. Math. Phys. 34, 2827 (1993)]
eL = (L +h)e'

« Several forms of position-momentum uncertainty
relations have been proposed. [S. Tanimura, Prog.
Theor. Phys. 90, 271 (1993)]

* We propose that the Arai-Miyamoto inequality can be used as
an uncertainty relation on S*

. 40f
+ Att = 0 we obtain the equality |(1,)|? = 1. Anyway, the |(1,b,e‘a¢>|z < Z—Lz
power-law decay is important. 40] + 1
37 38
Application to time crystal Conclusion
In our model of time crystal, there are two temporal scales. o .
1. Period of the time crystal, which are eigenvalues of Ts1. Aral—M|yamoto Inequality Weak Weyl relation
2. Dephasing time, which is due to coupling with Time ) ) 402 402 Time ek it
environment. |(p, e=iet/hp)|” < T spl:'sj) =e (T+1)
2 1 i0 _ il
Using the Caldeira-Leggett model I find |(y, Wi)| o £275 space(s1) s ao? Let® = et®(L+ 1)
~ G A il 6 —
where W(t) = elHt/hgif p—iHt/h [, ep)|" < 402+ 12 CCR
Envelope function of |(1[),V|7([)1[J)| Future "
10° work Difficult
| SubOhmiz 4208
10} e e il AL Time Quantum Space Crystal
SupsrOhmic s=1 2 Operator > Quantum Time Crystal
PR
pe
. iz
07 10% 107 10° 000 0100 | 39 40
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Quantum Topological Science and Technology:
Real-space and K-space Topological Control

Satoshi Tanda

Department of Applied PHysics, Hokkaido University
Cender of Education and Research for Topological Science and Technology, Hokkaido
Univ.

We have investigated “Topological Science and Technology” in terms of real-space and
K-space topology. In the case of real-space, we discover topological crystals of Mobius
ring and Hopf-link crystal. Using topological crystals, we also give the evidence of
Aharonov-Bohm effect of charge-density waves (CDW) as macroscopic wave-functions,
and precursor of Frolich superconductors, time crystals of CDW, and chiral CDW [1].
As a K-space topological control, we succeed to make Dirac fermion from Schrodinger
fermion by using strain in the one dimensional materials. We were able to confirm
the finding of a topological phase in unstrained TaSe3, directly visualizing the spin-
momentum locking that is a hallmark signature of its topological surface states[2]. This
uniaxial strain is rapidly becoming a promising tool for studying the electronic structure
evolution of quantum materials, where many more discoveries can be expected.

References
[1] Real-space Topology control; Nature 417, 397 (2002)
[2] K-space Topology control; Nature Materials 20, 1093 (2021)
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Quantum Topological Science and Outline
Technology :

Real-space and K-space % Topological Science and Technology
Topological Control

% % Real space Topology control

S.Tanda, Hokkaido Univ.
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Translations and Analogies

Physic Differential Topalogy or

Wysha Geometry knot theory
Magnetic field vector field B BeA* (R {RUEERL VeCtor

i 10 3 knot
divergence-lree VB=0 dbi=0 knots are closed
veclor potential VxA=B di=Rh Seifert surface
magnetic Mux IBnda ¥ -

ideal evolution | 4B =V x (vxB) 4B =L.B ambient isotopy

closed field ling

closed field line

closed flux tube

knot

mag. helicity

JABdv

JAANB

linking number

higher helicities

Massey products

higher linking

a2

knot invariants
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Crystal rigidity. (bending, twisting)
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Ring Crystals (Om)

Seamless)!

Formation of Ring Crystals

The ribbon-
shaped NbSe;
crystals grown
in| the viscous
Se droplef: are
bent: due to Se
; surface tension.
w il
l circulating
NbSes3 fiber on
the equator of
Se droplets

a growing crystal can diring)growth

eat its own tail.

Seamlessiring

X-ray Diffraction

Powder'Method (grinding up ring-crystals)

Single Phase
Nb,Se;, NbSe,, Nb;Se,, Nb,Segy

lattice constants a=10.01 A
b=3.48A

c=15 634 p=108_5°
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Nonequilibrium condition

Se Atmosphere. Nb
Low Temp.

HighTemp. Large Temperature
a gradient: (
5
-
Se circulates through

Vapormmistsliguididroples:

| »
Like a Earth &«
system o

CDW

Correlation length
is 5 pm , which is
larger than hole
radius!!

, Imaging Plate

Ring
i X-ray,

~—

|

Ring

Single Crystals !l



Electron Diffraction Pattern

Te, = 145K
Te, = 52K

T=138K
Q=(0, 0.24, 0)

Existence of CDW state in
the NbSe; Ring-Crystals !l

Mechanism of formation of
Figure 8 Crystals

_)

1t hecome o interseet with itself
for some reason, and then the both | The crystal to be to form
ends coalesee. L

—

A NbSed prystal hind
around a droplet two
times during its growth

Bending to Twisting
formation mechanism of Mobius crystals
Difficulties — twisting  shear

Question) is' how the twisting is
introduced| without actual shea

Answer
Crystalisymmetry. @S5 The bending-twistinglconvension
Bending (1‘:: TWiSﬁng Twist Angle: ©)
Compliance Q

Monoclinic', triclinic

GriossiSection

8DFHERDHUFHIEE (2m)

5N 1N
A=)V 2 BiIER

YL 5 (On) BFEEXREN LD T
JRISKE(D = F1—TER

BOXERHEAORR

Compliance

Elasticity. ( Expansion of Hook's law )

L Extension
Stress:o and
Strain:e compressiol

o-ke — e=(/k)x0
SRS
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R? 7 £.:05 *
BEN e+ 47~ T

GUbic Tetragonal OriHorhombice s Moroclinic niclinic

Llowerssymmeitry;
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Bending to Twisting idence of Twisting

Angle of twis

Monoclinic NbSe3

twisting is introduced by
bending through this mechanism
without actual shear forces
during the growth processes
along surface

Summary of formation
Mechanism

Mabius Figure-8

So the materials are
classified by

and Twist
number N whichiis defined
as Niof altwisti oft N
introduced during circling
a loop.

l

Knot Crystals

Evolution of concept of

Cr‘ySTG' ROTGT'OHGI SymmeT y AEBESL (Internal disclinations) S BEI L (External disclinations)
ZQZTEEWI RIEHHS RITESHSRBEA B THEL ()

e.g. ,Grap_hlte

and 8-
figure

Blowishoulditiese Topological Defect ——  Topological Crystals

matenialsigroupshiavesbeen BREERRE — KBERrROS—

Jopologicalldefect '\ Topologicalldefecs eXpressed?

Dislocations S Disclinations
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Topological Crystals @ % %8
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Definition of Crystals y raction: Ring
snow crystal _ Crystals show Bragg reflection  Rreciproc

: flection of electron beam/X-ray g mtierg =1 = GRET = - - Imaging Plate
‘ Ring

—

uasnc rystal
- -—
.

(%3

Crystals and quasicryst Y A —
show sharp Bragg spots

|

Ring

Single Crystals !l

Helical microtubules of
graphitic carbon
Sumdo lijima

WES Cororation Fusdrmsisl Reossrch Lineor on
34 Mhhgaa TrukiEn, B 0% pen

THE symthesis of medecular carban structures in the form of Co
and scher fullerenes’ has stimulated intease imferest In the stru-

5. 1 Dacon g of msowsuies of ot caton Pl

haliar be (hal saed for Tullocots systhenis, the Seedies et e 2 e e s Ao 2

micruacopy revesls that each enslle compeise cassial
tuber of graphitic sheets, ranpieg o mwnber from 2 up 4o sbout
50 On euch tabe the carbio-atem hexagom are srranged is 3

i
ewdle 1o mecdlc and from fube (o Gebe within 5 single acedle. It
appears that this helical srecture may abd the growth preces.
The formation of these needies. ranging from 3 foe 10 3 few tews

these relevant 4o he Fallerenes.

Electron beam

6.2
Each cylinder represents a coaxial closed layer of carbon hexagons. The
meaning of the labels V and H s explained in the text

FIG. 2 Cinagraohic view of a possible structural mods for 8 graohive tubule
£ach cylinger represents & cosial clased layer of carban hexsgons. The
mearing of the labets v and K 18 explained in the text
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FIG 1 Flectron mcragraphs of microtubules of graphitic carbon Parafiel
dork fves of gragite. A

af esch tubbe ‘5 ilustrated & Tube consisting of The graphite sheats,
diamater 6.7 nm. b, Two.steel 1ube, dlameter 55 ren. ¢ Seven.sheet tube.
Giametar 6.5 nm, which has the smadest holiow dameter (2.2 nm)

K2R kO3 —#ia

K-space Topology control;
Nature Materials 20, 1093 (2021)
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Visualization of the strain-induced topological
phase transition in a quasi-one-dimensional
superconductor TaSe,

Chun Lin0', ', Ryo Noguchi 0, i "

Arsishi Nomura®, Masabatsu Teubota’, Peng Zhing 0, Cadeic Baselle’. Kifu Karokawy', Yosube Aral,
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Helical instability

Ordered state Gauge, Spacetime

In Standard model, particle-
hole pair (vacuum polarizers:
quantum fluctuation) make
helicity/chiral current in the
gauge fields as quantum
anomalies. Adler-Bell-Jackiw

Innematic lig. Crystals, the

excess of chiral molecules

leads to the helicity

term, n.(Vxn) , and to the

chorestelic structure.

SR E:Chiral Anomaly (1+1)D

i %},{ o A-B: Parity Anomaly (2+1)D
LA E-B:Chiral Anomaly (3+1)D
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Helical Dynamics of particles in v=V&@+a-Vf

Clebsh parametrization

0,a, B ;scaler functions

v=Vp v=a-Vf

.
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Emergent of flow|[ Emergent
@=Vxv=Vx(Vf)=0

0=Vxv=Vx(V0+a-Yf)

of Vortex||Emergent of Helicity}
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1. Introduction

Optical lattice clocks have been proposed as a next-generation time and frequency
standard that combines high accuracy and stability [1] and has achieved a fractional
uncertainty of 10718 [2-4], which is two orders of magnitude better than the current
cesium atomic clock that defines the second. Such accurate clocks are expected not
only as a standard but also for various applications such as verification of fundamental
physics and precision physical measurements. For example, precise measurement of
gravitational redshift can be applied as a new geodetic technique to measure elevation
using relativistic time delay. Since the excellent stability of optical lattice clocks can
achieve an uncertainty of 10718 in a short averaging time, relativistic geodesy, which
measures 1 cm difference in elevation in real time, is expected to be a new geodetic
technique. On the other hand, in order to use such clocks as a measurement device, the
challenge is to develop a transportable system that can be operated outside the
laboratory. In this paper, we describe the transportability of optical lattice clocks for
relativistic geodetic applications and their future application to relativistic geodesy.

2. Transportability of Atomic Clocks
2.1 Definition of the Second with Microwave Clocks

The second, the unit of time, has been defined for more than 50 years by the cesium
atomic clock based on microwave transitions (vy = 9.2 GHz) between the hyperfine
structure of cesium atoms. During this period, technological advances, instead of the
conventional thermal atomic beam, the atomic fountain clocks using laser-cooled
atoms have improved the accuracy by an order of magnitude every decade, and now a
fractional frequency uncertainty of 8v/vy ~10716 has been achieved. With reference
to such atomic clocks, time and frequency are the physical quantities that can be
measured with the highest precision in the SI unit system. In addition, microwave
atomic clocks are also undergoing technological development toward practical
application through miniaturization, transportability, and power consumption, such as
the development of the chip scale atomic clock (CSAC) [5]. Microwave clocks have
become an indispensable fundamental technology for society, such as positioning and
time synchronization by global navigation satellite system (GNSS) using atomic
clocks mounted on satellites and synchronization of high-speed, large-capacity
communication networks.

2.2 From Microwave Clocks to Optical Clocks

The pursuit of higher precision in atomic clocks has been accompanied by advances
in laser coherent control technology, such as optical frequency comb [6, 7], narrow
linewidth laser [8, 9], and optical frequency distribution using optical fiber [10, 11],
and research on atomic clocks using the transitions in the optical frequency domain
(optical clocks) has made drastic progress since around 2000. Since the accuracy and
stability of clocks are proportional to the frequency of the referenced clock transition,
an improvement of approximately five orders of magnitude is expected by shifting the
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clock transition frequency from the microwaves to the optical frequency region.
Uncertainties in the 107'® level or lower have been achieved with single ion clocks [9,
10] and optical lattice clocks [2-4]. These optical clocks have already exceeded the
accuracy of cesium clocks by more than two orders of magnitude, and discussions are
underway to redefine the second using such optical clocks.

2.3 Performance of Frequency Dissemination

While optical clocks with 18-digit precision have been realized, it is not easy to
confirm the integrity of optical clocks at the same level of precision on a global scale.
One reason for this is the limitation of frequency dissemination. Microwave transfer
via satellite, which has been used to deliver frequency reference signals for
conventional microwave clocks, allows for global-scale links, but atmospheric
disturbances limit the transfer instability to 8v/v, ~1071° in averaging time per day,
and the performance of optical clocks cannot be fully utilized. On the other hand,
optical frequency transfer using optical fiber link can transfer 6v/vy ~10718 per
second, which is fine in terms of accuracy and stability, but the transfer distance is
limited to ~1000 km, making intercontinental and global frequency dissemination
difficult. In order to redefine the second, it is necessary to confirm whether clocks
around the world are ticking with the same rate at the 18-digit level of precision, which
can be realized by directly comparing frequencies using transportable optical atomic
clocks.

2.4 Application to Relativistic Geodesy

On the ground, according to Einstein's general theory of relativity, time advances
more slowly at lower elevations than at higher elevations due to the effect of gravity;
the gravitational redshift Av = v, — v, between the two clocks is Av/v; = gAh/c?,
where Ah is the height difference between the two clocks, c is the speed of light, and g
is the gravitational acceleration. For a height difference of Ah = 1 cm, ticking rate of
clocks changes by Av/v; = 1.1 X 10718 (1 second changes by 108 seconds). On the
other hand, for example, elevations in Europe diverge by more than 10 cm between
borders in some places [14], making it difficult to share clock frequencies with an
uncertainty of 1078 . In addition, due to tidal effects, clock frequencies vary
approximately Av/v; = 10717 over a semidiurnal cycle, which must be accurately
evaluated. To avoid these effects and verify clock integrity with an uncertainty of
10718 it is necessary to transport clocks and perform local clock comparisons in
proximity, rather than remote clock comparisons by frequency link.

Using this effect in reverse, a high-precision clock would become a gravity potential
sensor that precisely measures the difference in elevation: the difference in elevation
between two points can be measured from the frequency difference between clocks at
each location, with clocks ticking the same rate (frequency) at the same elevation on
the equipotential surface. This measurement of elevation difference using clocks is
called relativistic geodesy, and is expected to become a new geodetic method. In
Europe, an optical fiber network over 2000 km has been constructed to connect optical
lattice clocks developed by metrological institutes in various countries [15]. In
addition to static measurements such as the construction of elevation systems,
networked optical lattice clocks have the potential to be applied to the observation of
dynamic behaviors such as crustal deformation and volcanic activities, taking
advantage of the stability of the clocks that can reach an uncertainty of 10°'® in a short
averaging time [16]. In particular, it is important to investigate slight temporal and
spatial changes in the crust of the Japanese Islands, which are located at a plate
boundary, because of their active seismic and volcanic activities [16]. If a
transportable optical lattice clock is available, such measurements can be made with
high temporal and spatial resolution.
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2.5 Space Application of Optical Clocks

The development of compact and robust optical clocks to be taken to space has been
proposed for the applications, such as high-precision synchronization of terrestrial
clocks, verification of the Einstein Equivalence Principle (EEP) [17], dark matter
(DM) searches, and gravitational wave (GW) detection [18]. For such applications,
miniaturization of the size, reduction of power consumption, as well as addressing
various technical issues such as radiation resistance, extended equipment life, and
shock resistance will be important issues to be addressed in the future [19].

3. Development of Transportable Optical Clocks
3.1 Trends in the Development of Transportable Optical Clocks

High-precision optical clocks have been realized only in laboratory environments
where temperature, vibration, and other factors are well controlled. In recent years,
transportable optical clocks have been developed to enable stable operation in
environments outside the laboratory for applications such as geodesy. A group at the
Physikalisch-Technische Bundesanstalt (PTB) in Germany has developed a trailer-
mounted optical lattice clock with an uncertainty of 7.4 x 10717 [20]. The clock was
transported into a tunnel in the middle of the Alps and compared via optical fiber to a
group of clocks at the National Institute for Metrological Research (INRiM) in Italy to
demonstrate relativistic geodesy [21]. The European Space Agency (ESA) is planning
a space mission (I-SOC) to operate optical lattice clocks on the International Space
Station (ISS), and an uncertainty of 2 X 10717 was achieved with the developed
demonstrator model [22]. In the field of ion clocks, a German group led by PTB, in
collaboration with a company, has developed an ion clock using Yb" atoms mounted
in two 19-inch racks and achieved an uncertainty of 2 X 1017 [23].

3.2 Development of Transportable Optical Lattice Clocks

We have developed a transportable optical lattice clock with an uncertainty of 1078
using strontium (Sr) atoms [19] (Fig. 1(a)). The clock system consists of a physics
package (Fig. 1(b)) that includes a UHV chamber for clock transition spectroscopy,
and two laser boxes that house a total of seven diode lasers used for laser cooling of
atoms, optical lattice, and clock transition spectroscopy. The laser boxes are housed in
a 19-inch rack, with the laser sources and related optics in the upper part and the
control electronics in the lower part. ’Sr atoms from the atomic oven are decelerated
by a Zeeman slower, and magneto-optically trapped and cooled down to a few mK on
the allowed transition S, (F =9/2)— 'P, (F =11/2) (Fig. 1(c)). Furthermore,
atoms are cooled down to a few uK by the second stage magneto-optical trapping on
the narrow-line spin-forbidden transition 'S, (F =9/2)— P, (F=7/2,11/2)
and loaded into a one-dimensional optical lattice formed by a standing wave of
counterpropagating lasers tuned to the magic wavelength at around 813 nm for Sr (Fig.
1(d)). By slightly shifting the relative frequency of the lattice lasers, a moving optical
lattice is realized to transport the atoms into the blackbody radiation shield, where the
clock transition 'S, (F=9/2)— 3P, (F=9/2) is interrogated. The blackbody
radiation shield is cooled, and temperature stabilized at 245 K by a Peltier cooler,
reducing the uncertainty of the frequency shift due to blackbody radiation from the
ambient environment. The excitation probabilities of the atoms are then measured
from the fluorescence on the allowed transition 'S, (F =9/2) — 'P, (F =11/2),
and the frequency of the clock laser is controlled to resonate with the clock transition
according to the obtained excitation probabilities. The series of cycles (cycle time ~1.6
s) is repeated to average the statistical noise and achieve a fractional frequency
stability of 1075,
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Fig. 1. Configuration of the transportable optical lattice clock. (a) Two transportable
clocks connected by a phase-noise-cancelled optical fiber link. Each clock consists of a
physics package and two laser boxes. The laser distribution box provides the reference
lasers for the two clocks. (b) Exterior view of the UHV chamber installed inside a
75(W)x55(H)x70(D) cm® magnetically shielded box. (c) Relevant energy diagram of
8Sr atoms. (d) Schematic of the physics package inside the vacuum chamber.
Magneto-optically trapped ultra-cold ®’Sr atoms are trapped in a 1D optical lattice
formed in a bow-tie resonator. The atoms are transported by a moving lattice into the
blackbody radiation shield for clock spectroscopy.

3.3 Test of Gravitational Redshift at Tokyo Skytree

A pair of optical lattice clocks were developed and transported to Tokyo Skytree,
where one was installed on the ground floor at 0 m and the other on the tower’s
highest observation deck at 450 m, from Oct. 2018 to Apr. 2019. The two clocks were
connected by a highly stable optical fiber link with a control system that suppresses
phase noise caused by vibration and temperature changes. The spectra of the clock
transitions obtained at 0 m and 450 m are shown in Fig. 2(b) and (¢). A frequency shift
of Av~21 Hz, corresponding to the gravitational redshift at a height difference of
Ah~450 m, was observed. Simultaneously, the height difference Ah was measured by
GNSS surveying and laser ranging. From the obtained gravitational redshift Av and
height difference Ak, we evaluated the a introduced in the gravitational redshift
Av/v; = (1 + a) gAh/c? by general relativity (a = 0 if general relativity is valid).
By evaluating the frequency difference between the two clocks with an uncertainty of
8v/vy = 4.3 x 10718, we obtained @ = (1.4 £ 9.1) x 107°. By using a highly precise
clock, a verification uncertainty comparable to that of space-scale experiments with a
height difference of tens of thousands of kilometers [24, 25] was achieved, even
though the height difference is only a few hundred meters. The measurement
uncertainty of the gravitational redshift gives an uncertainty of 4 cm at the equivalent
height, indicating that optical lattice clocks are technically capable of relativistic
geodesy with cm-level uncertainty.
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Fig. 2. Experimental setup for the test of gravitational redshift [26]. Two transportable
optical lattice clocks located at 0 m and 450 m are connected by an optical fiber link.
The spectra show a frequency shift of ~21 Hz corresponding to the gravitational
redshift with a height difference of ~450 m, measured by GNSS and laser ranging.

4. Application to Relativistic Geodesy

Optical lattice clocks have the potential to measure short-time scale phenomena that
could not be observed before with high precision due to their accurate and stable
characteristics. Conventional level surveying requires several days to several months
(2 km/day) to make survey measurements between remote locations (10~1000 km),

and the cumulative error (2.5,/S/km mm, where S is the route length) depends on the
measured distance [16]. In addition, positioning by global navigation satellite systems
(GNSS) has a horizontal positioning accuracy of 2-3 mm, but only about 1 cm in the
height direction, requiring an averaging time of about 1 day to reach this accuracy [16].
Relativistic geodetic surveying using optical lattice clocks can measure a 1 cm height
difference with an averaging time of about 2 hours, if clocks in remote locations can
be connected by a stable optical fiber link. This could capture dynamic changes in
gravitational potential and elevation due to tidal effects, crustal deformation, volcanic
activity, etc., which have been averaged out and unseen with conventional surveying.
In the future, further speed-up of geodetic measurement is expected if high clock
stability is achieved through no-deadtime clock operations such as longitudinal
Ramsey spectroscopy [27].

5. Summary and Prospects

Optical lattice clocks are ideal devices for measuring gravitational potentials due to
their high accuracy and stability. The high accuracy is useful as a reference for
elevation, and the high stability is necessary for observing the dynamic behavior of the
gravitational potential. We have developed a transportable Sr optical lattice clock for
such relativistic geodetic applications and performed field experiments at Tokyo
Skytree and confirmed that the clock operates as stably as in a laboratory environment
with an uncertainty of 4 X 10718 outside the laboratory. In the future, optical lattice
clocks will be transported to measurement sites where changes in gravitational
potential due to crustal deformation and tidal effects are predicted, connected to a
reference clock by long-distance optical fiber, and applied to demonstration
experiments for geophysical measurements. For practical application of optical lattice
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clocks as a quantum sensing devise, miniaturization, robustness, and longevity of the
system are important issues. Further technological progress in the future is expected to
make this technology indispensable for both the core technologies that support society
and the precision measurement that pioneers new physics.
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pES, T B, Xy LOREEDIE {ps}ses D3 (L, p) W T 2HFEITH S L1, LIFD
Ml deE2E D !

(i) B s — ps 1355 || Zp||-FTHEIT D 2,

Thbb, TRTDX e XITHL, s p(X) & | Zp|-ATHITH 5,

(ii) F# X e X & Aec FizxfL,

(20) mmmm:Amemm)

FIE 1. (0,0, ) IHFTEALA VA IVLAY ML L peV,ITHL, (Z,p) XT3 HF857
{ps}ses DHITHFIET %,

IThbb, BETOEEIELEEINTWS,

(19)
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EE 10. (a,0,5) I T B A A MR Y b THEME(S) ZifilzT2id, &pecV, i
KU, Bif s p, HHRAMPITH 2 & x5,

EE 11. (0,0, 9) 1T BA VA AR Y b THEH (C) i3 1%, BARIER
IFERRRIES U  Vy @ L2(S,T) — Vi T

(21) 5 (M,A) = U(M ®[xa]), MeV,AeF
Eililz T bODEET B L ERWVI,

& 12 (BRIKEBOE). T7% (a,0,S) ITNFT 2L A MLAV L, pe8S, 8T 5, X,
L DREEDIE {ps}oes B3 (L, p) ICH T 2 HBREOBETDH 2 1, UTOREMEZERS
EEZVD

(i) Fse SITHL, p, €8,

(1) B s — ps 359 || Zp||-FIHITH %,

(iti) FE M e Vy & A e FITXL,

(

22) M T@)p) = [ (M, p0) dIZol5).

EE 2. &fF (C) Hi72F (0,0, ) WRFTE2ALA VA MLXY NI L p € VIR,
(Z, p) (ot 3 Z5RATHI IR BRARBEDIE {ps}ses DRIET B0 ThbH, &M (C) ZH7
T (a,b, 9) ITHT B4 VA MR b TIZEM(S) Zifi= 5.

6. REEER DIE D

RIEBR OB 0 BAR 22 T2 F212, { YA MLAY POBEEERL &5,
a,be C-PSt L, T% YV, 25V, NOHMIIEEHRETIRE T2, (a,b, {x}) WX
TEAVAMUVAY NI ZRTED D .
(23) Ir({=}) =T
AU X b BT IEMERRRIGAR e £ Y R ML X Y M RFE—HT 5,
EE 13 A VALY FOE). £ YA MLV FOECIEIRDP B2 .
WE: C*-FERMIE o = (X,,V,)
b a:Tid(a,b, )T EAL VAR MT (S, F) EATHIZER], S =RY
(d=0,1,2,---) ZHE)
SOEM: £ VA PLX Y FDERK
1BES: SR IS T 2EE a < a: 1, 21E, (a, {x}) T 24 XX P X
M Ll({*})p =p, pEVe, DT Eo
FOA YA IMAR Y PDOEREBFRD IS CERSIND !
EFE 14 (5, 36]). T/, Z % (b,c,5"), (a,b,9) ICRHFTBAL VA MLV T3, T’ T
PERATRETH % L1, (a,¢,8" x S) T B4 YA MLXY NI T
(24) T'(T x A) = Z'(T)Z(A)
BT OOBFETIEERVD, ZOT"R2T 2 ITDEKE VI,
BRATRE TR WHIHFT STV S [36].
EE 15 (A YA MLRXY M OEEIN DB BRIER). (a,b) 1II0T 2BBHER P A
(a,b,9)ITHFT 24 YA IR+ TITHFEIND LIX, THENF(S) ZiizL, H»D
(25) P(A «w) =[IZw[({s € S |w, € A})
PEEDweS, BEUA € B(Sy,) KNULKD IO EEEF S,
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5l 3. B cH
7212 1 DDRR: ay = (B(H), T(H))
g £ YA M RX Y MCHEBINZEBRERE SOt
5l 4. & cM
21 2DORK: an = (M, M,)
Bf: &F (C) 27234 Y A ML X Y MHEX N2 EBBHERE S O4
INFE 3 O ZHIZS I ERRAMSHA TRABICWAENR S, 22 TO#ERE AL LT
FrHdy, Tal T s rH—#iBob OB EREWHIERET, UTD XS
1275,
N4 (2L T g Ui —HR) .
C-HERMEZNRE L, PR ZOMOEBER 2GR T 2B > TREED S, 4
WCEBREOE(ES 2L F 4 VH iy R,

CORMIZEST, ROF—MENEICIDHEIND Zichk b, Fie LT, YR
DT CREBHPET 2K % b ELRBDARETH 5, AOH#KmE, EEY T+
DB [33] » LEMEF-bDTH 5, 17ZL, ELV T4 OB TR 1
DWTDEZFIHD LIRS, FekINCiE, 2752, 14, 15, 34], JRATIKEE [23],
BIEL, Schrodinger G O [1, 26] & DG DT 7200,
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1. ABSTRACT

This note is essentially based on my work [1]. I thank participants of this conference
for useful communication.

The time invariance of equilibrium states has been known in the math-phys litera-
ture, where an infinite-volume Heisenberg time evolution is given by C*-dynamics. The
time-invariance of any equilibrium state implies impossibility of spontaneous break-
down of time-translation symmetry in general quantum models. In particular, any
non-trivial order, such as periodic, quasi-periodic, and chaotic order cannot appear in
the time direction of equilibrium states for general quantum models.

2. SETUP AND BASIC FACTS

This section describes our mathematical setup based on the C*-algebraic quantum
statistical mechanics. We refer to [2] as our basic reference.

Let T' denote an infinite space such as R* and Z* (u € N). T has a natural additive
group structure: &,(y) :=y+x € [ for 2,y € T. Let § be a set of all subsets of T
If A € §F has finite volume |A| < oo, then we denote ‘A € I'". Let §jo denote the set
of all finite subsets (or the set of sufficiently many finite subsets of a certain shape)
of I'. Let A denote a quasi-local C*-system on I' describing the infinite quantum
system under consideration. The total system A includes subsystems denoted by a
family of its C*-subalgebras {A; A € §} indexed by §. The local algebra defined by
Aoe = U AEF1oe A\, is a norm dense subalgebra of A. The local commutativity condition
is assumed. Namely, for any two disjoint subsets A and A’ the following commutation
relations are satisfied:

[A, Bj=AB—BA=0 VYA€ A, VBe Ay.

Let {7, € Aut(.A), = € I'} denote the group of space-translation automorphisms on A.
Then 7,(Ap) = Apry for any A € Fand z € T

A state on A is defined by a normalized positive linear functional on A. We denote
the set of all states on A by S(A). It is an affine space with the affine combination
of states. For each w € S(A) the triplet (Hw, T, Qw) denotes the Gelfand-Naimark-
Segal (GNS) representation associated with w. The GNS representation generates the
von Neumann algebra M, := 7,(A)” on the GNS Hilbert space H,,. The commutant
of M,, is given by M/, := {X € B(H.,); [X, Y] =0VY € M, }, and the center of M,
is given by 3, := 9, N M. The center 3, contains all macroscopic observables with
respect to w, and thereby 3, provides macroscopic (or thermodynamical) information
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about w. In general, any order parameter that distinguishes different phases has its
corresponding element in the center. For example, the energy density and the magne-
tization per unit volume for any space translation invariant state, and the staggered
magnetization per unit cell for any space-periodic state belong to the center.

A state w € S(A) is called a factor state if its center is trivial 3, = CI, where
I is the identity operator on H,. The set of all factor states on A is denoted by
Stactor(A). Any w € Stactor(A) is known to satisfy the uniform cluster property with
respect {7, € Aut(A), x € T'}. Hence factor states are sometimes identified with pure
phases. Each w € S(A) has its factorial (central) decomposition:

(1) w = /dﬂ((ﬂ)\)W,\, wy € Sfactor(A)v

where p denotes the unique probability measure on Sgactor(A) determined by w. Note
that the above w € S(A) is not necessarily translation invariant.

Assume that our stationary Heisenberg-type quantum time evolution is given by
a one-parameter group of automorphisms {o; € Aut(A), ¢t € R} on the quasi-local
C*-algebra A. We need continuity for {c; € Aut(A), ¢ € R} with respect to t € R.
We assume the strong continuity:

(2) lin& a;(A) = A in norm for each fixed A € A.
—

It is known that any short-range quantum spin lattice model generates a strongly
continuous time evolution {o; € Aut(A), t € R}.

We define equilibrium states for infinite quantum systems by the Kubo-Martin-
Schwinger (KMS) condition, which is given in terms of certain temporal correlation

(Green’s) functions. Let f > 0 denote an inverse temperature. Define Dg := {z €
C; 0 <Imz < 6} and let Dg denote its interior region, i.e. the open strip {z €

C; 0 <Imz < B}. A state ¢ on A is called a 8-KMS state for the time evolution
{ow € Aut(A), t € R} if for every A, B € A, there exists a complex function F4 5(z)
of z € Dg such that Fj g(z) is analytic in Bﬂ, and for all t € R

(3) Fap(t) = ¢(Aa(B)), Fap(t+iB)=¢(a(B)A).

The set of 8-KMS states is denoted by S,, g(AA). Ground states are straightforwardly
given by the KMS condition at 5 = co. The set of ground states is denoted by S, o (A).

We denote the set of all equilibrium states by Sgt;; (A), namely the set of all KMS
states Ugsg Sar,8(A) U Sar,00(A) for the same time evolution {a; € Aut(A), t € R}
over all inverse temperatures (3.

To discuss temporal properties of equilibrium states, the KMS condition has obvious
merits over the so called “Gibbs Ansatz” that is based on local Gibbs ensembles on
finite boxes, because the KMS condition is directly given by the time evolution as
stated above. In fact, the formula (3) of the KMS condition immediately implies that
every ¢ € Sat 4 (A) is invariant under {oy € Aut(A), t € R}: For any t € R

equil.
4) o (a(A) =p(A) forall Ae A
regardless of whether ¢ €

at

equil‘(.A) is a factor state or not.
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Next we address the structure of the space of equilibrium states. For any finite
B > 0, the affine space S,,g(A) is a Choquet simplex. Precisely, the set of ex-
tremal points S$'5(A) in Sy, 5(A) coincides with Sy, 5(A) N Stactor(A). Hence each
¢ € Sq,8(A) is uniquely written as an affine sum of Sg¥5(A) that coincides with the
factorial decomposition as in (1):

(5) o= / djoa)or, @n € S (A) = Surs(A) N Stucror(A),

where p is a unique probability measure determined by ¢. Any factor state ¢, ap-
pearing in the factorial decomposition (5) is a KMS state, and therefore it is obviously
time-invariant. The above general structure of KMS states follows from the fact that
the center 3, of any ¢ € S,, g(A) is pointwise fixed under the time evolution.

For 8 = oo, a similar statement holds by the stronger reason as follows. The affine
space Sg,00(A) is face in S(A). Namely, for any ¢ € S,, (A), consider its state-
decomposition ¢ = [ du(pa)er, e € S(A). Then each oy belongs to S, (A), and
thus it is obviously invariant under the time evolution. The above general structure of
ground states follows from the fact that the commutant 9/ (and therefore 3,) of any
© € Sg;.00(A) is pointwise fixed under the time evolution.

3. NONEXISTENCE OF TIME-TRANSLATION SYMMETRY BREAKDOWN
We obtain the following general properties of equilibrium states.

Proposition 1. All equilibrium states characterized by the KMS condition are in-
variant under the time evolution. Any macroscopic observable in the center is fized
under the time evolution, irrespective of whether the equilibrium state is factorial or
non-factorial.

Proposition 1 shows the frozen property of the center of any equilibrium state.
The impossibility of spontaneous breakdown for time-translation symmetry in general
quantum systems immediately follows from Proposition 1.

Theorem 2. Suppose that a quantum time evolution is given as C*-dynamics, and
equilibrium states are given by the KMS condition with respect to the quantum time
evolution. Then there is no spontaneous breakdown of time-translation symmetry, and
therefore no temporal order exists in equilibrium states. In particular, periodic, quasi-
periodic, and chaotic orders in the time direction are forbidden in equilibrium states.

In the above theorem the one-parameter group of automorphisms {co; € Aut(A), t €
R} plays two roles. First, it describes a quantum time evolution that determines the
model. Second, it describes a specific dynamical symmetry (G, ) = (R, «) of the model
due to the following obvious relation:

Qroas =500 = pgs € Aut(A) forallt e R, s e R
Theorem 2 assumes existence of an infinite-volume time evolution as C*-dynamics.
Some examples are short-range quantum spin models [2].
4. ABSENCE OF LONG-RANGE TEMPORAL ORDER

Proposition 1 and Theorem 2 require no particular assumption on the spatial struc-
ture. Next we consider the special case where states and time evolution are homoge-
neous in space.
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Each local observable gives a macroscopic observable on the GNS Hilbert space for
any homogeneous state by its Cesaro sum under space translations. We introduce the
following notations on infinite-volume limits. Suppose that a net {A; A € I'} of finite
subsets of I" eventually includes any I € I'. Then, we denote {A 1 I'; A € I'} or simply
{A 1 T}. Similarly, if a net {A; A € A} eventually includes any I € A, then we denote
{A1 A; A €A} or simply {A T A}

Take any A € A. For any finite subset A € I' (or A € A) we take the following
averaged sum under space translations:

(6) ma(A) = ﬁ Sn(d)ea

zeA

For w € S(A) let m§(A) == m, (ma(A)) € M,. For any w € S7L(A) and any {A 1
I'; A € T}, the net of uniformly bounded operators {mX(A) €M, AT, AeT}
has a(n) accumulation point(s) in the center 3,. Precisely, there exists a subnet of this
net that converges to some element of the center in the weak-operator topology. We

denote any such accumulation point by Efjo Heuristically, we write

7 AY = i “(A) € 3,
(7) oo Mi}g@rmA( JE3

where {A 1+ A; A € I'} is a subnet of {A 1 T; A € I'} having a unique limit. When w
is a non-factor state, there can be multiple accumulation points that may depend on
chosen subnets. Similarly, we consider w € S;;VA (A). Then every accumulation point
of {mX(A) eM,; AT A A e A} in the weak-operator topology belongs to 3,. If
w € ST o (A) is a factor state, these macroscopic observables are sharply determined
with no dispersion; for each A € A the above accumulation point is uniquely given by

the scalar w(A)L.

We give a general formulation of long-range order (LRO) in the C*-algebraic setup.
Take w € S7.... (A) and A, B € A. Denote their densities by A% € 3, and B2 € 3,
foramnet {A1T; A€T}or {ATA; A&@A} asin (7). Define the following two-point
correlation function with respect to w

(8) Fip = ( ALBLOL).,
where the GNS representation of w is used. If f§ 5 is non-zero, then w is said to exhibit
LRO for A, B € A. If f{ 4 is non-zero for some A € A, then w is said to exhibit LRO
and A € A is called a local order parameter. R

Now we consider the group action (G, 6). For A € A and g € G, we define A% (g) :=

0,(A), € 3w, where 0,(A) is substituted for A in (7). Consider the following two-point
correlation function with respect to w € Sf_ .. (A):

(9) Fin(9) = (U, A2(9)B20). 9 €G.

If f3 p(g) is a non-constant function of g € G, then w is said to exhibit G-dependent
LRO for A, B € A. If f 4(g) is a non-constant function of g € G for some A € A, then
w is said to exhibit G-dependent LRO, and A € A is called a local order parameter
with respect to (G, §)-symmetry.

Next we consider the quantum time evolution. Let ¢ € Sg!; (A) N Sjome (A), e
an arbitrary homogeneous equilibrium state for {oy € Aut(A), ¢t € R}. Substituting ¢

for w e S, (A), (R,a) for (G,6), and t € R for g € G of A% (g) defined above, we
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get A\fo(t) € 3,. Let A, B € A, and define the following two-point temporal correlation
function with respect to ¢:

(10) e = (20 A2(0BLQ,), teR.

By the pointwise invariance of the center 3., under the time evolution {a; € Aut(A), ¢t €
R} as stated in Proposition 1 we have

(11) A% (1) = A%, teR.
Therefore, by (11) the temporal correlation function is always t-invariant:
(12) Fip(t) = f15(0) forallteR.

We thus obtain the following absence of non-trivial temporal LRO.

Corollary 3. Assume the same assumption of Theorem 2. Assume further that the
time evolution is homogeneous in space. Then for any homogeneous equilibrium state
there exists no non-trivial temporal LRO.

5. DiscussioN

We compare the general results given so far with the well-known no-go statement of
quantum time crystals shown by [4], and see that ours are more general and thorough
than that of [4].

First, LRO has different formulations. The C*-algebraic formalism of LRO is based
on states on a quasi-local C*-algebra, while the Griffiths’s formalism of LRO is based
on local Gibbs states on finite regions. We employ the former, whereas [4] utilizes a
Griffiths-type LRO. The existence of non-trivial C*-algebraic LRO is equivalent to the
existence of certain SSB. On the other hand, only a one-sided implication is known
in Griffiths-type LRO: If Griffiths-type LRO manifests in a spin lattice model, then a
corresponding spontaneous symmetry breakdown exists, butin general, it is impossible
to conclude the absence of symmetry breakdown from the absence of Griffith-type
LRO.. Second we address Lieb-Robinson bound on which the work [4] put particular
emphasis. We, however, do not use the Lieb-Robinson bound estimate anywhere in
our statements.

Let us recall the history of quantum time crystals [3]. Wilczek first conceptualized
quantum time crystals as self-organized temporal periodic structures Non of equilibrium
states. These are called genuine quantum time crystals [6] to distinguish them from
nonequilibrium time crystalline phenomena, which have been observed experimentally.

On the ground of our no-go statements that cover rather general quantum systems,
we consider that the concept of genuine quantum crystals is an imaginary one. Its ad-
jective “genuine” seems even misleading. It looks that the physics community has been
ignorant of rigorous results on equilibrium states established in [2]. Those immediately
negates this concept as we have seen.

Finally we address a remarkable work [5]. It gives a metastable quantum time
crystal. It is not in equilibrium, but the Hamiltonian is time independent unlike
Floquet time crystals” and other quantum time crystal models [3]. The breakdown of
time translation symmetry is induced by decoherence; it exploits a quantum mechanical
effect rather than the usual mechanism of SSB. The model has similarity with the
Wilezek’s quantum time crystal model. Hence it will be deserved to be called a genuine
quantum time crystal rather than the artificial long range model [6].
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1. WFEERIRDEA

BFROREOL V) NEEZ2 #, NIV =T VR HTET, #I3EHCHE
BTRITNEERSHBVWOTH = H ThHhb, 20L&, BEFROIREORMAEEIT
() = e M y(0) THEAHND,

H LEONFMERZET (D£0 T CT*) PEMERAZETHL I LDEHREZBNT 5,
EBIIWLODHD, TOSHLREXNREDEREITS,

(a) [T, H] =i A% 472585222 D ¢ D(TH) N D(HT) THAL,

(b) (55 Weyl B, SREFMEIEHSE) Yo € D(T),Vt € R, e~y € D(T) 92D

TefitHQ/) _ e*itH(T 4 t)w

(C) (Weyl Eaf%ﬁ) T g a;{j\:?ﬁ‘fc’ eisTeitH — e*isteitHeisTo
22T, (b) RATOMMEDOERL AETHS :

(1) eHTe ™ =T 4 ¢, teR

ZZTW)EDT) e DIFHIZE > TAETHE I L LAV I L 2ERLTHL,
(1) 25 (b) DIERHMEARE T IZIEEFMEARZETH D I LDVELICEIND, () 13D -
EHLMWERMETHY, NS T, HiZr, —id/de DBEMEFAEIZZREZ RIS H

T\W% (von Neumann),

Ll EFV4—7ICd 30REERR. RICETY 4 — 21007 2FEFEHAZRZ EE
T5, BTUA—ZR@3NINI=T OO D ICHEARBEOREFRE U PERSI N
BYHRTHL, D0, REDOLIL )V MER 2 EO2=R ) EAHEU BERS
NTWT, REY O nFHEHEDREX U THEZ 605,

Sambou, Tiedra de Aldecoa &3 [2](2020) TIRD & S IZIRRHIEFAZE 2 EE L 7=,
H LDV I — MEHZRT BPIFFHZETH 2 L1, @Y H2M D c # ET
TU -UT =U 7252 TdhH5,

—H, BxF Q) o7 ey —nroliFEEHRET %

(2) UTU =T +1

e i Ofi%‘a—éo
ReEE R ICE T 2 HANLIEIIIRD L B TH B,

o HASNAAZRVERHEZ U ITHUT (2) 2723 T IEET 5,
e TN EDTOWE (HEH®ZM, AT ML) 2HENL,
o UL TOMBREHFHARL,
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1.2. BEFRROERMGMET. T:={-cC||z|=1} ¥ 5,

Proposition 1. T 1 U OiEFEEHAEZETH B L TEH, ZDL X

(1) TORATH U OEREIEHRZETH 5,

(2) [T,U] =U P D(T) LTHELT %, 2% 0, TIXRFEMAEZTHS, L,
E—ITIEAR D L7220,

(3) o(T) =0o(T+1), FHZTIZIHFERTHY, D(T)# H.

(4) T AN H %2 S o(U) =T,

Proof. FEHIIZENBH L\, T2 TIE (4) DI ZBNT 5, KEDS T ANEHX
N, FEDOteRIZFLT
U*etT) = tU™TU _ it(T+) E=TRET D

Lo T, U = 'U TH Y, o(U)=o(c'U) = eto(U), HUZ o(U) IXT 4
KTH 5, O

1.3. BEERROEARMMLMEE 2. Miyamoto IZ KB X [1] 12k >T, "IN =T
VTR B IR RIE R DGR — IR A T b7z, IROHE R IE Miyamoto 12
o THBONTVWEMREEZET YV —JDHEIZRLEZEDTH S,

Theorem 2 ([3]). U PRHEIEAR T 2K L35, 20L&, UREHEZF -
73:\1\0

Theorem 3 ([3]). U ZVIHIEHEZET 282245, 2D &, fEDneN, ¢ €
D(T™), ¢ € D(T*)") IZRLT, HBEKC, (Y, ¢) >0 BFEL T,

Cu(¥,9)
[t

(¢, U"y) | < . tez\ {0}

14, Bl. B7 04— 2B 2EMEHZOHZHNT S, # =032(2) T2, k¥
7 MEAZE

D(L) =22, (LY)(z) :=(x + 1), weH, v eEL
Fa=2VTHD, MEMFHEZEX &

S lav(@)? < oo}

D(X) = {1/1 eH

(XY)(z) =a¢(x), YeDX), z€Z

TEDD, 2O E, [*(-X)L=-X+1%8DT, —X &L OEIEFIEHEZTH 5,
U725 5T, Proposition 1 &0 o(L) =T TH5d, WS, HIFHEEHE -X XA
SRR

o(=X)=o0,(—X)=Z

THd, THFHHEEHZEX OZARZ PVERFEINDG Z L 2RKLTWS, SO
2, NIV M= T R GlkERED OBRREEHRIREAHEZ R R WHEIREINT
W5 (Miyamoto [1]).
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2. =&Y HNIRAEFAFEO R E A
JAHA 27 DR GEHEN R — T, BEom &AM 2r OEREREE 0 % HWT
k) = lmEH0m) g e R

ERTZENTES (mid winding number & IFFIENS), 7 = L*(]0, 27], dk/27) L
DANR) IZ X 2B BMEAZITII=X) TH D, H FOEBREFHRT%

D(P) :={f € AC[0,27] | [" € A4, f(0) = f(2m)},
Pf = —if
THEET L, COLE, PIEACHETH S,

Theorem 4 ([3]). A3 2[FELEFM ATRET, N F[0,27) Im 4 ARFEOFER 2RO &
T35, ZOLE

) T:= % <m +19’(k)P+ Pm+19’(k)>
S () ORISTIERETH 5.
ZZT, ROBBAITHERT 5,
N(k) =06 m+0(k) =0
1/(m+0'(k)) = i\(k)/N (k)

21. B12. I=1[a,b] £33, L*([a,b],dE) EDORTESE X NDMOIEMHHE
D(Pp) == {f € AC[a,b] | [" € L*([a,b]), f(a) = f(b) = O}
P]f = 7Z.f/

2F %25 (F € la,b) 3E)., 2oL E, P ida=xV{EHZEF OIFHEIEHAZT
H5:

e P = P +1
7z, ker(P;Fi) 1d e TRONS 1IRIGIAZEMTH b, AR dim ker(Pf +i) =
RO, FHZ, P AP SRETH D o(Py) =C.

2.2. BFEVERZED DR, Theorem 4 DWFEEFZEE2E X 5!

i (A A
roi(ieerd)

gk)y=m+0(k)&d5, ZD&ZE, Thorem 4 & [\ USMFDILTIRHAE D LD,

Theorem 5. () NOERZRIEHE, BRE0<a; <ay < - < ap <27 (Apyy =
2r +a1) & U I; = (aj,aj4) B, ZOLE, 2= ﬂ‘)f’ﬁﬁﬁ;ﬁV:Jiﬁﬁ
1 L2 (g(I;), dE) BFAEL T

n

VIV = ép,], VARV =P e”
j=1

J=1
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(2) N BBEEREBVEE, mAOBOTIFHCHETH S, F512, 1=K
FERIZRV ot — ol o PFEL T

jm|—1 , jm|—1
Vv = (P + |m) VARV = @ .

j=0 j=0
(3) T OARRIGE do (T) & N D [0,27) 12 B 2FNOMEBUZE L VW, Bz, TI1XH
SRR & R0,

Corollary 6. \,m,T % Theorem 4,5 LRILHD L T2, ZD&E
(1) N PERERFTE, oT)=C
(2) N BEERERZRITINE, o) ={s/m|seZ}.

() (1) BFRIEEUC BT 2 — B 565, (2) ko(P)=Z 25

o(T) = lbl <P+m|> = {; s eZ},

j=0
3. BT U — 7 OEIEAZE
DABE, 1IRFEDAIX (homogeneous) T + — 27 2 & R 5,

3.1. BERERZEO— MRS, RED LIV b ZEfliE 2 = 2(Z;C?) = (2(Z) B2 (Z )
ThHb, BF U A— &@H%F’EJ%%U X2o0a2=X)EHE (V7 MEHE S & a4
VPERFE C)
L 0 a b
(b 1) o)
ZFHOWTIRTEHZINS,

La Lb
U=5C= (L*c L*d)

Z & Fourier B2 F . # — o = L*([0,27],dk/2m;C*) = 1 & 1L 5T

FUF = U(k) = (e a e ..b>

ke emkq
CHNIRMOI =R VITHIIETE 5, X 5135 U (k) DEETEE A (k), (k) € T,
HWIHT BEAENT bV E vy (k),va(k) e C2 T 5, ZDEE, =X V75 W(k)
(v1(k),vo(k)) 1T & > TIRDZE ML %G5 -
1 Ak 0
W (k) 1U(k:)W(k:)—< 1(F) )\Q(k)>
B = 2 RN (k) 12T 2 IFEEHFE % Theorem 4 TIES :

Tj:_i<>\(k)P P)\(k)>7 P

N (k) N (k)
ZIM5
T = F W (k) (€1 %) Wk F

IZ& o T U DR EZ — D2 Z LA TE 5,
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320 12Ty TEF U +—VOBBEERRT OFF. 21 L EfHE%

~(a b\ _ (lale™ b
¢= (C d) N <—be"‘S |a|ei(5a)>
eRT (a,0€[0,2m)e ZDEE, N(K), Aa(k) IFIXD X S 1Z21) 5,
Lemma 7. (1) a=00D& %, A\ (k) = TH/2 \y(k) = l™H/2 (EHD) .
(2)0<|a| <1D&E, 7(k):=|a|cos(k +a —4/2) 2{fi>T,
Nj(k) = €92 {r(k) +i(=1Y /1 —7(k)?}, j=1,2
(3) la| =175, M(k) = e+ N\ (k) = el(=F+i-a),

EHIZIRDZEBDND, (1) DEE, A\, A\ (FEBZRO TS iR EHAZEIZ
BETERW, (2) D&HEIE, o(U) £ T7HDT, Proposition 1 25 U I35RIFH/EFH &
ERDOZLIETERY,

\j(k) = etlmik+0i (k) » gy &, WA D LD,

Lemma 8. (1)0,:07:';6, nh:mQ:Oijjgll:QIQ:O.
(2) 0<al <1785 my =my=0mD

_ darccos7(k)

O1(k) = ————— 05(k) = —0, (k).
(3) |a|:10)té’, m1:17m2:—1ﬁ)/)9l1:0é:0
33. 1 ATy TEFIA—VDORBERZRT OME.

Theorem 9. j = 1,2122WTC, T; % Theorem 4 TES N7z \;(k) ORRKEEIEHE &
T5LE,
(2) 0 < |a| < 1DHE,

i = S (¢ OV TR+ PrVI= TG ), T = T,

IO, TORRIEBILAL(T)=2+2=4,0(T)=CTdhb, Lizhi>T, T
FHOIBRIERZ RO, TN 5 A HRFRHEARIC IR S50,

(3) la| = 1DHE, Ty =P, Ty = —P 725D T, TIkHCHL IR IEFHE
T, o(T) =12,

4. 3ATYTEBTFIF—7

LATY TORTY 4+ =2 DFITIEm; =0,£1THY, +1 DHEFXEERLS F
IVATH o7z, AT, FEHHERTA VT 1 V7 F U nN—m; 25 DFEHRET
TA—TRERT S, TNE3IATY TEFIUA—TIZL-oTEHINSE, 2ATY
TTEDESRHDOEMET H2HIFHL W CRAfgER S L),

H = 2;C?) Loa=Xx ) {EH%

U3 = 501502S03
EFEZBL, SIELEIOY 7 MEHFELRERUTH Y, 3201 EHZAIR

10 b b —
(o i) o= (i) e
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TEHETD (a,beR, >+ =1), b=11FHHRIGERDTY: <1 DFEEE X
%, Us % Fourier #4135 &

. aZetk 4 p2eidk abe® — abeidk
US(k’) = —abe—* + abe= B3k g2tk + h2e—isk

Y%,
Us(k) OEAEEEET 5 &,

M (k) = cos k(1 — 4b?sin® k) + i sin k/1 + (802 — 16b%) cos? k + 16b* cos? k
Ao (k) = Ai(k)

Theorem 4 12 U 72235 T (k) DiRIRF [/ FH 34

i, A
L=3 (A;(k)P”A;(k)) ’

EEHTHILNTE,
T:=F'W(Th &)W 'F

WUy D—2D5RiEEEE 5 R 5. )
Theorem 5 (2 KUK, (k) DFROMA T; DEELNERE 5 X 25, BRKIZF
Fg g

[N (k)| oc |1+ 8b* — 126% sin® k|
kb, Ihho

0, 0<bP<1/4
(MOEROMEE) =2, *=1/4
4, 1/4 < b <1

bhd, WINDOEAETH, winding number m; 13

L[N (k
my = %/0 )\ik;dk =1, me =—my = —1

THd,

Theorem 10. 0 < ¥ < 1&9 5%, ETHKL - U; OEKEERZET IZOWTELTY
[ERVAC R
o<V <140 E, TEASHEKTO(T) =2Z, 51T, =X V{EHHE
Vi — L ® A DPFIELT,

VIV =P®P, VUV =e* @ e®

2 =140 &, AREFEA(T) =4, o(T)=C.
(B) 1/4<bp*<1DL &, du(T)=38, o(T) =C.
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5. £&¥

A=XRVEHRU IS 2BEEIEFRRZR T IZUTU =T+ 1 TERI N D,

o UTIZTH U T—MMREEAE Y T2, Tl Miyamoto[l] & FHBLOK R T
H5,

2= 2 RHNT RIS S REH R 2R L, TDART MLESH
U7z,

L ATy FRIRET T 4 — 2123 2 W EF 2 Mk U 72,

FEHWHR 3 ATy THEIRE TV + — 2 TE¥H TXR\ winding number 22 %
DERDIT7,

6. &
AREFZEIERHNE (GRER S :20K03628) DBk %% 725D TH 5,
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