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はじめに 

 

本研究集会は「時間・量子測定・準古典近似」の理論と実験に関する情報交

換・意見交換を目的として実施されました.  

本研究集会は, 本来 2021 年 9 月に開催予定でしたが, COVID19 により 2022年

3月に延期となり, さらに, コロナ禍第 6波の影響により, 2022 年 7月に再延

期となりました. 2022 年 7 月時点においてもコロナ禍第 7波が到来する直前で

したが, 最終的には 2022 年 7 月 21 日-23日の 3日間で, 完全対面で開催する

ことができました. 講演者の皆様方, IMI共同利用の皆様方のご協力, 大変あ

りがとうございました.  

本研究集会の総参加者数は28名, 講演者数は14名でした. 本来は海外からの

講演者も招聘する予定でしたが, 生憎のコロナ禍で断念せざるを得なかったこ

とが心残りです.  

本研究集会の主題は, 「量子測定」及び「時間」という, 現代科学の根幹を

なす概念です. ハイゼンベルクは1927年不確定性原理を発見しました. しか

し, 我国の小澤正直は「小澤の不等式」を数学的に導き, ハイゼンベルクの不

確定性原理が破れ, 位置・運動量の同時測定が可能であることを示しました.

また, 2012年には, 長谷川祐司が「小澤の不等式」を実験的に検証し世界中を

驚かせました. 時間に関しては, 光子時計のような, スカイツリーの頂上と地

面の重力差で「時間の遅れ」を検証できる超精密時計が開発されています.ま

た, 近年話題のドレスト光子は実験に理論が追いついていない概念です.時間

の理論的な研究では, 時間結晶や時間作用素という概念が存在します.近年, 

これらの存在・非存在を実験で検証しようという動きがあります. これらの状

況を受けて本研究集会の企画が始まりました.  

物理・数学, 実験・理論の研究者が一同に介した研究集会は非常に刺激的で, 

有益な情報交換と意見交換ができました. これらを糧に, さらに研究が進むこ

とを大いに期待しています.  

最後になりましたが, 量子測定と時間の理論及び実験の研究者が, このよう

に一同に集まれる場は非常に貴重であり, このような機会を与えて頂いたIMI

共同利用の皆様方にはこの場を借りて心から感謝申し上げます.  

 

研究代表者 丹田 聡 

北大工学部 

2022年 11月  
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時時間間・・量量子子測測定定・・準準古古典典近近似似のの理理論論とと実実験験  

〜〜古古典典論論とと量量子子論論のの境境界界〜〜  

 

研究代表者 丹田 聡（北大大学院工学院応用物理学部門＆トポロジー理工学教育研究センター・教授） 
組織委員 三宮 俊（株式会社リコー） 

                                      廣島 文生（九大数理） 
日時 2022年 7月 21日〜7月 23日 
場所 九州大学伊都キャンパス W1号館 D棟 4階 IIMMIIオオーーデディィトトリリアアムム((WW11--DD--441133））  
主催 九州大学マス・フォア・インダストリ研究所 
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ププ  ロロ  ググ  ララ  ムム    

 

77月月 2211日日((木木))  

14:00-14:50 
小澤 正直 (中部大学・名古屋大学) 
量子測定とは何を測定するのか： 
測定誤差の定義と測定値の観測者独立性 
 
15:00-15:50 
和田 和幸 (八戸工業高等専門学校) 
1次元スプリットステップ量子ウォークのWitten指数 
 
16:00-16:50 
三宮 俊 (株式会社リコー) 
量子密度行列を用いた数値シミュレーションによる 
ドレスト光子介在物理現象の記述 
 
17:00-17:50 
長谷川 裕司 (北海道大学・ウィーン工科大学) 
中性子光学実験による基礎量子物理学の探究 
 

77月月 2222日日((金金))  

10:30-11:20 
廣島 文生 (九州大学) 
調和振動子に付随した時間作用素 
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11:30-12:20 
寺西 功哲 (北海道大学) 
l²(N)における調和振動子の時間作用素 
 
14:00-14:50 
中津川 啓治 (物質・材料研究機構) 
量子結晶を用いた「新井・宮本の不等式」の実証へ向けて 
 
15:00-15:50 
丹田 聡 (北海道大学) 
Quantum Topological Science and Technology:Real-space and K-space Topological Control 
 
16:00-16:50 
筒井 泉 (高エネルギー加速器研究機構) 
B中間子崩壊に見る素粒子物理と量子力学の基礎との交流 
 
17:00-17:50 
髙本 将男 (理化学研究所) 
光格子時計がもたらす新たな時間計測とその応用 
 

77月月 2233日日((土土))  

10:30-11:20 
岡村 和弥 (名古屋大学) 
C*-代数的量子論におけるシュレディンガー描像 
 
11:30-12:20 
守屋 創 (金沢大学) 
量子平衡系の時間対称性の破れの非存在に関する厳密な結果の紹介 
 
14:00-14:50 
佐々木 格 (信州大学) 
量子ウォークの時間作用素について 
 
15:00-15:50 
廣川 真男 (九州大学) 
開発の視点から見た量子コンピューティング、センシング、シミュレーション 
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時間・量子測定・準古典近似の理論と実験～古典論と量子論の境界

July 21-23, 2022, 九大 IMI, Fukuoka, Japan

1次元スプリットステップ量子ウォークのWitten index

Wada Kazuyuki

National Institute of Technology, Hachinohe College, Japan

(joint work with Yasumichi Matsuzawa, Akito Suzuki

Yohei Tanaka, Noriaki Teranishi)

1. はじめに

本稿は 2022年 7月に開催された「時間・量子測定・準古典近似の理論と実験～古
典論と量子論の境界」において，「1次元スプリットステップ量子ウォークのWitten指
数」のタイトルで発表した内容の解説です．本研究内容は既に 2021年度に開催された
RIMS共同研究（公開型）「スペクトル・散乱理論とその周辺」においても発表をして
おり，本研究内容に関する解説は数理解析研究所 (RIMS)が発行する講究録にて公表予
定です．その解説では本研究の背景や，証明の流れの大まかな全体像をまとめてあり
ます．そこで本稿では重きを変えて，特に 4階の差分作用素からスペクトルシフト関数
を用いて 2つの指数型作用素のトレースの計算を進める所を中心に説明しております．
スプリットステップ量子ウォークに関する背景の部分は講究録に譲りたいと思います．
本研究は鈴木章斗氏（信州大学），田中洋平氏（信州大学），寺西功哲氏（北海道

大学），松澤泰道氏（信州大学）との共同研究に基づきます．

2. 設定

ここでは，1次元スプリットステップ量子ウォークの数学的な設定について説明し
ます．ヒルベルト空間X 上の有界作用素を B(X ), シャッテン pクラス作用素を Sp(X )

と表記します．特に，S1(X )はトレースクラス作用素の全体を表します．更に作用素A

に対して σ(A)をAのスペクトルとします．
1次元 2状態 SSQWのヒルベルト空間を以下で定めます：

H := l2(Z)⊕ l2(Z), l2(Z) :=

{
ψ : Z → C |

∑
x∈Z

|ψ(x)|2 < ∞

}
.(1)
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Lを l2(Z)上の左シフト作用素として定めます：

L : l2(Z) → l2(Z), (Lψ)(x) := ψ(x+ 1), ψ ∈ l2(Z), x ∈ Z.(2)

a, b, p, qを l2(Z)上の掛け算作用素とし，以下の条件を満たすとします．

b(x), q(x) ≥ 0, a(x)2 + b(x)2 = 1, p(x)2 + q(x)2 = 1, x ∈ Z.(3)

以上の準備の下，SSQWの時間発展作用素 U を



U := ΓΓ′,

Γ :=



1 0

0 L∗






p q

q −p






1 0

0 L


 , Γ′ :=



a b

b −a


 .

(4)

で定めます．Γと Γ′はユニタリかつ自己共役な作用素です．

Remark 2.1. 時間発展作用素 U に現れる a, b, p, qのうち，bと qはCに値を取る掛
け算作用素に一般化する事が可能ですが，(3)のように取っても一般性を失わない事は
[9]のCorollary 4.4のユニタリ同値類の結果によります．

以下に述べるユニタリ作用素のカイラル対称性が本研究における重要な概念です．

Definition 2.1 (Definition 2.1 of [11]). U をヒルベルト空間 X 上のユニタリ作用素と
する．U がカイラル対称性を持つとは，あるユニタリかつ自己共役な作用素 Γが存在
して，

ΓUΓ = U∗(5)

が成立するときをいう．

Remark 2.2. 上の (5)が述べている事は，「U と U∗はユニタリ同値である」という事
です．ここから，「カイラル対称なユニタリ作用素のスペクトルは実軸に関して対称で
ある」という主張が導かれます．

Lemma 2.1 (Lemma 2.2 of [11]). U をヒルベルト空間 X 上のユニタリ作用素とする．
次は同値である．

(1) U はカイラル対称性を持つ．
(2) U は二つのユニタリかつ自己共役な作用素の積で表される．
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Lemma 2.1の 2つ目の条件と, (4)で定義された U の形から U はカイラル対称性を
持つ事が分かります．
ここからは U のスペクトルの虚部に着目して，作用素Qを

Q :=
U − U∗

2i
.(6)

と定めます．
Γを恒等作用素ではないユニタリかつ自己共役な作用素とします．すると σ(Γ) =

{1,−1}が分かります．ΓとQの反可換性から，一般にQは

Q =


 0 Q∗

0

Q0 0




Ker(Γ−1)⊕Ker(Γ+1)

.(7)

の表示を持ちます．しかし，この行列表示はKer(Γ− 1)⊕Ker(Γ+1)上での表示になっ
ているので，Q0の具体的な形は見えません．そこで次の命題を用いてQ0の形を明ら
かにさせます．

Proposition 2.1 (Lemma 3.2 of [14]). H上の作用素 ϵを次で定める：

ϵ :=
1√
2


1 0

0 L∗





√
1 + p −

√
1− p

√
1− p

√
1 + p


 .

このとき，次が成り立つ．

ϵΓϵ∗ =


1 0

0 −1



l2(Z)⊕l2(Z)

, ϵQ0ϵ
∗ =


 0 Q∗

ϵ0

Qϵ0 0




l2(Z)⊕l2(Z)

,

ここで，Qϵ0 ∈ B(l2(Z)) であり，

Qϵ0 :=
i

2

[√
1 + pLb

√
1 + p−

√
1− pbL∗

√
1− p− q{a+ a(·+ 1)}

]
.

この命題の証明のポイントは，「Γの対角化を考える」という点です．萌芽となるア
イデアは [13]にて導入されました．Qϵ0の表式は直接計算によって導かれます．
本研究の目的はこのQϵ0に対するWitten指数を明らかにする事です．Qϵ0は SSQW

のトポロジカルな情報を有する重要な作用素に位置づけられます．本研究に関する先
行研究等についてはRIMS講究録に譲ることとします．
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3. 主結果

主題となるWitten 指数を以下の式で導入します．

w(A) := lim
t→∞

indt(A)(8)

ただし，w(A)は右辺の極限が存在するときのみ定義します．ここで，

indt(A) := Tr(e−tA∗A − e−tAA∗
),(9)

であり，Tr(·)はトレースを表します．主結果を述べるにあたり，以下の条件を課します．

Assumption 3.1. 8つの実数 a±, p±, b±, q±が存在して，

a± := lim
x→±∞

a(x) ∈ [−1, 1], p± = lim
x→±∞

p(x) ∈ [−1, 1],

b± = lim
x→±∞

b(x) ∈ [0, 1], q± = lim
x→±∞

q(x) ∈ [0, 1].

が成り立つ．更に，次の条件が成り立つ．
∑
x≥0

[|a(x)− a+|+ |a(−x− 1)− a−|] < ∞,
∑
x≥0

[|p(x)− p+|+ |p(−x− 1)− p−|] < ∞,

∑
x≥0

[|b(x)− b+|+ |b(−x− 1)− p−|] < ∞,
∑
x≥0

[|q(x)− q+|+ |q(−x− 1)− q−|] < ∞.

sgnを以下で定義される符号関数とします：

sgn(x) :=




1 x > 0

0 x = 0

−1 x < 0

本研究の主結果は以下の通りです．

Theorem 3.1. Assumption 3.1の下，次の公式が成り立つ：

w(Qϵ0) = W (a+, p+)−W (a−, p−),(10)

ここでW : [−1, 1]× [−1, 1] → Rであり，

W (r, s) :=



0 |r| = |s| = 1

[sgn(r + s)− sgn(r − s)]/2 otherwise
.

14



Remark 3.1. (1) 講演での主定理は，このRemarkの (2), (3)で述べる公式の形で
説明をしました．研究集会修了後，松澤泰道氏によるアドバイスにより，上記
の通りに一本化できる事が判明しました．上記公式はQϵ0がフレドホルムの場
合・非フレドホルムの場合をいずれも含んだ公式となっております．なお，[2]

で紹介されている 1次元Dirac作用素のWitten指数の例においても，符号関数
sgnを用いた表記でWitten指数が与えられています．Dirac方程式と量子ウォー
クの関係性は連続極限の視点による結果 [7]があります．上記の公式もDirac作
用素と量子ウォークの関係性を反映している公式と思えます．

(2) Qϵ0がフレドホルムの場合のWitten指数をここで言及します．Assumption 3.1

の下，Qϵ0がフレドホルムである必要十分条件は |p+| ̸= |a+|かつ |p−| ̸= |a−|で
す．このとき，次の公式が成り立ちます．

w(Qϵ0) =




sgn(p+)− sgn(p−) |p+| > |a+, |p−| > |a−|,

sgn(p+) |p+| > |a+, |p−| < |a−|,

−sgn(p−) |p+| < |a+, |p−| > |a−|,

0 |p+| < |a+, |p−| < |a−|

ここから特に，w(Qϵ0)は−2,−1, 0, 1, 2の値を取る事が分かります．
(3) Qϵ0 が非フレドホルムの場合のWitten指数をここで言及します．Assumption

3.1の下，Qϵ0がフレドホルムでない必要十分条件は次の 3つのうち 1つが成り
立つ事です．
(a) |a+| = |p+| かつ |a−| ̸= |p−|,

(b) |a+| ̸= |p+| かつ |a−| = |p−|,

(c) |a+| = |p+| かつ |a−| = |p−|.

χを開区間 (0, 1)の定義関数とします．それぞれの場合について，次の公式が成
り立ちます．
(a) |a+| = |p+| かつ |a−| ̸= |p−|

w(Qϵ0) =




χ(p+)− χ(−p+)

2
− 1, |a−| < p−,

χ(p+)− χ(−p+)

2
+ 0, |p−| < |a−|,

χ(p+)− χ(−p+)

2
+ 1, |a−| < −p−.
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(b) |a+| ̸= |p+| かつ |a−| = |p−|

w(Qϵ0) =




1− χ(p−)− χ(−p−)

2
, |a+| < p+,

0− χ(p−)− χ(−p−)

2
, |p+| < |a+|,

−1− χ(p−)− χ(−p−)

2
, |a+| < −p−.

(c) |a+| = |p+| かつ |a−| = |p−|

w(Qϵ0) =
χ(p+)− χ(−p+)

2
− χ(p−)− χ(−p−)

2
.

ここから特に，w(Qϵ0)は −3/2,−1,−1/2, 0, 1/2, 1, 3/2の値を取る事が分かり
ます．

4. 4階の差分作用素の SSFとPD

非フレドホルムの場合のWitten指数の導出が非自明なので，以下では常に |a±| =

|p±|（非フレドホルムになる条件）を仮定します．
半直線上のヒルベルト空間 l2(Z≥0)を導入し，{δx}x≥0を l2(Z≥0)上の完全正規直交

系とします．vを右シフト作用素とし，Ω0 := |δ⟩⟨δ0|と定めます．次が成り立ちます．

vδx = δx+1, v∗v = 1, vv∗ = 1− Ω0.(11)

w(Qϵ0)を求める為には，以下の2つの自己共役作用素のペアを考える事に帰着されます．

T (P ) :=

{
(v + v∗)− 2P 2

1− P 2

}2

+
2

1− P
Ω0,(12)

T0(P ) :=

{
(v + v∗)− 2P 2

1− P 2

}2

, −1 < P < 1.(13)

これら二つの作用素を導入する事で，Witten指数の導出は

Tr(etαPT (P ) − etαPT0(P )), αP :=
(1− P 2)2

4
.

の計算に帰着されます．
さて，指数関数型の作用素の差のトレースを計算するに「スペクトルシフト関数

(SSF)」を導入します．

ξ(x) :=
1

π
lim
ϵ→+0

Arg ∆T (P )/T0(P )(x+ iϵ), x ∈ R,(14)

16



ここで，Argは z ∈ C \ {0}に対して Arg(z) ∈ (−π, π]となる偏角とします．また，
∆T (P )/T0(P )(·)は (T (P ), T0(P ))のペアに対するPerturbation Determinant (PD)であり，

∆T (P )/T0(P )(z) := det((T (P )− z)(T0(P )− z)−1)(15)

= 1 +
2

1− P
⟨δ0, (T0(P )− z)−1δ0⟩, z ∈ C \ R.(16)

で定義されます．SSFやPDについては [12]の 9章を参照されるとよいです．SSFを用
いる事で

Tr(etαPT (P ) − etαPT0(P )) =

∫

R

(
etαP x

)′
ξ(x)dx

のようにトレースを積分表示することができ，計算が可能となります．
SSFを明らかにするために，PDを明らかにする必要があります．しかし T0(P )は

4階の差分作用素で，PDには T0(P )のレゾルベントが入っているので，PDの形は大
変複雑であると推測されます．しかし，因数分解と部分分数分解を用いる事で，PDを
2階の差分作用素の場合に帰着できます．

Lemma 4.1. 任意の z ∈ C \ Rに対し，

∆T/T0(z) = 1 +
H(τ+(z))−H(τ−(z))

(1− P )
√
z

, τ± := 2mP ±
√
z, mP :=

P 2

1− P 2

ここで複素数の平方根は主値で定めるものとし，H(z)は以下のものである．

H(z) :=

√
z−2
z+2

− 1
√

z−2
z+2

+ 1
=

1

2π

∫ 2

−2

√
4− t2

t− z
dt, z ∈ C \ [−2, 2].

Remark 4.1. 上のLemma 4.1で登場したH(z)は二次方程式w2+zw+1 = 0 (z ∈ C\R)

の解である．H(z)の詳しい性質は [2]のAppendix Cを参照されたい．

Proof. v+v∗のスペクトル分解を用いる．あるユニタリ作用素u : ℓ2(Z≥0) → L2((−2, 2), dt)

が存在して，

u(v + v∗)u−1 = Mt, (uδ0)(t) =
(4− t2)

1
4

√
2π

17



が成り立つ．ここで，Mtは tによる掛け算作用素である ([10]のAppendix Bを参照)．
この結果を用いると，

∆T/T0(z) = 1 +
2

1− P
⟨δ0, (T0 − z)−1δ0⟩

= 1 +
2

1− P

∫ 2

−2

√
4− t2

2π

1

(t− 2mP )
2 − z

dt

= 1 +
2

1− P

∫ 2

−2

√
4− t2

2π

1

(t− 2mP −
√
z) (t− 2mP +

√
z)
dt

= 1 +
1

(1− P )
√
z

∫ 2

−2

√
4− t2

2π

[
1

t− 2mP −
√
z
− 1

t− 2mP +
√
z

]
dt

= 1 +
H(τ+(z))−H(τ−(z))

(1− P )
√
z

.

ここで，2行目から 3行目に移る際に因数分解「A2 −B2 = (A+B)(A−B)」を用い，
3行目から 4行目に移る際に部分分数分解を用いた． □

この後は z = x+ iϵとして，ϵ → +0の極限を取っていきます．H(x+ iϵ)の極限は

lim
ϵ→+0

H(x± iϵ) =




−x−
√
x2 − 4

2
, x < −2,

−x± i
√
4− x2

2
, −2 < x < 2,

−x+
√
x2 − 4

2
, x > 2

(17)

と±2を境目に値が変わるので，τ±(x)がいつ τ±(x) < −2, −2 < τ±(x) < 2, τ±(x) > 2

を満たすかを調べる必要があります．このとき，P の値によっても範囲が変わる事に
注意が必要です．
結果として以下の主張が得られます．

Lemma 4.2. P は−1 < P < 1を満たすとする．この時，以下が成り立つ．

(1) 0 ≤ |P | < 1/
√
2のとき




|τ+(x)| < 2, |τ−(x)| < 2, if 0 < x < 4(1−mP )
2,

τ+(x) > 2, |τ−(x)| < 2, if 4(1−mP )
2 < x < 4(1 +mP )

2,

τ+(x) > 2, τ−(x) < −2, if 4(1 +mP )
2 < x.
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(2) |P | = 1/
√
2のとき



τ+(x) > 2, |τ−(x)| < 2, if 0 < x < 16,

τ+(x) > 2, τ−(x) < −2, if 16 < x.

(3) 1/
√
2 < |P | < 1のとき



τ+(x) > 2, τ−(x) > 2, if 0 < x < 4(mP − 1)2,

τ+(x) > 2, |τ−(x)| < 2, if 4(mP − 1)2 < x < 4(mP + 1)2,

τ+(x) > 2, τ−(x) < −2, if 4(mP + 1)2 < x.

Remark 4.2. Lemma 4.2において，P の値を 1/
√
2で区切っている理由はmP の取り

うる値が関係しており，

0 ≤ mP < 1 ⇐⇒ 0 ≤ |P | < 1/
√
2, mP = 1 ⇐⇒ |P | = 1/

√
2, mP > 1 ⇐⇒ 1/

√
2 < |P | < 1.

の事実に由来する．

Lemma 4.2と (17)を組み合わせる事により，PDの ϵ → +0の極限を取る事ができ
ます．

Lemma 4.3. 次の等式が成り立つ．
(1) 0 ≤ |P | < 1√

2
.

lim
ϵ→+0

∆T/T0(x+ iϵ)

=




1

2(1− P )
√
x

[
−2P

√
x+ i

√
4−

(
2mP +

√
x
)2

+ i

√
4−

(
2mP −

√
x
)2]

,

0 < x < 4(1−mP )
2,

1

2(1− P )
√
x

[
−2P

√
x+

√(
2mP +

√
x
)2 − 4 + i

√
4−

(
2mP −

√
x
)2]

,

4(1−mP )
2 < x < 4(1 +mP )

2.

(2) |P | = 1√
2
.

lim
ϵ→+0

∆T/T0(x+ iϵ) =
1

2(1− P )
√
x

[
−2P

√
x+

√
4
√
x+ x+ i

√
4
√
x− x

]
, 0 < x < 16.
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(3)
1√
2
< |P | < 1.

lim
ϵ→+0

∆T/T0(x+ iϵ)

=




1

2(1− P )
√
x

[
−2P

√
x+

√(
2mP +

√
x
)2 − 4−

√(
2mP −

√
x
)2 − 4 + i0

]
,

0 < x < 4(mP − 1)2,

1

2(1− P )
√
x

[
−2P

√
x+

√(
2mP +

√
x
)2 − 4 + i

√
4−

(
2mP −

√
x
)2]

,

4(mP − 1)2 < x < 4(mP + 1)2.

ここまで来ると，Lemma 4.3から SSFを導出する事が可能です．SSFは複素数の
Argumentを用いて定義されていました．そこで次の公式を使います．

Arg(x+ iy) =




π

2
− Arctan

x

y
, y > 0,

0, x > 0 ∧ y = 0,

π, x < 0 ∧ y = 0,

x+ iy ∈ C+ \ {0}.

∆T/T0(x + iϵ)は一般に複素上半平面にいるため, Arg(x + iy) = Arctan(y/x)の公式を
採用すると，偏角が π/2を境目に式が若干変わってしまうので，具合がよくありませ
ん．そこで上記の公式を使っています．

SSFは以下の通りになります．0 < x < 4(1 −mP )
2の区間では ξ(x)は非自明な値

を取りますが，指数定理には全く影響しないので省略します．指数定理に効いてくる
のは x = 4(1+mP )

2の境界部分だけなので，そこを含む区間の部分だけを記載します．
(1) P = 0.

ξ(x) =
1

2
, 0 < x < 4.

(2) 0 < |P | < 1√
2
.

ξ(x) =
1

2
− 1

π
Arctan

−2P
√
x+

√
(2mP +

√
x)2 − 4√

4− (2mP −
√
x)2

,

4(1−mP )
2 < x < 4(1 +mP )

2.

(3) |P | = 1√
2
.

ξ(x) =
1

2
− 1

π
Arctan

−2Px1/4 +
√
4 +

√
x√

4−
√
x

, 0 < x < 16.
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(4)
1√
2
< |P | < 1.

ξ(x) =
1

2
− 1

π
Arctan

−2P
√
x+

√
(2mP +

√
x)2 − 4√

4− (2mP −
√
x)2

,

4(1−mP )
2 < x < 4(1 +mP )

2.

x < 0と x > 4(1 +mP )
2では ξ(x) = 0になります．x < 0の場合は，T と T0が共に非

負の自己共役作用素である事からすぐに分かります．一方，x > 4(1 +mP )
2は詳細に

Arctanの分子の正負を詳細に調べなければなりません．次の結果が一つの到達点とな
ります．

Theorem 4.1. 次の公式が成り立つ．

lim
t→+∞

e−tTr(etαPT (P ) − etαPT0(P )) = ξ(α−1
P − 0) =



0, −1 < P < 0,

1

2
, 0 ≤ P < 1.

(18)

この結果を用いる事で，Theorem 3.1を証明する事ができます．
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neutron optical experiments 
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In his seminal paper, illustrated by the famous -ray microscope Gedankenexperiment, Heisenberg 
introduced the uncertainty principle, which states a lower bound for the product of measurement error 
and disturbance [1]. The position-momentum uncertainty relation was generally proven by Kennard 
[2], followed by the generalization by Robertson for the arbitrary pairs of incompatible observables 
[3].  Extension of the classical notion of root-mean-square (rms) error, which is widely accepted as 
the standard definition for the mean error of measurement, to quantum measurements is a 
non-trivial task. Recently, the noise-operator-based quantum-rms error was used to reformulate 
Heisenberg’s error-disturbance relation to be universally valid [4]. The validity of the 
reformulated relation as well as the violation of the conventional relation was demonstrated 
first in a neutron optical experiment [5]. Furthermore, the definition of noise-operator-based 
quantum-rms error is refined and its completeness is experimentally confirmed [6]. Here, I 
describe recent investigations of uncertainty relations in neutron optical experiments. General 
description of recent developments of tests of fundamental quantum mechanics and dark 
interactions with low-energy neutrons are present in a review article [7]. 
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II.  誤誤差差とと擾擾乱乱のの不不確確定定性性関関係係   
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Measurements in quantum mechanics 1

Claasical apparatus
<continuous „value“>

Quantum apparatus
<discrete as particle>

4

Absorption(demolition) Amplification  Signal (pulse)

Measurements in quantum mechanics 2

3

4
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Is quantum theory correct? １

Results depends on how it is measured !!

Is the moon there,
when nobody looks?

6

Predictions are always statistical !!

God does not
play dice！

Is quantum theory correct? ２

5

6
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Neutronen interferometry: quantum skier 

The New Yorker Collection, Ch.Adams 1940
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Neutron interferometer family
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Particle and wave properties

p = mv = h/λ

(L. De Broglie)

Uncertainity
Δx Δp ≥ ħ/2

(W. Heisenberg)

Schroedinger equation

(E. Schrödinger)
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M.C.Escher, 1938

Neutrons in quantum mechanics
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Quantum information technology: entanglement

Bell’s inequality

Quantum 
teleportation

9
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Bi-partite and tri-partite entanglements
 

2-Particle Bell-State 
 
 = 1

2
 I  II +  I  II  

I, II represent 2-Particles 
 
 

2-Space Bell-State 
 
 = 1

2
 s I p +  s II p  

s, p represent 2-Spaces, e.g., spin & path 
 

Violation of Bell-like inequality   S'  E' 1,1 + E' 1,2 – E' 2,1 + E' 2,2

= 2.051  0.019 > 2
 

 

Kochen-Specker-like contradiction 
63%

1 2 1 2
ˆ ˆ ˆ ˆ0.407 ' X Y Y X 0.861x yE E E        

 
 

Tri-partite entanglement (GHZ-state) 

Nature2003, NJP2011

PRA2010/NJP2013

PRL2006/2009


     

I 0

II 0

Neutron ( )

( )i i i
r

E

e e e E   

    

      

 



2.558 0.004 2MeasuredM   Quantum 
contextuality
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13

Heisenberg’s uncertainty relation

14

• In 1927 Heisenberg postulated an uncertainty principle:

γ-ray thought experiment

→

with q1 (mean error) & p1 (discontinuous change)

• → in modern treatment for commuting observables:

Uncertainty relation: historical 1

:errorof the first measurmen( )
: disturbanceon the second measurement (P)

Q





1 1p q h

( ) ( )
2

Q P  


13

14
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8

15

• Kennard considered the spread of a wave function ψ

s: standard deviations

• Robertson generalized the relation to arbitrary pairs of 
observables in any states ψ

→ dependent on the state but independent of the appartus

Uncertainty relation: historical 2

 1( ) ( ) , ?
2

Is A B A B generally valid   

 1( ) ( ) ,
2

A B A Bs s  

16

Definition of error & disturbancee:

- Error is defined as the root-mean-square (rms):

- Disturbance is defined in the same manner:

Universally valid uncertainty relation by Ozawa

2 1 2†( ) ( )A U I M U A I           

2 1 2†( ) ( )B U B I U B I           

:error of the first measurmen ( )
: disturbanceon the second measurement ( )
:standarddeviations

A
B



s





 M. Ozawa, PRA 67, 042105 (2003). 

15

16
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17

Experimental setup

18

Results: error-disturbance trade-off

2 2 2( )

( ) ( )
A A

A A

A A O O

A O A A I O A I

      

   

  

   

17

18
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19

New uncertainty principle

Heisenberg product

Results: new/old uncertainty relation

:error of the first measurmen ( )
: disturbanceon the second measurement ( )
:standarddeviations

A
B



s






J. Erhart, Nature Phys. 8, 185-189 (2012) 

20

Publications by other groups

ArXiv; 1304.2071

19

20
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21

Tight relation derived by Branciard

C. Branciard, Proc. Natl. Acad. Sci. U.S.A. 110, 6742 (2013).

       
1

222 22 1 ,A B C A B C        
   

 2 21 4, 1 4, , 2where C A B            

by Ozawa

by Branciard

by Heisenberg

Neutron experiment

22

Tight relation: experimental setup

21

22
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23

Tight relation: error-corrections

24

Tight relation: all mixtures

B. Demirel, PRL 117, 140402 (2016).

23

24
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25

Exploring hidden errors in quantum measurements

S. Sponar, npj Qunat. Inf. 106 (2021).

Uniform quantum rms (q-rms) error 

 NO
t
sup A, ,exp( tA) ψi 


   

  where  

   2 2
NO

(2) 2

A, , ψ ψ ψ

ψ ψ

A M

M M

   

 
 

A:observable to be measured
M= ( ) : meter observalbe

    with POVM  
ψ :  state to be measured

x
x x


 







 

for sharp measurement

26

Exploring hidden errors in quantum measurements

S. Sponar, npj Qunat. Inf. 106 (2021).

25

26
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39

Concluding remarks

Neutron polarimeter and interferometer are 
effective tools for investigations of foundation of
quantum mechanics. 

- Uncertainty relation is studied 
in neutron’s successive spin measurement.  

remark: error and disturbance are experimentally determined

- Quantum Cheshire-Cat was observed 
in neutron interferometer

remark: weak value as a measure of “effectiveness”
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時間・量子測定・準古典近似の理論と実験～古典論と量子論の境界

July 21-23, 2022, 九大 IMI, Fukuoka, Japan

Time operators associated with
harmonic oscillators

Fumio Hiroshima

Faculty of Mathematics, Kyushu University, Japan

(joint work with Noriaki Teranishi)

A time operator T̂ϵ of the one-dimensional harmonic oscillator

ĥϵ =
1

2
(p2 + ϵq2)

is rigorously constructed. It is formally expressed as

T̂ϵ =
1

2

1√
ϵ
(arctan

√
ϵt̂+ arctan

√
ϵt̂∗)

with t̂ = p−1q. It is shown that the canonical commutation relation [hϵ, T̂ϵ] = −i1l

holds true on a dense domain in the sense of sesqui-linear form, and the limit of T̂ϵ as
ϵ → 0 is shown. Finally a matrix representation of T̂ϵ and its analytic continuation are
given.
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Time operators associated with
harmonic oscillators

Fumio Hiroshima1 and Noriaki Teranishi2

Theory and Experiment for Time, Quantum
Measurement and Semiclassical Approximation

-Interface between Classical and Quantum Theory-

Joint Research Center for Advanced and

Fundamental Mathematics-for-Industry

October 5, 2022

1Faculty of Mathematics, Kyushu University
2Faculty of Science, Hokkaido University

Definition of time operators

Let [A,B] be the commutator of linear operators A and B defined by

[A,B] = AB − BA.

If a sa operator A in Hilbert space H admits a symmetric operator B
satisfying CCR:

[A,B] = −i1l

on a non-zero subspace DA,B ⊂ D(AB) ∩ D(BA), then B is called a time
operator of A.
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Three examples
� 1. Position-Momentum Let p = 1

i
d
dx and q = Mx be the

multiplication by x .
[p, q] = −i1l

� 2. Number-Phase Let a = q + ip and a∗ = q − ip. N = a∗a is called
the number operator. [a, a∗] = 1l. A symmetric operator φ̂ satisfying

[N, φ̂] = −i1l

is called a phase operator. Formally it is described as

φ̂ =
i

2
(log a− log a∗).

� 3. Energy -Time Let ĥ0 =
1
2p

2. Let

T̂AB =
1

2
(p−1q + qp−1).

T̂AB is called the Aharonov-Bohm operator or time of arrival operator.
[
ĥ0, T̂AB

]
= −i1l.

Domains problems

� Let Hen = Enen and [H,T ] = −i1l. We apply en on both sides to result

(H − En)Ten = −ien

and hence
0 = (en, (H − En)Ten) = −i .

This is a contradiction. Thus we can see (1) or (2):

(1) en �∈ D(T )

(2) en ∈ D(T ) but Ten �∈ D(H)

� As for time operator, there is a long history of confusion. The origin of
this may come from the statement of W.G. Pauli made in 1933 that the
introduction of a time observable T with a self-adjoint operator H having
a discrete eigenvalue is basically forbidden.
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Three time operators of 1D harmonic oscillator
� 1D harmonic oscillator

Ĥε =
1

2
(p2 + εq2) 0 < ε ≤ 1.

1. Angle operator [7]: θ = arctan(y/x).

T̂ε =
1

2

1√
ε

(
arctan(

√
εp−1q) + arctan(

√
εqp−1)

)
.

2. POVM=Galapon operator [2, 4]: Let P be a positive operator valued
measure associated to Ĥε.

TG =

∫

[0,2π]

tdPt = i
∞∑

n=0

∑

m �=n

(em, ·)
m − n

en.

3. Phase operator [3]: Let a and a∗ be the annihilation operator and the
creation operator in L2(R). A phase operator is formally described as

φ̂ =
i

2
(log a− log a∗)

It is hard to define log a∗ as an operator =⇒ [6].

Heuristic derivation of angle operator T̂ε

� Take momentum representation. FpF−1 = Mk and FqF−1 = +i d
dk .

Instead of notations L2(Rk),Mk and −i d
dk we denote them as L2(Rx), q

and p, respectively.
Thus [p, q] = −i1l.
� Ĥε is transformed to

Hε =
1

2
(εp2 + q2) 0 < ε ≤ 1.

We shall construct symmetric operator Tε such that

[Hε,Tε] = +i1l.

� Let t = q−1p with D(t) = {f ∈ D(p) | pf ∈ D(q−1)}.

[Hε, t] = i(1l+εt2) =⇒ [Hε, f (t)] = i(1l+εt2)f ′(t) =⇒ f ′(t) = (1l+εt2)−1

f (t) =
1√
ε
arctan

√
εt.

Symmetrizing f , we see that

Tε =
1

2

1√
ε
(arctan

√
εt + arctan

√
εt∗).
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We rigorously define Tε by using the Taylor expansion:

arctan x =
∞∑

n=0

(−1)n

2n + 1
x2n+1 |x | < 1.

Note also that arctan x can be extended to a function on C as

arctan z =
i

2
log

i + z

i − z
z ∈ C \ {i}.

� t is unbounded and non-symmetric =⇒ it is not trivial to define

arctan
√
εt# =

∞∑

n=0

(−1)n

2n + 1
(
√
εt#)2n+1, t# = t, t∗.

If
√
εtf = if , then f �∈ D(arctan

√
εt).

� It is not trivial to specify a dense domain D such that

D ⊂
∞⋂

n=0

(D(tn) ∩ D((t∗)n))

Spectrum of angle operators

S#
ε =

1√
ε

∞∑

n=0

(−1)n

2n + 1
(
√
εt#)2n+1,

D(S#
ε ) =

{
f ∈

∞⋂

n=0

D(t#
2n+1

)

∣∣∣∣ lim
N→∞

N∑

n=0

(−1)n

2n + 1
(
√
εt)2n+1f exists

}
.

Formally S#
ε = 1√

ε
arctan

√
εt# and Tε =

1
2 (Sε + S∗

ε ).

Leven = LH{e−αx2/(2
√
ε) | α ∈ (0, 1)} ⊂ L2even,

Lodd = LH{xe−αx2/(2
√
ε) | α ∈ (0, 1)} ⊂ L2odd.

� Leven + Lodd is dense in L2(R), and Leven ⊥ Lodd.

Theorem (Spectrum of S#)

(1) D(Sε) ⊃ Leven and D(S∗
ε ) ⊃ Lodd.

(2) i(0,∞) ⊂ Specp(S
#
ε ).

(3) [Hε, Sε] = i1l on Leven and [Hε, S
∗
ε ] = i1l on Lodd.
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List of problems

1. Ultra-weak time operator [Hε, Sε] = i1l on Leven and [Hε, S
∗
ε ] = i1l on

Lodd, but Leven ∩ Lodd = {0}. Define an ultra-weak time
operator tε:

tε[Hεφ, ψ]− tε[Hεψ, φ]
∗ = i(φ, ψ)

holds on Leven ⊕ Lodd in the sense of sesqui-linear form.

2. Continuous limit limε→0 tε = AB-time operator.

3. Matrix representation Set tε=1 = t. t[en, em] for some {en}.
4. Analytic continuation t[en, em] for

en, em ∈ LH{xne+izx2/2 | z ∈ H \ {i}}. Here H denotes
the open upper half plane in C.

5. Positive op-valued measure t �= tG .

Hierarchy of time operators (abstract theory)[1]

� Hierarchy of classes of time operators.
{ultra-st-time} ⊂ {st-time} ⊂ {time} ⊂ {weak-time} ⊂ {ultra-weak-time}
� Let A be a sa operator on H and D1 and D2 be non-zero subspaces of
H.
A sesqui-linear form

tB : D1 × D2 → C, D1 × D2 � (φ, ψ) �→ tB [φ, ψ] ∈ C

with domain D(tB) = D1 × D2 is called an ultra-weak time operator of A
⇐⇒
∃S , ∃C ⊂ D1 ∩ D2 such that the following (1)–(3) hold:

(1) C ⊂ D(A) ∩ S .

(2) tB [φ, ψ]
∗ = tB [ψ, φ] for all φ, ψ ∈ S .

(3) AC ⊂ D1 and, for all ψ, φ ∈ C ,

tB [Aφ, ψ]− tB [Aψ, φ]
∗ = −i(φ, ψ).
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Ultra-weak time operators associated with Hε

� We define

teven[ψ, φ] =
1

2
((ψ, Sεφ) + (Sεψ, φ)), ψ, φ ∈ Leven,

todd[ψ, φ] =
1

2
((ψ, S∗

εφ) + (S∗
εψ, φ)), ψ, φ ∈ Lodd.

tε is defined by
tε = teven ⊕ todd

I.e.,
tε[ψeven ⊕ ψodd, φeven ⊕ φodd] = teven[ψeven, φeven] + todd[ψodd, φodd].

Theorem
tε is an ultra-weak time operator of Hε.

Continuous limit
� Angle operator: Tε =

1
2

1√
ε
(arctan(

√
εt) + arctan(

√
εt∗)).

� Aharonov-Bohm operator: TAB = 1
2 (t + t∗)

� TAB can be extended to the ultra-weak time operator.

Meven = LH{e−αx2/2 | α ∈ (0, 1)},

Modd = LH{xe−αx2/2 | α ∈ (0, 1)}.

Let

tAB,0[ψ, φ] =
1

2
{(ψ, tφ) + (tψ, φ)} ψ, φ ∈ Meven,

tAB,1[ψ, φ] =
1

2
{(ψ, t∗φ) + (t∗ψ, φ)} ψ, φ ∈ Modd.

Define tAB by tAB = tAB,0 ⊕ tAB,1

Theorem (Continuous limit)

lim
ε→0

tε[ψ, φ] = tAB [ψ, φ] on Meven ⊕Modd.
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Matrix representations for α ∈ (0, 1)
We set tε=1 = t, S#

ε=1 = S# and

hα = e−αx2/2, α ∈ (0, 1).

� What is matrix (xahα,Tx
bhα)?

� We want to see the function Kab such that

t[xahα, x
bhα] = (hα,Kabhα), a, b ∈ N ∪ {0}.

Let us set

tα = 2

(
x2

2
− d

dα

)
.

Theorem
Suppose that α ∈ (0, 1). Let P be a polynomial. Then

SP(x2)hα =
i

2

(
P(tα) log

1 + α

1− α

)
hα,

S∗P(x2)xhα =
i

2

(
P(tα) log

1 + α

1− α

)
xhα.

Together with them we have the matrix representation of t. Let

Kα = LH{xne−αx2/2 | n ∈ N ∪ {0}}.

Corollary (Matrix rep. for α ∈ (0, 1))
Let fa = xahα and fb = xbhα. Then t[fa, fb] is given by






− i

4

(
hα,

{
(tnαx

2m − x2ntmα ) log
1 + α

1− α

}
hα

)
a = 2n, b = 2m

− i

4

(
hα,

{
(tnαx

2m+2 − x2n+2tmα ) log
1 + α

1− α

}
hα

)
a = 2n + 1, b = 2m + 1

0 otherwise.

Let
K = LH{xne−x2/2 | n ∈ N ∪ {0}}.

Theorem (Matrix rep. for α = 1)
K ∩ D(S#) = {0}. In particular, let en be an ev of H, then en �∈ D(S#).
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Analytic continuations

� Let hz = e+izx2/2 for z ∈ C. C.f., hiα = e−αx2/2.
Let C : C \ {−i} → C be the Cayley transform defined by

C (z) =
z − i

z + i
.

We have

log
1 + α

1− α
= − log(−C (αi)).

� Let H = {z ∈ C | Imz > 0} and D = {z ∈ C | |z | < 1}.
� z �→ − log(−C (z)) is analytic on C \ {αi | α ∈ (−∞,−1] ∪ [1,∞)}.

Neven = LH{P(x2)hz | P is polynomial, z ∈ H \ {i}},
Nodd = LH{P(x2)xhz | P is polynomial, z ∈ H \ {i}}.

We also define tz by

tz = 2

(
x2

2
− i

d

dz

)
.

We define Ŝ# by

ŜP(x2)hz = − i

2
(P(tz) log(−C (z))) hz ,

Ŝ∗P(x2)xhz = − i

2
(P(tz) log(−C (z))) xhz .

� Ŝ# = S# on Kα for α ∈ (0, 1).
� [Ŝ#,H] = −i1l on N#.
� We define sesqui-linear forms t̂even and t̂odd by

t̂even[ψ, φ] =
1

2
{(Ŝψ, φ) + (ψ, Ŝφ)}, ψ, φ ∈ Neven,

t̂odd[ψ, φ] =
1

2
{(Ŝ∗ψ, φ) + (ψ, Ŝ∗φ)}, ψ, φ ∈ Nodd.

� The sesqui-linear form t̂ is defined by t̂ = t̂even ⊕ t̂odd.

Theorem
t̂ is an ultra-weak time operator of H.

61



Let f ∈ L2(R).

Geven(z) = (f , ŜP(x2)hz) = (f ,− i

2
(P(tz) log(−C (z))) hz), z ∈ D ∩H

Godd(z) = (f , Ŝ∗P(x2)xhz) = (f ,− i

2
(P(tz) log(−C (z))) xhz), z ∈ D ∩H.

Define Feven(z) = (f , ŜP(x2)hz) and Fodd(z) = (f , Ŝ∗P(x2)xhz) for
z ∈ H \ {i}. Then F# is analytic on H \ {αi | α ∈ [1,∞)} and the
analytic continuation of G#.

Corollary (Analytic continuation)
Let z ∈ H \ {i}. Let fa = xahz and fb = xbhz .

t̂[fa, fb] =






i

4

(
hz ,

{
(tnz x

2m − x2ntmz ) log(−C (z))
}
hz
)

a = 2n and b = 2m,

i

4

(
hz ,

{
(tnz x

2m+2 − x2n+2tmz ) log(−C (z))
}
hz
) a = 2n + 1 and

b = 2m + 1,
0 otherwise.

� Let z = αi with α ∈ (0, 1). Then t̂[fa, fb] = t[fa, fb].
� The map z �→ t̂[fa, fb] is analytic on H \ {αi | α ∈ [1,∞)}. In particular
t̂[fa, fb] is the analytic continuation of t[fa, fb].

1-1

CCR

i
CCR

Figure: LH{xne izx
2/2 | n = 0, 2, . . .}
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POVM=Galapon operator
� Let (Ω,B) be a measurable space. P is POVM if and only if for each
A ∈ B, P(A) is a bounded non-negative sa operator, and

B � A �→ (f ,P(A)f )

‖f ‖2 ∈ [0, 1]

is a prob. measure for any non-zero element f ∈ H such that P(Ω) = 1l.

� Fot t ∈ R we define ϕ
(N)
t =

∑N
n=0 e

itHen and

P
(N)
t =

1

2π
(ϕ

(N)
t , ·)ϕ(N)

t .

� The operator P(N) on ([0, 2π],B) is defined by

B � A �→ (f ,P(N)(A)g) =

∫

[0,2π]

1lA(t)(f ,P
(N)
t g)dt.

� ∃w − lim
N→∞

PN(A) = P(A) and P(·) is POVM.

� The sesqui-linear form tG [f , g ] is defined by

tG [f , g ] =

∫

[0,2π]

td(P(t)f , g) = lim
N→∞

∫

[0,2π]

t
(
f ,P

(N)
t g

)
dt.

� ∃ A self-adjoint bounded operator TG satisfying tG [f , g ] = (f ,TGg)
and ‖TG‖ ≤ 2π.

TG f =

∫

[0,2π]

tdP(t)f = i
∑

n

∑

m �=n

(em, f )

m − n
en.

We define the unbounded operator PG by

PG = lim
N→∞

1

2π

(
N∑

n=0

en, ·
)

N∑

n=0

en.

Proposition (CCR of Galapon op.)
It follows that

[H,TG ] = −i(2πPG − 1l),

in particular

[H,TG ] = −i1l on LH{en − em | n �= m}.
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We can also define the sesqui-linear form associated with TG by

tG [φ, ψ] =
1

2
{(φ,TGψ) + (TGφ, ψ)}.

tG is also an ultra-weak time operator of h.

Theorem (angle operator �= Galapon operator)
It follows that t �= tG .

Proof: tG is bounded, but t is unbounded. �

Concluding remarks A = T ,TG , φ̂

In physics it is formally treated that [H,A] = +i1l for

T =
1

2
(arctan q−1p + arctan pq−1),

TG =

∫

[0,2π]

tdP(t) = i
∑

n

∑

m �=n

(em, ·)
m − n

en,

φ̂ =
i

2
(log a− log a∗) =⇒ [6].

We made relationships among them clear [5].

(1) T �= TG .

(2) If T is defined in the sense of sesqui-linear form t, then the domain
of t is dense and t[Hφ, ψ]− t[Hψ, φ]∗ = −i(φ, ψ) hols on a dense
subspace.

(3) The continuous limit of Tε is TAB = 1
2 (q

−1p + pq−1).

(4a) A matrix representation of t is given on Kα for α ∈ i(0, 1).

(4b) It can be extended on Kz for z ∈ H \ {i}.
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Time operators of the harmonic oscillator in ℓ2(N)

Noriak Teranishi

Department of Mathematics, Faculty of Science, Hokkaido University, Japan

(joint work with Fumio Hiroshima)

The harmonic oscillator h = (p2 + q2)/2 has a time operator

TG = i
∑
n∈N

(∑
m ̸=n

⟨em, · ⟩
n−m

)
en

and a ultra weak time operator

T =
1

2

(
arctan(p−1q)+̇ arctan(qp−1)

)
.

It is shown that there exists a unitary operaotr U : L2(R) → ℓ2(N) such taht

UTGU
∗ = i(log(1− L)− log(1− L∗)),

UTU∗ = − i

4
(log(a∗−1a)+̇ log(aa∗−1)),

where L is the left shift operator and a is the anihilation operator. We show that some
relations between the time operator TG and ultra weak time operator T .
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時間結晶を用いた「新井・宮本の不等式」の実証へ向けて
Keiji Nakatsugawa

International Center for Materials Nanoarchitectonics (WPI-MANA), National
Institute for Materials Science, Tsukuba 305-0044, Japan

(joint work with Satoshi Tanda)

Background

Definition of a time operator. In the standard formulation of quantum mechanics,
position operators, momentum operators, and the position-momentum uncertainty re-
lation are well-established. The position-momentum uncertainty relation ∆x∆p ≥ ℏ/2
can be derived mathematically from the canonical commutation relation [x̂, p̂] = iℏ.
Meanwhile, the energy-time uncertainty relation ∆E∆T ∼ ℏ is also known experimen-
tally. So, in analogy with position and momentum, one expects that the energy-time
uncertainty relation can be obtained from the canonical commutation relation (CCR)

(1) [Ĥ, T̂ ] = iℏ.
Such time operators are necessary to derive time-energy uncertainty relations and to
unify space and time at the level of quantum mechanics.

However, in the framework of standard quantum mechanics, time is not an observ-
able but just a parameter because it is difficult to define a self-adjoint time operator T̂
that satisfies Eq. (1). To illustrate this difficulty, let us consider the Aharonov-Bohm
time operator [1]

(2) T̂R = −m

2
(x̂p̂−1 + p̂−1x̂)

which describes the arrival time of a free particle on a line (R). This operator satisfies
Eq. (1) with the Hamiltonian Ĥ = p̂2/2m. On the other hand, observables in standard
quantum mechanics are represented by self-adjoint operators. Unfortunately, the op-
erator (2) does not have orthogonal eigenstates and real eigenvalues, so it is symmetric
but not self-adjoint. Today, it is well understood that self-adjoint time operators can
be defined for Hamiltonians with discrete energy spectrum [2, 3]. What is the discrete
analog of the time operator (2)? What would be its physical interpretation?

Time Operators in Terms of Time Crystals. In our previous work, we have con-
sidered the problem of time operators in the context of quantum time crystals (QTC)
in ring systems S1 [4, 5]. A QTC is a quantum mechanical state which spontaneously
breaks time translation symmetry. The periodic oscillation of a QTC seems to pro-
mote time from a parameter to a physical observable. So, we proposed that QTCs are
candidates for constructing time operators. A generalized commutation relation called
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Figure 1. (Redrawn from Ref. [5].) T̂S1 is a self-adjoint time operator

and T̂PT
S1 is a PT -symmetric time operator that is defined on a ring

system (S1). In the large radius limit (from S1 to R), T̂S1 reduces to the

Aharonov-Bohm time operator T̂R (2).

the generalized weak Weyl relation [6] is used to derive a class of self-adjoint time
operators for ring systems: Its eigenvalues are interpreted as the period of a QTC. The
Aharonov-Bohm time operator (2) is obtained from such time operators by taking the
infinite-radius limit. We also reveal the relationship between our time operators and
PT -symmetric time operators (which are non-Hermitian operators but have real eigen-
values). These time operators are then used to derive several energy-time uncertainty
relations. A summary of our time operators is given in Fig. 1.

The Arai-Miyamoto Inequality. Mathematical correctness does not necessarily im-
ply physical reality. Any physical theory is fully accepted once it survives experimental
verification. One way to test the existence of time operators is the “Arai-Miyamoto
inequality” which was first proposed by Miyamoto [7] and later developed by Arai
[8, 6, 9]. This inequality is derived from the weak Weyl relation (WWR)

TU = U(T + t)(3)

where T is a time operator and U is a unitary operator. Using U = e−iHt/ℏ and
differentiate Eq. (3) we recover the CCR (1). We can also write Eq. (3) in the inner
product form

⟨ψ, [U, T ]ψ⟩ = ⟨ψ, tUψ⟩ .
Then, using the triangular inequality and the Cauchy-Schwarz inequality, we obtain
the Arai-Miyamoto inequality

(4) | ⟨ψ,Uψ⟩ |2 ≤ 4σ2
T

t2

where σT = ∥(T − ⟨ψ, Tψ⟩)ψ∥. Experimental demonstration of this inequality will
prove the existence of time operators. But, there is an additional hurdle to overcome.
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That is to say, Weyl relations such as Eq. (3) are not yet fully recognized by the physics
community. Therefore, we also need to verify the WWR experimentally. Equation (4)
is derived only from the WWR and does not depend on the specific forms of T and U .
Therefore, equivalent inequalities can be obtained using other observables that satisfy
the WWR.

Goal of this presentation

We propose quantum crystals as a stage where the WWR and the Arai-Miyamoto
inequality play an essential role. In quantum space crystals, the operator x̂ is insuffi-
cient as a position operator because it does not satisfy the periodic boundary condition

of the crystal. Instead, Ŵ = êix is needed to make the position periodic. The canonical
quantization on S1 with Ŵ and the canonical angular momentum operator L

Ŵ L̂ = (L̂+ ℏ)Ŵ(5)

is known as the Ohnuki-Kitakado quantization [10]. Eq. (5) has the same structure
as the WWR (3). We have shown that periodic time operators are also needed in
quantum time crystals [4, 5]. Therefore, we show that the WWR is necessary for
periodic quantum crystal systems and that the Arai-Miyamoto inequality holds. The
connection between the time operators in Fig. 1 will be investigated in future study.
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1

In quantum mechanics, position operators, momentum operators, 
and the position-momentum uncertainty relation are well-
established.

The energy-time uncertainty relation is also known experimentally. 
However, in the framework of standard quantum mechanics, time is 
not an observable but just a parameter.

➢Time Crystal: A physical system where time becomes discrete
F. Wilczek Phys. Rev. Lett 109, 160401, (2012);
K. Nakatsugawa, T. Fujii and S. Tanda, Phys. Rev. B 96, 094308 (2017)

➢Time Crystal⇒Time Operators
K. Nakatsugawa, T. Fujii, A. Saxena & S. Tanda, J. Phys. A 53, 025301 (2020)

Introduction: Is time an observable?

Look similar

෡𝐻𝐻, ෠𝑇𝑇 = 𝑖𝑖𝑖Analogy

Goal

Δ𝑥𝑥Δ𝑝𝑝 ≥ ℏ/2

ො𝑥𝑥, Ƹ𝑝𝑝 = 𝑖𝑖𝑖
Math

Δ𝐸𝐸Δ𝑡𝑡 ≥ ℏ/2

?

2

1. Quantum Time Crystal in ring system：：
K. Nakatsugawa, T. Fujii & S. Tanda, Physical Review B 96, 094308 (2017)

2. Time Operators from Time Crystals：：
K. Nakatsugawa, T. Fujii, A. Saxena & S. Tanda, J. Phys. A 53, 025301 (2020)

3. Toward an experimental test of the Arai-Miyamoto 
inequality

Outline

3

Crystal Structure in Time?

T

Time Crystal

Crystal: Space translation 
symmetry is broken

In relativity theory, space and 
time are related.
Can we have Time crystals?

Space Crystal
𝑥𝑥

𝑡𝑡

4

New Types of Crystals
Time Crystal

F. Wilczek, PRL 109 (2012)
Phase Crystals

P. Holmvall et. al., Phys. Rev. 
Research 2, (2020)

Can these new types of crystals really exist?
First, reconsider space crystals

𝑇𝑇 space? 𝜙𝜙 space?

Phase-space Crystal
L. Guo et. al., PRL 111 (2013)

𝑘𝑘 space?

5

A ground state must satisfy the symmetry of the Hamiltonian
➡Symmetry broken state cannot be a “true” ground state.
F. Strocchi, Symmetry Breaking (Springer, New York, 2008)

E.g. The periodicity of a crystal is not evident from its wavefunction. 
Broken symmetry becomes apparent due to collapse of wavefunction.
J. van Wezel and J. van den Brink, Am. J. Phys. 75, 635 (2007)
F. Wilczek, Phys. Rev. Lett. 109, 160401 (2012)
P. Coleman, Nature 493, 166 (2013)

P. Coleman, Nature 493, 166 (2013)

Loss of coherence plays an essential role 
to determine physical ground states.

Ground State of a Crystal

6
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‐Superconductivity, Josephson effect

Type 1：Information about the entire system is not 
obtained by local measurement

Ψ ∝ 𝛼𝛼 1 + 𝛽𝛽 1 ⊗ 𝛼𝛼 2 + 𝛽𝛽 2 ⊗⋯⊗ 𝛼𝛼 𝑁𝑁 + 𝛽𝛽 𝑁𝑁

Type 2：Information about the entire system is 
obtained by local measurement

Macroscopic Quantum States

‐Schrödinger’s cat、Greenberger–Horne–Zeilinger state, 
topological order, etc.

Ψ ∝ 𝛼𝛼 1 ⊗ 𝛼𝛼 2 ⊗⋯⊗ 𝛼𝛼 𝑁𝑁 + 𝛽𝛽 1 ⊗ 𝛽𝛽 2 ⊗⋯⊗ 𝛽𝛽 𝑁𝑁

They are both superimposed states but differ in 
terms of measurement 7

+

+
＝

Entangled 
state

1 ⊗ 2 ⊗⋯⊗ 𝑁𝑁
1 ⊗ 2 ⊗⋯⊗ 𝑁𝑁

1 ⊗ 2 ⊗⋯⊗ 𝑁𝑁

Ω

Quantum Crystals
…

…

Superposition

The symmetry broken state is 
not the true ground state
• Periodicity is not apparent from 

the crystal’s  wave function
• Periodicity appears after 

measurement
F. Wilczek, Phys. Rev. Lett. 109, 160401 (2012)
P. Coleman, Nature 493, 166 (2013)

Quantum time crystal: Energy 
conservation implies time translation 
symmetry (superposition of lattice), 
but it may be spontaneously broken.

1 ⊗ 2 ⊗⋯⊗ 𝑁𝑁
1 ⊗ 2 ⊗⋯⊗ 𝑁𝑁

1 ⊗ 2 ⊗⋯⊗ 𝑁𝑁

8

ion
Charge density

❑ Order Parameter: Macroscopic wave function
❑ Incommensurate CDW： 𝜆𝜆/𝑎𝑎 =irrational number
Energy independent of θ⟹ Fröhlich superconductivity

𝜆𝜆 = 𝜋𝜋/𝑘𝑘𝐹𝐹

Incommensurate CDW

2𝑎𝑎

𝜆𝜆
𝑎𝑎 = 2.11

𝑛𝑛 𝑥𝑥, 𝑡𝑡 = 𝑛𝑛0 + 𝑛𝑛1 cos 𝑥𝑥/𝜆𝜆 + 𝜃𝜃

𝑥𝑥

The Charge Density Wave (CDW) amplitude is

9

ICDW Ring

Topological crystals  
S. Tanda et.al., Nature 417, 139 (2002)

CDW Aharonov-Bohm effect
Tsubota et al, Europhys. Lett. 97, 57011 
(2012)

❑A boson, so superposition is 
possible
❑Macroscopic wave function
❑A space crystal, direct 

measurement is possible

Ideal space crystal with 
coherence.

10

1
θ

Classical Dynamics of ICDW ring
Assumption: 𝜃𝜃′ = d𝜃𝜃

𝑑𝑑𝑑𝑑 = 0
Consider the CDW phase 
Lagrangian
[H. Fukuyama, JPSJ 41, 513 (1976)]

𝐿𝐿 ሶ𝜃𝜃, 𝜃𝜃′ = ℏ𝑣𝑣F
4𝜋𝜋𝑐𝑐02

න
0

2𝜋𝜋𝜋𝜋
𝑑𝑑𝑑𝑑 ሶ𝜃𝜃2 − 𝑐𝑐02𝜃𝜃′2 = 𝐼𝐼

2
ሶ𝜃𝜃2

Fermi Velocity： 𝑣𝑣F
Phason velocity： 𝑐𝑐0

Moment of Inertia： 𝐼𝐼 = 𝑅𝑅𝑅𝑣𝑣F/𝑐𝑐02
Collective coordinate： 𝜃𝜃 𝑡𝑡 = 2𝑘𝑘F𝑥𝑥(𝑡𝑡)

➢Equivalent to a single free particle on a ring!
How can we quantize this system?

11

ℋℝ

x

p

𝑥𝑥, 𝑝𝑝 𝑃𝑃𝑃𝑃 = 1 → ො𝑥𝑥, ො𝑝𝑝 = 𝑖𝑖𝑖

𝜓𝜓
ො𝑥𝑥𝜓𝜓

ො𝑝𝑝𝜓𝜓

Quantization of 1D (ℝ) System

12
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Quantization of Periodic Systems

But 𝜃𝜃 is a multivalued operator and breaks periodicity

𝜓𝜓ℋ𝑆𝑆1
ℋℝ

መ𝜃𝜃𝜓𝜓

(Single-
valued)

෢𝑒𝑒𝑖𝑖𝑖𝑖𝜓𝜓

𝑒𝑒𝑖𝑖𝑖𝑖, 𝐿𝐿 = ℏ𝑒𝑒𝑖𝑖𝑖𝑖
Single­valued

𝜃𝜃, 𝐿𝐿 = 𝑖𝑖𝑖

L. Susskind and J. Glogower, Physica 1, 49 (1964)
P. Carruthers and M.M. Nieto, Rev. Mod. Phys. 40, 411 (1968)
Y. Ohnuki and S. Kitakado. J. Math. Phys. 34, 2827 (1993);
S. Tanimura, Prog. Theor. Phys. 90, 271 (1993)

We must consider the 
“weak Weyl relation” 
instead of the CCR.

13

  2/),,(),,( txntxn  RL +

The ground state is a uniform 
superposition of CDW 

),,( txn L
),,( txn R

Ground state of ICDW ring
Charege Density Operator：

ො𝑛𝑛 ∼ ෣cos 𝜃𝜃
Ground state Expectation value：

ො𝑛𝑛(𝑡𝑡) ∼ 1
2𝜋𝜋න−𝜋𝜋

𝜋𝜋
d𝜃𝜃 𝑛𝑛L 𝜃𝜃, 𝑡𝑡 + 𝑛𝑛R(𝜃𝜃, 𝑡𝑡) = 0

Period 𝑃𝑃 = 4𝜋𝜋𝜋𝜋/ℏ ∝ 𝑅𝑅

14

12NGS 

Tunneling

Superposition Localization

2-state system (Leggett 
et al., Rev. Mod. Phys. 
59, 1 (1987)) 

t
t

P

Environment

Symmetry Breaking by Decoherence

Idea: Breaking of time 
translation symmetry by 
decoherence?

Environment

Environment

Coupling with environment 
will localize the particle

15

Measurement problem： How (or why) collapse of a wave function 
∑𝑐𝑐𝑖𝑖𝜓𝜓𝑖𝑖 → 𝜓𝜓𝑖𝑖 occurs?

Caldeira-Leggett model：Model of measurement problem using 
interaction with an environment (Caldeira and Leggett. Physica A: 121:587– 616 (1983))

System Environ
ment

෡𝐻𝐻Sys

෡𝐻𝐻Int

෡𝐻𝐻Env

෡𝐻𝐻 = ෡𝐻𝐻Sys + ෡𝐻𝐻Int+ ෡𝐻𝐻Env
ො𝜌𝜌 = ො𝜌𝜌Sys ො𝜌𝜌Env
ො𝜌𝜌 𝑡𝑡 = e−𝑖𝑖 ෡𝐻𝐻𝑡𝑡/ℏ ො𝜌𝜌e𝑖𝑖 ෡𝐻𝐻𝑡𝑡/ℏ ≠ ො𝜌𝜌Sys(𝑡𝑡) ො𝜌𝜌Env(𝑡𝑡)

ො𝜌𝜌Sys 𝑡𝑡 = trEnv ො𝜌𝜌 𝑡𝑡 =෍
𝑖𝑖
𝜙𝜙𝑖𝑖Env, ො𝜌𝜌 𝑡𝑡 𝜙𝜙𝑖𝑖Env

Ignore environment freedom 
（trace out）. Then,  time evolution 
becomes non-unitary. The result is 
decoherence i.e. collapse of the  
wave function

Symmetry Breaking by Decoherence

16

Consider fluctuating magnetic flux
Environment：Harmonic oscillators 𝑞𝑞𝑖𝑖
c.f. Caldeira and Leggett. Physica A 121, 587 (1983)

𝑞𝑞1
𝑞𝑞2
𝑞𝑞𝑁𝑁

θ Charge density operator ：
ො𝑛𝑛 = 𝑛𝑛0 + 𝑛𝑛1 መ𝐶𝐶

Expectation value：
𝑛𝑛 𝑡𝑡 = 𝜓𝜓GS, 𝑒𝑒𝑖𝑖 ෡𝐻𝐻𝑡𝑡/ℏ ො𝑛𝑛𝑒𝑒−𝑖𝑖 ෡𝐻𝐻𝑡𝑡/ℏ𝜓𝜓GS

Model: ICDW Ring + Environment

Environment 
Hamiltonian

Interaction with 
Environment

෡𝐻𝐻 = 1
2𝐼𝐼 𝐿𝐿 −෍

𝑗𝑗

𝐶𝐶𝑗𝑗
𝜔𝜔𝑗𝑗

ො𝑞𝑞𝑗𝑗
2
+෍

𝑗𝑗

1
2𝑚𝑚𝑗𝑗

ො𝑝𝑝𝑗𝑗2 +
𝑚𝑚𝑗𝑗𝜔𝜔𝑗𝑗2
2 ො𝑞𝑞𝑗𝑗2

17

Reduced Density Matrix

Feynman-Vernon Propagator

𝑛𝑛 𝑡𝑡 ∼ 𝑈𝑈𝑡𝑡†𝑒𝑒𝑖𝑖𝑖𝑖𝑈𝑈𝑡𝑡 = trring 𝑒𝑒𝑖𝑖𝑖𝑖trenv.( ො𝜌𝜌(𝑡𝑡)) = න
−𝜋𝜋

𝜋𝜋

𝑒𝑒𝑖𝑖𝜃𝜃𝑓𝑓𝜌𝜌(𝜃𝜃𝑓𝑓, 𝜃𝜃𝑓𝑓, 𝑡𝑡)𝑑𝑑𝜃𝜃𝑓𝑓

Decoherence in 𝐒𝐒𝟏𝟏

𝜌𝜌 𝜃𝜃𝑓𝑓, 𝜙𝜙𝑓𝑓, 𝑡𝑡 = න
−𝜋𝜋

𝜋𝜋
𝑑𝑑𝜃𝜃𝑖𝑖 න

−𝜋𝜋

𝜋𝜋
𝑑𝑑𝜙𝜙𝑖𝑖 𝜌𝜌 𝜃𝜃𝑖𝑖𝜙𝜙𝑖𝑖, 0 ෍

𝑙𝑙1,𝑙𝑙2∈ℤ
𝐽𝐽 𝜃𝜃𝑓𝑓 + 2𝜋𝜋𝑙𝑙1, 𝜙𝜙𝑓𝑓 + 2𝜋𝜋𝑙𝑙2, 𝑡𝑡; 𝜃𝜃𝑖𝑖, 𝜙𝜙𝑖𝑖, 0

𝐽𝐽 𝜃𝜃𝑓𝑓, 𝜙𝜙𝑓𝑓, 𝑡𝑡; 𝜃𝜃𝑖𝑖, 𝜙𝜙𝑖𝑖, 0 = න
𝜃𝜃𝑖𝑖

𝜃𝜃𝑓𝑓
𝐷𝐷𝐷𝐷න

𝜙𝜙𝑖𝑖

𝜙𝜙𝑓𝑓
𝐷𝐷𝜙𝜙∗ อexp 𝑖𝑖

ℏ 𝑆𝑆 𝜙𝜙
+, 𝜙𝜙− − Γ 𝜙𝜙−

𝜙𝜙+= 𝜙𝜙+𝜃𝜃 /2
𝜙𝜙−=𝜙𝜙−𝜃𝜃

Classical Action
𝑆𝑆 𝜙𝜙+, 𝜙𝜙− = −න

0

𝑡𝑡
𝑑𝑑𝑑𝑑 𝐼𝐼 ሶ𝜙𝜙+ 𝜏𝜏 ሶ𝜙𝜙− 𝜏𝜏 + 2න

0

𝑡𝑡
𝑑𝑑𝑑𝑑න

0

𝜏𝜏
𝑑𝑑𝑑𝑑 𝜙𝜙− 𝜏𝜏 𝛼𝛼𝐼𝐼 𝜏𝜏 − 𝑠𝑠 𝜙𝜙+ 𝑠𝑠

Noise Action
Γ 𝜙𝜙− = 1

2ℏන0

𝑡𝑡
𝑑𝑑𝑑𝑑න

0

𝜏𝜏
𝑑𝑑𝑑𝑑𝜙𝜙− 𝜏𝜏 𝛼𝛼𝑅𝑅 𝜏𝜏 − 𝑠𝑠 𝜙𝜙− 𝑠𝑠

CDW charge density

18
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𝑅𝑅 ∼ 10−6m: radius, 
𝐼𝐼: moment of inertia,
𝑣𝑣F ∼ 106m/s: Fermi velocity, 
𝑣𝑣𝑣 ∼ 10−3𝑣𝑣F: CDW phason velocity

Period 𝑃𝑃 = 4𝜋𝜋𝜋𝜋
ℏ = 4𝜋𝜋𝑅𝑅

𝑣𝑣𝑣 ∼ 1μs
With 
Environment

Without 
Environment

Time/Period

C
harge D

ensity
C
harge D

ensity

Time/Period

Decoherence

Time Crystal by Decoherence

19

Momentum uncertainty：Δ𝑝𝑝 ∼ ℏ/2𝑅𝑅

wave packet spreads with velocity v ∼ Δ𝑝𝑝
𝑚𝑚
∼ ℏ

2𝑅𝑅𝑅𝑅

Period 𝑃𝑃 = 2𝜋𝜋𝜋𝜋
𝑣𝑣 = 4𝜋𝜋𝜋𝜋𝑅𝑅2

ℏ = 4𝜋𝜋𝜋𝜋
ℏ

Interference of wave function
+ uncertainty relation

+ ring system
= Time crystal!

Δ𝑥𝑥Δ𝑝𝑝 ≥ ℏ/2

Origin of Oscillation

Interfere on the opposite side of the ring

20

Finite Lifetime due to Dissipation

Pt /Pt /

γ=10-4Hz
μ=10-7s

CDW
 m

odulation

CDW
 m

odulation

QTC period “Life time”

Metastable time crystal
P ≪ 𝜏𝜏 ∝ 1/𝛾𝛾

21

Antiperiodic boundary condition：
𝜓𝜓 𝜃𝜃 + 2𝜋𝜋 = −𝜓𝜓(𝜃𝜃)
Ground state： 𝜓𝜓GS(𝜃𝜃) ∝ cos 𝜋𝜋𝜋𝜋2

T (s)

Ch
ar

ge
 d

en
sit

y

T (μs)T (s)

Time crystal oscillationTime superlattice

Time Crystal in Möbius ring

“Superlattice” with length 𝛾𝛾−1
Small oscillation=Periodicity of ring
Strong oscillation from the beginning

22

Time Crystal

Time Operator
Order parameter for a time crystal?

23

Canonical Commutation Relation
In quantum mechanics, non-commutativity of operators plays 
an essential role. One example is the canonical commutation 
relation (CCR)

𝑥𝑥, 𝑝𝑝 = 𝑖𝑖𝑖

From the CCR we obtain the uncertainty relation.

𝜎𝜎𝑥𝑥𝜎𝜎𝑝𝑝 ≥
ℏ
2

In relativity, time-space and energy-momentum are related. 
Can we obtain time operators?

𝐻𝐻, 𝑇𝑇 = 𝑖𝑖𝑖

24
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𝑒𝑒𝑖𝑖𝑠𝑠𝑠𝑠𝑒𝑒𝑖𝑖𝑖𝑖𝐻𝐻
= 𝑒𝑒𝑖𝑖𝑠𝑠𝑠𝑠𝑒𝑒𝑖𝑖𝑖𝑖𝐻𝐻𝑒𝑒𝑖𝑖𝑠𝑠𝑠𝑠

Weyl relation

𝑇𝑇 𝑒𝑒𝑖𝑖𝑖𝑖𝐻𝐻 = 𝑒𝑒𝑖𝑖𝑖𝑖𝐻𝐻(𝑇𝑇 + 𝑡𝑡)

Weak Weyl relation

𝐻𝐻, 𝑇𝑇 = 𝑖𝑖ℏ

CCR

Weyl relations

𝑑𝑑/𝑑𝑑𝑑𝑑 𝑑𝑑/𝑑𝑑𝑑𝑑

M. Miyamoto J. Math. Phys. 42, 1038 (2001)
A. Arai, Rev. Math. Phys. 17, 1071 (2005)

25

Y. Aharonov & D. Bohm, Phys. Rev. 122, 1649 (1961)

Free particle on a line ℝ

෡𝐻𝐻 = Ƹ𝑝𝑝2
2𝑚𝑚

෠𝑇𝑇ℝ = −𝑚𝑚
2 ො𝑥𝑥 Ƹ𝑝𝑝−1 + Ƹ𝑝𝑝−1 ො𝑥𝑥

ො𝑥𝑥, ො𝑝𝑝 = 𝑖𝑖𝑖 ⇒ ෡𝐻𝐻, ෠𝑇𝑇ℝ = 𝑖𝑖𝑖

x

p

Time Operator

26

Ideal for ring systems!

෠𝐵𝐵, 𝑒𝑒𝑖𝑖𝑖𝑖 ෠𝐴𝐴 = 𝑡𝑡𝑒𝑒𝑖𝑖𝑖𝑖 ෠𝐴𝐴
Weak Weyl relation

መ𝐴𝐴, ෠𝐵𝐵 = 𝑖𝑖
Canonical commutation relation

Generalized weak Weyl relation

෠𝐵𝐵, 𝑒𝑒𝑖𝑖𝑖𝑖 ෠𝐴𝐴 = ෡𝐾𝐾(𝑡𝑡)𝑒𝑒𝑖𝑖𝑖𝑖 ෠𝐴𝐴

A. Arai, Rev. Math. Phys. 17, 1071 (2005)

𝑑𝑑/𝑑𝑑𝑑𝑑

Generalized CCR
መ𝐴𝐴, ෠𝐵𝐵 = 𝑖𝑖 ෡𝐾𝐾′(0)𝑑𝑑/𝑑𝑑𝑑𝑑

Generalized weak Weyl relation

27

• Time crystals seem to promote time from a parameter to a 
physical quantity

• In ring systems time becomes periodic and consequently 
form a time crystal. Consider this periodicity carefully.

መ𝑓𝑓 𝑡𝑡 = ∑𝑐𝑐𝑛𝑛 ෡𝑊𝑊𝑛𝑛 𝑡𝑡 = መ𝑓𝑓(𝑡𝑡 + 𝑃𝑃)

𝑒𝑒𝑖𝑖𝑖𝑖 → ෡𝑊𝑊, ෡𝐻𝐻 = 𝐿𝐿2/2𝐼𝐼
෡𝑊𝑊 𝑡𝑡 = 𝑒𝑒𝑖𝑖 ෡𝐻𝐻𝑡𝑡/ℏ ෡𝑊𝑊𝑒𝑒−𝑖𝑖 ෡𝐻𝐻𝑡𝑡/ℏ = ෡𝑊𝑊(𝑡𝑡 + 𝑃𝑃)

෠𝑇𝑇 𝑡𝑡 = 𝐹𝐹 ො𝜋𝜋𝜃𝜃, ෡𝑊𝑊 𝑡𝑡 = ෠𝑇𝑇(𝑡𝑡 + 𝑃𝑃)
• A time operator ෠𝑇𝑇 for a ring shoud be a function of 𝐿𝐿, ෡W

𝑃𝑃：Period of our time crystal

Time Operators in Terms of Time Crystals

28

Time Operators in Terms of Time Crystals

Time-of-arrival operator in 𝑆𝑆1
෠𝑇𝑇𝑆𝑆1 =

𝑚𝑚𝑅𝑅2
𝑖𝑖

1
2𝐿𝐿+ℏ

෡𝑊𝑊† − ෡𝑊𝑊 1
2𝐿𝐿+ℏ

We obtain self-adjoint time 
operator in ring system

መ𝑆𝑆 = ( ෡𝑊𝑊 − ෡𝑊𝑊†)/2𝑖𝑖

෠𝑇𝑇𝑆𝑆1 → ෠𝑇𝑇ℝ
መ𝑆𝑆, 𝐿𝐿 = 𝑖𝑖𝑖 መ𝐶𝐶 → ො𝑥𝑥, Ƹ𝑝𝑝 = 𝑖𝑖𝑖
෡𝐻𝐻, ෠𝑇𝑇𝑆𝑆1 = 𝑖𝑖𝑖 መ𝐶𝐶 → ෡𝐻𝐻, ෠𝑇𝑇ℝ = 𝑖𝑖𝑖

መ𝐶𝐶 = ( ෡𝑊𝑊 + ෡𝑊𝑊†)/2

29

መ𝐴𝐴𝑒𝑒−𝑖𝑖𝑖𝑖 ෠𝐵𝐵 = 𝑒𝑒−𝑖𝑖𝑖𝑖 ෠𝐵𝐵 መ𝐴𝐴 + ෡𝐾𝐾(𝑡𝑡)Generalized weak Weyl relation
A. Arai, Rev. Math. Phys. 17, 1071 (2005)

1D system：

መ𝐴𝐴, ෠𝐵𝐵 = 𝑖𝑖 ෡𝐾𝐾′ 𝑡𝑡 ቚ
𝑡𝑡=0

Ring system:

Time Operators in Terms of Time Crystals

𝐴𝐴 𝐵𝐵 𝐾𝐾 𝑡𝑡 Commutation relation
𝑆𝑆 𝐿𝐿 𝑆𝑆 𝑡𝑡 − 𝑆𝑆 𝑆𝑆, 𝐿𝐿 = 𝑖𝑖𝑖𝐶𝐶
𝑇𝑇𝑆𝑆1 𝐻𝐻 𝑇𝑇𝑆𝑆1 𝑡𝑡 − 𝑇𝑇𝑆𝑆1 𝑇𝑇𝑆𝑆1, 𝐻𝐻 = 𝑖𝑖𝑖𝐶𝐶

𝐴𝐴 𝐵𝐵 𝐾𝐾 𝑡𝑡 Commutation relation
𝑥𝑥 𝑝𝑝 𝑡𝑡 𝑥𝑥, 𝑝𝑝 = 𝑖𝑖𝑖
𝑇𝑇ℝ 𝐻𝐻 −𝑡𝑡 𝑇𝑇ℝ,𝐻𝐻 = −𝑖𝑖𝑖

30
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• In quantum mechanics, time is regarded as parameter, not an 
operator

• Time Crystal：Time translation symmetry becomes discrete
• Can we solve the problem of time operator in terms of time 

crystals？

Relationship between time crystal and time operator

• In the 𝑅𝑅 → ∞ limit we obtain the time operator for ℝ but with 
linear time evolution. This coincides with the “criticisms” of 
time crystal ground states (H. Watanabe and M. Oshikawa,  PRL 114, 251603 
(2015))

• We surmise that ෡𝐾𝐾 𝑡𝑡 characterizes the time-evolution of a 
time crystal.

• We will have a time crystal ground state if ෡𝐾𝐾 𝑡𝑡 = ෠𝑇𝑇 𝑡𝑡 − ෠𝑇𝑇
has a periodic expectation value at ground state.

31

Quantum Crystals

“Arai-Miyamoto Inequality”

32

The Arai-Miyamoto Inequality

Consider the weak Weyl relation (WWR)
𝑇𝑇𝑇𝑇 = 𝑈𝑈 𝑇𝑇 + 𝑡𝑡

Can we obtain an uncertainty relation from the 
WWR? One consequence of the WWR is the “Arai-
Miyamoto inequality”

𝜓𝜓,𝑈𝑈𝑈𝑈 2 ≤ 4𝜎𝜎𝑇𝑇2
𝑡𝑡2

Arai-Miyamoto 
Inequality

33

M. Miyamoto J. Math. Phys. 42, 1038 (2001).
A. Arai, Rev. Math. Phys. 17, 1071 (2005).

Intuition of the Arai-Miyamoto Ineq.

𝜓𝜓,𝑈𝑈𝑈𝑈 2 ≤ 4𝜎𝜎𝑇𝑇2
𝑡𝑡2

Overlap

34

Derivation of the Arai-Miyamoto Ineq.

• Rewrite the WWR into inner product form
𝜓𝜓, 𝑈𝑈, 𝑇𝑇 𝜓𝜓 = 𝜓𝜓, 𝑡𝑡𝑡𝑡𝑡𝑡

which is invariant by the replacement 𝑇𝑇 → ෨𝑇𝑇 = 𝑇𝑇 − 𝜓𝜓, 𝑇𝑇𝑇𝑇
𝜓𝜓, 𝑈𝑈, ෨𝑇𝑇 𝜓𝜓 = 𝜓𝜓, 𝑡𝑡𝑡𝑡𝑡𝑡

• Use the triangular inequality and the Cauchy–Schwarz inequality.
𝜓𝜓, 𝑈𝑈, ෨𝑇𝑇 𝜓𝜓 ≤ 𝜓𝜓,𝑈𝑈 ෨𝑇𝑇𝜓𝜓 + 𝜓𝜓, ෨𝑇𝑇𝑈𝑈𝑈𝑈 ≤ 2 𝑈𝑈𝑈𝑈 ෨𝑇𝑇𝜓𝜓 = 2𝜎𝜎𝑇𝑇

where we defined 𝜎𝜎𝑇𝑇 = ෨𝑇𝑇𝜓𝜓 = 𝑇𝑇 − 𝜓𝜓, 𝑇𝑇𝑇𝑇 𝜓𝜓 . Consequently, 
we obtain the Arai-Miyamoto inequality.

𝜓𝜓,𝑈𝑈𝑈𝑈 2 ≤ 4𝜎𝜎𝑇𝑇2
𝑡𝑡2

35

Alternative form
• We can also replace 𝑇𝑇 → ෨𝑇𝑇 = 𝑇𝑇 − 𝜓𝜓, 𝑇𝑇𝑇𝑇 ,𝑈𝑈 → ෩𝑈𝑈 = 𝑈𝑈 − 𝜓𝜓,𝑈𝑈𝑈𝑈 in 

the WWR
෨𝑇𝑇෩𝑈𝑈 = ෩𝑈𝑈 ෨𝑇𝑇 + 𝑡𝑡 ,

𝜓𝜓, ෩𝑈𝑈, ෨𝑇𝑇 𝜓𝜓 = 𝜓𝜓, 𝑡𝑡𝑡𝑡𝑡𝑡

• Use the triangular inequality and the Cauchy–Schwarz inequality 
𝜓𝜓, ෩𝑈𝑈, ෨𝑇𝑇 𝜓𝜓 ≤ 𝜓𝜓, ෩𝑈𝑈 ෨𝑇𝑇𝜓𝜓 + 𝜓𝜓, ෨𝑇𝑇𝑈𝑈𝑈𝑈 ≤ 2 ෩𝑈𝑈𝜓𝜓 ෨𝑇𝑇𝜓𝜓 = 2𝜎𝜎𝑈𝑈𝜎𝜎𝑇𝑇

where defined 𝜎𝜎𝑈𝑈 = ෩𝑈𝑈𝜓𝜓 = 𝑈𝑈 − 𝜓𝜓,𝑈𝑈𝑈𝑈 𝜓𝜓 . Consequently, we 
obtain the uncertainty relation.

• 𝜎𝜎𝑇𝑇 can be interpreted as some temporal uncertainty. However, it is 
difficult to interpret 𝜎𝜎𝑈𝑈.

𝜎𝜎𝑈𝑈𝜎𝜎𝑇𝑇 ≥
𝜓𝜓, 𝑡𝑡𝑡𝑡𝑡𝑡
2

36
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Alternative form
• 𝜎𝜎𝑈𝑈

𝜎𝜎𝑈𝑈2 = 𝜓𝜓,𝑈𝑈∗𝑈𝑈𝜓𝜓 − 𝜓𝜓,𝑈𝑈𝑈𝑈 2 = 1 − 𝜓𝜓,𝑈𝑈𝑈𝑈 2

• Therefore, we rewrite 𝜓𝜓,𝑡𝑡𝑡𝑡𝑡𝑡
2 ≤ 𝜎𝜎𝑈𝑈𝜎𝜎𝑇𝑇 into an equivalent 

form

𝜓𝜓,𝑈𝑈𝑈𝑈 2 ≤ 4𝜎𝜎𝑇𝑇2
𝑡𝑡2 + 4𝜎𝜎𝑇𝑇2

• This is a stronger form of the Arai-Miyamoto inequality. 

• At 𝑡𝑡 = 0 we obtain the equality  𝜓𝜓,𝜓𝜓 2 = 1. Anyway, the 
power-law decay is important.

𝜓𝜓,𝑈𝑈𝑈𝑈 2 ≤ 4𝜎𝜎𝑇𝑇2
𝑡𝑡2 + 4𝜎𝜎𝑇𝑇2

≤ 4𝜎𝜎𝑇𝑇2
𝑡𝑡2

37

Uncertainty relation in 𝑆𝑆1

𝜓𝜓, 𝑒𝑒𝑖𝑖𝑖𝑖𝜓𝜓 2 ≤ 4𝜎𝜎𝐿𝐿2
4𝜎𝜎𝐿𝐿2 + ℏ2

• The Ohnuki-Kitakado quantization on 𝑆𝑆1 is equivalent to the WWR. 
[Y. Ohnuki and S. Kitakado. J. Math. Phys. 34, 2827 (1993)]

𝑒𝑒𝑖𝑖𝑖𝑖𝐿𝐿 = (𝐿𝐿 + ℏ)𝑒𝑒𝑖𝑖𝑖𝑖

38

• Several forms of position-momentum uncertainty 
relations have been proposed. [S. Tanimura, Prog. 
Theor. Phys. 90, 271 (1993)]

• We propose that the Arai-Miyamoto inequality can be used as 
an uncertainty relation on 𝑆𝑆1

In our model of time crystal, there are two temporal scales.
1. Period of the time crystal, which are eigenvalues of 𝑇𝑇𝑆𝑆1 .
2. Dephasing time, which is due to coupling with 

environment. 
Using the Caldeira-Leggett model I find ⟨𝜓𝜓, ෡𝑊𝑊𝜓𝜓⟩ ∝ 𝑡𝑡2−𝑠𝑠
where ෡𝑊𝑊 𝑡𝑡 = 𝑒𝑒𝑖𝑖 ෡𝐻𝐻𝑡𝑡/ℏ ෢𝑒𝑒𝑖𝑖𝑖𝑖𝑒𝑒−𝑖𝑖 ෡𝐻𝐻𝑡𝑡/ℏ

39

Application to time crystal

Envelope function of ⟨𝜓𝜓, ෡𝑊𝑊 𝑡𝑡 𝜓𝜓⟩

𝑡𝑡

Conclusion

Weak Weyl relation
Time
𝑇𝑇𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖/ℏ = 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖/ℏ 𝑇𝑇 + 𝑡𝑡

Space (𝑆𝑆1)
𝐿𝐿𝑒𝑒𝑖𝑖𝑖𝑖 = 𝑒𝑒𝑖𝑖𝑖𝑖 𝐿𝐿 + ℏ

Arai-Miyamoto Inequality
Time

𝜓𝜓, 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖/ℏ𝜓𝜓 2 ≤ 4𝜎𝜎𝑇𝑇2
𝑡𝑡2 + 4𝜎𝜎𝑇𝑇2

≤ 4𝜎𝜎𝑇𝑇2
𝑡𝑡2

Space (𝑆𝑆1)

𝜓𝜓, 𝑒𝑒𝑖𝑖𝑖𝑖𝜓𝜓 2 ≤ 4𝜎𝜎𝐿𝐿2
4𝜎𝜎𝐿𝐿2 + ℏ2

Quantum Space Crystal
Quantum Time Crystal

Time 
Operator

CCR
Future 
work Difficult

40
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時間・量子測定・準古典近似の理論と実験～古典論と量子論の境界
July 21-23, 2022, 九大 IMI, Fukuoka, Japan

Quantum Topological Science and Technology:
Real-space and K-space Topological Control

Satoshi Tanda

Department of Applied PHysics, Hokkaido University
Cender of Education and Research for Topological Science and Technology, Hokkaido

Univ.

We have investigated“Topological Science and Technology”in terms of real-space and
K-space topology. In the case of real-space, we discover topological crystals of Mobius
ring and Hopf-link crystal. Using topological crystals, we also give the evidence of
Aharonov-Bohm effect of charge-density waves (CDW) as macroscopic wave-functions,
and precursor of Frolich superconductors, time crystals of CDW, and chiral CDW [1].
As a K-space topological control, we succeed to make Dirac fermion from Schrodinger
fermion by using strain in the one dimensional materials. We were able to confirm
the finding of a topological phase in unstrained TaSe3, directly visualizing the spin-
momentum locking that is a hallmark signature of its topological surface states[2]. This
uniaxial strain is rapidly becoming a promising tool for studying the electronic structure
evolution of quantum materials, where many more discoveries can be expected.

References
[1] Real-space Topology control; Nature 417, 397 (2002)
[2] K-space Topology control; Nature Materials 20, 1093 (2021)
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1

Quantum Topological Science and 
Technology :
Real-space and K-space 
Topological Control

S.Tanda,  Hokkaido Univ.

22July22 Hakata
2

Outline
★★ Topological Science and Technology

★★ Real space Topology control

★★★ K-Space Topology control

Concept

Mobius Ring, Eightfigure, Hopflink
Topological Crystals 

MX3 Topological Crystals 
Strain induced Dirac-fermion

3

Topological Science and Technology
21COE Since by 2000

4

5 6
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7 8

9 10

11 12
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13 14

15 16

中性子星と細胞の構造

“Parking-garage” structures in nuclear astrophysics and 
cellular biophysics
D. K.

PHYSICAL REVIEW C 94, 
055801 (2016)

18

オウムガイの螺旋

類推から普遍数理構造へ

対数らせん：

極座標系の位相並進

r ae=

���br ae=

r a=

r a b= +
極座標系の動径並進

r a=
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25 26

27

病理学における形の分類＝診断
正常組織 癌組織

ミクロな診断→ 個人の経験による判断

つながり方診断

非接触で定量的な診断

染色
画像処理

微小血管のネットワーク
ハブ構造

従来の診断 分解

トポロジー診断光や音波を用いた

新しい可視化技術

ネットワーク・トポロジーの定量化

N � � �

A H

J

C

ED
F

G

I

B

（ベッチ数）

期待される成果の例（１）： 癌ﾈｯﾄﾜｰｸ組織のﾄﾎﾟﾛｼﾞｰ診断

原理特許

10/14

実空間トポロジー制御
Real-space Topology control; 
Nature 417, 397 (2002)

30
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NbSe3

TaSe3

Seamless!!

Ring Crystals (0π） Nonequilibrium condition

Vapor , mist , liquid droplet

Large Temperature 
gradient （more than 
150℃）

Se Atmosphere

Quartz Tube

Nb

HighTemp.

Low Temp.

Se circulates through

Like a Earth 
system

These droplet need for formation of ring crystals.

Formation of Ring Crystals

a growing crystal can 
eat its own tail.

The ribbon-
shaped NbSe3
crystals grown 
in the viscous 
Se droplet are 
bent due to Se 
surface tension.

circulating 
NbSe3 fiber on 
the equator of 
Se droplets 
during growth

Seamless ring

リング及びチューブ結晶 (0π)

Tube­like

Tube with hole

������������
�������������
� μｍ ��

���
�������������������
is 5 μm , which is 
�����������������
���������

���������������������������������������������
��������������������������

X-ray Diffraction
Powder Method (grinding up ring-crystals)

T=room temp.
CuKα1

22θθ

NbSe3 Single Phase
Not Nb2Se3, NbSe2, Nb3Se4, Nb2Se9

Monoclinic (P21/m) NbSe3 !!
lattice constants a=10.01ÅÅ

b=3.48ÅÅ
c=15.63ÅÅ, β=108.5°°

X-ray Diffraction: Ring 
Spring8

Ring

Ring

Imaging Plate

X-ray

X-ray

Single Crystals !!Line is homogeneous
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Electron Diffraction Pattern

Tc1 = 145K

Tc2 = 52K

T=138K

Q=(0, 0.24, 0)

Existence of CDW state in 

the NbSe3 Ring-Crystals !!

８の字結晶の数学的性質 (2π)

ホホーールル２２軸軸はは直直交交

長時間成長

最最大大結結晶晶体体!!
ハートマン�ニレンバーグ定理
Math.Ann.322,573(2002)

自自己己交交差差型型結結晶晶体体のの発発見見チューブ結晶

リング結晶（0π）は自己交差がないので

無限に大きくなる

Mechanism of formation of 
Figure 8 Crystals

=

2種類のメビウス結晶 (π)

紙紙型型メメビビウウスス

����� （超伝導体）

�����

ババルルクク型型メメビビウウスス

�����

Bending to Twisting

ΘΘ

Cross Section

Twist

Bent

formation mechanism of Mobius crystals

The bending-twisting conversionCrystal symmetry

Bending Twisting
Compliance

Twist Angle：： Θ

Difficulties   →→ twisting

Monoclinic , triclinic

shear
Question is how the twisting is 
introduced without actual shear forces 

Answer

Compliance

Cubic Tetragonal Monoclinic Triclinic

Elasticity  ( Expansion of  Hook’s law )
σ=kε → ε＝(1/k)×σ

Orthorhombic

ＸＸＹＹ

ＺＺ

Lower symmetry

ＳＳ１１１１

Shear

Extension 
and 
compressionＳＳ１１２２

ＳＳ４６

ＳＳ１１６６

ＳＳ６６６６

・・ : zero      
●●: nonzero

ＳＳab:Compliance tensor
Stress:σ
Strain:ε
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Bending to Twisting
曲曲げげ→捻捻りり

捻り角

断面図

曲げ

捻り

���������� �����

＝＝有有限限

捻りは内部的！

��
�

�

�

�

� ��
� S

I
M

x
u

x
u

x
−=











−






=
��S−

��S


��������������

�x�x
�x

X面面をを 方方向向ににシシェェアアのの力力をを加加ええたた
時時、、Z面面がが 方方向向にに力力がが働働くく

�x
�x

Evidence of Twisting

Monoclinic NbSe3

ＳＳ ３３５５

x z

y

・: zero
●: nonzero
●: Shear term for Monoclinic

twisting is introduced by 
bending through this mechanism 
without actual shear forces 
during the growth processes 
along surface

Formation of Möbius Crystals

To form a Möbius strip (1π) , 
a twist is needed to be 
introduced during spooling.

Summary of formation 
Mechanism
Ring ( L = 1 ) Möbius ( L = 3/2 ) Figure-8 ( L = 2 )

So the materials are 
classified by Linking 
number L and Twist 
number N which is defined 
as N of a twist of Nπ
introduced during circling 
a loop.

Knot Crystals

Evolution of concept of 
crystal : Rotational Symmetry

?

Translational 
symmetry

Rotational 
symmetry

Twisting 
symmetry

Φ＝φei θ

How should these 
materials group have been 
expressed?

Möbius 
and 8-
figure

+

Dislocations
Topological defect Topological defect

Disclinations

e.g.,CNTe.g.,Graphite

回回位位（（Disclinations））ととトトポポロロジジカカルル結結晶晶のの関関係係

結結晶晶内内にに欠欠陥陥がが
ああるるととエエネネルルギギーー
がが高高くくななるる

The global topology is achieved only by a crystalline fields.

Topological CrystalsTopological Defect
局局所所的的特特異異点点表表現現 大大局局的的トトポポロロジジーー

外部大局回位をもつ結晶 ⇔ チューブ結晶

内内部部回回位位 (Internal disclinations)
2次元面内に欠陥がある

液晶

局局所所回回位位
Local wedge disclinations

3He 超
流動 局局所所的的ツツ

ウウィィスストト

外外部部回回位位 （（External disclinations））
2次元面外に欠陥があってもよい（結晶）

大局的な欠陥ともいえ
るし、チューブ結晶とも
いえる

ＴＴｗｗｉｉｓｓｔｔ

大大局局回回位位
Global wedge 
disclinations

局局所所回回位位 Local 
disclinations

局所的
欠陥

πω =
2

ω = π

πω =
2

ω = 2π

*ω = π
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Topological Crystals の 分類

トトポポロロジジーーはは局局所所的的性性質質とと大大局局的的性性質質
をを相相補補的的にに結結びびつつけけるる方方法法ととももいいええるる

ω*= 2π
ω= 2π

Figure-8

LK = 2

ω= 2π
ω*= 0π
LK = 1

Ring

ω*= 1π
ω= 2π

LK = 3/2

Möbius

リンキング数

Lk= (ω+ω*)/ 2π

=m+n/2

結び目結晶をはじ
めて定義

Topological Crystals with global

外部大局回位（ω＝＝2mπ））をもつ結晶 ⇔ チューブ結晶、リング結晶

さらに外部大局ひねり回位（ω*=nπ））ををもつ結晶 ⇔ メビウス結晶、8の字結晶

微分幾何学

Frank index
（（ω,ω*））

局所理論

（旧来の結晶学）

( ) *
kcrystal

1 f ω,ω dV = L
2π LK （大局的）

Linking数
大局的表現

位相幾何学

ω*= 2π
ω= 2π

Figure-8

Lk = 1

Lk= （ω＋ω*）/ 2π-1
Linking Number

ω= 2π
ω*= 0π
Lk = 1

Ring

NbSe3

ω*= 1π
ω= 2π

Lk = 3/2

Möbius

ω= 2π
ω*= 0π

ω* : Twist
ω: Wedge Disclinations 

ω= 1/2π
ω*= 0π

Conic

Knot Theory
Topological 
Crystals

New Definition !

ω*, ω is independent,respectively, 
due to the topological defect theory 
of the crystals, as yet. (by Frank)

Knots Crystals !!

Classification of Topological Crystals

Lk = 0 Lk = 1/2
ω*= 3π
ω= 2π

Lk = 3/2

3π Möbius

Matsuura, et al.：JCG (2006)
松浦・松山・畠中・山中・豊島・丹田

ところが、リンキング数でも定義できない？

ホップリンク結晶の発見

NNbbSSee33トトポポロロジジカカルル結結晶晶

リング メビウス ８の字

埋埋めめ込込みみ多多様様体体ととししてて結結晶晶をを分分類類

世界初のホップリンク結晶

局所的理論ではなく、大局的な埋め込み多様体として分類されなければならない
→ 新しい結晶学の構築

Matsuura,Matsuy
ama,Tanda：JCG 
(2006)

？？
埋め込み多様体球面 クラインの壷 トーラス ダブルトーラス

New classification of crystals

����;��� ������;��π ��������;���π

���������������
�

�����������

��������������������

�����������������

T. Matsuura, M. Yamanaka, N. Hatakenaka, T. 
Matsuyama, and S. Tanda. J. Cryst. Growth 
297 (2006) 157

������������������� Satoshi Tanda, Taku Tsuneta, Yoshitoshi Okajima, Katsuhiko Inagaki, 
Kazuhiko Yamaya, and Noriyuki Hatakenaka. Nature 417, (2002) 397

結晶

液体

液晶

固体

非晶

通常の結晶

非並進結晶

非整合結晶

準結晶

プラス

ティック晶

低次元結晶並進対称性・点群

結晶の定義（結晶学上）

Bragg反射の示す物質

回転対称性・点群

国際結晶学連合(1991)

（アモルファス）

管状結晶

球面結晶
トポロジカル結晶

メビウス結晶

ホップリンク結晶

DNA ring

回転対称性・ひねり

点群・微分幾何・位相幾何

埋め込み多様体

（CNT、リング結晶）

（C60, Onion)

超格子結晶
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61

X-ray Diffraction: Ring 
Spring8

Ring

Ring

Imaging Plate

X-ray

X-ray

Single Crystals !!Line is homogeneous

63 64

65 66
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67 68

69 70

71

空空間間トトポポロロジジーー制制御御
K-space Topology control; 
Nature Materials 20, 1093 (2021)

実実空空間間トトポポロロジジーーとと K空空間間トトポポロロジジーー
量量子子異異常常 �凝縮系に適用
カカイイララルル異異常常

・・ススペペククトトララルルフフロローー(林林））

・・He3渦渦のの準準粒粒子子(Volovik
1982)・・量量子子ホホーールル効効果果: 
(Matsuyama 1982、、Thouless：：
波波動動関関数数のの曲曲率率のの積積分分＝＝チチャャーー
ンン数数））

・・ググララフファァイイトト副副格格子子: 
(Semenoff 1984、、Jackiw)
Diracフフェェルルミミオオンン(波波動動関関数数ののスス
ピピノノーールル表表示示））・・金金属属CNTににはは後後
方方散散乱乱ががなないい（（安安藤藤、、
JPSJ1999) 

大大局局的的なな束束縛縛条条件件

（通常は境界条件）

・・球球面面ににははエエニニオオンンががなないい。。

・・数数学学的的ににはは向向きき付付けけ不不能能体体にに
ははススピピンンををははれれなないい。。（（メメビビウウスス
帯帯））

・・メメビビウウスス超超伝伝導導リリンンググににおおいいてて、、
Little-Parks π振振動動ががああるる。。
(林林・・ 海海老老沢沢、、東東北北大大 JPSJ 
2001、、2005)

・・メメビビウウススににおおけけるるイイジジンンググモモデデルル
(岡岡部部・・金金田田、、PRL 2001,2004)
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K空間トポロジーの制御:一軸性圧力、リング化

10μm

10μm

14 16 18 20

0

1

[x10−6]
1/B [Gauss−1]

Δ
R

TaSe3 Ring Crystal

Δ( 1/B ) = 1.20  [10−6G−1]
RRR=36
Tc = 0.85K

I = 5μA
T = 55 mK

16 18

0

5

[x10−6]1/B [Gauss−1]

Δ
R

TaSe3 Whisker

[x10−7]

Δ(1/B)=0.82 [10−6G−1]
RRR=70
Tc=1.78K

I = 5μA
T = 55mK のデータは文献値と一致している

𝑁𝑁𝑅𝑅
𝑁𝑁𝑊𝑊

=
Δ 1

B W

Δ 1
B R

≅ 𝟎𝟎. 𝟔𝟔𝟔𝟔

シュブニコフドハース振動周期から
状態密度の比を算出する。

𝑁𝑁𝑅𝑅
𝑁𝑁𝑊𝑊

≅ 𝟎𝟎. 𝟖𝟖𝟖𝟖

𝑇𝑇𝑐𝑐 ∝ ℏ𝜔𝜔𝐷𝐷 exp − 1
𝑁𝑁𝑅𝑅,w𝑉𝑉

超伝導転移温度 から状態密度
の比を算出する

0 2 4
0

1

T(K)

R
(T
)/R

(4
.2
K)

0G

100G

200G

750G

1000G

3000G

TaSe3
Ring Crystal

I=100nA

Tc = 0.85K

0 2 4

0

1

T(K)

R
(T
)/R

(4
.2
)

0G
400G

1000G

7000G

3000G

TaSe3

Whisker2000G

I=10μA

Tc = 1.78K

以上から は 面が 割から 割
小さくなっていると考えられる。
レーザー で見る

デバイ温度を𝜃𝜃𝐷𝐷 = 300𝐾𝐾とすると

となる。

ドドーーププ ⇒⇒  

������������������������������������������������������������������������
�������������������������������������������������
��������������������������������������������������������������
��������������������������������

�������������������������������������������������������
�����������������������������������������������������������������������
���������������������������������
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のデータを精密に理解する⇒曲げて一軸性圧力

カイラル流が流れている可能性

量子アノマリー：正則化によるヘリシティ安定化
（半古典的解釈）

粒子とゲージ場が相互作用しているため両方にヘリカ
ル不安定性が現れ⇒両方とも正則化による安定を図る
。しかも偶然じゃなく必然に。（ の指
数定理）

１＋１次元の渦：
２＋１次元の渦：
３＋１次元の渦：

カイラルカレント

ゲージ場のヘリシティ

粒子のヘリシティ
＋

Helical instability

In Standard model, particle-
hole pair (vacuum polarizers: 
quantum fluctuation) make 
helicity/chiral current in the 
gauge fields as quantum 
anomalies. Adler-Bell-Jackiw 

� �� ��A B Parity Anomaly D +
� �� ��E B Chiral Anomaly D +

In nematic liq. Crystals,  the 
excess of chiral molecules
leads to the helicity
term,               , and to the 
chorestelic structure.

� �n n 

Ordered state Gauge, Spacetime

� �� ��E Chiral Anomaly D+

₃は量子干渉効果が効くことが発見された： 効果
垂直磁場を印加することで負の磁気抵抗が生じる

非線形伝導領域の そのものの量子干渉

抵抗の変化率
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実実空空間間トトポポロロジジーーとと K空空間間トトポポロロジジーー
量量子子異異常常 �凝縮系に適用
カカイイララルル異異常常

・・ススペペククトトララルルフフロローー(林林））

・・He3渦渦のの準準粒粒子子(Volovik
1982)・・量量子子ホホーールル効効果果: 
(Matsuyama 1982、、Thouless：：
波波動動関関数数のの曲曲率率のの積積分分＝＝チチャャーー
ンン数数））

・・ググララフファァイイトト副副格格子子: 
(Semenoff 1984、、Jackiw)
Diracフフェェルルミミオオンン(波波動動関関数数ののスス
ピピノノーールル表表示示））・・金金属属CNTににはは後後
方方散散乱乱ががなないい（（安安藤藤、、
JPSJ1999) 

大大局局的的なな束束縛縛条条件件

（通常は境界条件）

・・球球面面ににははエエニニオオンンががなないい。。

・・数数学学的的ににはは向向きき付付けけ不不能能体体にに
ははススピピンンををははれれなないい。。（（メメビビウウスス
帯帯））

・・メメビビウウスス超超伝伝導導リリンンググににおおいいてて、、
Little-Parks π振振動動ががああるる。。
(林林・・ 海海老老沢沢、、東東北北大大 JPSJ 
2001、、2005)

・・メメビビウウススににおおけけるるイイジジンンググモモデデルル
(岡岡部部・・金金田田、、PRL 2001,2004)

Since the macroscopic-order contain the first-order 
derivative of the order parameter, helical term cause 
instability of the vacuum toward the spatially 
inhomogeneous. 

In nematic liq. Crystals,  the excess of 
the chiral molecules leads to the helicity
term,               and to the chorestelic 
structure.

� �n n 

自発的対称性の破れ＋ ボソンの 化 ⇒ヘリシティ

Ordered state 局在化機構

ゲージ場の質量化
ボソンの質量化

機構 局在化
ボソンのスピン化

粒子と場が相互
作用していれば
場の幾何学によ
りトポロジカル
になる

v  = v = 

v   =  + Helical Dynamics of particles in 

Emergent of Vortex

�
S S
dr v dr


 = = 

( )v   







= =  + 

=  

Emergent of Helicity

( ) ( )
( )

( )

�

�

�

� � � �

H dr

dr

dr

d

v

r dr

    

 







  

=

=  +    

=    

=   =








 

Topological Invariant
Γ：：
Circulation

Emergent of flow
� � �v =  =   =

v is irrotational

Clebsh parametrization
v  =  + 

H:Helicity
(Kinematics)

� � ; scaler functions  
対称性の破れとヘリシティ

揺らぎが局所的、大局的な渦やヘリシティをつくる。
それらは余ったエネルギーを蓄え系を安定化させるように働く
。自発的対称性の破れ＋揺らぎ（量子 古典）⇒ヘリシティ構造の出現

液晶、結晶、ＤＮＡ、古典流体、量子流体、超伝導、

磁性体、生物、、、、、
ボソンのヘリシティ化：
ボソンの 化

量子的対称性の破れ（正則化） ⇒ ＣＳゲージ場、粒子ゲージ相互作用
ゲージ場 粒子場のヘリシティの出現

量子ホール液体（非相対論、相対論）、パイオン崩壊
必然 トポロジカル安

定

時空的対称性の破れ（正則化） ⇒ ＣＳ重力場、スピン 重力相互作用
粒子場ヘリシティの出現？フラットロー

テーションカーブ ジェット現象？
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時間・量子測定・準古典近似の理論と実験～古典論と量子論の境界
July 21-23, 2022, 九大 IMI, Fukuoka, Japan

B中間子崩壊に見る素粒子物理と量子力学の基礎との交流
筒井 泉

高エネルギー加速器研究機構・素粒子原子核研究所

量子力学の基礎研究は、遡れば量子力学の建設直後に行われたアインシュタイン
とボーアの論争に端を発する。その最大の論点は、1935年にアインシュタインらが
EPR論文の中で提出した量子力学の完全性への疑問であり、ここにおいて量子もつれ
（entanglement）と非局所実在性との矛盾が指摘された。これに対して、ボーアは量子
世界における測定の状況依存性を提示して反論したが、両者の論争は決めてを欠くま
まに３０年近く放置された。これに風穴を開け、ベル不等式の検証を通して両者の是
非を判定できることを示したのがベルの 1964年の論文であり、70年代以降、徐々に量
子力学の基礎研究の研究が盛んになる。９０年代以降の量子情報科学はその発展に触
発されたものであり、その技術的な基盤は量子もつれを初めとした量子力学の基礎に
ある。本年（2022年）のノーベル物理学賞は、このベル不等式の検証実験を通して量
子情報科学の発展に道を開いた功績に対して与えられた。
この量子力学の基礎の研究は、これまでは比較的取り扱いが容易で量子もつれ状態

を作り易い光子を用いて行われるのが標準的であり、これに僅かに電子や核子、イオ
ン等が加わる程度であった。一方、高エネルギー加速器を用いた素粒子実験では、近
年、CP 対称性の研究のために量子もつれ状態にあるB中間子が大量に生成されてお
り、ここでのベル不等式の検証実験の可能性が模索されるようになってきた。これは
従来の低エネルギー領域で行われた研究領域を一気に拡大するだけでなく、素粒子物
理の研究の方の視野をも拡大する機運となる。逆に、量子力学の基礎研究において提
案された新しい物理量である「弱値（Weak Value）」という概念を用いて、CP の破れ
をより高精度に行うことも考えられ、将来の量子力学の基礎と高エネルギー物理との
相互の裨益関係をもたらすものとして期待される。
本講演は、この量子力学の基礎と高エネルギー（素粒子）物理との最近の研究上の

「交流」の最近の状況について、共同研究者と行ったB中間子実験に関する２つの研究
に基づく報告である。その一つは上述の弱値（その測定方法は弱測定と呼ばれる）を
通したCP 対称性の破れの精密測定の可能性 [1, 2]であり、もう一つはベル不等式の高
エネルギーでの検証実験の可能性 [3]である。特に後者では、本年よりRun-3として稼
働が始まったCERNのATLAS実験において検証される見込みが十分にあることが示
される。以下に講演で用いたスライドを（一部省略して）添附する。
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[1] Weak value amplification in high energy physics: A case study for precision measurement of CP
violation in B meson decays, S. Higashino, Y. Mori, Y. Takubo, T. Higuchi, A. Ishikawa and I.
Tsutsui, Phys. Rev. D 104 (2021) 033001.

[2] Weak-value amplification and the lifetime of a decaying particle, Y. Mori and I. Tsutsui, Phys.
Rev. A 104 (2021) 032202.

[3] Feasibility of Bell Inequality Violation at ATLAS Experiment with Flavor Entanglement of B0

B̄0 Pairs from pp Collisions, Y. Takubo, T. Ichikawa, S. Higashino, Y. Mori, K. Nagano and I.
Tsutsui, Phys. Rev. D 104 (2021) 056004.
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2.  弱測定と崩壊寿命の変化：CP 対称性の破れ

3.  B 中間子とBell 検証実験 

- 弱測定による崩壊寿命の変化
- Belle II（KEK）での長寿命化と CP の破れの精密測定の可能性

- 高エネルギー物理におけるBell 不等式（局所実在性）の検証
- ATLAS（CERN）での Bell 検証実験の可能性
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B 中間子の生成

電子-陽電子衝突（8+3.5GeV）
Belle 実験

CP対称性の破れ

― 36 ―36

図 KEKB 加速器の概観（上)．右回りに蓄積された

8 GeV の電子と逆向きの 3.5 GeVの陽電子が一

箇所の衝突点で衝突する．衝突によって発生した

B中間子と反 B中間子の対はエネルギーの非対

称性のために電子の進行方向に 0.2 mm 程度飛ん

だ後に崩壊する（下)．崩壊位置を測定すること

によって崩壊までの時間が測定できることがこの

電子・陽電子衝突型加速器の特徴．

― 36 ―36 J. Particle Accelerator Society of Japan, Vol. 6, No. 1, 2009
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案されたように異なったエネルギーをもつ電子と陽電

子による衝突型加速器によって B中間子対を作り出

す方法が考案された．この方法は B中間子の測定に

は非常に適したクリーンな反応を作り出すことが可能

であるが，必要なルミノシティ（輝度電子・陽電子

の衝突性能を表す量）が当時可能と考えられていた量

の数十倍以上であり，加速器の実現に革新が必要であ

った．当時 KEK では TRISTAN という電子・陽電

子衝突型加速器による実験が行われていたが，トップ

クォークの生成にはエネルギーが大幅に不足している

ことが明らかになり，新しい方向性を探っていた時期

であった．このことから，TRISTAN の資源を大幅

に利用しつつ，高ルミノシティの非対称電子・陽電子

衝突型加速器を実現することが髙崎らによって提案さ

れた7)．KEK 以外でも SLAC, DESY, PSI，コーネル

大学などでこのような加速器を実現する計画が持ち上

がり，結局世界で 2 箇所，KEK（KEKB）と SLAC
（PEPII)8)が同様の加速器をほぼ同時期に建設し，激

しい競争をしながら KM 模型の証明に挑むというひ

とつの時代が始まることになった．

この研究計画を盛んに議論していた 1990 年頃には

小林誠先生は KEK に在職され，われわれ実験家もい

ろいろな折に議論させていただくことができた．当時

まだ不慣れな Bの物理を勉強するために年に一度は

どこかに出かけて勉強会を開いたが，小林先生もほと

んどの会に参加してくださって夜遅くまで議論した．

小林先生もご一緒に，加速器の性能はここまで欲し

い，こんな測定ができればすばらしい，あるいは小

林，益川両先生にはぜひノーベル賞を，などといった

夢を語り合ったのは懐かしい思い出であるが，それか

ら 20年弱の歳月を経てその夢がすべて実現したこと

は信じられない思いである．TRISTANで大きな物

理成果が出せなかったにも関わらず KEKBの建設が

認められたのは当時の菅原 KEK所長をはじめとする

研究者コミュニティのリーダー諸氏の一方ならぬ努力

の結果であることも忘れてはならない．

. KEKB 加速器と Belle 実験

KEKBは周長 3 kmのトンネルに設置した電子（8
GeV），陽電子（3.5 GeV）の二つの蓄積リング，お

よびそれらに電子，陽電子を入射する線形加速器から

なる．この加速器についてはこの号に他の方が書かれ

ていると思うので詳細は省くが，この加速器で最も重

要なのは 1.7×1034/cm2/sという高いルミノシティを

実現したことである．この値は今のところ KEKB 自

身でしか更新することのできない世界記録である．衝

突点では電子・陽電子の衝突によってさまざまな反応

が起こるが，我々が注目するのは B中間子と反 B 中

間子の対が作られる反応である．この加速器でエネル

ギーをあえて非対称にしてあるのは，生成された B
中間子が電子の進行方向に適当な運動量を持つ条件を

作るためである．このエネルギー非対称性によって，

B中間子が崩壊するまでの時間を測定することがで

き，さらに，この時間分布における CP 非対称性を測

定することが可能となった．B中間子の寿命は約 1.6
ピコ秒で崩壊前に飛ぶ距離は 0.2 mm 程度である．従

って B中間子が飛ぶ様子を直接測定器で測定するこ

とはできないが，B中間子の崩壊でできた粒子群を詳

細に測定することで B中間子の振る舞いを測定する

ことができる．このために衝突点を囲むように測定器

Belleが設置されている（図)9)．この測定器はおよ

そ 8 m立方の巨大な装置で，中心の衝突点で発生す

る粒子の種類，発生点の位置，運動量ベクトルを精度

― 38 ―38

図 対で発生した B0―反 B0 中間子対のうちの一方が

B0 中間子であると特定できる崩壊をした場合に

もう一方が J/cKS に崩壊するまでの時間（Dt）
分布（上図赤）とその逆（上図青)．この二つの

不一致が B0 中間子における CP 非対称性の証拠

である．赤と青の差を和で割ると下の図のような

サインカーブとなり，この振幅が CP 非保存の大

きさを与える．

図 小林・益川模型によるとクォークの混合や CP 非対称性は良く知られているパラメータを除いて r，h という二

つの量だけで表すことができる．この図は B 中間子，K 中間子などの実験で測定した（r，h）に関して許され

る領域を重ねて表示してある．すべての結果が一箇所で交わることが小林・益川模型の定量的証明を与えている．

― 38 ―38 J. Particle Accelerator Society of Japan, Vol. 6, No. 1, 2009
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子のいずれもが崩壊できる状態であるため，測定にか

かる終状態では B0 中間子の直接的な崩壊と，B0 中間

子が振動の結果反 B0 中間子に変化した後に崩壊した

場合との区別がつかず，量子力学的干渉が起こる（図

(下））．KM 模型に基づく三田らの指摘によればこ

の干渉の様子は B0 中間子と反 B0 中間子で異なり，

この結果，崩壊までの時間分布が B0 中間子と反 B0

中間子で異なる．粒子と反粒子で崩壊までの時間分布

が異なればこれは直ちに CP 対称性の破れである．こ

の測定の最新結果を図に示す11)．ここで B0 中間子

と反 B0 中間子について時間分布が明らかに異なって

おり，これは CP 非対称性の証拠である．この現象が

はじめて測定されたのは 2001 年であり，これは K 中

間子の系以外で始めて測定された CP 非保存である．

両者の差を和で割るとサインカーブを描くが，この振

幅は KM 行列に含まれる複素位相 q1 を使って sin2
q1 と表される量であり，模型に現れるパラメターの

直接的な測定になっている．

ここに述べた CP 非対称性の発見は KM 模型の予

言のひとつを証明したという点で，この模型の証拠で

あるが，この模型が我々が知っているエネルギー領域

での CP 非対称性を説明していることはより完全な方

法で証明することができる．この模型によればクォー

物質 > 反物質
3
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Chapter 2

Review of time symmetric
formalism

2.1 Time symmetric formalism

　The one of the time symmetric formalisms of quantum mechanics was brought
by Y. Aharonov [8]. First, this time symmetric formalism is evoked though the
idea that what is predicted by quantum mechanics is not results of measurements
but only probability distributions which are expressed time symmetrically (con-
stant under changing symmetrically both initial and final states). Let |ψ〉 and
|φ〉 be initial and final state in the system. The probability amplitude of the
process from the initial state to the final state under some interactions is written
as,

〈φ|U(tf − ti)|ψ〉 (2.1)

where ti and tf represent the time of initial and final of the system. Generally,
we interpret this process as the unitary evolution of the initial state and the
projection measurement to the final state. However this process is also inter-
preted as the projection measurement to the state U(ti − tf )|φ〉. These two
interpretations imply that the probability of the quantum process is unchanged
under exchanging initial and final state. Quantum mechanics directly predicts
the probability of quantum processes, not the values of measurement results. We
have no reason to determine how measurements affect the system. The proba-
bility of quantum processes has time symmetric characteristics. If so, it must
be reachable to construct a time symmetrical formalism of quantum mechanics.

Recently, they reached to a time symmetric formulation of quantum
mechanics,“Two-state formalism of quantum mechanics” [9]. They formalized
the physical states by

℘̂(t) : = U(t− ti)|ψ〉〈φ|U †(t− tf ) (2.2)

where |ψ〉 is initial state, |φ〉 is final state of the quantum process. This state
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|〈φ|ψ〉|2

= 1 + 2gImAw + g2
{
|Aw|2 − Re(A2)w

}
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Aw =
〈φ|A|ψ〉
〈φ|ψ〉

t = 0 t = T + V (x) xw(t) �= xcl(t)
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TEST SPACE
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Γk Γs �=
O3 Ok Os

O = A(O1 ⊗O2 ⊗O3 ⊗ · · · ⊗Os)A

V1 V2 V3
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∫
dλ ρ(λ)A(a, λ)B(b, λ)
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B0 ↔ B̄0 Υ(4s)

Γ(tl) = e−tl/τB Γ(tr) = e−tr/τB

|tl − tr|
PS >

√
2(
√
2− 1) ≈ 0.59.

∆θ ∆t
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∂
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∗
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A = σπ
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弱値

if measured weakly

Standard formulation of quantum 
mechanics

if measured strongly

弱測定とは ?

weak value

109



for

(1) WV as relative correction to transition amplitude

P (g) = |〈φ|UA(g)|ψ〉|2 UA(g) = e−igA

P (g)

P (0)
=

|〈φ|(1− igA− (g2/2)A2 + · · ·)|ψ〉|2

|〈φ|ψ〉|2

= 1 + 2gImAw + g2
{
|Aw|2 − Re(A2)w

}
+O(g3)

g|Aw| � 1

Aw =
〈φ|A|ψ〉
〈φ|ψ〉

A = σπ
4
:=

σz + σx√
2

(σπ
4
)w =

1 + 1√
2

= +
√
2 [−1,+1]

(σx)w =
〈+x |σx|+z〉
〈+x |+z〉 = +1

|+ z〉 |+ x〉 σz σx (σz)w = +1 (σx)w = +1

〈φ|e−igA⊗P |ψ〉

事後選択後の測定器の状態

(1) WV as relative correction to transition amplitude

P (g) = |〈φ|UA(g)|ψ〉|2 UA(g) = e−igA

P (g)

P (0)
=

|〈φ|(1− igA− (g2/2)A2 + · · ·)|ψ〉|2

|〈φ|ψ〉|2

= 1 + 2gImAw + g2
{
|Aw|2 − Re(A2)w

}
+O(g3)

g|Aw| � 1 |φ〉 Ψ(Q) Φ(Q) Q

Aw =
〈φ|A|ψ〉
〈φ|ψ〉

A = σπ
4
:=

σz + σx√
2

(σπ
4
)w =

1 + 1√
2

= +
√
2 [−1,+1]

(σx)w =
〈+x |σx|+z〉
〈+x |+z〉 = +1

|+ z〉 |+ x〉 σz σx (σz)w = +1 (σx)w = +1

〈φ|e−igA⊗P |ψ〉

(1) WV as relative correction to transition amplitude

P (g) = |〈φ|UA(g)|ψ〉|2 UA(g) = e−igA

P (g)

P (0)
=

|〈φ|(1− igA− (g2/2)A2 + · · ·)|ψ〉|2

|〈φ|ψ〉|2

= 1 + 2gImAw + g2
{
|Aw|2 − Re(A2)w

}
+O(g3)

g|Aw| � 1 |φ〉 Ψ(Q) Φ(Q) Q

Aw =
〈φ|A|ψ〉
〈φ|ψ〉

A = σπ
4
:=

σz + σx√
2

(σπ
4
)w =

1 + 1√
2

= +
√
2 [−1,+1]

(σx)w =
〈+x |σx|+z〉
〈+x |+z〉 = +1

|+ z〉 |+ x〉 σz σx (σz)w = +1 (σx)w = +1

〈φ|e−igA⊗P |ψ〉

(1) WV as relative correction to transition amplitude

P (g) = |〈φ|UA(g)|ψ〉|2 UA(g) = e−igA

P (g)

P (0)
=

|〈φ|(1− igA− (g2/2)A2 + · · ·)|ψ〉|2

|〈φ|ψ〉|2

= 1 + 2gImAw + g2
{
|Aw|2 − Re(A2)w

}
+O(g3)

g|Aw| � 1 |φ〉 Ψ(Q) Φ(Q) Q

Aw =
〈φ|A|ψ〉
〈φ|ψ〉

A = σπ
4
:=

σz + σx√
2

(σπ
4
)w =

1 + 1√
2

= +
√
2 [−1,+1]

(σx)w =
〈+x |σx|+z〉
〈+x |+z〉 = +1

|+ z〉 |+ x〉 σz σx (σz)w = +1 (σx)w = +1

〈φ|e−igA⊗P |ψ〉

|Φ〉 = 〈φ|e−igA⊗P |ψ〉|Ψ〉 � 〈φ| [1− igA⊗ P ] |ψ〉|Ψ〉

= 〈φ|ψ〉
[
1− ig

〈φ|A|ψ〉 ⊗ P

〈φ|ψ〉

]
|Ψ〉 = 〈φ|ψ〉 [1− igAwP ] |Ψ〉

� 〈φ|ψ〉e−igAwP |Ψ〉

t = 0 t = T + V (x) xw(t) �= xcl(t)

R C RI CI |φk〉 |ψ〉

|φ1〉 |ψ〉 |φ1〉 |φ2〉 |φ3〉 α = 0, 1 α = 1/2

〈A〉 : H → R(A) ⊂ RI Aw : H⊗H → CI

∑

k

|〈φk|ψ〉|2
〈φk|A|ψ〉
〈φk|ψ〉

= 〈ψ|A|ψ〉

〈φ1|A|ψ〉
〈φ1|ψ〉

|b〉

〈φ2|A|ψ〉
〈φ2|ψ〉

〈φn|A|ψ〉
〈φn|ψ〉

K(g) = 〈φ|UA(g)|ψ〉

Kk(g) = 〈φ|UA(g)|χk〉〈χk|ψ〉

|χ1〉 |χ2〉 |χ3〉 p

2

〈φ|e−igA⊗P |ψ〉

|ψ〉|Ψ〉 → e−igA⊗P |ψ〉|Ψ〉

|Φ〉 = 〈φ|e−igA⊗P |ψ〉|Ψ〉 � 〈φ| [1− igA⊗ P ] |ψ〉|Ψ〉

= 〈φ|ψ〉
[
1− ig

〈φ|A|ψ〉
〈φ|ψ〉 P

]
|Ψ〉

= 〈φ|ψ〉 [1− igAwP ] |Ψ〉 � 〈φ|ψ〉e−igAwP |Ψ〉

t = 0 t = T + V (x) xw(t) �= xcl(t)

R C RI CI |φk〉 |ψ〉

|φ1〉 |ψ〉 |φ1〉 |φ2〉 |φ3〉 α = 0, 1 α = 1/2

〈A〉 : H → R(A) ⊂ RI Aw : H⊗H → CI

∑

k

|〈φk|ψ〉|2
〈φk|A|ψ〉
〈φk|ψ〉

= 〈ψ|A|ψ〉

〈φ1|A|ψ〉
〈φ1|ψ〉

|b〉

〈φ2|A|ψ〉
〈φ2|ψ〉

〈φn|A|ψ〉
〈φn|ψ〉

3

弱値　　の測定方法    

xw(t) = xi +
(xf − xi)t

T
= xcl(t) xw(t) = xcl(t)

xw(t) =

N∑

n=1

ωn x
xn→xf
w (t)

gÂ σ1 ΨMD(0, 0) e−igAwσ1ΨMD(0, 0)

ΨMD = ΨMD(θ, φ) = cos θ |0〉+ eiφ sin θ |1〉

Aw := A = B + C Aw = Bw + Cw Aw = BwCw

Aw := A = BC Aw = Bw Cw ai ∈ R

(P1)w = (P2)w = 1 (P3)w = −1

O(a) = a1σ1 + a2σ2 + a3σ3

〈O(a)〉 = Ψ†
MDO(a)ΨMD = 2g (a1 ImAw − a2 ReAw) + a3

Aw := A = a Aw = a = ReAw − 2a ImAw

|ψ〉 |ψ〉〈ψ|

Γk Γs �=

O3 Ok Os

O = A(O1 ⊗O2 ⊗O3 ⊗ · · · ⊗Os)A
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III. DECAY TIME DISTRIBUTION UNDER

POSTSELECTION

In this section, we will discuss the time distribution
under postselection, but before that, we would like to
mention how postselection may be implemented for un-
stable particles in atomic and particle physics. The basic
idea of implementing the postselection is to utilize possi-
ble correlations between the postselected states and the
decay modes. In atomic physics, this has actually been
implemented in an experiment involving atomic decays
[9], where the polarization of photons emitted in the de-
cay is used to specify the postselected states. In particle
physics, a similar process based on the photon polariza-
tion has also been considered for the decay of the B me-
son [10] with the help of the CP symmetry, where the
feasibility of utilizing scattering angles of charged leptons
is studied additionally as an alternative. In the following
discussion, we will assume that these schemes allow us to
freely choose the postselected state denoted by |Φi.

Now, we would like to consider how the lifetime will be
a↵ected when the postselection of state is made. Before
the full consideration, let us first see how it could go in
a simplified argument. We first evaluate the transition
amplitude at time t,

hΦ| (t)i = hΦ|e�itĤ | i. (14)

Upon using the linear approximation in time evolution
(whose validity will be discussed shorly), this becomes

hΦ| (t)i ' hΦ|
⇣
1− itĤ

⌘
| i

= hΦ| i (1− itHw)

' hΦ| iet Im[Hw]�itRe[Hw]
, (15)

where Hw is the weak value Hw = hΦ|Ĥ| i/hΦ| i of the
Hamiltonian. The transition probability is thus obtained
as

|hΦ| (t)i|2 = |hΦ| i|2e2t Im[Hw]
. (16)

Our argument becomes more transparent by shifting
the Hamiltonian by the amount of the average energy
eigenvalue as

Ĥ =

✓
M − i

2
Γ

◆
1̂ + gÂ, (17)

with

M =
ML +MH

2
, g =

∆M

2
(18)

and thereby introduce the ‘normalized’ Hamiltonian,

Â =
1

g


Ĥ −

✓
M − i

2
Γ

◆
1̂

�
. (19)

As we can see in (17), the normalized Hamiltonian Â de-
scribes the rescaled time evolution relative to the average

(uniform) evolution characterized by M and iΓ/2 in the

unit of g which renders Â dimensionless. The constant g
provides the scale of the evolution prescribed by Ĥ and
also plays the role of the coupling constant in the usual
discussion of weak value amplification. It is notable that
the operator Â, whose eigenvalues become precisely +1
and −1 when ΓL = ΓH, resembles the familiar Pauli ma-
trix �z.
With this preparation, we find that the transition am-

plitude (14) becomes

hΦ| (t)i = e
�t

�
2 e

�itM hΦ|e�itgÂ| i. (20)

Observe that the linear approximation we used from (14)
to (15), which now applies to (20), is valid as long as

tg = tΓ
⇣
g

Γ

⌘
= tΓ

✓
∆M

2Γ

◆
⌧ 1 (21)

is valid. Notice that, on account of the overall exponen-

tial factor e�t
�
2 in (20) which (when squared) suppresses

the probability for t > 1/Γ, the range of time t we need
to consider is practically confined to tΓ  1. This implies
that the condition (21) holds if ∆M/Γ ⌧ 1 or

∆M ⌧ Γ. (22)

Since g acts as the coupling constant for time evolution
as we noted earlier, the condition (22) which ensures (21)
simply means that we are working in the slow range of
evolution, which corresponds to the weak limit of physical
interaction in the usual context of weak value amplifica-
tion.

When this condition holds, the resulting transition
probability is given, instead of (16), by

|hΦ| (t)i|2 = e
�t�|hΦ| i|2e2tgIm[Aw]

, (23)

where

Aw =
hΦ|Â| i
hΦ| i (24)

is the weak value of the normalized Hamiltonian (19).
Clearly, the result (23) remains to be valid even for gen-
eral cases with more than two energy eigenstates as long
as the Hamiltonian is bounded, once we implement the
normalization (19) withM being the average of the entire
eigenvalues.

In order to find the distribution of decay time when
the postselection is made for general cases, not just for
the case (22), as we did for the preselected state in (5)
we first expand the postselected state |Φi as

|Φi = bL|PLi+ bH|PHi = bP|P i+ bP̄|P̄ i, (25)

with coefficients, bL, bH, bP and bP̄ fulfilling the normal-
ization conditions, |bP|2 + |bP̄|2 = 1. From (3) and (4),
they are related by bP = bLp1+bHp2 and bP̄ = bLq1−bHq2.
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∆M

2
(18)

and thereby introduce the ‘normalized’ Hamiltonian,

Â =
1

g


Ĥ −

✓
M − i

2
Γ

◆
1̂

�
. (19)

As we can see in (17), the normalized Hamiltonian Â de-
scribes the rescaled time evolution relative to the average

(uniform) evolution characterized by M and iΓ/2 in the

unit of g which renders Â dimensionless. The constant g
provides the scale of the evolution prescribed by Ĥ and
also plays the role of the coupling constant in the usual
discussion of weak value amplification. It is notable that
the operator Â, whose eigenvalues become precisely +1
and −1 when ΓL = ΓH, resembles the familiar Pauli ma-
trix �z.
With this preparation, we find that the transition am-

plitude (14) becomes

hΦ| (t)i = e
�t

�
2 e

�itM hΦ|e�itgÂ| i. (20)

Observe that the linear approximation we used from (14)
to (15), which now applies to (20), is valid as long as

tg = tΓ
⇣
g

Γ

⌘
= tΓ

✓
∆M

2Γ

◆
⌧ 1 (21)

is valid. Notice that, on account of the overall exponen-

tial factor e�t
�
2 in (20) which (when squared) suppresses

the probability for t > 1/Γ, the range of time t we need
to consider is practically confined to tΓ  1. This implies
that the condition (21) holds if ∆M/Γ ⌧ 1 or

∆M ⌧ Γ. (22)

Since g acts as the coupling constant for time evolution
as we noted earlier, the condition (22) which ensures (21)
simply means that we are working in the slow range of
evolution, which corresponds to the weak limit of physical
interaction in the usual context of weak value amplifica-
tion.
When this condition holds, the resulting transition

probability is given, instead of (16), by

|hΦ| (t)i|2 = e
�t�|hΦ| i|2e2tgIm[Aw]

, (23)

where

Aw =
hΦ|Â| i
hΦ| i (24)

is the weak value of the normalized Hamiltonian (19).
Clearly, the result (23) remains to be valid even for gen-
eral cases with more than two energy eigenstates as long
as the Hamiltonian is bounded, once we implement the
normalization (19) withM being the average of the entire
eigenvalues.
In order to find the distribution of decay time when

the postselection is made for general cases, not just for
the case (22), as we did for the preselected state in (5)
we first expand the postselected state |Φi as

|Φi = bL|PLi+ bH|PHi = bP|P i+ bP̄|P̄ i, (25)

with coefficients, bL, bH, bP and bP̄ fulfilling the normal-
ization conditions, |bP|2 + |bP̄|2 = 1. From (3) and (4),
they are related by bP = bLp1+bHp2 and bP̄ = bLq1−bHq2.
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III. DECAY TIME DISTRIBUTION UNDER

POSTSELECTION

In this section, we will discuss the time distribution
under postselection, but before that, we would like to
mention how postselection may be implemented for un-
stable particles in atomic and particle physics. The basic
idea of implementing the postselection is to utilize possi-
ble correlations between the postselected states and the
decay modes. In atomic physics, this has actually been
implemented in an experiment involving atomic decays
[9], where the polarization of photons emitted in the de-
cay is used to specify the postselected states. In particle
physics, a similar process based on the photon polariza-
tion has also been considered for the decay of the B me-
son [10] with the help of the CP symmetry, where the
feasibility of utilizing scattering angles of charged leptons
is studied additionally as an alternative. In the following
discussion, we will assume that these schemes allow us to
freely choose the postselected state denoted by |Φi.

Now, we would like to consider how the lifetime will be
a↵ected when the postselection of state is made. Before
the full consideration, let us first see how it could go in
a simplified argument. We first evaluate the transition
amplitude at time t,

hΦ| (t)i = hΦ|e�itĤ | i. (14)

Upon using the linear approximation in time evolution
(whose validity will be discussed shorly), this becomes

hΦ| (t)i ' hΦ|
⇣
1− itĤ

⌘
| i

= hΦ| i (1− itHw)

' hΦ| iet Im[Hw]�itRe[Hw]
, (15)

where Hw is the weak value Hw = hΦ|Ĥ| i/hΦ| i of the
Hamiltonian. The transition probability is thus obtained
as

|hΦ| (t)i|2 = |hΦ| i|2e2t Im[Hw]
. (16)

Our argument becomes more transparent by shifting
the Hamiltonian by the amount of the average energy
eigenvalue as

Ĥ =

✓
M − i

2
Γ

◆
1̂ + gÂ, (17)

with

M =
ML +MH

2
, g =

∆M

2
(18)

and thereby introduce the ‘normalized’ Hamiltonian,

Â =
1

g


Ĥ −

✓
M − i

2
Γ

◆
1̂

�
. (19)

As we can see in (17), the normalized Hamiltonian Â de-
scribes the rescaled time evolution relative to the average

(uniform) evolution characterized by M and iΓ/2 in the

unit of g which renders Â dimensionless. The constant g
provides the scale of the evolution prescribed by Ĥ and
also plays the role of the coupling constant in the usual
discussion of weak value amplification. It is notable that
the operator Â, whose eigenvalues become precisely +1
and −1 when ΓL = ΓH, resembles the familiar Pauli ma-
trix �z.
With this preparation, we find that the transition am-

plitude (14) becomes

hΦ| (t)i = e
�t

�
2 e

�itM hΦ|e�itgÂ| i. (20)

Observe that the linear approximation we used from (14)
to (15), which now applies to (20), is valid as long as

tg = tΓ
⇣
g

Γ

⌘
= tΓ

✓
∆M

2Γ
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⌧ 1 (21)

is valid. Notice that, on account of the overall exponen-

tial factor e�t
�
2 in (20) which (when squared) suppresses

the probability for t > 1/Γ, the range of time t we need
to consider is practically confined to tΓ  1. This implies
that the condition (21) holds if ∆M/Γ ⌧ 1 or

∆M ⌧ Γ. (22)

Since g acts as the coupling constant for time evolution
as we noted earlier, the condition (22) which ensures (21)
simply means that we are working in the slow range of
evolution, which corresponds to the weak limit of physical
interaction in the usual context of weak value amplifica-
tion.

When this condition holds, the resulting transition
probability is given, instead of (16), by

|hΦ| (t)i|2 = e
�t�|hΦ| i|2e2tgIm[Aw]

, (23)

where

Aw =
hΦ|Â| i
hΦ| i (24)

is the weak value of the normalized Hamiltonian (19).
Clearly, the result (23) remains to be valid even for gen-
eral cases with more than two energy eigenstates as long
as the Hamiltonian is bounded, once we implement the
normalization (19) withM being the average of the entire
eigenvalues.

In order to find the distribution of decay time when
the postselection is made for general cases, not just for
the case (22), as we did for the preselected state in (5)
we first expand the postselected state |Φi as

|Φi = bL|PLi+ bH|PHi = bP|P i+ bP̄|P̄ i, (25)

with coefficients, bL, bH, bP and bP̄ fulfilling the normal-
ization conditions, |bP|2 + |bP̄|2 = 1. From (3) and (4),
they are related by bP = bLp1+bHp2 and bP̄ = bLq1−bHq2.
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III. DECAY TIME DISTRIBUTION UNDER

POSTSELECTION

In this section, we will discuss the time distribution
under postselection, but before that, we would like to
mention how postselection may be implemented for un-
stable particles in atomic and particle physics. The basic
idea of implementing the postselection is to utilize possi-
ble correlations between the postselected states and the
decay modes. In atomic physics, this has actually been
implemented in an experiment involving atomic decays
[9], where the polarization of photons emitted in the de-
cay is used to specify the postselected states. In particle
physics, a similar process based on the photon polariza-
tion has also been considered for the decay of the B me-
son [10] with the help of the CP symmetry, where the
feasibility of utilizing scattering angles of charged leptons
is studied additionally as an alternative. In the following
discussion, we will assume that these schemes allow us to
freely choose the postselected state denoted by |Φi.
Now, we would like to consider how the lifetime will be

a↵ected when the postselection of state is made. Before
the full consideration, let us first see how it could go in
a simplified argument. We first evaluate the transition
amplitude at time t,

hΦ| (t)i = hΦ|e�itĤ | i. (14)

Upon using the linear approximation in time evolution
(whose validity will be discussed shorly), this becomes

hΦ| (t)i ' hΦ|
⇣
1− itĤ

⌘
| i

= hΦ| i (1− itHw)

' hΦ| iet Im[Hw]�itRe[Hw]
, (15)

where Hw is the weak value Hw = hΦ|Ĥ| i/hΦ| i of the
Hamiltonian. The transition probability is thus obtained
as

|hΦ| (t)i|2 = |hΦ| i|2e2t Im[Hw]
. (16)

Our argument becomes more transparent by shifting
the Hamiltonian by the amount of the average energy
eigenvalue as

Ĥ =

✓
M − i

2
Γ

◆
1̂ + gÂ, (17)

with

M =
ML +MH

2
, g =

∆M

2
(18)

and thereby introduce the ‘normalized’ Hamiltonian,

Â =
1

g


Ĥ −

✓
M − i

2
Γ

◆
1̂

�
. (19)

As we can see in (17), the normalized Hamiltonian Â de-
scribes the rescaled time evolution relative to the average

(uniform) evolution characterized by M and iΓ/2 in the

unit of g which renders Â dimensionless. The constant g
provides the scale of the evolution prescribed by Ĥ and
also plays the role of the coupling constant in the usual
discussion of weak value amplification. It is notable that
the operator Â, whose eigenvalues become precisely +1
and −1 when ΓL = ΓH, resembles the familiar Pauli ma-
trix �z.
With this preparation, we find that the transition am-

plitude (14) becomes

hΦ| (t)i = e
�t

�
2 e

�itM hΦ|e�itgÂ| i. (20)

Observe that the linear approximation we used from (14)
to (15), which now applies to (20), is valid as long as

tg = tΓ
⇣
g

Γ

⌘
= tΓ

✓
∆M

2Γ

◆
⌧ 1 (21)

is valid. Notice that, on account of the overall exponen-

tial factor e�t
�
2 in (20) which (when squared) suppresses

the probability for t > 1/Γ, the range of time t we need
to consider is practically confined to tΓ  1. This implies
that the condition (21) holds if ∆M/Γ ⌧ 1 or

∆M ⌧ Γ. (22)

Since g acts as the coupling constant for time evolution
as we noted earlier, the condition (22) which ensures (21)
simply means that we are working in the slow range of
evolution, which corresponds to the weak limit of physical
interaction in the usual context of weak value amplifica-
tion.
When this condition holds, the resulting transition

probability is given, instead of (16), by

|hΦ| (t)i|2 = e
�t�|hΦ| i|2e2tgIm[Aw]

, (23)

where

Aw =
hΦ|Â| i
hΦ| i (24)

is the weak value of the normalized Hamiltonian (19).
Clearly, the result (23) remains to be valid even for gen-
eral cases with more than two energy eigenstates as long
as the Hamiltonian is bounded, once we implement the
normalization (19) withM being the average of the entire
eigenvalues.
In order to find the distribution of decay time when

the postselection is made for general cases, not just for
the case (22), as we did for the preselected state in (5)
we first expand the postselected state |Φi as

|Φi = bL|PLi+ bH|PHi = bP|P i+ bP̄|P̄ i, (25)

with coefficients, bL, bH, bP and bP̄ fulfilling the normal-
ization conditions, |bP|2 + |bP̄|2 = 1. From (3) and (4),
they are related by bP = bLp1+bHp2 and bP̄ = bLq1−bHq2.
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III. DECAY TIME DISTRIBUTION UNDER

POSTSELECTION

In this section, we will discuss the time distribution
under postselection, but before that, we would like to
mention how postselection may be implemented for un-
stable particles in atomic and particle physics. The basic
idea of implementing the postselection is to utilize possi-
ble correlations between the postselected states and the
decay modes. In atomic physics, this has actually been
implemented in an experiment involving atomic decays
[9], where the polarization of photons emitted in the de-
cay is used to specify the postselected states. In particle
physics, a similar process based on the photon polariza-
tion has also been considered for the decay of the B me-
son [10] with the help of the CP symmetry, where the
feasibility of utilizing scattering angles of charged leptons
is studied additionally as an alternative. In the following
discussion, we will assume that these schemes allow us to
freely choose the postselected state denoted by |Φi.
Now, we would like to consider how the lifetime will be

a↵ected when the postselection of state is made. Before
the full consideration, let us first see how it could go in
a simplified argument. We first evaluate the transition
amplitude at time t,

hΦ| (t)i = hΦ|e�itĤ | i. (14)

Upon using the linear approximation in time evolution
(whose validity will be discussed shorly), this becomes

hΦ| (t)i ' hΦ|
⇣
1− itĤ

⌘
| i

= hΦ| i (1− itHw)

' hΦ| iet Im[Hw]�itRe[Hw]
, (15)

where Hw is the weak value Hw = hΦ|Ĥ| i/hΦ| i of the
Hamiltonian. The transition probability is thus obtained
as

|hΦ| (t)i|2 = |hΦ| i|2e2t Im[Hw]
. (16)

Our argument becomes more transparent by shifting
the Hamiltonian by the amount of the average energy
eigenvalue as

Ĥ =

✓
M − i

2
Γ

◆
1̂ + gÂ, (17)

with

M =
ML +MH

2
, g =

∆M

2
(18)

and thereby introduce the ‘normalized’ Hamiltonian,

Â =
1

g


Ĥ −

✓
M − i

2
Γ

◆
1̂

�
. (19)

As we can see in (17), the normalized Hamiltonian Â de-
scribes the rescaled time evolution relative to the average

(uniform) evolution characterized by M and iΓ/2 in the

unit of g which renders Â dimensionless. The constant g
provides the scale of the evolution prescribed by Ĥ and
also plays the role of the coupling constant in the usual
discussion of weak value amplification. It is notable that
the operator Â, whose eigenvalues become precisely +1
and −1 when ΓL = ΓH, resembles the familiar Pauli ma-
trix �z.
With this preparation, we find that the transition am-

plitude (14) becomes

hΦ| (t)i = e
�t

�
2 e

�itM hΦ|e�itgÂ| i. (20)

Observe that the linear approximation we used from (14)
to (15), which now applies to (20), is valid as long as

tg = tΓ
⇣
g

Γ

⌘
= tΓ

✓
∆M

2Γ

◆
⌧ 1 (21)

is valid. Notice that, on account of the overall exponen-

tial factor e�t
�
2 in (20) which (when squared) suppresses

the probability for t > 1/Γ, the range of time t we need
to consider is practically confined to tΓ  1. This implies
that the condition (21) holds if ∆M/Γ ⌧ 1 or

∆M ⌧ Γ. (22)

Since g acts as the coupling constant for time evolution
as we noted earlier, the condition (22) which ensures (21)
simply means that we are working in the slow range of
evolution, which corresponds to the weak limit of physical
interaction in the usual context of weak value amplifica-
tion.
When this condition holds, the resulting transition

probability is given, instead of (16), by

|hΦ| (t)i|2 = e
�t�|hΦ| i|2e2tgIm[Aw]

, (23)

where

Aw =
hΦ|Â| i
hΦ| i (24)

is the weak value of the normalized Hamiltonian (19).
Clearly, the result (23) remains to be valid even for gen-
eral cases with more than two energy eigenstates as long
as the Hamiltonian is bounded, once we implement the
normalization (19) withM being the average of the entire
eigenvalues.
In order to find the distribution of decay time when

the postselection is made for general cases, not just for
the case (22), as we did for the preselected state in (5)
we first expand the postselected state |Φi as

|Φi = bL|PLi+ bH|PHi = bP|P i+ bP̄|P̄ i, (25)

with coefficients, bL, bH, bP and bP̄ fulfilling the normal-
ization conditions, |bP|2 + |bP̄|2 = 1. From (3) and (4),
they are related by bP = bLp1+bHp2 and bP̄ = bLq1−bHq2.
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III. DECAY TIME DISTRIBUTION UNDER

POSTSELECTION

In this section, we will discuss the time distribution
under postselection, but before that, we would like to
mention how postselection may be implemented for un-
stable particles in atomic and particle physics. The basic
idea of implementing the postselection is to utilize possi-
ble correlations between the postselected states and the
decay modes. In atomic physics, this has actually been
implemented in an experiment involving atomic decays
[9], where the polarization of photons emitted in the de-
cay is used to specify the postselected states. In particle
physics, a similar process based on the photon polariza-
tion has also been considered for the decay of the B me-
son [10] with the help of the CP symmetry, where the
feasibility of utilizing scattering angles of charged leptons
is studied additionally as an alternative. In the following
discussion, we will assume that these schemes allow us to
freely choose the postselected state denoted by |Φi.
Now, we would like to consider how the lifetime will be

a↵ected when the postselection of state is made. Before
the full consideration, let us first see how it could go in
a simplified argument. We first evaluate the transition
amplitude at time t,

hΦ| (t)i = hΦ|e�itĤ | i. (14)

Upon using the linear approximation in time evolution
(whose validity will be discussed shorly), this becomes

hΦ| (t)i ' hΦ|
⇣
1− itĤ

⌘
| i

= hΦ| i (1− itHw)

' hΦ| iet Im[Hw]�itRe[Hw]
, (15)

where Hw is the weak value Hw = hΦ|Ĥ| i/hΦ| i of the
Hamiltonian. The transition probability is thus obtained
as

|hΦ| (t)i|2 = |hΦ| i|2e2t Im[Hw]
. (16)

Our argument becomes more transparent by shifting
the Hamiltonian by the amount of the average energy
eigenvalue as

Ĥ =

✓
M − i

2
Γ

◆
1̂ + gÂ, (17)

with

M =
ML +MH

2
, g =

∆M

2
(18)

and thereby introduce the ‘normalized’ Hamiltonian,

Â =
1

g


Ĥ −

✓
M − i

2
Γ

◆
1̂

�
. (19)

As we can see in (17), the normalized Hamiltonian Â de-
scribes the rescaled time evolution relative to the average

(uniform) evolution characterized by M and iΓ/2 in the

unit of g which renders Â dimensionless. The constant g
provides the scale of the evolution prescribed by Ĥ and
also plays the role of the coupling constant in the usual
discussion of weak value amplification. It is notable that
the operator Â, whose eigenvalues become precisely +1
and −1 when ΓL = ΓH, resembles the familiar Pauli ma-
trix �z.
With this preparation, we find that the transition am-

plitude (14) becomes

hΦ| (t)i = e
�t

�
2 e

�itM hΦ|e�itgÂ| i. (20)

Observe that the linear approximation we used from (14)
to (15), which now applies to (20), is valid as long as

tg = tΓ
⇣
g

Γ

⌘
= tΓ

✓
∆M

2Γ

◆
⌧ 1 (21)

is valid. Notice that, on account of the overall exponen-

tial factor e�t
�
2 in (20) which (when squared) suppresses

the probability for t > 1/Γ, the range of time t we need
to consider is practically confined to tΓ  1. This implies
that the condition (21) holds if ∆M/Γ ⌧ 1 or

∆M ⌧ Γ. (22)

Since g acts as the coupling constant for time evolution
as we noted earlier, the condition (22) which ensures (21)
simply means that we are working in the slow range of
evolution, which corresponds to the weak limit of physical
interaction in the usual context of weak value amplifica-
tion.
When this condition holds, the resulting transition

probability is given, instead of (16), by

|hΦ| (t)i|2 = e
�t�|hΦ| i|2e2tgIm[Aw]

, (23)

where

Aw =
hΦ|Â| i
hΦ| i (24)

is the weak value of the normalized Hamiltonian (19).
Clearly, the result (23) remains to be valid even for gen-
eral cases with more than two energy eigenstates as long
as the Hamiltonian is bounded, once we implement the
normalization (19) withM being the average of the entire
eigenvalues.
In order to find the distribution of decay time when

the postselection is made for general cases, not just for
the case (22), as we did for the preselected state in (5)
we first expand the postselected state |Φi as

|Φi = bL|PLi+ bH|PHi = bP|P i+ bP̄|P̄ i, (25)

with coefficients, bL, bH, bP and bP̄ fulfilling the normal-
ization conditions, |bP|2 + |bP̄|2 = 1. From (3) and (4),
they are related by bP = bLp1+bHp2 and bP̄ = bLq1−bHq2.
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Then the probability amplitude that the time evolved
state | (t)i can be found in the postselected state is

hΦ| (t)i = (b⇤
L
+ b

⇤
H
hPH|PLi) aLe−t

�L
2 −itML

+ (b⇤
H
+ b

⇤
L
hPL|PHi) aHe−t

�H
2 −itMH . (26)

With the shorthand,

cL = (b⇤
L
+ b

⇤
H
hPH|PLi) aL, (27)

cH = (b⇤
H
+ b

⇤
L
hPL|PHi) aH, (28)

the corresponding probability becomes

|hΦ| (t)i|2 = |cL|2e−ΓLt + |cH|2e−ΓHt

+ 2e−Γt Re
⇥
c
⇤
L
cHe

−it∆M
⇤
. (29)

The decay time distribution conditioned by the postse-
lection may then be defined by

N(t| ! Φ) =
|hΦ| (t)i|2R1

0
dt |hΦ| (t)i|2

, (30)

from which the conditional lifetime ⌧( ! Φ) follows as

⌧( ! Φ) :=

Z 1

0

dt tN(t| ! Φ)

=

R1
0

dt t|hΦ| (t)i|2
R1
0

dt |hΦ| (t)i|2
. (31)

Before proceeding further, we present here the closed
form of the weak value (24) evaluated with the help of
(5), (25), (27) and (28),

Aw =
cH − cL

cH + cL

✓
1− i

2

ΓH − ΓL

∆M

◆
(32)

whose real and imaginary parts are, respectively,

Re [Aw] =
|cH|2 − |cL|2

|cH + cL|2
+

Im[c⇤
L
cH]

|cH + cL|2
ΓH − ΓL

∆M
, (33)

Im [Aw] = −|cH|2 − |cL|2

|cH + cL|2
ΓH − ΓL

2∆M
+ 2

Im[c⇤
L
cH]

|cH + cL|2
. (34)

In the usual discussion of weak value amplification, the
amplification e↵ect is realized by choosing the postselec-
tion such that the weak value exceeds the range of the
eigenvalues of the physical observable that one wishes to
amplify in the measurement. In the present case, the
observable corresponds to the (normalized) Hamiltonian
(19), and the discussion on the extent of amplification
requires the consideration of the particular form of the
observable as well as the postselection we shall make.
This will be our topic of the next section.

IV. LIFETIME AND ITS RANGE

As can be seen from (16) which is valid in the linear
approximation, the transition probability is directly af-
fected by (the imaginary part of) the weak value of the
Hamiltonian. The lifetime (31) is then found to be

⌧( ! Φ) ' 1

Γ
+

2g

Γ2
Im[Aw], (35)

which shows that the lifetime of a decaying particle can
e↵ectively be altered by varying the postselected state
|Φi on which the weak value Aw depends. This should
be reasonable because Aw is the weak value of the nor-
malized Hamiltonian Â which dictates the time evolution
of the system (20). In the context of weak value ampli-
fication applied to the present system, one may say that
the lifetime may be enlarged by tuning the postselection
properly relative to the constant g.

Now, the possible range of the lifetime realized by
the variation of postselection under the given preselected
state | i can be found by evaluating the conditional life-
time (31) without resorting to the linear approximation.
In the two dimensional case we are considering, this can
be done easily (see Appendix A) and the result is

⌧( ! Φ) =

|cL|2
Γ
2
L

+ |cH|2
Γ
2
H

+ 2(Γ
2−∆M

2
)

(Γ2+∆M2)2
Re [c⇤

L
cH] +

4Γ∆M

(Γ2+∆M2)2
Im [c⇤

L
cH]

|cL|2
ΓL

+ |cH|2
ΓH

+ 2Γ

Γ2+∆M2Re [c⇤LcH] +
2∆M

Γ2+∆M2 Im [c⇤
L
cH]

. (36)

To avoid unnecessary complexity and yet keep the
essential ingredient of the matter, let us assume that
p1 = p2 = p and q1 = q2 = q. As we mentioned before,
this is satisfied when, for instance, we have the symmetry
under the interchange D̂, and one prominent example of

this is the system of decaying B mesons, where the role of
the D̂ symmetry is played by the CPT symmetry. Under
this assumption, we have

hPH|PLi = |p|2 − |q|2. (37)
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Then the probability amplitude that the time evolved
state | (t)i can be found in the postselected state is
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With the shorthand,
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the corresponding probability becomes
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The decay time distribution conditioned by the postse-
lection may then be defined by

N(t| ! Φ) =
|hΦ| (t)i|2R1

0
dt |hΦ| (t)i|2

, (30)

from which the conditional lifetime ⌧( ! Φ) follows as

⌧( ! Φ) :=
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=
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. (31)

Before proceeding further, we present here the closed
form of the weak value (24) evaluated with the help of
(5), (25), (27) and (28),
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In the usual discussion of weak value amplification, the
amplification e↵ect is realized by choosing the postselec-
tion such that the weak value exceeds the range of the
eigenvalues of the physical observable that one wishes to
amplify in the measurement. In the present case, the
observable corresponds to the (normalized) Hamiltonian
(19), and the discussion on the extent of amplification
requires the consideration of the particular form of the
observable as well as the postselection we shall make.
This will be our topic of the next section.

IV. LIFETIME AND ITS RANGE

As can be seen from (16) which is valid in the linear
approximation, the transition probability is directly af-
fected by (the imaginary part of) the weak value of the
Hamiltonian. The lifetime (31) is then found to be
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which shows that the lifetime of a decaying particle can
e↵ectively be altered by varying the postselected state
|Φi on which the weak value Aw depends. This should
be reasonable because Aw is the weak value of the nor-
malized Hamiltonian Â which dictates the time evolution
of the system (20). In the context of weak value ampli-
fication applied to the present system, one may say that
the lifetime may be enlarged by tuning the postselection
properly relative to the constant g.
Now, the possible range of the lifetime realized by

the variation of postselection under the given preselected
state | i can be found by evaluating the conditional life-
time (31) without resorting to the linear approximation.
In the two dimensional case we are considering, this can
be done easily (see Appendix A) and the result is
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observable corresponds to the (normalized) Hamiltonian
(19), and the discussion on the extent of amplification
requires the consideration of the particular form of the
observable as well as the postselection we shall make.
This will be our topic of the next section.
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|Φi on which the weak value Aw depends. This should
be reasonable because Aw is the weak value of the nor-
malized Hamiltonian Â which dictates the time evolution
of the system (20). In the context of weak value ampli-
fication applied to the present system, one may say that
the lifetime may be enlarged by tuning the postselection
properly relative to the constant g.

Now, the possible range of the lifetime realized by
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To avoid unnecessary complexity and yet keep the
essential ingredient of the matter, let us assume that
p1 = p2 = p and q1 = q2 = q. As we mentioned before,
this is satisfied when, for instance, we have the symmetry
under the interchange D̂, and one prominent example of

this is the system of decaying B mesons, where the role of
the D̂ symmetry is played by the CPT symmetry. Under
this assumption, we have

hPH|PLi = |p|2 − |q|2. (37)
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eigenstates of the particle system, the Hamiltonian may
in general be characterized by the eigenvalue equations,

Ĥ|PLi =
✓
ML − i

2
ΓL

◆
|PLi, (1)

Ĥ|PHi =
✓
MH − i

2
ΓH

◆
|PHi, (2)

where ML,MH,ΓL,ΓH are real positive numbers specify-
ing the eigenvalues of the two unstable eigenstates, |PLi
and |PHi. Obviously, ML, MH and ΓL, ΓH are related
to the mass and the width of the decay of the respective
eigenstates. For definiteness, we take ML  MH below.

Because of the non-Hermiticity of the Hamiltonian,
these eigenstates |PLi, |PHi may not be orthogonal to
each other, and one is required to take care of them
properly for evaluating the physical values obtained in
the measurement. In particular, it has been argued that,
when the measurement is performed through the energy
eigenstates, one has to introduce the bi-orthogonal basis
defined from the Hamiltonian, resulting in a modification
of the weak value [11]. This does not apply to our anal-
ysis, since our measurement for evaluating the lifetime
is assumed to be made through some orthogonal basis
states |P i, |P̄ i at the end of the process. In computation,
this will be done by transcribing the energy eigenstates
into these basis states via the relations,

|PLi = p1|P i+ q1|P̄ i, (3)

|PHi = p2|P i − q2|P̄ i, (4)

with complex numbers pi and qi satisfying |pi|2+|qi|2 = 1
for i = 1, 2. The choice of the basis states, |P i and |P̄ i,
is immaterial, as it does not a↵ect the possible range of
lifetimes realized by various postselections, which is ob-
viously basis-independent. It may well be convenient,
however, to choose the basis states as eigenstates of a
Hermitian operator corresponding to a symmetry trans-
formation of the system. In fact, in the discussion of the
B mesons in particle physics, it is customary to choose
the orthonormal basis states by the flavor eigenstates.
Now, let D̂ be the operator of interchanging the basis
states, D̂|P i = |P̄ i and D̂|P̄ i = |P i. If D̂ happens to be

a symmetry of the system, i.e., if [Ĥ, D̂] = 0, the energy
eigenstates are eigenstates of the symmetry transforma-
tion D̂ simultaneously. In that case, we may assume
D̂ |PLi = ± |PLi and D̂ |PHi = ⌥ |PHi, which implies

pi = ±qi = 1/
p
2 up to a common phase.

Let | i be the state of the system prepared at the
initial time t = 0, which is is called preselected state
in the context of weak value amplification. It can be
expanded in terms of the energy eigenstates, or similarly
of the basis states, as

| i = aL|PLi+ aH|PHi = aP|P i+ aP̄|P̄ i, (5)

with some coefficients aL, aH and aP, aP̄ fulfilling the
normalization conditions, |aP|2 + |aP̄|2 = 1. In view of

(3) and (4), they are related by

aP = aLp1 + aHp2, aP̄ = aLq1 − aHq2. (6)

At a later time t, the state | i evolves into

| (t)i = e
−itĤ | i

= aLe
−t

�L
2 −itML |PLi+ aHe

−t
�H
2 −itMH |PHi. (7)

The probability that a particle has not collapsed at time
t is then given by the norm,

k| (t)ik2 = |aL|2e−ΓLt + |aH|2e−ΓHt

+ 2e−tΓRe[a⇤
L
aH hPL|PHi e−it∆M ], (8)

where we have introduced the mass di↵erence ∆M and
the average width Γ by

∆M = MH −ML, Γ =
ΓL + ΓH

2
. (9)

From these, we obtain the decay time distribution,

N(t| ) = − d

dt
k| (t)ik2

= |aL|2ΓLe
−ΓLt + |aH|2ΓHe

−ΓHt

+ 2Γe−tΓ Re
⇥
a
⇤
L
aH hPL|PHi e−it∆M

⇤

− 2∆Me
−tΓ Im

⇥
a
⇤
L
aH hPL|PHi e−it∆M

⇤
, (10)

which obeys
R1
0

dtN(t| ) = 1 by construction.
When, in particular, we have the special case where

the relations

ΓL = ΓH, hPH|PLi = 0 (11)

hold, then the time distribution (10) reduces to

N(t| ) = Γe−Γt (12)

as expected.
Returning to the general case, we can now evaluate

the lifetime ⌧( ) of the initial state  from the time
distribution as

⌧( ) :=

Z 1

0

dt tN(t| )

=
|aL|2

ΓL

+
|aH|2

ΓH

+ 2ΓRe [a⇤
L
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Γ2 −∆M
2

(Γ2 +∆M2)2
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L
aH hPL|PHi]

2Γ∆M

(Γ2 +∆M2)2
. (13)

Note that, as long as the two eigenstates are non-
orthogonal hPL|PHi 6= 0, the lifetime depends on the
choice of the initial state  .
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to the mass and the width of the decay of the respective
eigenstates. For definiteness, we take ML  MH below.

Because of the non-Hermiticity of the Hamiltonian,
these eigenstates |PLi, |PHi may not be orthogonal to
each other, and one is required to take care of them
properly for evaluating the physical values obtained in
the measurement. In particular, it has been argued that,
when the measurement is performed through the energy
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defined from the Hamiltonian, resulting in a modification
of the weak value [11]. This does not apply to our anal-
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is assumed to be made through some orthogonal basis
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this will be done by transcribing the energy eigenstates
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Ĥ|PHi =
✓
MH − i

2
ΓH

◆
|PHi, (2)

where ML,MH,ΓL,ΓH are real positive numbers specify-
ing the eigenvalues of the two unstable eigenstates, |PLi
and |PHi. Obviously, ML, MH and ΓL, ΓH are related
to the mass and the width of the decay of the respective
eigenstates. For definiteness, we take ML  MH below.

Because of the non-Hermiticity of the Hamiltonian,
these eigenstates |PLi, |PHi may not be orthogonal to
each other, and one is required to take care of them
properly for evaluating the physical values obtained in
the measurement. In particular, it has been argued that,
when the measurement is performed through the energy
eigenstates, one has to introduce the bi-orthogonal basis
defined from the Hamiltonian, resulting in a modification
of the weak value [11]. This does not apply to our anal-
ysis, since our measurement for evaluating the lifetime
is assumed to be made through some orthogonal basis
states |P i, |P̄ i at the end of the process. In computation,
this will be done by transcribing the energy eigenstates
into these basis states via the relations,

|PLi = p1|P i+ q1|P̄ i, (3)

|PHi = p2|P i − q2|P̄ i, (4)

with complex numbers pi and qi satisfying |pi|2+|qi|2 = 1
for i = 1, 2. The choice of the basis states, |P i and |P̄ i,
is immaterial, as it does not a↵ect the possible range of
lifetimes realized by various postselections, which is ob-
viously basis-independent. It may well be convenient,
however, to choose the basis states as eigenstates of a
Hermitian operator corresponding to a symmetry trans-
formation of the system. In fact, in the discussion of the
B mesons in particle physics, it is customary to choose
the orthonormal basis states by the flavor eigenstates.
Now, let D̂ be the operator of interchanging the basis
states, D̂|P i = |P̄ i and D̂|P̄ i = |P i. If D̂ happens to be

a symmetry of the system, i.e., if [Ĥ, D̂] = 0, the energy
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ΓL

+
|aH|2

ΓH

+ 2ΓRe [a⇤
L
aH hPL|PHi]

Γ2 −∆M
2

(Γ2 +∆M2)2

− 2∆M Im [a⇤
L
aH hPL|PHi]

Γ2 −∆M
2

(Γ2 +∆M2)2

+ 2Γ Im [a⇤
L
aH hPL|PHi]

2Γ∆M

(Γ2 +∆M2)2

+ 2∆M Re [a⇤
L
aH hPL|PHi]

2Γ∆M

(Γ2 +∆M2)2
. (13)

Note that, as long as the two eigenstates are non-
orthogonal hPL|PHi 6= 0, the lifetime depends on the
choice of the initial state  .
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III. DECAY TIME DISTRIBUTION UNDER

POSTSELECTION

In this section, we will discuss the time distribution
under postselection, but before that, we would like to
mention how postselection may be implemented for un-
stable particles in atomic and particle physics. The basic
idea of implementing the postselection is to utilize possi-
ble correlations between the postselected states and the
decay modes. In atomic physics, this has actually been
implemented in an experiment involving atomic decays
[9], where the polarization of photons emitted in the de-
cay is used to specify the postselected states. In particle
physics, a similar process based on the photon polariza-
tion has also been considered for the decay of the B me-
son [10] with the help of the CP symmetry, where the
feasibility of utilizing scattering angles of charged leptons
is studied additionally as an alternative. In the following
discussion, we will assume that these schemes allow us to
freely choose the postselected state denoted by |Φi.

Now, we would like to consider how the lifetime will be
a↵ected when the postselection of state is made. Before
the full consideration, let us first see how it could go in
a simplified argument. We first evaluate the transition
amplitude at time t,

hΦ| (t)i = hΦ|e�itĤ | i. (14)

Upon using the linear approximation in time evolution
(whose validity will be discussed shorly), this becomes

hΦ| (t)i ' hΦ|
⇣
1− itĤ

⌘
| i

= hΦ| i (1− itHw)

' hΦ| iet Im[Hw]�itRe[Hw]
, (15)

where Hw is the weak value Hw = hΦ|Ĥ| i/hΦ| i of the
Hamiltonian. The transition probability is thus obtained
as

|hΦ| (t)i|2 = |hΦ| i|2e2t Im[Hw]
. (16)

Our argument becomes more transparent by shifting
the Hamiltonian by the amount of the average energy
eigenvalue as

Ĥ =

✓
M − i

2
Γ

◆
1̂ + gÂ, (17)

with

M =
ML +MH

2
, g =

∆M

2
(18)

and thereby introduce the ‘normalized’ Hamiltonian,

Â =
1

g


Ĥ −

✓
M − i

2
Γ

◆
1̂

�
. (19)

As we can see in (17), the normalized Hamiltonian Â de-
scribes the rescaled time evolution relative to the average

(uniform) evolution characterized by M and iΓ/2 in the

unit of g which renders Â dimensionless. The constant g
provides the scale of the evolution prescribed by Ĥ and
also plays the role of the coupling constant in the usual
discussion of weak value amplification. It is notable that
the operator Â, whose eigenvalues become precisely +1
and −1 when ΓL = ΓH, resembles the familiar Pauli ma-
trix �z.
With this preparation, we find that the transition am-

plitude (14) becomes

hΦ| (t)i = e
�t

�
2 e

�itM hΦ|e�itgÂ| i. (20)

Observe that the linear approximation we used from (14)
to (15), which now applies to (20), is valid as long as

tg = tΓ
⇣
g

Γ

⌘
= tΓ

✓
∆M

2Γ

◆
⌧ 1 (21)

is valid. Notice that, on account of the overall exponen-

tial factor e�t
�
2 in (20) which (when squared) suppresses

the probability for t > 1/Γ, the range of time t we need
to consider is practically confined to tΓ  1. This implies
that the condition (21) holds if ∆M/Γ ⌧ 1 or

∆M ⌧ Γ. (22)

Since g acts as the coupling constant for time evolution
as we noted earlier, the condition (22) which ensures (21)
simply means that we are working in the slow range of
evolution, which corresponds to the weak limit of physical
interaction in the usual context of weak value amplifica-
tion.

When this condition holds, the resulting transition
probability is given, instead of (16), by

|hΦ| (t)i|2 = e
�t�|hΦ| i|2e2tgIm[Aw]

, (23)

where

Aw =
hΦ|Â| i
hΦ| i (24)

is the weak value of the normalized Hamiltonian (19).
Clearly, the result (23) remains to be valid even for gen-
eral cases with more than two energy eigenstates as long
as the Hamiltonian is bounded, once we implement the
normalization (19) withM being the average of the entire
eigenvalues.

In order to find the distribution of decay time when
the postselection is made for general cases, not just for
the case (22), as we did for the preselected state in (5)
we first expand the postselected state |Φi as

|Φi = bL|PLi+ bH|PHi = bP|P i+ bP̄|P̄ i, (25)

with coefficients, bL, bH, bP and bP̄ fulfilling the normal-
ization conditions, |bP|2 + |bP̄|2 = 1. From (3) and (4),
they are related by bP = bLp1+bHp2 and bP̄ = bLq1−bHq2.
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the full consideration, let us first see how it could go in
a simplified argument. We first evaluate the transition
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Hamiltonian. The transition probability is thus obtained
as
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to (15), which now applies to (20), is valid as long as
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is valid. Notice that, on account of the overall exponen-

tial factor e�t
�
2 in (20) which (when squared) suppresses
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∆M ⌧ Γ. (22)
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as we noted earlier, the condition (22) which ensures (21)
simply means that we are working in the slow range of
evolution, which corresponds to the weak limit of physical
interaction in the usual context of weak value amplifica-
tion.
When this condition holds, the resulting transition

probability is given, instead of (16), by

|hΦ| (t)i|2 = e
�t�|hΦ| i|2e2tgIm[Aw]

, (23)

where

Aw =
hΦ|Â| i
hΦ| i (24)

is the weak value of the normalized Hamiltonian (19).
Clearly, the result (23) remains to be valid even for gen-
eral cases with more than two energy eigenstates as long
as the Hamiltonian is bounded, once we implement the
normalization (19) withM being the average of the entire
eigenvalues.
In order to find the distribution of decay time when

the postselection is made for general cases, not just for
the case (22), as we did for the preselected state in (5)
we first expand the postselected state |Φi as

|Φi = bL|PLi+ bH|PHi = bP|P i+ bP̄|P̄ i, (25)

with coefficients, bL, bH, bP and bP̄ fulfilling the normal-
ization conditions, |bP|2 + |bP̄|2 = 1. From (3) and (4),
they are related by bP = bLp1+bHp2 and bP̄ = bLq1−bHq2.

2

eigenstates of the particle system, the Hamiltonian may
in general be characterized by the eigenvalue equations,

Ĥ|PLi =
✓
ML − i

2
ΓL

◆
|PLi, (1)

Ĥ|PHi =
✓
MH − i

2
ΓH

◆
|PHi, (2)

where ML,MH,ΓL,ΓH are real positive numbers specify-
ing the eigenvalues of the two unstable eigenstates, |PLi
and |PHi. Obviously, ML, MH and ΓL, ΓH are related
to the mass and the width of the decay of the respective
eigenstates. For definiteness, we take ML  MH below.

Because of the non-Hermiticity of the Hamiltonian,
these eigenstates |PLi, |PHi may not be orthogonal to
each other, and one is required to take care of them
properly for evaluating the physical values obtained in
the measurement. In particular, it has been argued that,
when the measurement is performed through the energy
eigenstates, one has to introduce the bi-orthogonal basis
defined from the Hamiltonian, resulting in a modification
of the weak value [11]. This does not apply to our anal-
ysis, since our measurement for evaluating the lifetime
is assumed to be made through some orthogonal basis
states |P i, |P̄ i at the end of the process. In computation,
this will be done by transcribing the energy eigenstates
into these basis states via the relations,

|PLi = p1|P i+ q1|P̄ i, (3)

|PHi = p2|P i − q2|P̄ i, (4)

with complex numbers pi and qi satisfying |pi|2+|qi|2 = 1
for i = 1, 2. The choice of the basis states, |P i and |P̄ i,
is immaterial, as it does not a↵ect the possible range of
lifetimes realized by various postselections, which is ob-
viously basis-independent. It may well be convenient,
however, to choose the basis states as eigenstates of a
Hermitian operator corresponding to a symmetry trans-
formation of the system. In fact, in the discussion of the
B mesons in particle physics, it is customary to choose
the orthonormal basis states by the flavor eigenstates.
Now, let D̂ be the operator of interchanging the basis
states, D̂|P i = |P̄ i and D̂|P̄ i = |P i. If D̂ happens to be

a symmetry of the system, i.e., if [Ĥ, D̂] = 0, the energy
eigenstates are eigenstates of the symmetry transforma-
tion D̂ simultaneously. In that case, we may assume
D̂ |PLi = ± |PLi and D̂ |PHi = ⌥ |PHi, which implies

pi = ±qi = 1/
p
2 up to a common phase.

Let | i be the state of the system prepared at the
initial time t = 0, which is is called preselected state
in the context of weak value amplification. It can be
expanded in terms of the energy eigenstates, or similarly
of the basis states, as

| i = aL|PLi+ aH|PHi = aP|P i+ aP̄|P̄ i, (5)

with some coefficients aL, aH and aP, aP̄ fulfilling the
normalization conditions, |aP|2 + |aP̄|2 = 1. In view of

(3) and (4), they are related by

aP = aLp1 + aHp2, aP̄ = aLq1 − aHq2. (6)

At a later time t, the state | i evolves into

| (t)i = e
−itĤ | i

= aLe
−t

�L
2 −itML |PLi+ aHe

−t
�H
2 −itMH |PHi. (7)

The probability that a particle has not collapsed at time
t is then given by the norm,

k| (t)ik2 = |aL|2e−ΓLt + |aH|2e−ΓHt

+ 2e−tΓRe[a⇤
L
aH hPL|PHi e−it∆M ], (8)

where we have introduced the mass di↵erence ∆M and
the average width Γ by

∆M = MH −ML, Γ =
ΓL + ΓH

2
. (9)

From these, we obtain the decay time distribution,

N(t| ) = − d

dt
k| (t)ik2

= |aL|2ΓLe
−ΓLt + |aH|2ΓHe

−ΓHt

+ 2Γe−tΓ Re
⇥
a
⇤
L
aH hPL|PHi e−it∆M

⇤

− 2∆Me
−tΓ Im

⇥
a
⇤
L
aH hPL|PHi e−it∆M

⇤
, (10)

which obeys
R1
0

dtN(t| ) = 1 by construction.
When, in particular, we have the special case where

the relations

ΓL = ΓH, hPH|PLi = 0 (11)

hold, then the time distribution (10) reduces to

N(t| ) = Γe−Γt (12)

as expected.
Returning to the general case, we can now evaluate

the lifetime ⌧( ) of the initial state  from the time
distribution as

⌧( ) :=

Z 1

0

dt tN(t| )

=
|aL|2

ΓL

+
|aH|2

ΓH

+ 2ΓRe [a⇤
L
aH hPL|PHi]

Γ2 −∆M
2

(Γ2 +∆M2)2

− 2∆M Im [a⇤
L
aH hPL|PHi]

Γ2 −∆M
2

(Γ2 +∆M2)2

+ 2Γ Im [a⇤
L
aH hPL|PHi]

2Γ∆M

(Γ2 +∆M2)2

+ 2∆M Re [a⇤
L
aH hPL|PHi]

2Γ∆M

(Γ2 +∆M2)2
. (13)

Note that, as long as the two eigenstates are non-
orthogonal hPL|PHi 6= 0, the lifetime depends on the
choice of the initial state  .
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崩壊寿命の変化

5

To proceed further, we introduce the shorthand,

k =
ΓH

ΓL

, (38)

and the ratio,

R =
⌧( ! Φ)

⌧( )
, (39)

which signifies the rate of variation the lifetime has ac-
quired by the postselection compared to the case where
no postselection is made. Note that, for considering the
e↵ect of postselection, one has to express R as a func-
tion of (p, q, bP, bP̄, k,Γ,∆M), where the dependence on
bP and bP̄ are given by cL and cH in (27) and (28) (see
Appendix A for the formula to be used).
For convenience, we define the basis states |P i and

|P̄ i such that both p and q become real, which is always
possible by absorbing the phase factor into the respective
states. Once this is done, then with respect to the basis
states we may define the relative phase ✓ between bP and
bP̄ by

bPb
⇤
P̄
= |bP||bP̄|ei✓. (40)

Thus, taking account of the constraints coming from the
normalization conditions, we recognize that the ratio R

can now be regarded as a function of (p, |bP|, ✓, k,Γ,∆M).

To solve the constraints, in the following discussion we
restrict ourselves to the particular case,

p = q =
1p
2
, (41)

implying that the two eigenstates are orthogonal to each
other. We also consider, for definiteness, the case where
aP = 1 and aP̄ = 0, i.e., the case where the initial state
is given by one of the eigenstates as

| i = |P i = 1p
2
(|PHi+ |PLi) . (42)

One still expects that this restriction will not lose track
of the basic feature of lifetime we are studying, partly be-
cause the initial state | i is now a maximal superposition
of the two eigenstates, and partly because the lifetime is
determined essentially with respect to the postselected
state |Φi which are to be varied with the parameters in-
troduced earlier.

With (41) and (42) we obtain

⌧( ) =
1

2ΓL

+
1

2ΓH

=
(1 + k)2

4kΓ
(43)

and also

⌧( ! Φ)

=
( 1
4
+ 1

2
|bP||bP̄| cos ✓)

(1+k)
2

4Γ2 + ( 1
4
− 1

2
|bP||bP̄| cos ✓)

(1+k)
2

4k2Γ2 + Γ
2−∆M

2

(Γ2+∆M2)2
· |bP|2−|bP̄|2

2
− 2Γ∆M

(Γ2+∆M2)2
|bP||bP̄| sin ✓

( 1
4
+ 1

2
|bP||bP̄| cos ✓) 1+k

2Γ
+ ( 1

4
− 1

2
|bP||bP̄| cos ✓) 1+k

2kΓ
+ Γ

Γ2+∆M2 · |bP|2−|bP̄|2
2

− ∆M

Γ2+∆M2 |bP||bP̄| sin ✓
, (44)

from which the ratio R is found to be

R =
( 1
4
+ 1

2
|bP||bP̄| cos ✓)k + ( 1

4
− 1

2
|bP||bP̄| cos ✓) 1k + 2kΓ2 Γ

2−∆M
2

(Γ2+∆M2)2
· |bP|2−|bP̄|2

(1+k)2
− 8kΓ

3
∆M

(1+k)2(Γ2+∆M2)2
|bP||bP̄| sin ✓

( 1
4
+ 1

2
|bP||bP̄| cos ✓) 1+k

2
+ ( 1

4
− 1

2
|bP||bP̄| cos ✓) 1+k

2k
+ Γ2

Γ2+∆M2 · |bP|2−|bP̄|2
2

− Γ∆M

Γ2+∆M2 |bP||bP̄| sin ✓
.

(45)

At this point, we recognize that both (44) and (45) are in-
variant under the simultaneous transformation k ! 1/k
and ✓ ! ⇡ − ✓ as a consequence of the invariance un-
der the formal exchange of two eigenstates. This implies
that, when we investigate the behavior of ⌧( ! Φ) or
R, it is sufficient to consider the range 1  k since the
range 0 < k < 1 can be obtained from the former by the
above transformation. We shall therefore discuss only
the range 1  k in our analysis below. Note that if we
consider the extreme case k ! 1 while keeping Γ con-
stant, where we have ΓL ! 0 and ΓH ! 2Γ, the lifetime
(43) tends to diverge ⌧( ) ! 1. This is, of course, a
consequence of the fact that the component |PLi in the

state (42) ceases to decay in the limit.
We now examine how much we can vary the ratio R

by choosing di↵erent parameters bP and ✓ for the posts-
election. Prior to this, let us consider the special case,

|bP| = |bP̄| =
1p
2
, ✓ = ⇡, (46)

which amounts to the postselection,

|Φi = 1p
2

(
|P i − |P̄ i

)
= |PHi, (47)

up to an overall phase. We then find that the lifetime

標準的な (条件なしの) 寿命

事後選択状態を任意に変化させる：
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To proceed further, we introduce the shorthand,

k =
ΓH

ΓL

, (38)

and the ratio,

R =
⌧( ! Φ)

⌧( )
, (39)

which signifies the rate of variation the lifetime has ac-
quired by the postselection compared to the case where
no postselection is made. Note that, for considering the
e↵ect of postselection, one has to express R as a func-
tion of (p, q, bP, bP̄, k,Γ,∆M), where the dependence on
bP and bP̄ are given by cL and cH in (27) and (28) (see
Appendix A for the formula to be used).

For convenience, we define the basis states |P i and
|P̄ i such that both p and q become real, which is always
possible by absorbing the phase factor into the respective
states. Once this is done, then with respect to the basis
states we may define the relative phase ✓ between bP and
bP̄ by

bPb
⇤
P̄
= |bP||bP̄|ei✓. (40)

Thus, taking account of the constraints coming from the
normalization conditions, we recognize that the ratio R

can now be regarded as a function of (p, |bP|, ✓, k,Γ,∆M).

To solve the constraints, in the following discussion we
restrict ourselves to the particular case,

p = q =
1p
2
, (41)

implying that the two eigenstates are orthogonal to each
other. We also consider, for definiteness, the case where
aP = 1 and aP̄ = 0, i.e., the case where the initial state
is given by one of the eigenstates as

| i = |P i = 1p
2
(|PHi+ |PLi) . (42)

One still expects that this restriction will not lose track
of the basic feature of lifetime we are studying, partly be-
cause the initial state | i is now a maximal superposition
of the two eigenstates, and partly because the lifetime is
determined essentially with respect to the postselected
state |Φi which are to be varied with the parameters in-
troduced earlier.

With (41) and (42) we obtain
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from which the ratio R is found to be
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At this point, we recognize that both (44) and (45) are in-
variant under the simultaneous transformation k ! 1/k
and ✓ ! ⇡ − ✓ as a consequence of the invariance un-
der the formal exchange of two eigenstates. This implies
that, when we investigate the behavior of ⌧( ! Φ) or
R, it is sufficient to consider the range 1  k since the
range 0 < k < 1 can be obtained from the former by the
above transformation. We shall therefore discuss only
the range 1  k in our analysis below. Note that if we
consider the extreme case k ! 1 while keeping Γ con-
stant, where we have ΓL ! 0 and ΓH ! 2Γ, the lifetime
(43) tends to diverge ⌧( ) ! 1. This is, of course, a
consequence of the fact that the component |PLi in the

state (42) ceases to decay in the limit.
We now examine how much we can vary the ratio R

by choosing di↵erent parameters bP and ✓ for the posts-
election. Prior to this, let us consider the special case,

|bP| = |bP̄| =
1p
2
, ✓ = ⇡, (46)

which amounts to the postselection,

|Φi = 1p
2

(
|P i − |P̄ i

)
= |PHi, (47)

up to an overall phase. We then find that the lifetime
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to diverge. This is reminiscent of the behavior we have
witnessed when the optimization occurs at finite coupling
constants in the weak value amplification experiments
[13, 14].
We mention that the B meson is an example of this

case, for which ∆M/Γ ' 0.77 and k ' 1. In this case,
the maximum of R is 2.64 and the minimum is 0.713 (for
a detailed analysis, see [10]).

C. ∆M � Γ case

Finally, we consider the opposite extreme case, ∆M �
Γ. In this limit, the ratio R in (45) admits the simple
form,

R =
1

4
(k2 + 1) + 1

2
(k2 − 1)|bP|

p
1− |bP|2 cos ✓

1

8
(1 + k)2 + 1

4
(k2 − 1)|bP|

p
1− |bP|2 cos ✓

, (68)

One then finds that the ratio R takes the maximal value,

Rmax =
2k

1 + k
=

ΓH

Γ
, (69)

at

|bP| =
1p
2
, ✓ = 0, (70)

and the minimal value,

Rmin =
2

1 + k
=

ΓL

Γ
, (71)

at the specific case (46).
As can be seen by substituting 1 for k in (68), R = 1

universally for k = 1. Also, as mentioned earlier, in the
limit k ! 1, we have R ! 2 except for the singular case
(46). Indeed, in FIG. 3, we observe that when ✓ is chosen
to be 3.0 (which is close to ⇡), R begins to grow slowly
but will eventually converge to 2.
This result is, in fact, identical to that obtained when

the oscillation between the long-lived and short-lived
states of the particle is negligible and hence only a classi-
cal probabilistic mixing of the two will be observed. This
can also be confirmed by examining the classical limit
by restoring the Planck constant ~ explicitly and rewrite
∆M ) ∆M/~. This amounts to

∆M

Γ
) ∆M

~Γ
, (72)

which indicates that the classical limit ~ ! 0 is, in e↵ect,
equivalent to the limit ∆M/Γ ! 1, which is no other
than the present case we are considering.
The B meson containing a strange quark, i.e., the

B
0

S
meson, exemplifies the present case, where we have

∆M/Γ = 26.89± 0.07 [12].

FIG. 3. The ratio R as functions of k for various ✓ from 0.0
to 3.0 in increments of 0.5 under the values ∆M/Γ = 1000
and |bP| = 1/

p
2. Their upper and lower enveloping curves

are given by the dashed lines.

D. Overall picture of lifetime amplification

Combining all the three cases, we arrive at the over-
all picture of amplification available by our procedure of
postselection as shown in FIG.4.

FIG. 4. Possible regions of the ratio R for the three cases
∆M ⌧ Γ, ∆M � Γ and ∆M ' Γ formed by gathering var-
ious curves of R for di↵erent values of |bP| and ✓. The blue
and red regions depict the cases ∆M ⌧ Γ and ∆M � Γ,
respectively, while orange dashed curves represent the maxi-
mum and minimum values for various k in the case ∆M ' Γ.
To show the trend toward k ! 1, the lower border for large
k is drawn for ✓ = ⇡ − 0.01, which collapses to R = 0 as ✓
approaches the singular point ✓ = ⇡.

From this, we learn that, when ∆M is much smaller
than Γ, there exists a wide range of R at k = 0, which
will gradually close toward R = 1 as ∆M increases com-
pared to Γ. In contrast, the behavior of R for k ! 1
approaching R = 2 is rather consistent and not sensitive
to the value ∆M relative to Γ. For a given k which is
not too large, the range of amplification is sensitive to
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(1 + k)2 + 1

4
(k2 − 1)|bP|

p
1− |bP|2 cos ✓

, (68)

One then finds that the ratio R takes the maximal value,

Rmax =
2k

1 + k
=

ΓH

Γ
, (69)

at

|bP| =
1p
2
, ✓ = 0, (70)

and the minimal value,

Rmin =
2

1 + k
=

ΓL

Γ
, (71)

at the specific case (46).
As can be seen by substituting 1 for k in (68), R = 1

universally for k = 1. Also, as mentioned earlier, in the
limit k ! 1, we have R ! 2 except for the singular case
(46). Indeed, in FIG. 3, we observe that when ✓ is chosen
to be 3.0 (which is close to ⇡), R begins to grow slowly
but will eventually converge to 2.

This result is, in fact, identical to that obtained when
the oscillation between the long-lived and short-lived
states of the particle is negligible and hence only a classi-
cal probabilistic mixing of the two will be observed. This
can also be confirmed by examining the classical limit
by restoring the Planck constant ~ explicitly and rewrite
∆M ) ∆M/~. This amounts to

∆M

Γ
) ∆M

~Γ
, (72)

which indicates that the classical limit ~ ! 0 is, in e↵ect,
equivalent to the limit ∆M/Γ ! 1, which is no other
than the present case we are considering.

The B meson containing a strange quark, i.e., the
B

0

S
meson, exemplifies the present case, where we have

∆M/Γ = 26.89± 0.07 [12].

FIG. 3. The ratio R as functions of k for various ✓ from 0.0
to 3.0 in increments of 0.5 under the values ∆M/Γ = 1000
and |bP| = 1/

p
2. Their upper and lower enveloping curves

are given by the dashed lines.

D. Overall picture of lifetime amplification

Combining all the three cases, we arrive at the over-
all picture of amplification available by our procedure of
postselection as shown in FIG.4.

FIG. 4. Possible regions of the ratio R for the three cases
∆M ⌧ Γ, ∆M � Γ and ∆M ' Γ formed by gathering var-
ious curves of R for di↵erent values of |bP| and ✓. The blue
and red regions depict the cases ∆M ⌧ Γ and ∆M � Γ,
respectively, while orange dashed curves represent the maxi-
mum and minimum values for various k in the case ∆M ' Γ.
To show the trend toward k ! 1, the lower border for large
k is drawn for ✓ = ⇡ − 0.01, which collapses to R = 0 as ✓
approaches the singular point ✓ = ⇡.

From this, we learn that, when ∆M is much smaller
than Γ, there exists a wide range of R at k = 0, which
will gradually close toward R = 1 as ∆M increases com-
pared to Γ. In contrast, the behavior of R for k ! 1
approaching R = 2 is rather consistent and not sensitive
to the value ∆M relative to Γ. For a given k which is
not too large, the range of amplification is sensitive to
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to diverge. This is reminiscent of the behavior we have
witnessed when the optimization occurs at finite coupling
constants in the weak value amplification experiments
[13, 14].

We mention that the B meson is an example of this
case, for which ∆M/Γ ' 0.77 and k ' 1. In this case,
the maximum of R is 2.64 and the minimum is 0.713 (for
a detailed analysis, see [10]).

C. ∆M � Γ case

Finally, we consider the opposite extreme case, ∆M �
Γ. In this limit, the ratio R in (45) admits the simple
form,

R =
1

4
(k2 + 1) + 1

2
(k2 − 1)|bP|

p
1− |bP|2 cos ✓

1

8
(1 + k)2 + 1

4
(k2 − 1)|bP|

p
1− |bP|2 cos ✓

, (68)

One then finds that the ratio R takes the maximal value,

Rmax =
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1 + k
=

ΓH

Γ
, (69)

at

|bP| =
1p
2
, ✓ = 0, (70)

and the minimal value,

Rmin =
2

1 + k
=

ΓL

Γ
, (71)

at the specific case (46).
As can be seen by substituting 1 for k in (68), R = 1

universally for k = 1. Also, as mentioned earlier, in the
limit k ! 1, we have R ! 2 except for the singular case
(46). Indeed, in FIG. 3, we observe that when ✓ is chosen
to be 3.0 (which is close to ⇡), R begins to grow slowly
but will eventually converge to 2.

This result is, in fact, identical to that obtained when
the oscillation between the long-lived and short-lived
states of the particle is negligible and hence only a classi-
cal probabilistic mixing of the two will be observed. This
can also be confirmed by examining the classical limit
by restoring the Planck constant ~ explicitly and rewrite
∆M ) ∆M/~. This amounts to

∆M

Γ
) ∆M

~Γ
, (72)

which indicates that the classical limit ~ ! 0 is, in e↵ect,
equivalent to the limit ∆M/Γ ! 1, which is no other
than the present case we are considering.

The B meson containing a strange quark, i.e., the
B

0

S
meson, exemplifies the present case, where we have

∆M/Γ = 26.89± 0.07 [12].

FIG. 3. The ratio R as functions of k for various ✓ from 0.0
to 3.0 in increments of 0.5 under the values ∆M/Γ = 1000
and |bP| = 1/

p
2. Their upper and lower enveloping curves

are given by the dashed lines.

D. Overall picture of lifetime amplification

Combining all the three cases, we arrive at the over-
all picture of amplification available by our procedure of
postselection as shown in FIG.4.

FIG. 4. Possible regions of the ratio R for the three cases
∆M ⌧ Γ, ∆M � Γ and ∆M ' Γ formed by gathering var-
ious curves of R for di↵erent values of |bP| and ✓. The blue
and red regions depict the cases ∆M ⌧ Γ and ∆M � Γ,
respectively, while orange dashed curves represent the maxi-
mum and minimum values for various k in the case ∆M ' Γ.
To show the trend toward k ! 1, the lower border for large
k is drawn for ✓ = ⇡ − 0.01, which collapses to R = 0 as ✓
approaches the singular point ✓ = ⇡.

From this, we learn that, when ∆M is much smaller
than Γ, there exists a wide range of R at k = 0, which
will gradually close toward R = 1 as ∆M increases com-
pared to Γ. In contrast, the behavior of R for k ! 1
approaching R = 2 is rather consistent and not sensitive
to the value ∆M relative to Γ. For a given k which is
not too large, the range of amplification is sensitive to

ex.) D meson: ∆M/Γ ∼ 10−3 and k ≃ 1 
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to diverge. This is reminiscent of the behavior we have
witnessed when the optimization occurs at finite coupling
constants in the weak value amplification experiments
[13, 14].

We mention that the B meson is an example of this
case, for which ∆M/Γ ' 0.77 and k ' 1. In this case,
the maximum of R is 2.64 and the minimum is 0.713 (for
a detailed analysis, see [10]).

C. ∆M � Γ case

Finally, we consider the opposite extreme case, ∆M �
Γ. In this limit, the ratio R in (45) admits the simple
form,

R =
1

4
(k2 + 1) + 1

2
(k2 − 1)|bP|

p
1− |bP|2 cos ✓

1

8
(1 + k)2 + 1

4
(k2 − 1)|bP|

p
1− |bP|2 cos ✓

, (68)

One then finds that the ratio R takes the maximal value,

Rmax =
2k

1 + k
=

ΓH

Γ
, (69)

at

|bP| =
1p
2
, ✓ = 0, (70)

and the minimal value,

Rmin =
2

1 + k
=

ΓL

Γ
, (71)

at the specific case (46).
As can be seen by substituting 1 for k in (68), R = 1

universally for k = 1. Also, as mentioned earlier, in the
limit k ! 1, we have R ! 2 except for the singular case
(46). Indeed, in FIG. 3, we observe that when ✓ is chosen
to be 3.0 (which is close to ⇡), R begins to grow slowly
but will eventually converge to 2.

This result is, in fact, identical to that obtained when
the oscillation between the long-lived and short-lived
states of the particle is negligible and hence only a classi-
cal probabilistic mixing of the two will be observed. This
can also be confirmed by examining the classical limit
by restoring the Planck constant ~ explicitly and rewrite
∆M ) ∆M/~. This amounts to

∆M

Γ
) ∆M

~Γ
, (72)

which indicates that the classical limit ~ ! 0 is, in e↵ect,
equivalent to the limit ∆M/Γ ! 1, which is no other
than the present case we are considering.

The B meson containing a strange quark, i.e., the
B

0

S
meson, exemplifies the present case, where we have

∆M/Γ = 26.89± 0.07 [12].

FIG. 3. The ratio R as functions of k for various ✓ from 0.0
to 3.0 in increments of 0.5 under the values ∆M/Γ = 1000
and |bP| = 1/

p
2. Their upper and lower enveloping curves

are given by the dashed lines.

D. Overall picture of lifetime amplification

Combining all the three cases, we arrive at the over-
all picture of amplification available by our procedure of
postselection as shown in FIG.4.

FIG. 4. Possible regions of the ratio R for the three cases
∆M ⌧ Γ, ∆M � Γ and ∆M ' Γ formed by gathering var-
ious curves of R for di↵erent values of |bP| and ✓. The blue
and red regions depict the cases ∆M ⌧ Γ and ∆M � Γ,
respectively, while orange dashed curves represent the maxi-
mum and minimum values for various k in the case ∆M ' Γ.
To show the trend toward k ! 1, the lower border for large
k is drawn for ✓ = ⇡ − 0.01, which collapses to R = 0 as ✓
approaches the singular point ✓ = ⇡.

From this, we learn that, when ∆M is much smaller
than Γ, there exists a wide range of R at k = 0, which
will gradually close toward R = 1 as ∆M increases com-
pared to Γ. In contrast, the behavior of R for k ! 1
approaching R = 2 is rather consistent and not sensitive
to the value ∆M relative to Γ. For a given k which is
not too large, the range of amplification is sensitive to
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to diverge. This is reminiscent of the behavior we have
witnessed when the optimization occurs at finite coupling
constants in the weak value amplification experiments
[13, 14].
We mention that the B meson is an example of this

case, for which ∆M/Γ ' 0.77 and k ' 1. In this case,
the maximum of R is 2.64 and the minimum is 0.713 (for
a detailed analysis, see [10]).

C. ∆M � Γ case

Finally, we consider the opposite extreme case, ∆M �
Γ. In this limit, the ratio R in (45) admits the simple
form,

R =
1

4
(k2 + 1) + 1

2
(k2 − 1)|bP|

p
1− |bP|2 cos ✓

1

8
(1 + k)2 + 1

4
(k2 − 1)|bP|

p
1− |bP|2 cos ✓

, (68)

One then finds that the ratio R takes the maximal value,

Rmax =
2k

1 + k
=

ΓH

Γ
, (69)

at

|bP| =
1p
2
, ✓ = 0, (70)

and the minimal value,

Rmin =
2

1 + k
=

ΓL

Γ
, (71)

at the specific case (46).
As can be seen by substituting 1 for k in (68), R = 1

universally for k = 1. Also, as mentioned earlier, in the
limit k ! 1, we have R ! 2 except for the singular case
(46). Indeed, in FIG. 3, we observe that when ✓ is chosen
to be 3.0 (which is close to ⇡), R begins to grow slowly
but will eventually converge to 2.
This result is, in fact, identical to that obtained when

the oscillation between the long-lived and short-lived
states of the particle is negligible and hence only a classi-
cal probabilistic mixing of the two will be observed. This
can also be confirmed by examining the classical limit
by restoring the Planck constant ~ explicitly and rewrite
∆M ) ∆M/~. This amounts to

∆M

Γ
) ∆M

~Γ
, (72)

which indicates that the classical limit ~ ! 0 is, in e↵ect,
equivalent to the limit ∆M/Γ ! 1, which is no other
than the present case we are considering.
The B meson containing a strange quark, i.e., the

B
0

S
meson, exemplifies the present case, where we have

∆M/Γ = 26.89± 0.07 [12].

FIG. 3. The ratio R as functions of k for various ✓ from 0.0
to 3.0 in increments of 0.5 under the values ∆M/Γ = 1000
and |bP| = 1/

p
2. Their upper and lower enveloping curves

are given by the dashed lines.

D. Overall picture of lifetime amplification

Combining all the three cases, we arrive at the over-
all picture of amplification available by our procedure of
postselection as shown in FIG.4.

FIG. 4. Possible regions of the ratio R for the three cases
∆M ⌧ Γ, ∆M � Γ and ∆M ' Γ formed by gathering var-
ious curves of R for di↵erent values of |bP| and ✓. The blue
and red regions depict the cases ∆M ⌧ Γ and ∆M � Γ,
respectively, while orange dashed curves represent the maxi-
mum and minimum values for various k in the case ∆M ' Γ.
To show the trend toward k ! 1, the lower border for large
k is drawn for ✓ = ⇡ − 0.01, which collapses to R = 0 as ✓
approaches the singular point ✓ = ⇡.

From this, we learn that, when ∆M is much smaller
than Γ, there exists a wide range of R at k = 0, which
will gradually close toward R = 1 as ∆M increases com-
pared to Γ. In contrast, the behavior of R for k ! 1
approaching R = 2 is rather consistent and not sensitive
to the value ∆M relative to Γ. For a given k which is
not too large, the range of amplification is sensitive to

ex.) BS
0 meson: ∆M/Γ = 26.89 ± 0.07 
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3

∆t will then be described by

Pr(∆t | i ! f) = |hf |e�i∆tĤ |ii|2. (4)

Suppose that the Hamiltonian Ĥ is bounded as is usually
the case for considering transitions among a finite set
of energy levels. Noting that Ĥ is not Hermitian (or
self-adjoint) to take account of the decaying processes,
we let m and Γ be the averages of the real part and
the imaginary part of the eigenvalues of Ĥ, respectively.
We may then define the ‘normalized’ operator of time
development by

Â =
2

∆m

⇢
Ĥ −

✓
m− i

2
Γ

◆�
, (5)

where ∆m is the range of the real part, i.e., the di↵erence
between the largest and the smallest eigenvalues in the
real part. In particular, if there are only two states which
enter in the transition, then the operator Â in (5) may
admit the form of the familiar Pauli matrices, especially
Â = σ3 in the energy diagonal basis.

Substituting Ĥ with the normalized one Â in the tran-
sition amplitude, we find

hf |e�i∆tĤ |ii = e
� 1

2Γ∆t
e
�im∆thf |e�igÂ|ii, (6)

where

g =
1

2
∆m∆t =

1

2

✓
∆m

Γ

◆
Γ∆t, (7)

is the e↵ective coupling constant. Now, from (6) we re-
alize that the e↵ective range of the time period ∆t may
be restricted by the order O(Γ∆t) = 1, and hence if
O(∆m/Γ) ⌧ 1, then g can be regarded as a small pa-
rameter O(g) ⌧ 1. This allows us to employ the linear
approximation,

hf |e�igÂ|ii ' hf |I − igÂ|ii
= hf |ii (1− igAw) ' hf |iie�igAw , (8)

whereAw is the weak value (1) of the normalized operator

Â in (5). Plugging this expression into (4), we obtain

Pr(∆t | i ! f) ' e
�Γ∆t|hf |ii|2e2gIm[Aw]

. (9)

This shows that, as long as the linear approximation is
valid, the probability distribution of the decay is indeed
a↵ected by the weak value Aw (in the imaginary part),
which can be freely altered by the combination of the pre-
selection and the postselection we perform. Even if the
coupling constant g cannot be regarded small, the system
may allow one to evaluate the transition amplitude in full
order to see if the selections a↵ect the outcome. Later,
we shall see explicitly that the decay of the B meson falls
into that particular case.

III. THEORETICAL BASIS

In this section, we present our theoretical basis for ap-
plying the weak measurement for the detection of CP

violation in the B meson system. In our case, the Hamil-
tonian Ĥ takes the role of the observable Â, and we shall
see that the imaginary part of the weak value Hw is re-
lated to the e↵ective lifetime of the B meson. The aim
of the weak measurement is then to find a source of CP

violation in the conditional time distribution under the
condition that we have B

0 at the initial time and Bdecay

at the time of the decay.

A. Time evolution

The state | i which describes a neutral B meson is in
general a superposition of the flavor eigenstates |B0i and
|B̄0i which are the CP conjugate to each other, that is,
|B̄0i = CP|B0i and |B0i = CP|B̄0i under the CP trans-
formation CP for which (CP)2 = I. Since mesons are
unstable particles, the time evolution is phenomenologi-
cally described by a non-Hermitian Hamiltonian Ĥ. The
eigenstates of the Hamiltonian are given by

Ĥ|BLi =
✓
mL − i

2
ΓL

◆
|BLi, (10)

Ĥ|BHi =
✓
mH − i

2
ΓH

◆
|BHi, (11)

where mL,mH ,ΓL,ΓH are real positive numbers satisfy-
ing

mL < mH . (12)

These eigenstates |BLi and |BHi can be written as

|BLi = p|B0i+ q|B̄0i (13)

|BHi = p|B0i − q|B̄0i, (14)

where p, q are complex numbers satisfying |p|2+ |q|2 = 1.
It should be noted that these eigenstates are not orthog-
onal, so the Hamiltonian Ĥ cannot be diagonalized.
Using (13) and (14), we find

|B0i = 1

2p
(|BLi+ |BHi) (15)

|B̄0i = 1

2q
(|BLi − |BHi) . (16)

In high energy experiment, we decide the initial state
whether the flavor of a particle is B

0 or B̄
0 through a

process called the flavor tagging. In this paper, the time
at which this tagging is performed is referred to as ‘ini-
tial’, and the estimated time at which the particle decay
is denoted by ∆t. When the meson identified as B

0 at
the initial time, it evolves into the state,

|B0(∆t)i = e
�i∆tĤ |B0i, (17)

3

∆t will then be described by

Pr(∆t | i ! f) = |hf |e�i∆tĤ |ii|2. (4)

Suppose that the Hamiltonian Ĥ is bounded as is usually
the case for considering transitions among a finite set
of energy levels. Noting that Ĥ is not Hermitian (or
self-adjoint) to take account of the decaying processes,
we let m and Γ be the averages of the real part and
the imaginary part of the eigenvalues of Ĥ, respectively.
We may then define the ‘normalized’ operator of time
development by

Â =
2

∆m

⇢
Ĥ −

✓
m− i

2
Γ

◆�
, (5)

where ∆m is the range of the real part, i.e., the di↵erence
between the largest and the smallest eigenvalues in the
real part. In particular, if there are only two states which
enter in the transition, then the operator Â in (5) may
admit the form of the familiar Pauli matrices, especially
Â = σ3 in the energy diagonal basis.

Substituting Ĥ with the normalized one Â in the tran-
sition amplitude, we find

hf |e�i∆tĤ |ii = e
� 1

2Γ∆t
e
�im∆thf |e�igÂ|ii, (6)

where

g =
1

2
∆m∆t =

1

2

✓
∆m

Γ

◆
Γ∆t, (7)

is the e↵ective coupling constant. Now, from (6) we re-
alize that the e↵ective range of the time period ∆t may
be restricted by the order O(Γ∆t) = 1, and hence if
O(∆m/Γ) ⌧ 1, then g can be regarded as a small pa-
rameter O(g) ⌧ 1. This allows us to employ the linear
approximation,

hf |e�igÂ|ii ' hf |I − igÂ|ii
= hf |ii (1− igAw) ' hf |iie�igAw , (8)

whereAw is the weak value (1) of the normalized operator

Â in (5). Plugging this expression into (4), we obtain

Pr(∆t | i ! f) ' e
�Γ∆t|hf |ii|2e2gIm[Aw]

. (9)

This shows that, as long as the linear approximation is
valid, the probability distribution of the decay is indeed
a↵ected by the weak value Aw (in the imaginary part),
which can be freely altered by the combination of the pre-
selection and the postselection we perform. Even if the
coupling constant g cannot be regarded small, the system
may allow one to evaluate the transition amplitude in full
order to see if the selections a↵ect the outcome. Later,
we shall see explicitly that the decay of the B meson falls
into that particular case.

III. THEORETICAL BASIS

In this section, we present our theoretical basis for ap-
plying the weak measurement for the detection of CP

violation in the B meson system. In our case, the Hamil-
tonian Ĥ takes the role of the observable Â, and we shall
see that the imaginary part of the weak value Hw is re-
lated to the e↵ective lifetime of the B meson. The aim
of the weak measurement is then to find a source of CP

violation in the conditional time distribution under the
condition that we have B

0 at the initial time and Bdecay

at the time of the decay.

A. Time evolution

The state | i which describes a neutral B meson is in
general a superposition of the flavor eigenstates |B0i and
|B̄0i which are the CP conjugate to each other, that is,
|B̄0i = CP|B0i and |B0i = CP|B̄0i under the CP trans-
formation CP for which (CP)2 = I. Since mesons are
unstable particles, the time evolution is phenomenologi-
cally described by a non-Hermitian Hamiltonian Ĥ. The
eigenstates of the Hamiltonian are given by

Ĥ|BLi =
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2
ΓL
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|BLi, (10)

Ĥ|BHi =
✓
mH − i

2
ΓH
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|BHi, (11)

where mL,mH ,ΓL,ΓH are real positive numbers satisfy-
ing

mL < mH . (12)

These eigenstates |BLi and |BHi can be written as

|BLi = p|B0i+ q|B̄0i (13)

|BHi = p|B0i − q|B̄0i, (14)

where p, q are complex numbers satisfying |p|2+ |q|2 = 1.
It should be noted that these eigenstates are not orthog-
onal, so the Hamiltonian Ĥ cannot be diagonalized.
Using (13) and (14), we find

|B0i = 1

2p
(|BLi+ |BHi) (15)

|B̄0i = 1

2q
(|BLi − |BHi) . (16)

In high energy experiment, we decide the initial state
whether the flavor of a particle is B

0 or B̄
0 through a

process called the flavor tagging. In this paper, the time
at which this tagging is performed is referred to as ‘ini-
tial’, and the estimated time at which the particle decay
is denoted by ∆t. When the meson identified as B

0 at
the initial time, it evolves into the state,

|B0(∆t)i = e
�i∆tĤ |B0i, (17)

3

∆t will then be described by

Pr(∆t | i ! f) = |hf |e�i∆tĤ |ii|2. (4)

Suppose that the Hamiltonian Ĥ is bounded as is usually
the case for considering transitions among a finite set
of energy levels. Noting that Ĥ is not Hermitian (or
self-adjoint) to take account of the decaying processes,
we let m and Γ be the averages of the real part and
the imaginary part of the eigenvalues of Ĥ, respectively.
We may then define the ‘normalized’ operator of time
development by

Â =
2

∆m

⇢
Ĥ −

✓
m− i

2
Γ

◆�
, (5)

where ∆m is the range of the real part, i.e., the di↵erence
between the largest and the smallest eigenvalues in the
real part. In particular, if there are only two states which
enter in the transition, then the operator Â in (5) may
admit the form of the familiar Pauli matrices, especially
Â = σ3 in the energy diagonal basis.

Substituting Ĥ with the normalized one Â in the tran-
sition amplitude, we find

hf |e�i∆tĤ |ii = e
� 1

2Γ∆t
e
�im∆thf |e�igÂ|ii, (6)

where

g =
1

2
∆m∆t =
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2
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Γ
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Γ∆t, (7)

is the e↵ective coupling constant. Now, from (6) we re-
alize that the e↵ective range of the time period ∆t may
be restricted by the order O(Γ∆t) = 1, and hence if
O(∆m/Γ) ⌧ 1, then g can be regarded as a small pa-
rameter O(g) ⌧ 1. This allows us to employ the linear
approximation,

hf |e�igÂ|ii ' hf |I − igÂ|ii
= hf |ii (1− igAw) ' hf |iie�igAw , (8)

whereAw is the weak value (1) of the normalized operator

Â in (5). Plugging this expression into (4), we obtain

Pr(∆t | i ! f) ' e
�Γ∆t|hf |ii|2e2gIm[Aw]

. (9)

This shows that, as long as the linear approximation is
valid, the probability distribution of the decay is indeed
a↵ected by the weak value Aw (in the imaginary part),
which can be freely altered by the combination of the pre-
selection and the postselection we perform. Even if the
coupling constant g cannot be regarded small, the system
may allow one to evaluate the transition amplitude in full
order to see if the selections a↵ect the outcome. Later,
we shall see explicitly that the decay of the B meson falls
into that particular case.

III. THEORETICAL BASIS

In this section, we present our theoretical basis for ap-
plying the weak measurement for the detection of CP

violation in the B meson system. In our case, the Hamil-
tonian Ĥ takes the role of the observable Â, and we shall
see that the imaginary part of the weak value Hw is re-
lated to the e↵ective lifetime of the B meson. The aim
of the weak measurement is then to find a source of CP

violation in the conditional time distribution under the
condition that we have B

0 at the initial time and Bdecay

at the time of the decay.
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Â = σ3 in the energy diagonal basis.
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Â in (5). Plugging this expression into (4), we obtain

Pr(∆t | i ! f) ' e
�Γ∆t|hf |ii|2e2gIm[Aw]

. (9)

This shows that, as long as the linear approximation is
valid, the probability distribution of the decay is indeed
a↵ected by the weak value Aw (in the imaginary part),
which can be freely altered by the combination of the pre-
selection and the postselection we perform. Even if the
coupling constant g cannot be regarded small, the system
may allow one to evaluate the transition amplitude in full
order to see if the selections a↵ect the outcome. Later,
we shall see explicitly that the decay of the B meson falls
into that particular case.

III. THEORETICAL BASIS

In this section, we present our theoretical basis for ap-
plying the weak measurement for the detection of CP

violation in the B meson system. In our case, the Hamil-
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see that the imaginary part of the weak value Hw is re-
lated to the e↵ective lifetime of the B meson. The aim
of the weak measurement is then to find a source of CP

violation in the conditional time distribution under the
condition that we have B

0 at the initial time and Bdecay

at the time of the decay.

A. Time evolution

The state | i which describes a neutral B meson is in
general a superposition of the flavor eigenstates |B0i and
|B̄0i which are the CP conjugate to each other, that is,
|B̄0i = CP|B0i and |B0i = CP|B̄0i under the CP trans-
formation CP for which (CP)2 = I. Since mesons are
unstable particles, the time evolution is phenomenologi-
cally described by a non-Hermitian Hamiltonian Ĥ. The
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sition amplitude, we find

hf |e�i∆tĤ |ii = e
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self-adjoint) to take account of the decaying processes,
we let m and Γ be the averages of the real part and
the imaginary part of the eigenvalues of Ĥ, respectively.
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pressing the probability density of decay at time ∆t reads
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−Γ∆tΓ cos (∆m∆t) . (27)

We note, in passing, that, had we implemented the
postselection, we would have obtained the probability
Pr(∆t|i ! f) in (4). The result P (∆t) in (27) would
then be derived by summing up for all f up to normal-
ization.

The e↵ective lifetime of this particle can then be eval-
uated as
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0) =

Z 1

0

d∆t
0 ∆t

0
P (∆t

0)

= �
Z 1

0

d∆t
0 ∆t

0

d

d⌧
hB0(⌧)|B0(⌧)i

�

⌧=∆t0

= +
⇥
∆t

0hB0(∆t
0)|B0(∆t

0)i
⇤∆t

0
=1

∆t0=0

+

Z 1

0

d∆t
0 hB0(∆t

0)|B0(∆t
0)i

=
1

4|p|2

✓
1

ΓL

+
1

ΓH

◆
+

|p|2 � |q|2

2|p|2
Γ

Γ2 + (∆m)2
.

(28)

Since the actual values of ΓL and ΓH are both close to

Γ, it is assuring to observe that, for |p| ⇡ |q| ⇡ 1/
p
2,

we have ⌧e↵(B
0) ⇡ 1/Γ, which is the lifetime of the B

0

meson.

C. Time distribution with postselection

Now we wish to implement the postselection and see
how it a↵ects the time distribution obtained before with-
out the postselection. The postselected state |fi can in
general be written by a superposition of the two states,
|B0i and |B̄0i. As we argue later in Subsection E, such
a postselected state may be realized as the state |Bdecayi
of the B meson immediately before its decay into a par-
ticular set of modes. This will be our postselected state,
namely, we choose the postselected state |fi = |Bdecayi
defined by

|Bdecayi = r|B0i+ s|B̄0i, (29)

where r, s are complex numbers satisfying the normaliza-
tion condition,

|r|2 + |s|2 = 1. (30)

When investigating the CP violation, the CP conjugate
of the state in (29),

|B̄decayi = s|B0i+ r|B̄0i, (31)

will be used.
Before evaluating the time distribution with postselec-

tion, we first obtain the probability of finding the post-
selected state |Bdecayi specified in (29) when the state
under consideration is the B meson state |B0(∆t)i given
in (17) as
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Introducing the relative phase parameters ' and ✓
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we find
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the case for considering transitions among a finite set
of energy levels. Noting that Ĥ is not Hermitian (or
self-adjoint) to take account of the decaying processes,
we let m and Γ be the averages of the real part and
the imaginary part of the eigenvalues of Ĥ, respectively.
We may then define the ‘normalized’ operator of time
development by

Â =
2

∆m

⇢
Ĥ −

✓
m− i

2
Γ

◆�
, (5)

where ∆m is the range of the real part, i.e., the di↵erence
between the largest and the smallest eigenvalues in the
real part. In particular, if there are only two states which
enter in the transition, then the operator Â in (5) may
admit the form of the familiar Pauli matrices, especially
Â = σ3 in the energy diagonal basis.

Substituting Ĥ with the normalized one Â in the tran-
sition amplitude, we find

hf |e�i∆tĤ |ii = e
� 1

2Γ∆t
e
�im∆thf |e�igÂ|ii, (6)

where

g =
1

2
∆m∆t =

1

2

✓
∆m

Γ

◆
Γ∆t, (7)

is the e↵ective coupling constant. Now, from (6) we re-
alize that the e↵ective range of the time period ∆t may
be restricted by the order O(Γ∆t) = 1, and hence if
O(∆m/Γ) ⌧ 1, then g can be regarded as a small pa-
rameter O(g) ⌧ 1. This allows us to employ the linear
approximation,

hf |e�igÂ|ii ' hf |I − igÂ|ii
= hf |ii (1− igAw) ' hf |iie�igAw , (8)

where Aw is the weak value (1) of the normalized operator

Â in (5). Plugging this expression into (4), we obtain

Pr(∆t | i ! f) ' e
�Γ∆t|hf |ii|2e2gIm[Aw]

. (9)

This shows that, as long as the linear approximation is
valid, the probability distribution of the decay is indeed
a↵ected by the weak value Aw (in the imaginary part),
which can be freely altered by the combination of the pre-
selection and the postselection we perform. Even if the
coupling constant g cannot be regarded small, the system
may allow one to evaluate the transition amplitude in full
order to see if the selections a↵ect the outcome. Later,
we shall see explicitly that the decay of the B meson falls
into that particular case.

III. THEORETICAL BASIS

In this section, we present our theoretical basis for ap-
plying the weak measurement for the detection of CP

violation in the B meson system. In our case, the Hamil-
tonian Ĥ takes the role of the observable Â, and we shall
see that the imaginary part of the weak value Hw is re-
lated to the e↵ective lifetime of the B meson. The aim
of the weak measurement is then to find a source of CP

violation in the conditional time distribution under the
condition that we have B

0 at the initial time and Bdecay

at the time of the decay.

A. Time evolution

The state | i which describes a neutral B meson is in
general a superposition of the flavor eigenstates |B0i and
|B̄0i which are the CP conjugate to each other, that is,
|B̄0i = CP|B0i and |B0i = CP|B̄0i under the CP trans-
formation CP for which (CP)2 = I. Since mesons are
unstable particles, the time evolution is phenomenologi-
cally described by a non-Hermitian Hamiltonian Ĥ. The
eigenstates of the Hamiltonian are given by

Ĥ|BLi =
✓
mL − i

2
ΓL

◆
|BLi, (10)

Ĥ|BHi =
✓
mH − i

2
ΓH

◆
|BHi, (11)

where mL,mH ,ΓL,ΓH are real positive numbers satisfy-
ing

mL < mH . (12)

These eigenstates |BLi and |BHi can be written as

|BLi = p|B0i+ q|B̄0i (13)

|BHi = p|B0i − q|B̄0i, (14)

where p, q are complex numbers satisfying |p|2+ |q|2 = 1.
It should be noted that these eigenstates are not orthog-
onal, so the Hamiltonian Ĥ cannot be diagonalized.
Using (13) and (14), we find

|B0i = 1

2p
(|BLi+ |BHi) (15)

|B̄0i = 1

2q
(|BLi − |BHi) . (16)

In high energy experiment, we decide the initial state
whether the flavor of a particle is B

0 or B̄
0 through a

process called the flavor tagging. In this paper, the time
at which this tagging is performed is referred to as ‘ini-
tial’, and the estimated time at which the particle decay
is denoted by ∆t. When the meson identified as B

0 at
the initial time, it evolves into the state,

|B0(∆t)i = e
�i∆tĤ |B0i, (17)

対生成の相手の中間子の崩壊データからこちらの
中間子の状態が決まる：量子もつれ

事後選択状態が任意に選べるとすれば          
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pressing the probability density of decay at time ∆t reads
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−Γ∆tΓ cos (∆m∆t) . (27)

We note, in passing, that, had we implemented the
postselection, we would have obtained the probability
Pr(∆t|i ! f) in (4). The result P (∆t) in (27) would
then be derived by summing up for all f up to normal-
ization.

The e↵ective lifetime of this particle can then be eval-
uated as
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(28)

Since the actual values of ΓL and ΓH are both close to

Γ, it is assuring to observe that, for |p| ⇡ |q| ⇡ 1/
p
2,

we have ⌧e↵(B
0) ⇡ 1/Γ, which is the lifetime of the B

0

meson.

C. Time distribution with postselection

Now we wish to implement the postselection and see
how it a↵ects the time distribution obtained before with-
out the postselection. The postselected state |fi can in
general be written by a superposition of the two states,
|B0i and |B̄0i. As we argue later in Subsection E, such
a postselected state may be realized as the state |Bdecayi
of the B meson immediately before its decay into a par-
ticular set of modes. This will be our postselected state,
namely, we choose the postselected state |fi = |Bdecayi
defined by

|Bdecayi = r|B0i+ s|B̄0i, (29)

where r, s are complex numbers satisfying the normaliza-
tion condition,

|r|2 + |s|2 = 1. (30)

When investigating the CP violation, the CP conjugate
of the state in (29),

|B̄decayi = s|B0i+ r|B̄0i, (31)

will be used.
Before evaluating the time distribution with postselec-

tion, we first obtain the probability of finding the post-
selected state |Bdecayi specified in (29) when the state
under consideration is the B meson state |B0(∆t)i given
in (17) as
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Introducing the relative phase parameters ' and ✓
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we find
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We note, in passing, that, had we implemented the
postselection, we would have obtained the probability
Pr(∆t|i ! f) in (4). The result P (∆t) in (27) would
then be derived by summing up for all f up to normal-
ization.
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Since the actual values of ΓL and ΓH are both close to

Γ, it is assuring to observe that, for |p| ⇡ |q| ⇡ 1/
p
2,

we have ⌧e↵(B
0) ⇡ 1/Γ, which is the lifetime of the B

0

meson.

C. Time distribution with postselection

Now we wish to implement the postselection and see
how it a↵ects the time distribution obtained before with-
out the postselection. The postselected state |fi can in
general be written by a superposition of the two states,
|B0i and |B̄0i. As we argue later in Subsection E, such
a postselected state may be realized as the state |Bdecayi
of the B meson immediately before its decay into a par-
ticular set of modes. This will be our postselected state,
namely, we choose the postselected state |fi = |Bdecayi
defined by

|Bdecayi = r|B0i+ s|B̄0i, (29)

where r, s are complex numbers satisfying the normaliza-
tion condition,

|r|2 + |s|2 = 1. (30)

When investigating the CP violation, the CP conjugate
of the state in (29),

|B̄decayi = s|B0i+ r|B̄0i, (31)

will be used.
Before evaluating the time distribution with postselec-

tion, we first obtain the probability of finding the post-
selected state |Bdecayi specified in (29) when the state
under consideration is the B meson state |B0(∆t)i given
in (17) as
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We note, in passing, that, had we implemented the
postselection, we would have obtained the probability
Pr(∆t|i ! f) in (4). The result P (∆t) in (27) would
then be derived by summing up for all f up to normal-
ization.

The e↵ective lifetime of this particle can then be eval-
uated as
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Since the actual values of ΓL and ΓH are both close to

Γ, it is assuring to observe that, for |p| ⇡ |q| ⇡ 1/
p
2,

we have ⌧e↵(B
0) ⇡ 1/Γ, which is the lifetime of the B

0

meson.

C. Time distribution with postselection

Now we wish to implement the postselection and see
how it a↵ects the time distribution obtained before with-
out the postselection. The postselected state |fi can in
general be written by a superposition of the two states,
|B0i and |B̄0i. As we argue later in Subsection E, such
a postselected state may be realized as the state |Bdecayi
of the B meson immediately before its decay into a par-
ticular set of modes. This will be our postselected state,
namely, we choose the postselected state |fi = |Bdecayi
defined by

|Bdecayi = r|B0i+ s|B̄0i, (29)

where r, s are complex numbers satisfying the normaliza-
tion condition,

|r|2 + |s|2 = 1. (30)

When investigating the CP violation, the CP conjugate
of the state in (29),

|B̄decayi = s|B0i+ r|B̄0i, (31)

will be used.
Before evaluating the time distribution with postselec-

tion, we first obtain the probability of finding the post-
selected state |Bdecayi specified in (29) when the state
under consideration is the B meson state |B0(∆t)i given
in (17) as
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∆t will then be described by

Pr(∆t | i ! f) = |hf |e�i∆tĤ |ii|2. (4)

Suppose that the Hamiltonian Ĥ is bounded as is usually
the case for considering transitions among a finite set
of energy levels. Noting that Ĥ is not Hermitian (or
self-adjoint) to take account of the decaying processes,
we let m and Γ be the averages of the real part and
the imaginary part of the eigenvalues of Ĥ, respectively.
We may then define the ‘normalized’ operator of time
development by

Â =
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∆m

⇢
Ĥ −
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2
Γ
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, (5)

where ∆m is the range of the real part, i.e., the di↵erence
between the largest and the smallest eigenvalues in the
real part. In particular, if there are only two states which
enter in the transition, then the operator Â in (5) may
admit the form of the familiar Pauli matrices, especially
Â = σ3 in the energy diagonal basis.
Substituting Ĥ with the normalized one Â in the tran-

sition amplitude, we find
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is the e↵ective coupling constant. Now, from (6) we re-
alize that the e↵ective range of the time period ∆t may
be restricted by the order O(Γ∆t) = 1, and hence if
O(∆m/Γ) ⌧ 1, then g can be regarded as a small pa-
rameter O(g) ⌧ 1. This allows us to employ the linear
approximation,

hf |e�igÂ|ii ' hf |I − igÂ|ii
= hf |ii (1− igAw) ' hf |iie�igAw , (8)

whereAw is the weak value (1) of the normalized operator

Â in (5). Plugging this expression into (4), we obtain
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This shows that, as long as the linear approximation is
valid, the probability distribution of the decay is indeed
a↵ected by the weak value Aw (in the imaginary part),
which can be freely altered by the combination of the pre-
selection and the postselection we perform. Even if the
coupling constant g cannot be regarded small, the system
may allow one to evaluate the transition amplitude in full
order to see if the selections a↵ect the outcome. Later,
we shall see explicitly that the decay of the B meson falls
into that particular case.

III. THEORETICAL BASIS

In this section, we present our theoretical basis for ap-
plying the weak measurement for the detection of CP

violation in the B meson system. In our case, the Hamil-
tonian Ĥ takes the role of the observable Â, and we shall
see that the imaginary part of the weak value Hw is re-
lated to the e↵ective lifetime of the B meson. The aim
of the weak measurement is then to find a source of CP

violation in the conditional time distribution under the
condition that we have B

0 at the initial time and Bdecay

at the time of the decay.

A. Time evolution

The state | i which describes a neutral B meson is in
general a superposition of the flavor eigenstates |B0i and
|B̄0i which are the CP conjugate to each other, that is,
|B̄0i = CP|B0i and |B0i = CP|B̄0i under the CP trans-
formation CP for which (CP)2 = I. Since mesons are
unstable particles, the time evolution is phenomenologi-
cally described by a non-Hermitian Hamiltonian Ĥ. The
eigenstates of the Hamiltonian are given by
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These eigenstates |BLi and |BHi can be written as

|BLi = p|B0i+ q|B̄0i (13)

|BHi = p|B0i − q|B̄0i, (14)

where p, q are complex numbers satisfying |p|2+ |q|2 = 1.
It should be noted that these eigenstates are not orthog-
onal, so the Hamiltonian Ĥ cannot be diagonalized.

Using (13) and (14), we find

|B0i = 1
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|B̄0i = 1
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In high energy experiment, we decide the initial state
whether the flavor of a particle is B

0 or B̄
0 through a

process called the flavor tagging. In this paper, the time
at which this tagging is performed is referred to as ‘ini-
tial’, and the estimated time at which the particle decay
is denoted by ∆t. When the meson identified as B

0 at
the initial time, it evolves into the state,
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We note, in passing, that, had we implemented the
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Since the actual values of ΓL and ΓH are both close to

Γ, it is assuring to observe that, for |p| ⇡ |q| ⇡ 1/
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we have ⌧e↵(B
0) ⇡ 1/Γ, which is the lifetime of the B
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meson.

C. Time distribution with postselection

Now we wish to implement the postselection and see
how it a↵ects the time distribution obtained before with-
out the postselection. The postselected state |fi can in
general be written by a superposition of the two states,
|B0i and |B̄0i. As we argue later in Subsection E, such
a postselected state may be realized as the state |Bdecayi
of the B meson immediately before its decay into a par-
ticular set of modes. This will be our postselected state,
namely, we choose the postselected state |fi = |Bdecayi
defined by

|Bdecayi = r|B0i+ s|B̄0i, (29)

where r, s are complex numbers satisfying the normaliza-
tion condition,

|r|2 + |s|2 = 1. (30)

When investigating the CP violation, the CP conjugate
of the state in (29),

|B̄decayi = s|B0i+ r|B̄0i, (31)

will be used.
Before evaluating the time distribution with postselec-

tion, we first obtain the probability of finding the post-
selected state |Bdecayi specified in (29) when the state
under consideration is the B meson state |B0(∆t)i given
in (17) as

��hBdecay|B0(∆t)i
��2 =

��r⇤hB0|B0(∆t)i+ s
⇤hB̄0|B0(∆t)i
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e
−i∆tmH
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. (32)

Introducing the relative phase parameters ' and ✓

through

p

q
=

|p|
|q|e

i'
,

r

s
=

|r|
|s|e

i✓
, (33)

we find

��hBdecay|B0(∆t)i
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pressing the probability density of decay at time ∆t reads

P (∆t) = � d

d∆t0
hB0(∆t

0)|B0(∆t
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=
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+
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2|p|2 e
−Γ∆tΓ cos (∆m∆t) . (27)

We note, in passing, that, had we implemented the
postselection, we would have obtained the probability
Pr(∆t|i ! f) in (4). The result P (∆t) in (27) would
then be derived by summing up for all f up to normal-
ization.

The e↵ective lifetime of this particle can then be eval-
uated as
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d∆t
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.

(28)

Since the actual values of ΓL and ΓH are both close to

Γ, it is assuring to observe that, for |p| ⇡ |q| ⇡ 1/
p
2,

we have ⌧e↵(B
0) ⇡ 1/Γ, which is the lifetime of the B

0

meson.

C. Time distribution with postselection

Now we wish to implement the postselection and see
how it a↵ects the time distribution obtained before with-
out the postselection. The postselected state |fi can in
general be written by a superposition of the two states,
|B0i and |B̄0i. As we argue later in Subsection E, such
a postselected state may be realized as the state |Bdecayi
of the B meson immediately before its decay into a par-
ticular set of modes. This will be our postselected state,
namely, we choose the postselected state |fi = |Bdecayi
defined by

|Bdecayi = r|B0i+ s|B̄0i, (29)

where r, s are complex numbers satisfying the normaliza-
tion condition,

|r|2 + |s|2 = 1. (30)

When investigating the CP violation, the CP conjugate
of the state in (29),

|B̄decayi = s|B0i+ r|B̄0i, (31)

will be used.
Before evaluating the time distribution with postselec-

tion, we first obtain the probability of finding the post-
selected state |Bdecayi specified in (29) when the state
under consideration is the B meson state |B0(∆t)i given
in (17) as

��hBdecay|B0(∆t)i
��2 =

��r⇤hB0|B0(∆t)i+ s
⇤hB̄0|B0(∆t)i
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=
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. (32)

Introducing the relative phase parameters ' and ✓

through

p

q
=

|p|
|q|e

i'
,

r

s
=

|r|
|s|e

i✓
, (33)

we find

��hBdecay|B0(∆t)i
��2

=

✓
|r|2
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2|p|2
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e
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To proceed further, we introduce the shorthand,

k =
ΓH

ΓL

, (38)

and the ratio,

R =
⌧( ! Φ)

⌧( )
, (39)

which signifies the rate of variation the lifetime has ac-
quired by the postselection compared to the case where
no postselection is made. Note that, for considering the
e↵ect of postselection, one has to express R as a func-
tion of (p, q, bP, bP̄, k,Γ,∆M), where the dependence on
bP and bP̄ are given by cL and cH in (27) and (28) (see
Appendix A for the formula to be used).
For convenience, we define the basis states |P i and

|P̄ i such that both p and q become real, which is always
possible by absorbing the phase factor into the respective
states. Once this is done, then with respect to the basis
states we may define the relative phase ✓ between bP and
bP̄ by

bPb
⇤
P̄
= |bP||bP̄|ei✓. (40)

Thus, taking account of the constraints coming from the
normalization conditions, we recognize that the ratio R

can now be regarded as a function of (p, |bP|, ✓, k,Γ,∆M).

To solve the constraints, in the following discussion we
restrict ourselves to the particular case,

p = q =
1p
2
, (41)

implying that the two eigenstates are orthogonal to each
other. We also consider, for definiteness, the case where
aP = 1 and aP̄ = 0, i.e., the case where the initial state
is given by one of the eigenstates as

| i = |P i = 1p
2
(|PHi+ |PLi) . (42)

One still expects that this restriction will not lose track
of the basic feature of lifetime we are studying, partly be-
cause the initial state | i is now a maximal superposition
of the two eigenstates, and partly because the lifetime is
determined essentially with respect to the postselected
state |Φi which are to be varied with the parameters in-
troduced earlier.

With (41) and (42) we obtain

⌧( ) =
1

2ΓL

+
1

2ΓH

=
(1 + k)2

4kΓ
(43)

and also

⌧( ! Φ)

=
( 1
4
+ 1

2
|bP||bP̄| cos ✓)

(1+k)
2

4Γ2 + ( 1
4
− 1

2
|bP||bP̄| cos ✓)

(1+k)
2

4k2Γ2 + Γ
2−∆M

2

(Γ2+∆M2)2
· |bP|2−|bP̄|2

2
− 2Γ∆M
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|bP||bP̄| sin ✓

( 1
4
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2Γ
+ ( 1

4
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2
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2kΓ
+ Γ

Γ2+∆M2 · |bP|2−|bP̄|2
2

− ∆M

Γ2+∆M2 |bP||bP̄| sin ✓
, (44)

from which the ratio R is found to be

R =
( 1
4
+ 1

2
|bP||bP̄| cos ✓)k + ( 1

4
− 1

2
|bP||bP̄| cos ✓) 1k + 2kΓ2 Γ
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2
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Γ2+∆M2 |bP||bP̄| sin ✓
.

(45)

At this point, we recognize that both (44) and (45) are in-
variant under the simultaneous transformation k ! 1/k
and ✓ ! ⇡ − ✓ as a consequence of the invariance un-
der the formal exchange of two eigenstates. This implies
that, when we investigate the behavior of ⌧( ! Φ) or
R, it is sufficient to consider the range 1  k since the
range 0 < k < 1 can be obtained from the former by the
above transformation. We shall therefore discuss only
the range 1  k in our analysis below. Note that if we
consider the extreme case k ! 1 while keeping Γ con-
stant, where we have ΓL ! 0 and ΓH ! 2Γ, the lifetime
(43) tends to diverge ⌧( ) ! 1. This is, of course, a
consequence of the fact that the component |PLi in the

state (42) ceases to decay in the limit.
We now examine how much we can vary the ratio R

by choosing di↵erent parameters bP and ✓ for the posts-
election. Prior to this, let us consider the special case,

|bP| = |bP̄| =
1p
2
, ✓ = ⇡, (46)

which amounts to the postselection,

|Φi = 1p
2

(
|P i − |P̄ i

)
= |PHi, (47)

up to an overall phase. We then find that the lifetime

5

pressing the probability density of decay at time ∆t reads

P (∆t) = � d

d∆t0
hB0(∆t

0)|B0(∆t
0)i|∆t0=∆t

=
1
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+
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−Γ∆t∆m sin (∆m∆t)

+
|p|2 � |q|2

2|p|2 e
−Γ∆tΓ cos (∆m∆t) . (27)

We note, in passing, that, had we implemented the
postselection, we would have obtained the probability
Pr(∆t|i ! f) in (4). The result P (∆t) in (27) would
then be derived by summing up for all f up to normal-
ization.

The e↵ective lifetime of this particle can then be eval-
uated as

⌧e↵(B
0) =

Z 1

0

d∆t
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0
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(28)

Since the actual values of ΓL and ΓH are both close to

Γ, it is assuring to observe that, for |p| ⇡ |q| ⇡ 1/
p
2,

we have ⌧e↵(B
0) ⇡ 1/Γ, which is the lifetime of the B

0

meson.

C. Time distribution with postselection

Now we wish to implement the postselection and see
how it a↵ects the time distribution obtained before with-
out the postselection. The postselected state |fi can in
general be written by a superposition of the two states,
|B0i and |B̄0i. As we argue later in Subsection E, such
a postselected state may be realized as the state |Bdecayi
of the B meson immediately before its decay into a par-
ticular set of modes. This will be our postselected state,
namely, we choose the postselected state |fi = |Bdecayi
defined by

|Bdecayi = r|B0i+ s|B̄0i, (29)

where r, s are complex numbers satisfying the normaliza-
tion condition,

|r|2 + |s|2 = 1. (30)

When investigating the CP violation, the CP conjugate
of the state in (29),

|B̄decayi = s|B0i+ r|B̄0i, (31)

will be used.
Before evaluating the time distribution with postselec-

tion, we first obtain the probability of finding the post-
selected state |Bdecayi specified in (29) when the state
under consideration is the B meson state |B0(∆t)i given
in (17) as

��hBdecay|B0(∆t)i
��2 =

��r⇤hB0|B0(∆t)i+ s
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. (32)

Introducing the relative phase parameters ' and ✓

through

p

q
=

|p|
|q|e

i'
,

r

s
=

|r|
|s|e

i✓
, (33)

we find
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To proceed further, we introduce the shorthand,

k =
ΓH

ΓL

, (38)

and the ratio,

R =
⌧( ! Φ)

⌧( )
, (39)

which signifies the rate of variation the lifetime has ac-
quired by the postselection compared to the case where
no postselection is made. Note that, for considering the
e↵ect of postselection, one has to express R as a func-
tion of (p, q, bP, bP̄, k,Γ,∆M), where the dependence on
bP and bP̄ are given by cL and cH in (27) and (28) (see
Appendix A for the formula to be used).

For convenience, we define the basis states |P i and
|P̄ i such that both p and q become real, which is always
possible by absorbing the phase factor into the respective
states. Once this is done, then with respect to the basis
states we may define the relative phase ✓ between bP and
bP̄ by

bPb
⇤
P̄
= |bP||bP̄|ei✓. (40)

Thus, taking account of the constraints coming from the
normalization conditions, we recognize that the ratio R

can now be regarded as a function of (p, |bP|, ✓, k,Γ,∆M).

To solve the constraints, in the following discussion we
restrict ourselves to the particular case,

p = q =
1p
2
, (41)

implying that the two eigenstates are orthogonal to each
other. We also consider, for definiteness, the case where
aP = 1 and aP̄ = 0, i.e., the case where the initial state
is given by one of the eigenstates as

| i = |P i = 1p
2
(|PHi+ |PLi) . (42)

One still expects that this restriction will not lose track
of the basic feature of lifetime we are studying, partly be-
cause the initial state | i is now a maximal superposition
of the two eigenstates, and partly because the lifetime is
determined essentially with respect to the postselected
state |Φi which are to be varied with the parameters in-
troduced earlier.

With (41) and (42) we obtain

⌧( ) =
1

2ΓL

+
1

2ΓH

=
(1 + k)2

4kΓ
(43)

and also

⌧( ! Φ)

=
( 1
4
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2
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4Γ2 + ( 1
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, (44)

from which the ratio R is found to be

R =
( 1
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|bP||bP̄| cos ✓)k + ( 1
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.

(45)

At this point, we recognize that both (44) and (45) are in-
variant under the simultaneous transformation k ! 1/k
and ✓ ! ⇡ − ✓ as a consequence of the invariance un-
der the formal exchange of two eigenstates. This implies
that, when we investigate the behavior of ⌧( ! Φ) or
R, it is sufficient to consider the range 1  k since the
range 0 < k < 1 can be obtained from the former by the
above transformation. We shall therefore discuss only
the range 1  k in our analysis below. Note that if we
consider the extreme case k ! 1 while keeping Γ con-
stant, where we have ΓL ! 0 and ΓH ! 2Γ, the lifetime
(43) tends to diverge ⌧( ) ! 1. This is, of course, a
consequence of the fact that the component |PLi in the

state (42) ceases to decay in the limit.
We now examine how much we can vary the ratio R

by choosing di↵erent parameters bP and ✓ for the posts-
election. Prior to this, let us consider the special case,

|bP| = |bP̄| =
1p
2
, ✓ = ⇡, (46)

which amounts to the postselection,

|Φi = 1p
2

(
|P i − |P̄ i

)
= |PHi, (47)

up to an overall phase. We then find that the lifetime
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To proceed further, we introduce the shorthand,

k =
ΓH

ΓL

, (38)

and the ratio,

R =
⌧( ! Φ)

⌧( )
, (39)

which signifies the rate of variation the lifetime has ac-
quired by the postselection compared to the case where
no postselection is made. Note that, for considering the
e↵ect of postselection, one has to express R as a func-
tion of (p, q, bP, bP̄, k,Γ,∆M), where the dependence on
bP and bP̄ are given by cL and cH in (27) and (28) (see
Appendix A for the formula to be used).

For convenience, we define the basis states |P i and
|P̄ i such that both p and q become real, which is always
possible by absorbing the phase factor into the respective
states. Once this is done, then with respect to the basis
states we may define the relative phase ✓ between bP and
bP̄ by

bPb
⇤
P̄
= |bP||bP̄|ei✓. (40)

Thus, taking account of the constraints coming from the
normalization conditions, we recognize that the ratio R

can now be regarded as a function of (p, |bP|, ✓, k,Γ,∆M).

To solve the constraints, in the following discussion we
restrict ourselves to the particular case,

p = q =
1p
2
, (41)

implying that the two eigenstates are orthogonal to each
other. We also consider, for definiteness, the case where
aP = 1 and aP̄ = 0, i.e., the case where the initial state
is given by one of the eigenstates as

| i = |P i = 1p
2
(|PHi+ |PLi) . (42)

One still expects that this restriction will not lose track
of the basic feature of lifetime we are studying, partly be-
cause the initial state | i is now a maximal superposition
of the two eigenstates, and partly because the lifetime is
determined essentially with respect to the postselected
state |Φi which are to be varied with the parameters in-
troduced earlier.

With (41) and (42) we obtain
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· |bP|2−|bP̄|2

(1+k)2
− 8kΓ

3
∆M

(1+k)2(Γ2+∆M2)2
|bP||bP̄| sin ✓

( 1
4
+ 1

2
|bP||bP̄| cos ✓) 1+k

2
+ ( 1

4
− 1

2
|bP||bP̄| cos ✓) 1+k

2k
+ Γ2

Γ2+∆M2 · |bP|2−|bP̄|2
2

− Γ∆M

Γ2+∆M2 |bP||bP̄| sin ✓
.

(45)

At this point, we recognize that both (44) and (45) are in-
variant under the simultaneous transformation k ! 1/k
and ✓ ! ⇡ − ✓ as a consequence of the invariance un-
der the formal exchange of two eigenstates. This implies
that, when we investigate the behavior of ⌧( ! Φ) or
R, it is sufficient to consider the range 1  k since the
range 0 < k < 1 can be obtained from the former by the
above transformation. We shall therefore discuss only
the range 1  k in our analysis below. Note that if we
consider the extreme case k ! 1 while keeping Γ con-
stant, where we have ΓL ! 0 and ΓH ! 2Γ, the lifetime
(43) tends to diverge ⌧( ) ! 1. This is, of course, a
consequence of the fact that the component |PLi in the

state (42) ceases to decay in the limit.
We now examine how much we can vary the ratio R

by choosing di↵erent parameters bP and ✓ for the posts-
election. Prior to this, let us consider the special case,

|bP| = |bP̄| =
1p
2
, ✓ = ⇡, (46)

which amounts to the postselection,

|Φi = 1p
2

(
|P i − |P̄ i

)
= |PHi, (47)

up to an overall phase. We then find that the lifetime

3

III. DECAY TIME DISTRIBUTION UNDER

POSTSELECTION

In this section, we will discuss the time distribution
under postselection, but before that, we would like to
mention how postselection may be implemented for un-
stable particles in atomic and particle physics. The basic
idea of implementing the postselection is to utilize possi-
ble correlations between the postselected states and the
decay modes. In atomic physics, this has actually been
implemented in an experiment involving atomic decays
[9], where the polarization of photons emitted in the de-
cay is used to specify the postselected states. In particle
physics, a similar process based on the photon polariza-
tion has also been considered for the decay of the B me-
son [10] with the help of the CP symmetry, where the
feasibility of utilizing scattering angles of charged leptons
is studied additionally as an alternative. In the following
discussion, we will assume that these schemes allow us to
freely choose the postselected state denoted by |Φi.
Now, we would like to consider how the lifetime will be

a↵ected when the postselection of state is made. Before
the full consideration, let us first see how it could go in
a simplified argument. We first evaluate the transition
amplitude at time t,

hΦ| (t)i = hΦ|e�itĤ | i. (14)

Upon using the linear approximation in time evolution
(whose validity will be discussed shorly), this becomes

hΦ| (t)i ' hΦ|
⇣
1− itĤ

⌘
| i

= hΦ| i (1− itHw)

' hΦ| iet Im[Hw]�itRe[Hw]
, (15)

where Hw is the weak value Hw = hΦ|Ĥ| i/hΦ| i of the
Hamiltonian. The transition probability is thus obtained
as

|hΦ| (t)i|2 = |hΦ| i|2e2t Im[Hw]
. (16)

Our argument becomes more transparent by shifting
the Hamiltonian by the amount of the average energy
eigenvalue as

Ĥ =

✓
M − i

2
Γ

◆
1̂ + gÂ, (17)

with

M =
ML +MH

2
, g =

∆M

2
(18)

and thereby introduce the ‘normalized’ Hamiltonian,

Â =
1

g


Ĥ −

✓
M − i

2
Γ

◆
1̂

�
. (19)

As we can see in (17), the normalized Hamiltonian Â de-
scribes the rescaled time evolution relative to the average

(uniform) evolution characterized by M and iΓ/2 in the

unit of g which renders Â dimensionless. The constant g
provides the scale of the evolution prescribed by Ĥ and
also plays the role of the coupling constant in the usual
discussion of weak value amplification. It is notable that
the operator Â, whose eigenvalues become precisely +1
and −1 when ΓL = ΓH, resembles the familiar Pauli ma-
trix �z.
With this preparation, we find that the transition am-

plitude (14) becomes

hΦ| (t)i = e
�t

�
2 e

�itM hΦ|e�itgÂ| i. (20)

Observe that the linear approximation we used from (14)
to (15), which now applies to (20), is valid as long as

tg = tΓ
⇣
g

Γ

⌘
= tΓ

✓
∆M

2Γ

◆
⌧ 1 (21)

is valid. Notice that, on account of the overall exponen-

tial factor e�t
�
2 in (20) which (when squared) suppresses

the probability for t > 1/Γ, the range of time t we need
to consider is practically confined to tΓ  1. This implies
that the condition (21) holds if ∆M/Γ ⌧ 1 or

∆M ⌧ Γ. (22)

Since g acts as the coupling constant for time evolution
as we noted earlier, the condition (22) which ensures (21)
simply means that we are working in the slow range of
evolution, which corresponds to the weak limit of physical
interaction in the usual context of weak value amplifica-
tion.
When this condition holds, the resulting transition

probability is given, instead of (16), by

|hΦ| (t)i|2 = e
�t�|hΦ| i|2e2tgIm[Aw]

, (23)

where

Aw =
hΦ|Â| i
hΦ| i (24)

is the weak value of the normalized Hamiltonian (19).
Clearly, the result (23) remains to be valid even for gen-
eral cases with more than two energy eigenstates as long
as the Hamiltonian is bounded, once we implement the
normalization (19) withM being the average of the entire
eigenvalues.
In order to find the distribution of decay time when

the postselection is made for general cases, not just for
the case (22), as we did for the preselected state in (5)
we first expand the postselected state |Φi as

|Φi = bL|PLi+ bH|PHi = bP|P i+ bP̄|P̄ i, (25)

with coefficients, bL, bH, bP and bP̄ fulfilling the normal-
ization conditions, |bP|2 + |bP̄|2 = 1. From (3) and (4),
they are related by bP = bLp1+bHp2 and bP̄ = bLq1−bHq2.
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FIG. 1. The time distribution P (∆t|B0 ! Bdecay) for
various |r| in the case of |p| = |q|, ∆m = 0.506 GeV,
1/Γ = 1.519 ps, and ✓ = 0.

FIG. 2. The ratio between the lifetime of B meson ⌧(B0)
and the e↵ective lifetime (41). The e↵ective lifetime can be
extended about 2.6 times larger than ⌧(B0) in this case when
|r| ⇠ 0.2 and sin(✓ − ') ⇠ −1.

The denominator of (39) is the same as (37). The nu-
merator is

Z 1

0

d∆t
0 ∆t

0 ��hBdecay|B0(∆t
0)i

��2

=

✓
|r|2

2
+

|q|2|s|2

2|p|2

◆✓
1

2Γ2

L

+
1

2Γ2

H

◆

+

✓
|r|2

2
− |q|2|s|2

2|p|2

◆
Γ2 − (∆m)

2

n
Γ2 + (∆m)

2

o2

+
|r||q||s|

|p| cos (✓ − ')

✓
1

2Γ2

L

− 1

2Γ2

H

◆

− |r||q||s|
|p| sin (✓ − ')

2(∆m)Γ
n
Γ2 + (∆m)

2

o2
. (40)

When we have |ΓL−ΓH |/Γ ⌧ 1 and hence are allowed
to put ΓL = ΓH = Γ approximately, then the e↵ective
lifetime (39) admits the closed form,

⌧e↵(B
0 ! Bdecay) =

⇣
1 + |q|2|s|2

|p|2|r|2

⌘
1

Γ2 +
⇣
1− |q|2|s|2

|p|2|r|2

⌘
Γ
2−(∆m)

2

{Γ2+(∆m)
2}2 + |q||s|

|p||r| sin (✓ − ') 4(∆m)Γ

{Γ2+(∆m)
2}2

⇣
1 + |q|2|s|2

|p|2|r|2

⌘
1

Γ
+
⇣
1− |q|2|s|2

|p|2|r|2

⌘
Γ

Γ2+(∆m)
2 + |q||s|

|p||r| sin (✓ − ') 2∆m

Γ2+(∆m)
2

,

=

⇣
1 + |Aw|2

⌘
1

Γ2 +
⇣
1− |Aw|2

⌘
Γ
2−(∆m)

2

{Γ2+(∆m)
2}2 + 4Im [Aw]

(∆m)Γ

{Γ2+(∆m)
2}2

⇣
1 + |Aw|2

⌘
1

Γ
+
⇣
1− |Aw|2

⌘
Γ

Γ2+(∆m)
2 + 2Im [Aw]

∆m

Γ2+(∆m)
2

. (41)

Here, Aw is the weak value (1), which now takes the form,

Aw =
|q||s|
|p||r| cos(✓ − ') + i

|q||s|
|p||r| sin(✓ − '), (42)

as one can confirm readily by using |ii = |B0i, |fi =

|Bdecayi and Â defined in (5) together with (19).

Note that we have obtained the result (41) without re-

2.6 倍まで延長 
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however, starts to grow for |r| smaller than⇠ 0.5, because
the term containing sin(✓ − ') in (63) and (64) becomes
negligible then. This e↵ect can be seen in Figure 7. The
fitting method is validated with the number of pseudo-
experiments we have performed, in which the results are
consistent with the input value within the statistical un-
certainty.

FIG. 7. Total uncertainty of the ' measurement (δ'total) as
a function of |r| and ✓ used as the input values.

V. CONCLUSION AND DISCUSSIONS

We have shown that the e↵ect of postselection is clearly
seen in the time distribution of the B meson decay, and
that the postselection has the e↵ect of amplifying both
the e↵ective lifetime and the CP violation. In our sim-
ulation study, which assumed that the measurement is
performed under the parameters of the Belle II experi-
ment, the e↵ective lifetime is found to be prolonged by
2.6 times, and the accuracy of CP -violating parameters
can also be improved when it is realized in the decay
mode we considered. Although these results may not be
as great as one might wish to see, we believe that our case
study presented in this paper certainly indicates the po-
tential use of weak measurement for high energy physics,
especially with respect to the exploitation of the freedom
of postselection. Our attempt provides a first systematic
study for such exploitation, given that the freedom of
postselection has not been utilized comprehensively for
amplifying the prospected signals before. This can be
seen clearly in Figure 8, where postselections realized by
previous measurements form only a limited class in the
possible range leaving a vast room of freedom unexplored.
Our case study may lead to more interesting results

in view of the new physics related to the decay mode
B ! K

⇤
γ. If the e↵ect signalling the new physics

associated with the right-handed current is sizable to
B ! K

⇤
γ, we should be able to measure the finite ef-
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FIG. 8. Distribution of 10 major postselections performed
in the previous measurements of CP violation in B de-
cays. The values are estimated from the data in PDG
[21], pp.63-64, under the identification C = 2|r|2 − 1, S =

−2|r|
p

1− |r|2 sin(✓ − ') obtained from our formulae (63),
(64) in Section IV, for parameters r, ✓ of postselections. The
range in the choices of |r| is seen to be restricted to a nar-
row band around |r| = 0.7(⇡ 1/

p
2). For a fixed value of ',

the distribution along the vertical axis (plotted in the unit of
radian) amounts to the distribution of ✓.

fect in the coefficient of sin(∆m∆t). However, with the
conventional method, we cannot separate the absolute
amplitude and the phase in the new physics. The sepa-
ration may become possible with the weak measurement
if it is performed under di↵erent sets of parameters (r, ✓),
elucidating the details of the new physics we have found.
In high energy physics, due to the short coherence

length compelled by the large momentum involved in
the experiment, one normally supposes that approaches
which exploit superpositions of states such as the weak
value amplification will not be available. However, our
analysis shows that the coherence time, rather than the
coherence length, is a deciding factor for the amplifica-
tion to work, as we have demonstrated in our analysis for
the B

0 − B̄
0 system. Similar positive outcomes will be

expected generally for systems which admit transitions
characterized by the average decay width Γ and the dif-
ference of the energy ∆m.
The success of the weak value amplification hinges on

the capability of exploiting the freedom of postselection.
In high energy experiments, this must be realized at the
level of final decay modes which are actually measured.
In our case, this is achieved by considering measurements
on the particles K

⇤ and γ generated from the B decay,
in which our proper choice of the final states satisfies the
consistency condition to reproduce the transition proba-
bility evaluated directly with the postselected states. As
such, the amount of data to be used for amplification may
be considerably reduced rendering the statistical accu-
racy poorer. It is thus desirable to look for other decay
modes, fulfilling the same consistency condition to im-

prolongation
factor
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pressing the probability density of decay at time ∆t reads

P (∆t) = � d

d∆t0
hB0(∆t

0)|B0(∆t
0)i|∆t0=∆t

=
1

4|p|2
�
ΓLe

−ΓL∆t + ΓHe
−ΓH∆t

�

+
|p|2 � |q|2

2|p|2 e
−Γ∆t∆m sin (∆m∆t)

+
|p|2 � |q|2

2|p|2 e
−Γ∆tΓ cos (∆m∆t) . (27)

We note, in passing, that, had we implemented the
postselection, we would have obtained the probability
Pr(∆t|i ! f) in (4). The result P (∆t) in (27) would
then be derived by summing up for all f up to normal-
ization.

The e↵ective lifetime of this particle can then be eval-
uated as

⌧e↵(B
0) =

Z 1

0

d∆t
0 ∆t

0
P (∆t

0)

= �
Z 1

0

d∆t
0 ∆t

0

d

d⌧
hB0(⌧)|B0(⌧)i

�

⌧=∆t0

= +
⇥
∆t

0hB0(∆t
0)|B0(∆t

0)i
⇤∆t

0
=1

∆t0=0

+

Z 1

0

d∆t
0 hB0(∆t

0)|B0(∆t
0)i

=
1

4|p|2

✓
1

ΓL

+
1

ΓH

◆
+

|p|2 � |q|2

2|p|2
Γ

Γ2 + (∆m)2
.

(28)

Since the actual values of ΓL and ΓH are both close to

Γ, it is assuring to observe that, for |p| ⇡ |q| ⇡ 1/
p
2,

we have ⌧e↵(B
0) ⇡ 1/Γ, which is the lifetime of the B

0

meson.

C. Time distribution with postselection

Now we wish to implement the postselection and see
how it a↵ects the time distribution obtained before with-
out the postselection. The postselected state |fi can in
general be written by a superposition of the two states,
|B0i and |B̄0i. As we argue later in Subsection E, such
a postselected state may be realized as the state |Bdecayi
of the B meson immediately before its decay into a par-
ticular set of modes. This will be our postselected state,
namely, we choose the postselected state |fi = |Bdecayi
defined by

|Bdecayi = r|B0i+ s|B̄0i, (29)

where r, s are complex numbers satisfying the normaliza-
tion condition,

|r|2 + |s|2 = 1. (30)

When investigating the CP violation, the CP conjugate
of the state in (29),

|B̄decayi = s|B0i+ r|B̄0i, (31)

will be used.
Before evaluating the time distribution with postselec-

tion, we first obtain the probability of finding the post-
selected state |Bdecayi specified in (29) when the state
under consideration is the B meson state |B0(∆t)i given
in (17) as

��hBdecay|B0(∆t)i
��2 =

��r⇤hB0|B0(∆t)i+ s
⇤hB̄0|B0(∆t)i

��2

=

����

✓
r
⇤

2
+

qs
⇤

2p

◆
e
−�L

2 ∆t
e
−i∆tmL +

✓
r
⇤

2
� qs

⇤

2p

◆
e
−�H

2 ∆t
e
−i∆tmH

����
2

. (32)

Introducing the relative phase parameters ' and ✓

through

p

q
=

|p|
|q|e

i'
,

r

s
=

|r|
|s|e

i✓
, (33)

we find

��hBdecay|B0(∆t)i
��2

=

✓
|r|2

2
+

|q|2|s|2

2|p|2

◆
e
−ΓL∆t + e

−ΓH∆t

2

+

✓
|r|2

2
� |q|2|s|2

2|p|2

◆
e
−Γ∆t cos (∆m∆t)

+
|r||q||s|

|p| cos (✓ � ')
e
−ΓL∆t � e

−ΓH∆t

2

� |r||q||s|
|p| sin (✓ � ') e−Γ∆t sin (∆m∆t) . (34)
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however, starts to grow for |r| smaller than⇠ 0.5, because
the term containing sin(✓ − ') in (63) and (64) becomes
negligible then. This e↵ect can be seen in Figure 7. The
fitting method is validated with the number of pseudo-
experiments we have performed, in which the results are
consistent with the input value within the statistical un-
certainty.

FIG. 7. Total uncertainty of the ' measurement (δ'total) as
a function of |r| and ✓ used as the input values.

V. CONCLUSION AND DISCUSSIONS

We have shown that the e↵ect of postselection is clearly
seen in the time distribution of the B meson decay, and
that the postselection has the e↵ect of amplifying both
the e↵ective lifetime and the CP violation. In our sim-
ulation study, which assumed that the measurement is
performed under the parameters of the Belle II experi-
ment, the e↵ective lifetime is found to be prolonged by
2.6 times, and the accuracy of CP -violating parameters
can also be improved when it is realized in the decay
mode we considered. Although these results may not be
as great as one might wish to see, we believe that our case
study presented in this paper certainly indicates the po-
tential use of weak measurement for high energy physics,
especially with respect to the exploitation of the freedom
of postselection. Our attempt provides a first systematic
study for such exploitation, given that the freedom of
postselection has not been utilized comprehensively for
amplifying the prospected signals before. This can be
seen clearly in Figure 8, where postselections realized by
previous measurements form only a limited class in the
possible range leaving a vast room of freedom unexplored.

Our case study may lead to more interesting results
in view of the new physics related to the decay mode
B ! K

⇤
γ. If the e↵ect signalling the new physics

associated with the right-handed current is sizable to
B ! K

⇤
γ, we should be able to measure the finite ef-
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in the previous measurements of CP violation in B de-
cays. The values are estimated from the data in PDG
[21], pp.63-64, under the identification C = 2|r|2 − 1, S =
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p

1− |r|2 sin(✓ − ') obtained from our formulae (63),
(64) in Section IV, for parameters r, ✓ of postselections. The
range in the choices of |r| is seen to be restricted to a nar-
row band around |r| = 0.7(⇡ 1/
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2). For a fixed value of ',

the distribution along the vertical axis (plotted in the unit of
radian) amounts to the distribution of ✓.

fect in the coefficient of sin(∆m∆t). However, with the
conventional method, we cannot separate the absolute
amplitude and the phase in the new physics. The sepa-
ration may become possible with the weak measurement
if it is performed under di↵erent sets of parameters (r, ✓),
elucidating the details of the new physics we have found.
In high energy physics, due to the short coherence

length compelled by the large momentum involved in
the experiment, one normally supposes that approaches
which exploit superpositions of states such as the weak
value amplification will not be available. However, our
analysis shows that the coherence time, rather than the
coherence length, is a deciding factor for the amplifica-
tion to work, as we have demonstrated in our analysis for
the B

0 − B̄
0 system. Similar positive outcomes will be

expected generally for systems which admit transitions
characterized by the average decay width Γ and the dif-
ference of the energy ∆m.

The success of the weak value amplification hinges on
the capability of exploiting the freedom of postselection.
In high energy experiments, this must be realized at the
level of final decay modes which are actually measured.
In our case, this is achieved by considering measurements
on the particles K

⇤ and γ generated from the B decay,
in which our proper choice of the final states satisfies the
consistency condition to reproduce the transition proba-
bility evaluated directly with the postselected states. As
such, the amount of data to be used for amplification may
be considerably reduced rendering the statistical accu-
racy poorer. It is thus desirable to look for other decay
modes, fulfilling the same consistency condition to im-
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3.  B 中間子とBell 検証実験 

Bell 検証実験（Bell テスト）

Local Realistic Theory
隠れた変数

相関

測定結果

確率分布

Bell (CHSH)  
不等式 

量子もつれ状態では不等式は破れる

TEST SPACE

|C(a, b) − C(a, b⇥)| + |C(a⇥, b⇥) + C(a⇥, b)| ⇤ 2

C(a, b) =
�

dλ ⇥(λ) A(a, λ) B(b, λ)

A(a, λ) = ±1 B(b, λ) = ±1

fA(q, p) ⌅ A

ih̄
d

dt
|⇤⌥ = H|⇤⌥

|⇤⌥ ⌃⇤|A|⇤⌥ A H

fA ⌅ A, fB ⌅ B =⇧ fA + fB ⌅ A + B

fA ⌅ A =⇧ F (fA) ⌅ F (A)

|⇤⌥|m0⌥ −⌅ |+⌥|m+⌥ + |−⌥|m−⌥

|⇤⌥ = | + z⌥| − z⌥ − | − z⌥| + z⌥ = | + x⌥| − x⌥ − | − x⌥| + x⌥

測定方向 a, b は自由に選択できると仮定

TEST SPACE

|C(a, b) − C(a, b⇥)| + |C(a⇥, b⇥) + C(a⇥, b)| ⇤ 2

C(a, b) =
�

dλ ⇥(λ) A(a, λ) B(b, λ)

A(a, λ) = ±1 B(b, λ) = ±1

fA(q, p) ⌅ A

ih̄
d

dt
|⇤⌥ = H|⇤⌥

|⇤⌥ ⌃⇤|A|⇤⌥ A H

fA ⌅ A, fB ⌅ B =⇧ fA + fB ⌅ A + B

fA ⌅ A =⇧ F (fA) ⌅ F (A)

|⇤⌥|m0⌥ −⌅ |+⌥|m+⌥ + |−⌥|m−⌥

|⇤⌥ = | + z⌥| − z⌥ − | − z⌥| + z⌥ = | + x⌥| − x⌥ − | − x⌥| + x⌥

TEST SPACE

|C(a, b) − C(a, b⇥)| + |C(a⇥, b⇥) + C(a⇥, b)| ⇤ 2
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4. CONFLICT WITH QUANTUM MECHANICS 

4.1. Evidence 

We can use the predictions (6) of Quantum Mechanics for EPR pairs, to evaluate the 

quantity S( )a,a' ,b,b'  defined by equation (21). For the particular set of orientations 

shown on Figure 4.a, the result is 

 SQM = 2 2  (22) 

This quantum mechanical prediction definitely conflicts with the Bell’s inequality (20) 

which is valid for any Supplementary Parameter Theory of the general form defined in 

§3.1. 

We have thus found a situation where the quantum mechanical predictions cannot 

be reproduced (mimicked) by Supplementary Parameters Theories. This is the essence of 

Bell’s theorem: it is impossible to find a Supplementary Parameter Theory, of the general 

form defined in § 3.1, that reproduces all the predictions of quantum mechanics. This 

statement is the generalisation of what appears on Figure 3, for the particular 

supplementary parameter model considered in § 3.2: the model exactly reproduces the 

predictions of quantum mechanics for some particular angles (0, π/4 , π/2), but it 

somewhat deviates at other angles. The importance of Bell’s theorem is that it is not 

restricted to a particular supplementary parameters model, but it is general. 

Figure 4 - Orientations yielding the largest conflict between Bell’s inequalities and Quantum 

Mechanics. 

4.2. Maximum conflict 

It is interesting to look for the maximum violation of Bell’s inequalities by the quantum 

mechanical predictions. Let us take the quantum mechanical value of S : 
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EPRパラドックス

アインシュタインら（Einstein, Podolsky, Rosen）は１９３５年に、現在、EPR

パラドックスとして知られている量子もつれ状態の不可解さを指摘する論文
を発表した。その後、３０年以上にわたってこの論文は無視されたが、量子
情報の勃興とともに大きく注目されるようになり、現在、文献引用数の上で
は、物理の論文としては最大のものの１つになっている：つまり物理で最も
有名な論文の１つ。
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ATLAS 実験（CERN）：完全なBell テストに向けて（予測）

崩壊時間の選別により局所性の
抜け穴を塞ぐ

4

At this point, one notices the apparent analogy be-
tween the decay times t1, t2 and the measurement pa-
rameters a, b, since the latter are also conditioning the
probability distributions obtained under the setup speci-
fied by the parameters. Assuming, for the moment, that
this analogy holds perfectly, we realize that all the argu-
ment we just have gone through for the Bell inequality
applies here as well. It thus follows that, if we just for-
mally replace a, b with t1, t2, we end up with the same
Bell inequality (13) for the set of correlations (14) where
now we use

C(t1, t2) =
X

A,B

AB Pt1,t2(A,B) (16)

instead of C(a, b) and the like.
We have seen before that in QM the joint probability

distribution P
Q(A,B, t1, t2) is given by Eq. (8). From

the relation (15), one then finds the corresponding con-
ditional probability distribution,

P
Q

t1,t2
(A,B) =

1

4
(1−AB cos(∆M∆t)), (17)

and also from Eq. (16) the quantum correlation,

C
Q(t1, t2) =

X

A,B

AB P
Q

t1,t2
(A,B) = − cos(∆M∆t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su↵ers. Note that
C

Q(t, t) = −1 implies perfect anti-correlation in the fla-
vors of the B-meson pair decaying at the same proper
time t.

To proceed, let us consider the special case of the decay
times,

t2 − t
0
1
= t1 − t2 = t

0
2
− t1 = ∆t, (19)

which corresponds to a typical configuration of the mea-
surement setups for the experimental verification of the
Bell inequality. Indeed, if we denote by S

Q(∆t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

S
Q(∆t)

= C
Q(t1, t2) + C

Q(t0
1
, t2) + C

Q(t1, t
0
2
)− C

Q(t0
1
, t

0
2
)

= −3 cos(∆M∆t) + cos(3∆M∆t). (20)

By di↵erentiating S
Q(∆t) with respect to ∆t, we easily

find that |SQ(∆t)|  2
p
2 and the maximum value 2

p
2

is attained at ∆t = ⇡/4∆M ⇡ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.

For comparison, as an example of LRT models we men-
tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

C
S(t1, t2) = − cos(∆Mt1) cos(∆Mt2). (21)

Observe that the form (21) fits in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, λ) =
− cos(∆Mt1) and B(t2, λ) = cos(∆Mt2) under the use
of the normalization condition

R
P (λ) dλ = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.

Now, coming back to the question of the validity of
analogy between the parameters a, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be influenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables λ. To avoid impractical impasse, it is customary
to accept the choice of a, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice of t1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25–27].

To elaborate this idea a little more, we recall the fact
that in our experiment the target system of measurement
is the flavor subspace which is a part of the entire space
of freedoms possessed by the B meson. On the other
hand, the decay times of the B meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the flavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(∆t)|  2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di↵erence ∆t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test difficult accordingly [23].

Given this prospect, we now wish to address, in ad-
dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
efficiency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed

4

At this point, one notices the apparent analogy be-
tween the decay times t1, t2 and the measurement pa-
rameters a, b, since the latter are also conditioning the
probability distributions obtained under the setup speci-
fied by the parameters. Assuming, for the moment, that
this analogy holds perfectly, we realize that all the argu-
ment we just have gone through for the Bell inequality
applies here as well. It thus follows that, if we just for-
mally replace a, b with t1, t2, we end up with the same
Bell inequality (13) for the set of correlations (14) where
now we use

C(t1, t2) =
X

A,B

AB Pt1,t2
(A,B) (16)

instead of C(a, b) and the like.
We have seen before that in QM the joint probability

distribution P
Q(A,B, t1, t2) is given by Eq. (8). From

the relation (15), one then finds the corresponding con-
ditional probability distribution,

P
Q

t1,t2
(A,B) =

1

4
(1−AB cos(∆M∆t)), (17)

and also from Eq. (16) the quantum correlation,

C
Q(t1, t2) =

X

A,B

AB P
Q

t1,t2
(A,B) = − cos(∆M∆t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su↵ers. Note that
C

Q(t, t) = −1 implies perfect anti-correlation in the fla-
vors of the B-meson pair decaying at the same proper
time t.
To proceed, let us consider the special case of the decay

times,

t2 − t
0
1
= t1 − t2 = t

0
2
− t1 = ∆t, (19)

which corresponds to a typical configuration of the mea-
surement setups for the experimental verification of the
Bell inequality. Indeed, if we denote by S

Q(∆t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

S
Q(∆t)

= C
Q(t1, t2) + C

Q(t0
1
, t2) + C

Q(t1, t
0
2
)− C

Q(t0
1
, t

0
2
)

= −3 cos(∆M∆t) + cos(3∆M∆t). (20)

By di↵erentiating S
Q(∆t) with respect to ∆t, we easily

find that |SQ(∆t)|  2
p
2 and the maximum value 2

p
2

is attained at ∆t = ⇡/4∆M ⇡ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.
For comparison, as an example of LRT models we men-

tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

C
S(t1, t2) = − cos(∆Mt1) cos(∆Mt2). (21)

Observe that the form (21) fits in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, λ) =
− cos(∆Mt1) and B(t2, λ) = cos(∆Mt2) under the use
of the normalization condition

R
P (λ) dλ = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.
Now, coming back to the question of the validity of

analogy between the parameters a, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be influenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables λ. To avoid impractical impasse, it is customary
to accept the choice of a, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice of t1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25–27].
To elaborate this idea a little more, we recall the fact

that in our experiment the target system of measurement
is the flavor subspace which is a part of the entire space
of freedoms possessed by the B meson. On the other
hand, the decay times of the B meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the flavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(∆t)|  2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di↵erence ∆t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test difficult accordingly [23].
Given this prospect, we now wish to address, in ad-

dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
efficiency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed

量子相関

4

At this point, one notices the apparent analogy be-
tween the decay times t1, t2 and the measurement pa-
rameters a, b, since the latter are also conditioning the
probability distributions obtained under the setup speci-
fied by the parameters. Assuming, for the moment, that
this analogy holds perfectly, we realize that all the argu-
ment we just have gone through for the Bell inequality
applies here as well. It thus follows that, if we just for-
mally replace a, b with t1, t2, we end up with the same
Bell inequality (13) for the set of correlations (14) where
now we use

C(t1, t2) =
X

A,B

AB Pt1,t2(A,B) (16)

instead of C(a, b) and the like.
We have seen before that in QM the joint probability

distribution P
Q(A,B, t1, t2) is given by Eq. (8). From

the relation (15), one then finds the corresponding con-
ditional probability distribution,

P
Q

t1,t2
(A,B) =

1

4
(1−AB cos(∆M∆t)), (17)

and also from Eq. (16) the quantum correlation,

C
Q(t1, t2) =

X

A,B

AB P
Q

t1,t2
(A,B) = − cos(∆M∆t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su↵ers. Note that
C

Q(t, t) = −1 implies perfect anti-correlation in the fla-
vors of the B-meson pair decaying at the same proper
time t.

To proceed, let us consider the special case of the decay
times,

t2 − t
0
1
= t1 − t2 = t

0
2
− t1 = ∆t, (19)

which corresponds to a typical configuration of the mea-
surement setups for the experimental verification of the
Bell inequality. Indeed, if we denote by S

Q(∆t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

S
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Q(t1, t2) + C

Q(t0
1
, t2) + C

Q(t1, t
0
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Q(t0
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= −3 cos(∆M∆t) + cos(3∆M∆t). (20)

By di↵erentiating S
Q(∆t) with respect to ∆t, we easily

find that |SQ(∆t)|  2
p
2 and the maximum value 2

p
2

is attained at ∆t = ⇡/4∆M ⇡ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.

For comparison, as an example of LRT models we men-
tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

C
S(t1, t2) = − cos(∆Mt1) cos(∆Mt2). (21)

Observe that the form (21) fits in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, λ) =
− cos(∆Mt1) and B(t2, λ) = cos(∆Mt2) under the use
of the normalization condition

R
P (λ) dλ = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.

Now, coming back to the question of the validity of
analogy between the parameters a, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be influenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables λ. To avoid impractical impasse, it is customary
to accept the choice of a, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice of t1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25–27].

To elaborate this idea a little more, we recall the fact
that in our experiment the target system of measurement
is the flavor subspace which is a part of the entire space
of freedoms possessed by the B meson. On the other
hand, the decay times of the B meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the flavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(∆t)|  2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di↵erence ∆t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test difficult accordingly [23].

Given this prospect, we now wish to address, in ad-
dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
efficiency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed
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FIG. 1. (Color online) Minkowski diagrams for the spacetime
events related to the decay of a pair of B mesons considered
for the Bell test. After the pp collision emerge a pair of B
mesons, which subsequently decay at t2 (or t02) in the region
(A) and at t1 (or t01) in the region (B). The red and blue solid
lines depict the actual spacetime trajectories (world lines) of
the respective B mesons, while the shaded zones depict the
forward light cones of the activated times of the RNG embed-
ded in the B mesons in the first two decays. The flavor mea-
surements, which are to be performed simultaneously with the
RNG within a typical short period of time allocated for weak
interactions colored in green, are completed retroactively after
the decay modes are determined by identifying the decayed
particles. For the combination of the correlations S(�t) used
for the Bell test, the locality condition requires that the fi-
nal measurement at t02 be completed before the information
of the first measurement at t01 reaches. Our simulation in-
dicates that this condition can be fulfilled with the ATLAS
experiment.

the upper bound of the Bell inequality (13), which can be
excluded only if the detection efficiency is greater than
2
p
2− 2 ⇡ 82.8% [29, 30]. If not, we are basically forced

to make the fair sampling assumption [28] that the de-
tection probability is independent of the measurement
setups a, b. The combination of the correlations (14)
evaluated from the actually observed events is then as-
sured to be identical with that evaluated from the total
events including unobserved ones, and this ensures that
the experimental violation of the Bell inequality implies
incompatibility of the assumptions EPR made. Unfortu-
nately, with the ATLAS experiment, the detection effi-
ciency is only 2.0% as shown in Sec. III C due to the loss
in event selection processes. This implies that we need
to make the fair sampling assumption that the probabil-
ity of the detection of the decay is independent of the
decay times t1, t2, which looks fairly reasonable and has
certainly been the case in usual measurements of decay
times.

The other loophole is the locality loophole [28], which
concerns whether the experimental setups guarantee the
locality assumption: if the actual measurement configu-
ration allows the measurement setup a or outcome A to

a↵ect b or B, the locality assumption no longer holds,
invalidating the direct link between the experimental vi-
olation of the Bell inequality and the incompatibility of
the assumptions. On account of the RNG embedded in
the B meson, and also due to the purely quantum nature
of the decay, the operating time of the RNG is inter-
preted as the duration of the decay itself, which is of the
order assigned to typical weak interactions. Besides, as
we shall see in Sec. III E, it is possible to select the decay
events occurring in the ATLAS detector so that the pair
is mostly spacelike separated (see Fig.1). This indicates
that the locality loophole can be closed virtually with the
ATLAS experiment.

III. FEASIBILITY STUDY

A. Outline

The ATLAS experiment is performed at the CERN
LHC in order to study phenomena in proton-proton (pp)
and heavy-ion collisions. The ATLAS detector [34],
which is designed for general physics purposes, consists
of a superconducting solenoid surrounding the inner de-
tector (ID) and a large superconducting toroid magnet
system with muon detectors enclosing the electromag-
netic and hadron calorimeters.

The ATLAS experiment collected 5.1 fb−1 of pp colli-
sion data with the total center of mass energy

p
s= 7 TeV

and 21.3 fb−1 with 8 TeV in Run 1 (2010-12), and
149 fb−1 with 13 TeV in Run 2 (2015-2018). The in-
stantaneous luminosity of pp collisions has been increased
during the operation and reached a maximal value of
2.2 ⇥ 1034 cm−2s−1 in 2017, more than twice of the
LHC design value (1.0 ⇥ 1034 cm−2s−1). The experi-
ment called Run 3 is expected to start with 14 TeV of pp
colliding energy in 2022 after the long-shutdown 2 (2019-
2021), and is expected to collect 180 fb−1 of data by the
end of 2026.

On the basis of the above specifications, we carried out
a simulation study to evaluate the feasibility of the Bell
test by means of the flavor entanglement of the B meson
pair in the ATLAS experiment. In this simulation, we
assumed that nature obeys QM, and performed an er-
ror analysis of SQ(∆t) evaluated from the decay modes
B

0 ! D
⇤−

µ
+
⌫ (D⇤− ! D

0
⇡
−, D0 ! K

+
⇡
−) and their

charge conjugate modes, which were previously employed
in the flavor entanglement detection at the Belle experi-
ment [22, 33]. In B

0 ! D
⇤−

µ
+
⌫ events, in practice, the

flavor of a neutral B meson at the decay can be identified
from the configuration of the electric charges of the decay
products, i.e., µ+

⇡
−
⇡
−
K

+ (µ−
⇡
+
⇡
+
K

−) from B
0 (B̄0)

decay.
Our feasibility study with our custom made simulation

consists of three steps: (i) event generation, (ii) signal
selection, and (iii) background estimation, each of which
is presented in detail in the following three subsections,
respectively. These three steps as a whole sift the events

7

FIG. 2. (Color online) Distributions of the squared proper
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one pp interaction per beam bunch crossing, whereas that
is above two for most of the period during which data for
[37] were collected (between August and October 2010)
[38]. In addition, the selection cuts are applied to two
neutral B mesons instead of one. For those reasons,
the background contamination is expected to be smaller
than 6.8% in our measurement. Only the simulated sig-
nal events are used in our analysis, and the backgrounds
are conservatively considered as systematic uncertainty
as described in Sec. III E.

E. Analysis results

In our simulation, we examined two issues. One is
whether the locality condition is satisfied with the events
detected by the ATLAS detector. The other is how much
the Bell inequality violates, with statistical and system-
atic errors considered.

Figure 2 shows the distributions of the squared proper
distance s

2 = −c
2�t

2 + �L
2 of the B

0
B̄

0 decay events
before and after the acceptance and selection cuts. Most
of the events are spacelike (s2 > 0) even without any
cuts, and more than 99% events are spacelike after the
cuts. The locality condition is thus perfectly satisfied in
our analysis.

The quantum correlation C
Q(t1, t2) can be calculated

from the experimental data by using the following for-

FIG. 3. |SQ(|�t|)| after the acceptance and selection cuts
in the case of QM with the theory line. The dotted line at
|S(|�t|)| = 2 shows the upper bound of the Bell inequality.
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is the number of the events that two neutral B mesons
decay into the flavor A at t1 and B at t2, respectively.
S
Q(�t) in Eq. (20) is calculated from the C

Q(t1, t2) dis-
tribution under the configuration (19).

Figure 3 shows |SQ(|�t|)| after the acceptance and se-
lection cuts in the case of QM. As the statistical error,
only that of the signal is taken into account, since the con-
tribution from the background is negligible as discussed
in Sec. IIID.

We evaluated the systematic error, by considering the
worst case where the backgrounds contaminate only one
�t bin in C

Q(t1, t2). Since the combinatorial back-
grounds are the main source and should contribute
equally to B

0 and B̄
0, it is assumed that the same frac-

tion (50%) of the backgrounds contaminates the same
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0) and opposite flavors of

two neutral B mesons (NQ
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B
0).

The amount of the backgrounds is assumed as 0.26%
which is assigned as the systematic error on the back-
ground contamination in [37]. This systematic error is
the largest contribution to the shift from |SQ(|�t|)| in
this treatment. In addition, the systematic error origi-
nated from �t resolution, 0.16 (0.11 ⇥

p
2) ps, is taken

into account.
The significant excess from the upper bound of the

Bell inequality (13) is obtained with |SQ(|�t|)| = 2.89±
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At this point, one notices the apparent analogy be-
tween the decay times t1, t2 and the measurement pa-
rameters a, b, since the latter are also conditioning the
probability distributions obtained under the setup speci-
fied by the parameters. Assuming, for the moment, that
this analogy holds perfectly, we realize that all the argu-
ment we just have gone through for the Bell inequality
applies here as well. It thus follows that, if we just for-
mally replace a, b with t1, t2, we end up with the same
Bell inequality (13) for the set of correlations (14) where
now we use

C(t1, t2) =
X

A,B

AB Pt1,t2
(A,B) (16)

instead of C(a, b) and the like.
We have seen before that in QM the joint probability

distribution P
Q(A,B, t1, t2) is given by Eq. (8). From

the relation (15), one then finds the corresponding con-
ditional probability distribution,

P
Q

t1,t2
(A,B) =

1

4
(1−AB cos(∆M∆t)), (17)

and also from Eq. (16) the quantum correlation,

C
Q(t1, t2) =

X

A,B

AB P
Q

t1,t2
(A,B) = − cos(∆M∆t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su↵ers. Note that
C

Q(t, t) = −1 implies perfect anti-correlation in the fla-
vors of the B-meson pair decaying at the same proper
time t.
To proceed, let us consider the special case of the decay

times,

t2 − t
0
1
= t1 − t2 = t

0
2
− t1 = ∆t, (19)

which corresponds to a typical configuration of the mea-
surement setups for the experimental verification of the
Bell inequality. Indeed, if we denote by S

Q(∆t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

S
Q(∆t)

= C
Q(t1, t2) + C

Q(t0
1
, t2) + C

Q(t1, t
0
2
)− C

Q(t0
1
, t

0
2
)

= −3 cos(∆M∆t) + cos(3∆M∆t). (20)

By di↵erentiating S
Q(∆t) with respect to ∆t, we easily

find that |SQ(∆t)|  2
p
2 and the maximum value 2

p
2

is attained at ∆t = ⇡/4∆M ⇡ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.
For comparison, as an example of LRT models we men-

tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

C
S(t1, t2) = − cos(∆Mt1) cos(∆Mt2). (21)

Observe that the form (21) fits in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, λ) =
− cos(∆Mt1) and B(t2, λ) = cos(∆Mt2) under the use
of the normalization condition

R
P (λ) dλ = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.
Now, coming back to the question of the validity of

analogy between the parameters a, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be influenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables λ. To avoid impractical impasse, it is customary
to accept the choice of a, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice of t1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25–27].
To elaborate this idea a little more, we recall the fact

that in our experiment the target system of measurement
is the flavor subspace which is a part of the entire space
of freedoms possessed by the B meson. On the other
hand, the decay times of the B meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the flavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(∆t)|  2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di↵erence ∆t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test difficult accordingly [23].
Given this prospect, we now wish to address, in ad-

dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
efficiency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed
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obtain the quantum joint probability distribution of the
flavor observations A,B at the decay times t1, t2,

P
Q(A,B, t1, t2) =

e
−�(t1+t2)

4
(1−AB cos(∆M∆t)) ,

(8)
with ∆t = t1 − t2 and ∆M = MH − ML = 3.334 ⇥
10−10 MeV [32] being the mass di↵erence.

B. The Bell inequality for flavor measurements

Prior to discussing the Bell inequality for flavor mea-
surements, let us briefly recall the Bell inequality itself,
which was derived through Bell’s simple but careful anal-
ysis on the EPR argument [2] on QM. In their argument,
EPR claimed that QM is incomplete as a physical theory
on the basis of three assumptions: locality, our ability to
freely choose experimental setups, and reality of physical
quantities that should be dealt with a complete theory.
Here, the reality means that the values of the physical
quantities are determined or inferred with certainty, at
least in principle.
Bearing the above historical background in mind, we

shall introduce LRTs which fulfill all the assumptions
EPR made in their argument. Consider a measurement
of spins of two spin 1/2 particles, which are spacelike
separated and have previously been interacted. Suppose
that we are allowed to freely choose the experimental se-
tups specified by parameters a and b, respectively, for
the two particles. More explicitly, we conduct the spin
measurement for one particle along the measurement axis
specified by a and also for the other particle along the
axis specified by b. We then assign the values A = +1
if the outcome is along the axis measured (up spin) and
A = −1 if it is opposite (down spin), and do the analo-
gous assignment for B for the second particle. Perform-
ing the above process of measurement many times, we
obtain the probability distribution Pa,b(A,B) of finding
the outcomes A, B under the measurement setups a, b.

In the LRT description of the above experiment, asso-
ciated with the reality of the physical quantities, we first
suppose that there exist parameters called hidden vari-
ables, collectively denoted by �, which completely specify
the states of the physical systems with certainty. Mak-
ing it explicit that the probability distribution Pa,b(A,B)
depends on �, we write it as

Pa,b(A,B) =

Z
Pa,b(A,B |�)P (�) d�, (9)

where Pa,b(A,B |�) is a conditional probability distribu-
tion of the outcomes A, B, given �, and P (�) gives a dis-
tribution of � under the situation of measurement. Note
that LRTs are also called local hidden variable theories
in literature.
The locality assumption implies that the choice of the

measurement setup a and the outcome A are independent

of that of b and B, and vice versa. This allows us to
decompose the conditional probability Pa,b(A,B |�) as

Pa,b(A,B |�) = Pa(A |�)Pb(B |�), (10)

where Pa(A |�) and Pb(B |�) are the conditional prob-
ability distribution of the outcome A, B with the mea-
surement setups a, b under the given �.

We are now ready to introduce the Bell inequality.
From Eq. (9) and Eq. (10), the correlation between the
outcomes A and B under the setups a and b reads

C(a, b) =
X

A,B

AB Pa,b(A,B)

=

Z
A(a, �)B(b, �)P (�) d�, (11)

where we have introduced

A(a, �) = Pa(A = 1 |�)− Pa(A = −1 |�),
B(b, �) = Pb(B = 1 |�)− Pb(B = −1 |�). (12)

From |A(a, �)|  1 and |B(b, �)|  1, it is now straight-
forward to derive the Bell inequality

|S|  2 (13)

satisfied by the combination of four correlations

S = C(a, b) + C(a0, b) + C(a, b0)− C(a0, b0) (14)

for any a, a
0
, b and b

0 (see, e.g., [5]).
Many experiments have confirmed the violation of the

Bell inequality [7–20]: the experimental value of the LHS
of Eq. (13) exceeds 2 with suitable experimental setups
and state preparation. In addition, these experimental
results are in good agreement with their quantum me-
chanical descriptions. These observations clearly show
that Nature, and its quantum mechanical description, do
not satisfy at least one of the assumptions EPR made,
even though they look apparently natural to hold.
Now, to accomplish the task of putting the argument

of the Bell inequality into the context of our flavor mea-
surements, we first describe the measurement process of
the flavor measurements and examine the analogy with
the conventional argument leading to the Bell inequality
mentioned above.
In the flavor measurements of a pair of B mesons, one

meson decays at the proper time t1 and its flavor, de-
noted by A, is revealed as either +1 for B0 or −1 for B̄0.
The other meson decays at the proper time t2, and its
flavor B is +1 for B

0 and −1 for B̄
0. The outcomes of

the measurements are then used to obtain the the joint
probability distribution P (A,B, t1, t2). The point here
is that the proper times of the decays t1, t2 are deter-
mined stochastically. Thus, given the decay times t1, t2,
the statistics of the flavor measurement is characterized
by the conditional probability distribution Pt1,t2

(A,B),
which is related to the joint probability distribution by

Pt1,t2(A,B) =
P (A,B, t1, t2)P
A,B

P (A,B, t1, t2)
. (15)
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Here, the reality means that the values of the physical
quantities are determined or inferred with certainty, at
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obtain the probability distribution Pa,b(A,B) of finding
the outcomes A, B under the measurement setups a, b.
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ing it explicit that the probability distribution Pa,b(A,B)
depends on �, we write it as
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where Pa,b(A,B |�) is a conditional probability distribu-
tion of the outcomes A, B, given �, and P (�) gives a dis-
tribution of � under the situation of measurement. Note
that LRTs are also called local hidden variable theories
in literature.

The locality assumption implies that the choice of the
measurement setup a and the outcome A are independent

of that of b and B, and vice versa. This allows us to
decompose the conditional probability Pa,b(A,B |�) as
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where Pa(A |�) and Pb(B |�) are the conditional prob-
ability distribution of the outcome A, B with the mea-
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We are now ready to introduce the Bell inequality.
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for any a, a
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Bell inequality [7–20]: the experimental value of the LHS
of Eq. (13) exceeds 2 with suitable experimental setups
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results are in good agreement with their quantum me-
chanical descriptions. These observations clearly show
that Nature, and its quantum mechanical description, do
not satisfy at least one of the assumptions EPR made,
even though they look apparently natural to hold.
Now, to accomplish the task of putting the argument

of the Bell inequality into the context of our flavor mea-
surements, we first describe the measurement process of
the flavor measurements and examine the analogy with
the conventional argument leading to the Bell inequality
mentioned above.
In the flavor measurements of a pair of B mesons, one

meson decays at the proper time t1 and its flavor, de-
noted by A, is revealed as either +1 for B0 or −1 for B̄0.
The other meson decays at the proper time t2, and its
flavor B is +1 for B

0 and −1 for B̄
0. The outcomes of

the measurements are then used to obtain the the joint
probability distribution P (A,B, t1, t2). The point here
is that the proper times of the decays t1, t2 are deter-
mined stochastically. Thus, given the decay times t1, t2,
the statistics of the flavor measurement is characterized
by the conditional probability distribution Pt1,t2

(A,B),
which is related to the joint probability distribution by

Pt1,t2(A,B) =
P (A,B, t1, t2)P
A,B

P (A,B, t1, t2)
. (15)

(                                                )
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局所性の抜け穴を塞ぎ、
完全なBellテストが可能

まとめ

弱測定（直接）により、崩壊粒子の寿命を延命（短縮）可能 

Belle 実験でのB中間子に適用すると、崩壊寿命は 2.6 倍まで
延命可能。しかしCP 破れの精度は 20% の向上に留まる

ATLAS 実験での B 中間子系を用いてBell テストにおいて
は、従来のBelle実験での局所性問題を解決し、素粒子実験
での世界初の完全なBell テストが可能。（実施計画申請中）

量子力学の基礎
(weak value, Bell test, uncertainty,…)

素粒子物理
(entangled states, decays, oscillations,…)
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時間・量子測定・準古典近似の理論と実験～古典論と量子論の境界
July 21-23, 2022, 九大 IMI, Fukuoka, Japan

C∗-代数的量子論におけるシュレディンガー描像
Kazuya Okamura

Research Origin for Dressed Photon / Nagoya University

本稿は，C∗-代数的量子論におけるSchrödinger描像についての発表をまとめたものであ
る。Schrödinger描像では，（系とその環境の）ダイナミクスによって引き起こされる系
の状態変化を扱う。Diracの遷移確率は，この文脈で中心的な役割を果たす。「C∗-確率
構造」を対象とし遷移確率を射とする「状態遷移の圏」を定義する。これはSchrödinger
描像の圏論的定式化にあたる。さらに，遷移確率の理論を量子測定理論に結びつける。
C∗-代数的量子論における量子測定の公理的アプローチは，セクター理論と整合的であ
り，圏論的設定における遷移確率の良い例を与えるものである。

1. 導入
本稿では，C∗-代数的量子論におけるシュレディンガー描像について議論を行う。そ

の動機は，量子系におけるダイナミクスを柔軟に記述可能な枠組みの確立を目指すと
ころにある。通常シュレディンガー描像と呼ばれる量子系の変化とは，量子系の状態
遷移を意味する。状態は物理量代数上の期待値汎関数として定義され，その上で状態
遷移とは状態を指定するごとに別の状態への対応をつけることである。本稿では，遷
移確率およびインストルメントによる状態遷移を扱う。遷移確率は Diracにより，イ
ンストルメントはDavies-Lewisにより定義された。どちらも系の状態の確率的な遷移
を記述する概念であり，量子系のダイナミクスの特徴を捉える上で大きく貢献してき
た。本稿ではそれらをC∗-代数的量子論において扱う点で注意すべきことがある。C∗-
代数上の状態空間の全空間は一般にとても大きいので，適切な部分空間を扱う必要が
ある。その空間を本稿では中心部分空間と呼ぶ。中心部分空間の活用によりセクター
理論 [9, 10, 11, 12, 13, 20, 21, 23]と整合的な量子測定理論になり，更には圏論的な定
式化へとつながっていくことをみていく。本稿の結果は [22, 24, 25, 27]の延長線上の
成果にあたる。

C∗-代数的量子論の出発点は，C∗-確率空間による量子系の記述である。これは通常，
以下のように公理としてまとめられている [22]。
公理 1（C∗-確率空間）.� �

ある物理的状況（または実験設定）における物理系はC∗-確率空間 (X , ω) – C∗-代
数X とその上の状態 ωの組 – で記述される。

� �
作用素代数の詳細については [4, 7, 8, 32, 35]などを参照のこと。集合X がC∗-代数で
あるとは，∗-代数かつ Banach空間であって ‖X∗X‖ = ‖X‖2, X ∈ X , を満たすとき
を言う。本稿では，C∗-代数は単位的（単位元を含む）であることを仮定する。ωがX
上の状態であるとは，X 上の規格化（ω(1) = 1）された正値（任意のX ∈ X に対し
ω(X∗X) ≥ 0）な線型汎関数であるときをいう。X ∗でX 上の線型汎関数の集合を，SX
でX 上の状態の集合を表す。任意の状態 ωに対し，Hilbert空間Hω，X のHω上の表
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現 πωおよびHωの単位ベクトルで
(1) ω(X) = 〈Ωω|πω(X)Ωω〉, X ∈ X

を満たす 3つ組 (πω,Hω,Ωω)が存在する。この 3つ組をGNS表現と呼ぶ。X の第二双対
X ∗∗ := (X ∗)∗はW ∗-代数であり，X の第二双対W ∗-代数と呼ばれる。X ∗∗はX の普遍
表現 (πu,Hu) = ⊕ω∈SX (πω,Hω) から生成される普遍包絡 von Neumann代数 πu(X )′′と
同型であることが知られている。このとき，X からX ∗∗への等長埋め込み ·̂ : X → X ∗∗

が，任意の ρ ∈ X ∗に対し，〈X̂, ρ〉 = ρ(X)で定まる。
第二双対W ∗-代数と上の埋め込みを用いることにより，自己共役作用素のスペクト

ル分解ができてBorn 統計公式を記述する準備が整った：
公理 2（Born 統計公式）.� �

X の物理量Aが状態 ωにおいて正確に測定されるとき，∆に属するAのスペクト
ルが現れる確率 Pr{A ∈ ∆‖ω}は次で与えられる：
(2) Pr{A ∈ ∆‖ω} = 〈EÂ(∆), ω〉.

� �
この公理はC∗-代数的量子論の標準的公理系で通常仮定されるが，本稿では歴史的

経緯でのみ活用される。

2. 遷移確率
遷移確率を本章で定義する。状態空間の Borel空間を定めるため，C∗-代数X の双

対空間 X ∗に対し弱 ∗位相を採用する。弱 ∗位相においては，ω ∈ X ∗の近傍はつぎで
与えられる：X の有限個の元X1, · · · , Xnと ε > 0に対し，
(3) Uω(X1, · · · , Xn, ε) = {φ ∈ X ∗ | |φ(Xj)− ω(Xj)| < ε, j = 1, · · · , n}.

SX の弱 ∗位相をX ∗の弱 ∗位相のSX への制限により定義する。SX に対し，弱 ∗位相の
開集合族から生成されるBorel集合を採用する。B(SX )で SX のBorel集合族を表す。
　C∗-代数X の状態空間SX および双対空間X ∗は，一般に大きすぎるため適切な部

分空間に制限する必要がある。以下で定義する中心部分空間がその目的にかなう。任
意のA,B ∈ X ∗∗と ω ∈ X ∗に対し，Aω, ωA,AωB ∈ X ∗を

〈M,Aω〉 = 〈MA,ω〉,(4)

〈M,ωA〉 = 〈AM,ω〉,(5)

〈M,AωB〉 = 〈BMA,ω〉, M ∈ X ∗∗(6)

で定義する。
定義 1 (中心部分空間 [27]). X ∗の線型部分空間Vが中心的（central）であるとは，X ∗∗

の中心射影Cで V = CX ∗ = {Cω | ω ∈ X ∗} を満たすものが存在するときをいう。
X ∗の各中心部分空間 V(= CX ∗)に対し，双対空間 V∗は（CX ∗∗に同型な）W ∗-代

数である。中心部分空間の例は表現により与えられる。
例 1. (1) V(π)：(π,H)をX の表現とするとき，H上のトレースクラス作用素 ρを用い
て ω(X) = Tr[π(X)ρ]と表せる X 上の線型汎関数の全体。X = B(H), (id,H)のとき
が有限自由度量子系の場合。
(2) M∗：Hilbert空間K上の von Neumann 代数M上の正規な線型汎関数の全体（(1)
でX = M, π = id, H = Kとした場合）。
中心部分空間を用いてC∗-確率構造を定義する。

128



定義 2 (C∗-確率構造). C∗-代数とその双対空間の中心部分空間の組 a = (Xa,Va)を
C∗-確率構造（C∗-probability structure）と呼ぶ。各 C∗-確率構造 a = (Xa,Va)に対し，
Sa = SXa ∩ Vaとおく。
公理 1を前提に，次の公理を仮定する。
公理 3（C∗-確率構造：公理 1 の続き）� �

C∗-確率構造 a = (Xa,Va)によって，特定の範囲に収まる物理的状況（または実験
設定）における物理系が統計的に規定される。

� �
公理 3は Saに属する様々な状態が実現する状況をC∗-確率構造により包括的に与え

るという宣言に他ならない。
定義 3 (遷移確率). a, b ∈ C∗-PSとする。写像 P (· ← ·) : B(SXb

)× Sa → [0, 1]は，以
下の条件を満たすとき，(a, b)に対する遷移確率と呼ばれる：
(i) 各 ω ∈ Saに対し，P (· ← ω)は SXb

上の確率測度である。
(ii) ∆ ∈ B(SXb

)と ω ∈ Saで P (∆ ← ω) �= 0となるとき ω(P,∆) ∈ Sb。ここで，P (∆ ←
ω) �= 0のとき，

(7) ω(P,∆)(X) =

∫

∆

ρ(X)
dP (ρ ← ω)

P (∆ ← ω)
, X ∈ Xb

と定める。∆ = SXb
のとき，ωP := ω(P,SXb

)と表す。

a = bのとき，(a, b)に対する遷移確率を aに対する遷移確率と呼ぶ。各一点集合
{φ}に対し， P ({φ} ← ω)を P (φ ← ω)と表す。
定義より，遷移確率とは a ∈ C∗-PSにおける各状態にたいし b ∈ C∗-PSでの状態

空間上の確率測度が定まり，かつそれは bでの中心部分空間に属する状態が実現するよ
うなものである、ということである。
例 2 (決定論的遷移). (i) αをC∗-代数X の ∗-同型とする。aX = (X ,X ∗)に対する遷移
確率 P (α)を P (α)(∆ ← ω) = δω◦α(∆)で定める。
(ii) a, b ∈ C∗-PS，単位的正値線型写像 T : Va → Vbとする。(a, b)に対する遷移確率
P (T )を P (T )(∆ ← ω) = δTω(∆)で定める。
定義 4 (離散的). a, b ∈ C∗-PSとし，P を (a, b)に対する遷移確率とする。P が離散的
であるとは，各 ω ∈ Saでの P (· ← ω)の台が高々可算であるときをいう。

P が離散的であるとき，各 ω ∈ Saで SP,ω := supp P (· ← ω) ⊂ Sbを満たす。

3. 歴史的経緯と注意
公理 2を仮定し，Hを可分Hilbert空間とする。H上の密度作用素 ρとB(H)上の

正規状態 ρ̃を以下で定める同型写像 ·̃ : T (H) → B(H)∗のもと区別しない：

(8) ρ̃(X) = Tr[ρX], X ∈ B(H).

このとき，aH = (B(H),T (H)) ∈ C∗-PSである。遷移確率を考える契機はBorn統計
公式と関わるところにあり，測定後の状態が定まる規則を取り入れる試みに他ならな
い。それは以下のようにまとめられる。
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仮説 1.� �

A =
∑

a∈R aE
A({a})をB(H)の離散物理量とする。密度作用素 ρにおいてAが正

確に測定されるとき，各 a ∈ Sp(A; ρ) = {a ∈ R | Tr[EA({a})ρ] > 0}に対し測定後
の状態 ρ{A=a}が一意に定まり，aHに対する遷移確率は

Pr(∆ ← ρ) =
∑

a∈Sp(A;ρ)

Tr[EA({a})ρ]δρ{A=a}(∆),(9)

Pr(ρ{A=a} ← ρ) = Tr[EA({a})ρ].
� �
すなわち，準備された状態において，物理量の正確な測定により得られる値ごとに測
定後の状態が定まる規則が遷移確率として与えられるという仮説である。(9)式の表示
は兎に角，連続スペクトルをもつ物理量の場合においてもこの仮説は妥当であると考
えるのは自然であろう。というのも，Bayes流の条件付き確率と考え方が酷似してい
るからである（ここでは詳細を述べない）。具体的に測定後の状態を考察した先駆者は
HeisenbergであったりDiracであったり von Neumannである。特に，離散物理量の場
合には射影仮説として知られている。
仮説 2（von Neumann-Lüders 射影仮説）.� �

密度作用素 ρにおいてAが正確に測定されるとき，Tr[EA({a})ρ] > 0ならば，

(10) ρ{A=a} =
EA({a})ρEA({a})

Tr[ρEA({a})]
更には，∆ ∈ B(R)に属さない Aの値を無視する状況での，測定後の状態 ρ{A∈∆}
は次で与えられる：

(11)

∑
a∈∆ Tr[ρEA({a})]ρ{A=a}

Tr[ρEA(∆)]
=

(∑
a∈R E

A({a})ρEA({a})
)
· EA(∆)

Tr[ρEA(∆)]
.

� �
仮説 1,2をあわせると離散物理量が非退化な場合にDiracの遷移確率 [6]を含んでいる。
von Neumann [19]は非退化な場合に仮説 2を考え， Lüders [17]は退化した場合に一般
化した。また，von Neumann [19]は反復可能性仮説を次の仮説から導出した：
仮説 3（反復可能性仮説）.� �

対象系の物理量Aを続けて二度測定したら，一度に同じ値を得る。
� �
この仮説は von Neumannらが研究していた当時，前提とされていたことは [31]に解説
されている。
遷移確率の観点それ自体重要であるが，作用素代数・量子確率論 [16]の観点は現在

の量子測定理論につながる点で非常に重要な貢献をしてきた。中村と梅垣は [18]にお
いて，von Neumann-Lüders 射影仮説に登場する，写像

ρ �→
∑
a∈R

EA({a})ρEA({a})

がB(H)から von Neumann部分代数 {A}′ = {B ∈ B(H) | AB = BA}への条件付き
期待値（の前双対写像）[37]に他ならないことを指摘し，連続スペクトルをもつ物理
量に対しても同様の議論が成り立つと予想した。Arveson [3]は連続的な場合，そのよ
うな条件付き期待値は存在しないことを示した。これらの先行研究に続き，Daviesと
Lewis [5]は反復可能性仮説（仮説 3）を放棄し，測定により生じる一般の状態変化を記
述するインストルメントの概念を導入した。小澤 [28]は完全正値インストルメントを
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導入し，B(H)上の完全正値インストルメントは測定過程で定義されることを示した。
[24]では一般の von Neumann代数上での完全正値インストルメントが測定過程で定義
されるための必要十分条件を見出した。[27]ではC∗-代数的量子論の場合にインストル
メントを定義し解析した。

4. 遷移確率：続き
Qと P それぞれ (b, c), (a, b)に対する遷移確率とする。

定義 5 (合成). (i) Pが離散的であるとき，QとPの逐次遷移確率Q∗Pとは，各ω ∈ Sa

に対し，
(12) (Q ∗ P )(Γ×∆|ω) =

∑
ρ∈SP,ω∩∆

Q(Γ ← ρ) P (ρ ← ω)

により定まる SXc × SXb
上の確率測度のことである。

(a, c)に対する遷移確率Q ◁ P を
(13) (Q ◁ P )(Γ ← ω) = (Q ∗ P )(Γ× SXb

|ω)

で定める。この遷移確率をQと P の合成と呼ぶ。
Riesz-Markov-Kakutaniの定理から，コンパクト空間 S上の確率測度と連続関数の

なすC∗-代数C(S)上の状態を同一視する：

(14) P (f) =

∫

S

f(s) dP (s), f ∈ C(S).

定義 6 (定義 5の続き). (ii) Qと P が合成可能であるとは，（C(SXa)上の状態として）
P に収束する (a, b)に対する離散的遷移確率のネット {Pα}α∈Aで ωP = ωPαを満たすも
のに対し，f �→ limα(Q ∗ Pα)(f |ω)が {Pα}α∈Aの選択によらないC(SXc × SXb

)上の状
態になるとき，Q ∗ P := limα Q ∗ PαをQと P の逐次遷移確率Q ∗ P と呼ぶ。

Qと P が合成可能なとき，(a, c)に対する遷移確率Q ◁ P を
(15) (Q ◁ P )(Γ ← ω) = (Q ∗ P )(Γ× SXb

|ω).

で定める。この遷移確率をQと P の合成と呼ぶ。
この合成を用いて，状態遷移の圏を定義する。

定義 7 (状態遷移の圏). 状態遷移の圏は次で与えられる：
対象: C∗-確率構造 a = (Xa,Va)
射: b ← a : f は (a, b)に対する遷移確率 Pf

射の合成: 遷移確率の合成
恒等射: 各対象 aに対する恒等射 a ← a : 1aの遷移確率は P1a(∆ ← ω) = δω(∆),

∆ ∈ B(SXa), ω ∈ Sa

5. 測定理論
量子測定理論が立脚している，インストルメントの定義と基本的性質についてこの

章で解説する。作用素代数と測度論が交差する題材であり，数学的にも興味深い性質
や困難が多くある。a, b ∈ C∗-PSとし，P (Va,Vb)を Vaから Vbへの正値線型写像の集
合とする。
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定義 8 (インストルメント). (S,F)を可測集合とする。Iが (a, b, S)に対するインスト
ルメントであるとは，以下の 3条件を満たすときを言う：
(i) IはF から P (Va,Vb)への写像である。
(ii) すべての ρ ∈ Vaに対し，〈1, I(S)ρ〉 = 〈1, ρ〉。
(iii) 各 ρ ∈ Va, M ∈ V∗

b およびF の互いに素な列 {∆j}j∈Nに対して，

(16) 〈M, I(∪j∆j)ρ〉 =
∞∑
j=1

〈M, I(∆j)ρ〉.

a = bのとき，(a, b, S)に対するインストルメント Iを (a, S)に対するインストルメ
ントと呼ぶ。更には，MをW ∗-代数とし，a = b = (M,M∗)のとき，(a, S)に対するイ
ンストルメント Iを (M, S)に対するインストルメントと呼ぶ。‖Iφ‖(∆) = ‖I(∆)φ‖：
(a, b, S)に対するインストルメント Iと φ ∈ Saに対し定義される (S,F)上の確率測度
(a, b, S)に対するインストルメント Iとφ ∈ Saに対し，Iの双対写像 I∗ : V∗

b ×F → V∗
a

を，ρ ∈ Va, M ∈ V∗
b , ∆ ∈ F に対し，

(17) 〈M, I(∆)ρ〉 = 〈I∗(M,∆), ρ〉,
で定義する。双対写像自体の特徴づけがある（参照）。
対象系 Sが a = (Xa,Va) ∈ C∗-PSで記述されるときを考える。
Davies-Lewis の提唱（修正版）� �

対象系Sを測定する，可測空間 (S,F)に値をとる出力変数xをもつ測定装置A(x)
ごとに，b ∈ C∗-PSおよび (a, b, S)に対するインストルメント Iが以下の意味でた
だ一つ存在する：A(x)で測定後の系 Sは b ∈ C∗-PSで記述される。Sの各始状態
ρ ∈ Saに対し，ρにおける xの出力に関する確率測度 Pr{x ∈ ∆‖ρ}は
(18) Pr{x ∈ ∆‖ρ} = ‖I(∆)ρ‖, ∆ ∈ F ,

で与えられる。そして，始状態 ρが準備され，∆ ∈ F に属さない出力変数 xの値
は無視する状況での測定後の系の状態 ρ{x∈∆} ∈ Sbは，Pr{x ∈ ∆‖ρ} > 0のとき，

(19) ρ{x∈∆} =
I(∆)ρ

‖I(∆)ρ‖
である。ただし，Pr{x ∈ ∆‖ρ} = 0のときは ρ{x∈∆}は不定である。

� �
これまでは出力値の集まりである可測集合∆ ∈ F ごとにインストルメントを用いたと
きの測定後の状態を考えてきた。実はインストルメントが与えられているとき出力値ご
との測定後の状態を考察可能になる [24, 29, 30]。それが以下で定義する被積分である。
定義 9 (被積分). a, b ∈ C∗-PSとする。I を (a, b, S)に対するインストルメントとし
ρ ∈ Saとする。Xb上の状態の族 {ρs}s∈S が (I, ρ)に対する被積分であるとは，以下の
条件を満たすときを言う：
(i) 写像 s �→ ρsは弱 ∗ ‖Iρ‖-可測である。
すなわち，すべてのX ∈ X に対し，s �→ ρs(X)は ‖Iρ‖-可測である。
(ii) 各X ∈ X と∆ ∈ F に対し，

(20) [I(∆)ρ](X) =

∫

∆

ρs(X) d‖Iρ‖(s).

定理 1. (a, b, S)に対するインストルメント Iと ρ ∈ Vaに対し，(I, ρ)に対する被積分
{ρs}s∈Sが常に存在する。
すなわち，被積分の存在は保証されている。
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定義 10. (a, b, S)に対するインストルメント Iが条件 (S)を満たすとは，各 ρ ∈ Vaに
対し，写像 s �→ ρsが強可測であるときをいう。
定義 11. (a, b, S)に対するインストルメント I が条件 (C)を満たすとは，単位的正規
正値線型写像Ψ : V∗

b ⊗ L∞(S, I) → V∗
a で

(21) I∗(M,∆) = Ψ(M ⊗ [χ∆]), M ∈ V∗
b ,∆ ∈ F

を満たすものが存在するときをいう。
定義 12 (事後状態の族). Iを (a, b, S)に対するインストルメント，ρ ∈ Saとする。Xa

上の状態の族 {ρs}s∈Sが (I, ρ)に対する事後状態の族であるとは，以下の条件を満たす
ときをいう：
(i) 各 s ∈ Sに対し，ρs ∈ Sb.
(ii) 写像 s �→ ρsは弱 ∗ ‖Iρ‖-可測である。
(iii) 各M ∈ V∗

b と∆ ∈ F に対し，
(22) 〈M, I(∆)ρ〉 =

∫

∆

〈M,ρs〉 d‖Iρ‖(s).

定理 2. 条件 (C)を満たす (a, b, S)に対するインストルメント I と ρ ∈ Va に対し，
(I, ρ)に対する強可測な事後状態の族 {ρs}s∈Sが存在する。すなわち，条件 (C)を満た
す (a, b, S)に対するインストルメント Iは条件 (S)を満たす。

6. 状態遷移の圏の例
状態遷移の圏の具体例を挙げるまえに，インストルメントの圏を定義しよう。
a, b ∈ C∗-PSとし，T をVaからVbへの単位的正値線型写像とする。(a, b, {∗})に対

するインストルメント IT を次で定める：
(23) IT ({∗}) = T

これにより単位的正値線型写像とインストルメントを同一視する。
定義 13 (インストルメントの圏). インストルメントの圏とは次からなる：

対象: C∗-確率構造 a = (Xa,Va)
射: b ← a : Iは (a, b, S)に対するインストルメントI（(S,F)は可測空間，S = Rd

(d = 0, 1, 2, · · · )を想定）
射の合成: インストルメントの合成
恒等射: 各対象 aに対する恒等射 a ← a : 1aとは，(a, {∗})に対するインストルメ
ント 1a({∗})ρ = ρ, ρ ∈ Va, のこと。

上のインストルメントの合成とは次のように定義される：
定義 14 ([5, 36]). I ′, Iを (b, c, S ′), (a, b, S)に対するインストルメントとする。I ′と I
が合成可能であるとは，(a, c, S ′ × S)に対するインストルメント I ′′で
(24) I ′′(Γ×∆) = I ′(Γ)I(∆)

を満たすものが存在するときをいう。この I ′′を I ′と Iの合成という。
合成可能でない例も知られている [36]。

定義 15 (インストルメントから誘導される遷移確率). (a, b)に対する遷移確率 P が
(a, b, S)に対するインストルメント Iに誘導されるとは，Iが条件 (S)を満たし，かつ
(25) P (∆ ← ω) = ‖Iω‖({s ∈ S | ωs ∈ ∆})
が任意の ω ∈ Saおよび∆ ∈ B(SXb

)に対し成り立つときを言う。
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例 3. 圏 CH

ただ 1つの対象: aH = (B(H),T (H))
射: インストルメントに誘導される遷移確率をもつ射

例 4. 圏 CM

ただ 1つの対象: aM = (M,M∗)
射: 条件 (C)を満たすインストルメントに誘導される遷移確率をもつ射
公理 3のご利益は圏論的枠組みで最大限にいかされる。ここでの議論を公理として

まとめると，シュレディンガー描像のもつ積極的意味合いが明確な形で，以下のよう
になる。
公理 4（シュレディンガー描像）.� �

C∗-確率構造を対象とし，射がその間の遷移を記述する圏によって系を定める。射
による状態の変化をシュレディンガー描像と呼ぶ。

� �
この公理に至って，系の同一性が圏により規定されることになる。特徴として，物理量
のなすC∗-代数が変化する状況をも含む記述が可能である。本稿の議論は，モビリティ
の圏の研究 [33]から着想を得たものである。ただし，モビリティの圏とは「対象」に
ついての考え方が少しだけ異なる。将来的には，量子場 [2, 14, 15, 34]，局所状態 [23]，
圏代数，Schrödinger描像以外の描像 [1, 26]とも結びつけたい。
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1. Abstract

This note is essentially based on my work [1]. I thank participants of this conference
for useful communication.

The time invariance of equilibrium states has been known in the math-phys litera-
ture, where an infinite-volume Heisenberg time evolution is given by C∗-dynamics. The
time-invariance of any equilibrium state implies impossibility of spontaneous break-
down of time-translation symmetry in general quantum models. In particular, any
non-trivial order, such as periodic, quasi-periodic, and chaotic order cannot appear in
the time direction of equilibrium states for general quantum models.

2. Setup and basic facts

This section describes our mathematical setup based on the C∗-algebraic quantum
statistical mechanics. We refer to [2] as our basic reference.

Let Γ denote an infinite space such as Rµ and Zµ (µ ∈ N). Γ has a natural additive
group structure: ξx(y) := y + x ∈ Γ for x, y ∈ Γ. Let F be a set of all subsets of Γ.
If Λ ∈ F has finite volume |Λ| < ∞, then we denote ‘Λ ⋐ Γ’. Let Floc denote the set
of all finite subsets (or the set of sufficiently many finite subsets of a certain shape)
of Γ. Let A denote a quasi-local C∗-system on Γ describing the infinite quantum
system under consideration. The total system A includes subsystems denoted by a
family of its C∗-subalgebras {AΛ; Λ ∈ F} indexed by F. The local algebra defined by
Aloc :=

∪
Λ∈Floc

AΛ is a norm dense subalgebra of A. The local commutativity condition
is assumed. Namely, for any two disjoint subsets Λ and Λ′ the following commutation
relations are satisfied:

[A, B] ≡ AB − BA = 0 ∀A ∈ AΛ, ∀B ∈ AΛ′ .

Let {τx ∈ Aut(A), x ∈ Γ} denote the group of space-translation automorphisms on A.
Then τx(AΛ) = AΛ+x for any Λ ∈ F and x ∈ Γ.

A state on A is defined by a normalized positive linear functional on A. We denote
the set of all states on A by S(A). It is an affine space with the affine combination
of states. For each ω ∈ S(A) the triplet

(
Hω, πω, Ωω

)
denotes the Gelfand-Naimark-

Segal (GNS) representation associated with ω. The GNS representation generates the
von Neumann algebra Mω := πω(A)′′ on the GNS Hilbert space Hω. The commutant
of Mω is given by M ′

ω :=
{
X ∈ B(Hω); [X, Y ] = 0 ∀Y ∈ Mω

}
, and the center of Mω

is given by Zω := Mω ∩M ′
ω. The center Zω contains all macroscopic observables with

respect to ω, and thereby Zω provides macroscopic (or thermodynamical) information
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about ω. In general, any order parameter that distinguishes different phases has its
corresponding element in the center. For example, the energy density and the magne-
tization per unit volume for any space translation invariant state, and the staggered
magnetization per unit cell for any space-periodic state belong to the center.

A state ω ∈ S(A) is called a factor state if its center is trivial Zω = CI, where
I is the identity operator on Hω. The set of all factor states on A is denoted by
Sfactor(A). Any ω ∈ Sfactor(A) is known to satisfy the uniform cluster property with
respect {τx ∈ Aut(A), x ∈ Γ}. Hence factor states are sometimes identified with pure
phases. Each ω ∈ S(A) has its factorial (central) decomposition:

(1) ω =

∫
dµ(ωλ)ωλ, ωλ ∈ Sfactor(A),

where µ denotes the unique probability measure on Sfactor(A) determined by ω. Note
that the above ω ∈ S(A) is not necessarily translation invariant.

Assume that our stationary Heisenberg-type quantum time evolution is given by
a one-parameter group of automorphisms {αt ∈ Aut(A), t ∈ R} on the quasi-local
C∗-algebra A. We need continuity for {αt ∈ Aut(A), t ∈ R} with respect to t ∈ R.
We assume the strong continuity:

(2) lim
t→0

αt(A) = A in norm for each fixed A ∈ A.

It is known that any short-range quantum spin lattice model generates a strongly
continuous time evolution {αt ∈ Aut(A), t ∈ R}.

We define equilibrium states for infinite quantum systems by the Kubo-Martin-
Schwinger (KMS) condition, which is given in terms of certain temporal correlation

(Green’s) functions. Let β ≥ 0 denote an inverse temperature. Define Dβ :=
{
z ∈

C; 0 ≤ Imz ≤ β
}

and let
◦
Dβ denote its interior region, i.e. the open strip

{
z ∈

C; 0 < Imz < β
}
. A state φ on A is called a β-KMS state for the time evolution

{αt ∈ Aut(A), t ∈ R} if for every A,B ∈ A, there exists a complex function FA,B(z)

of z ∈ Dβ such that FA,B(z) is analytic in
◦
Dβ, and for all t ∈ R

(3) FA,B(t) = φ
(
Aαt(B)

)
, FA,B(t+ iβ) = φ

(
αt(B)A

)
.

The set of β-KMS states is denoted by Sαt,β(A). Ground states are straightforwardly
given by the KMS condition at β = ∞. The set of ground states is denoted by Sαt,∞(A).

We denote the set of all equilibrium states by Sαt
equil.(A), namely the set of all KMS

states
∪

β≥0 Sαt,β(A)
∪
Sαt,∞(A) for the same time evolution {αt ∈ Aut(A), t ∈ R}

over all inverse temperatures β.

To discuss temporal properties of equilibrium states, the KMS condition has obvious
merits over the so called “Gibbs Ansatz” that is based on local Gibbs ensembles on
finite boxes, because the KMS condition is directly given by the time evolution as
stated above. In fact, the formula (3) of the KMS condition immediately implies that
every φ ∈ Sαt

equil.(A) is invariant under {αt ∈ Aut(A), t ∈ R}: For any t ∈ R

φ (αt(A)) = φ(A) for all A ∈ A(4)

regardless of whether φ ∈ Sαt
equil.(A) is a factor state or not.
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Next we address the structure of the space of equilibrium states. For any finite
β ≥ 0, the affine space Sαt,β(A) is a Choquet simplex. Precisely, the set of ex-
tremal points Sext

αt,β
(A) in Sαt,β(A) coincides with Sαt,β(A) ∩ Sfactor(A). Hence each

φ ∈ Sαt,β(A) is uniquely written as an affine sum of Sext
αt,β

(A) that coincides with the
factorial decomposition as in (1):

(5) φ =

∫
dµ(φλ)φλ, φλ ∈ Sext

αt,β(A) = Sαt,β(A) ∩ Sfactor(A),

where µ is a unique probability measure determined by φ. Any factor state φλ ap-
pearing in the factorial decomposition (5) is a KMS state, and therefore it is obviously
time-invariant. The above general structure of KMS states follows from the fact that
the center Zφ of any φ ∈ Sαt,β(A) is pointwise fixed under the time evolution.

For β = ∞, a similar statement holds by the stronger reason as follows. The affine
space Sαt,∞(A) is face in S(A). Namely, for any φ ∈ Sαt,∞(A), consider its state-
decomposition φ =

∫
dµ(φλ)φλ, φλ ∈ S(A). Then each φλ belongs to Sαt,∞(A), and

thus it is obviously invariant under the time evolution. The above general structure of
ground states follows from the fact that the commutant M ′

φ (and therefore Zφ) of any
φ ∈ Sαt,∞(A) is pointwise fixed under the time evolution.

3. Nonexistence of time-translation symmetry breakdown

We obtain the following general properties of equilibrium states.

Proposition 1. All equilibrium states characterized by the KMS condition are in-
variant under the time evolution. Any macroscopic observable in the center is fixed
under the time evolution, irrespective of whether the equilibrium state is factorial or
non-factorial.

Proposition 1 shows the frozen property of the center of any equilibrium state.
The impossibility of spontaneous breakdown for time-translation symmetry in general
quantum systems immediately follows from Proposition 1.

Theorem 2. Suppose that a quantum time evolution is given as C∗-dynamics, and
equilibrium states are given by the KMS condition with respect to the quantum time
evolution. Then there is no spontaneous breakdown of time-translation symmetry, and
therefore no temporal order exists in equilibrium states. In particular, periodic, quasi-
periodic, and chaotic orders in the time direction are forbidden in equilibrium states.

In the above theorem the one-parameter group of automorphisms {αt ∈ Aut(A), t ∈
R} plays two roles. First, it describes a quantum time evolution that determines the
model. Second, it describes a specific dynamical symmetry (G, θ) = (R, α) of the model
due to the following obvious relation:

αt ◦ αs = αs ◦ αt = αt+s ∈ Aut(A) for all t ∈ R, s ∈ R.
Theorem 2 assumes existence of an infinite-volume time evolution as C∗-dynamics.

Some examples are short-range quantum spin models [2].

4. Absence of long-range temporal order

Proposition 1 and Theorem 2 require no particular assumption on the spatial struc-
ture. Next we consider the special case where states and time evolution are homoge-
neous in space.
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Each local observable gives a macroscopic observable on the GNS Hilbert space for
any homogeneous state by its Cesàro sum under space translations. We introduce the
following notations on infinite-volume limits. Suppose that a net {Λ; Λ ⋐ Γ} of finite
subsets of Γ eventually includes any I ⋐ Γ. Then, we denote {Λ ↑ Γ; Λ ⋐ Γ} or simply
{Λ ↑ Γ}. Similarly, if a net {Λ; Λ ⋐ ∆} eventually includes any I ⋐ ∆, then we denote
{Λ ↑ ∆; Λ ⋐ ∆} or simply {Λ ↑ ∆}.

Take any A ∈ A. For any finite subset Λ ⋐ Γ (or Λ ⋐ ∆) we take the following
averaged sum under space translations:

(6) mΛ(A) :=
1

|Λ|
∑
x∈Λ

τx(A) ∈ A.

For ω ∈ S(A) let mω
Λ(A) := πω (mΛ(A)) ∈ Mω. For any ω ∈ Sτ,Γ

inv (A) and any {Λ ↑
Γ; Λ ⋐ Γ}, the net of uniformly bounded operators

{
mω

Λ(A) ∈ Mω; Λ ↑ Γ; Λ ⋐ Γ
}

has a(n) accumulation point(s) in the center Zω. Precisely, there exists a subnet of this
net that converges to some element of the center in the weak-operator topology. We

denote any such accumulation point by �Aω
∞. Heuristically, we write

(7) �Aω
∞ ≡ lim

Λ̄↑Γ; Λ̄⋐Γ
mω

Λ̄(A) ∈ Zω,

where {Λ̄ ↑ ∆; Λ̄ ⋐ Γ} is a subnet of {Λ ↑ Γ; Λ ⋐ Γ} having a unique limit. When ω
is a non-factor state, there can be multiple accumulation points that may depend on
chosen subnets. Similarly, we consider ω ∈ Sτ,∆

inv (A). Then every accumulation point
of

{
mω

Λ(A) ∈ Mω; Λ ↑ ∆; Λ ⋐ ∆
}
in the weak-operator topology belongs to Zω. If

ω ∈ Sτ
homo.(A) is a factor state, these macroscopic observables are sharply determined

with no dispersion; for each A ∈ A the above accumulation point is uniquely given by
the scalar ω(A)I.

We give a general formulation of long-range order (LRO) in the C∗-algebraic setup.

Take ω ∈ Sτ
homo.(A) and A,B ∈ A. Denote their densities by �Aω

∞ ∈ Zω and �Bω
∞ ∈ Zω

for a net {Λ ↑ Γ; Λ ⋐ Γ} or {Λ ↑ ∆; Λ ⋐ ∆} as in (7). Define the following two-point
correlation function with respect to ω

(8) fω
A,B ≡

(
Ωω, �Aω

∞
�Bω
∞Ωω

)
,

where the GNS representation of ω is used. If fω
A,B is non-zero, then ω is said to exhibit

LRO for A,B ∈ A. If fω
A,A is non-zero for some A ∈ A, then ω is said to exhibit LRO

and A ∈ A is called a local order parameter.

Now we consider the group action (G, θ). For A ∈ A and g ∈ G, we define �Aω
∞(g) :=

θ̂g(A)
ω

∞ ∈ Zω, where θg(A) is substituted for A in (7). Consider the following two-point
correlation function with respect to ω ∈ Sτ

homo.(A):

(9) fω
A,B(g) ≡

(
Ωω, �Aω

∞(g) �Bω
∞Ωω

)
, g ∈ G.

If fω
A,B(g) is a non-constant function of g ∈ G, then ω is said to exhibit G-dependent

LRO for A,B ∈ A. If fω
A,A(g) is a non-constant function of g ∈ G for some A ∈ A, then

ω is said to exhibit G-dependent LRO, and A ∈ A is called a local order parameter
with respect to (G, θ)-symmetry.

Next we consider the quantum time evolution. Let φ ∈ Sαt
equil.(A) ∩ Sτ

homo.(A), i.e.
an arbitrary homogeneous equilibrium state for {αt ∈ Aut(A), t ∈ R}. Substituting φ

for ω ∈ Sτ
homo.(A), (R, α) for (G, θ), and t ∈ R for g ∈ G of �Aω

∞(g) defined above, we
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get �Aφ
∞(t) ∈ Zφ. Let A,B ∈ A, and define the following two-point temporal correlation

function with respect to φ:

(10) fφ
A,B(t) ≡

(
Ωφ, �Aφ

∞(t) �Bφ
∞Ωφ

)
, t ∈ R.

By the pointwise invariance of the center Zφ under the time evolution {αt ∈ Aut(A), t ∈
R} as stated in Proposition 1 we have

(11) �Aφ
∞(t) = �Aφ

∞, t ∈ R.

Therefore, by (11) the temporal correlation function is always t-invariant:

(12) fφ
A,B(t) = fφ

A,B(0) for all t ∈ R.

We thus obtain the following absence of non-trivial temporal LRO.

Corollary 3. Assume the same assumption of Theorem 2. Assume further that the
time evolution is homogeneous in space. Then for any homogeneous equilibrium state
there exists no non-trivial temporal LRO.

5. Discussion

We compare the general results given so far with the well-known no-go statement of
quantum time crystals shown by [4], and see that ours are more general and thorough
than that of [4].

First, LRO has different formulations. The C∗-algebraic formalism of LRO is based
on states on a quasi-local C∗-algebra, while the Griffiths’s formalism of LRO is based
on local Gibbs states on finite regions. We employ the former, whereas [4] utilizes a
Griffiths-type LRO. The existence of non-trivial C∗-algebraic LRO is equivalent to the
existence of certain SSB. On the other hand, only a one-sided implication is known
in Griffiths-type LRO: If Griffiths-type LRO manifests in a spin lattice model, then a
corresponding spontaneous symmetry breakdown exists, butin general, it is impossible
to conclude the absence of symmetry breakdown from the absence of Griffith-type
LRO.. Second we address Lieb-Robinson bound on which the work [4] put particular
emphasis. We, however, do not use the Lieb-Robinson bound estimate anywhere in
our statements.

Let us recall the history of quantum time crystals [3]. Wilczek first conceptualized
quantum time crystals as self-organized temporal periodic structures Non of equilibrium
states. These are called genuine quantum time crystals [6] to distinguish them from
nonequilibrium time crystalline phenomena, which have been observed experimentally.

On the ground of our no-go statements that cover rather general quantum systems,
we consider that the concept of genuine quantum crystals is an imaginary one. Its ad-
jective “genuine” seems even misleading. It looks that the physics community has been
ignorant of rigorous results on equilibrium states established in [2]. Those immediately
negates this concept as we have seen.

Finally we address a remarkable work [5]. It gives a metastable quantum time
crystal. It is not in equilibrium, but the Hamiltonian is time independent unlike“
Floquet time crystals”and other quantum time crystal models [3]. The breakdown of
time translation symmetry is induced by decoherence; it exploits a quantum mechanical
effect rather than the usual mechanism of SSB. The model has similarity with the
Wilczek’s quantum time crystal model. Hence it will be deserved to be called a genuine
quantum time crystal rather than the artificial long range model [6].
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1. 時間作用素の導入

量子系の状態のヒルベルト空間をH ，ハミルトニアンをH で表す。H は自己共
役でなければならないので H = H∗ である。このとき，量子系の状態の時間発展は
ψ(t) := e−itHψ(0)で与えられる。

H 上の対称作用素 T（つまり T ⊂ T ∗）が時間作用素であることの定義を紹介する。
定義はいくつかあり，そのうち代表的なものを挙げる。

(a) [T,H] = iが適当な部分空間D ⊂ D(TH) ∩D(HT )で成立。
(b) (弱Weyl関係式，強時間作用素) ∀ψ ∈ D(T ), ∀t ∈ R, e−itHψ ∈ D(T )かつ

Te−itHψ = e−itH(T + t)ψ

(c) (Weyl関係式) T は自己共役で，eisT eitH = e−isteitHeisT。

ここで，(b)は以下の作用素の等式と同値である：

eitHTe−itH = T + t, t ∈ R(1)

ここで (1)はD(T )が e−itHの作用によって不変であることも含むことを注意しておく。
(1)から (b)の時間作用素 T は非有界作用素であることが直ちに導かれる。(c)はもっ
とも強い条件であり，これ満たす T,Hは x,−id/dxの直和と同型になることが知られ
ている (von Neumann)。

1.1. 量子ウォークに対する時間作用素. 次に量子ウォークに対する時間作用素を定義
する。量子ウォークはハミルトニアンの代わりに単位時間の時間発展U が定義された
量子模型である。つまり，状態のヒルベルト空間H 上のユニタリ作用素 U が定義さ
れていて，状態 ψの n時間後の状態は Unψで与えられる。

Sambou, Tiedra de Aldecoaは論文 [2](2020)で次のように時間作用素を定義した。
H 上のエルミート作用素 T が時間作用素であるとは，適当な部分空間D ⊂ H 上で
TU − UT = U となることである。
一方，我々は (1)のアナロジーから強時間作用素 T を

U∗TU = T + 1(2)

によって定義する。
時間作用素に関する基本的な問題は次のとおりである。

• 与えられたユニタリ作用素 U に対して (2)を満たす T は存在するか。
• そのときの T の性質（自己共役性，スペクトル）を調べよ。
• U と T の関係を調べよ。
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1.2. 時間作用素の基本的な性質１. T := {z ∈ C | |z| = 1}とする。

Proposition 1. T は U の強時間作用素であるとする。このとき

(1) T の閉包 T̄ も U の強時間作用素である。
(2) [T, U ] = UがD(T )上で成立する。つまり，T は時間作用素である。しかし，逆
は一般には成り立たない。

(3) σ(T ) = σ(T + 1)，特に T は非有界であり，D(T ) ̸= H .
(4) T が本質的に自己共役なら σ(U) = T.

Proof. 証明はどれも易しい。ここでは (4)の証明を紹介する。仮定から eitT̄ が定義さ
れ，任意の t ∈ Rに対して

U∗eitT̄U = eitU
∗T̄U = eit(T̄+t) (ユニタリ共変性)

したがって，eitT̄Ue−itT̄ = eitU であり，σ(U) = σ(eitU) = eitσ(U)。故に σ(U)は T全
体である。 □

1.3. 時間作用素の基本的な性質２. Miyamotoによる論文 [1]によって，ハミルトニア
ンに対する時間作用素の議論が一般的な枠組みで行われた。次の結果はMiyamotoに
よって得られていた結果を量子ウォークの場合に示したものである。

Theorem 2 ([3]). U が強時間作用素 T を持つとする。このとき，U は固有値を持た
ない。

Theorem 3 ([3]). U が強時間作用素 T を持つとする。このとき，任意の n ∈ N, ψ ∈
D(T n), ϕ ∈ D((T ∗)n)に対して，ある定数Cn(ψ, ϕ) > 0が存在して，

|
〈
ϕ, U tψ

〉
| ≤ Cn(ψ, ϕ)

|t|n
, t ∈ Z \ {0}

1.4. 例. 量子ウォークにおける時間作用素の例を紹介する。H = ℓ2(Z)とする。左シ
フト作用素

D(L) := H , (Lψ)(x) := ψ(x+ 1), ψ ∈ H , x ∈ Z

はユニタリである。位置作用素Xを

D(X) :=

{
ψ ∈ H

∣∣∣∣∣
∑
x∈Z

|xψ(x)|2 < ∞

}

(Xψ)(x) = xψ(x), ψ ∈ D(X), x ∈ Z

で定める。このとき，L∗(−X)L = −X + 1なので，−X は Lの強時間作用素である。
したがって，Proposition 1 より σ(L) = Tである。明らかに，強時間作用素−Xは自
己共役かつ

σ(−X) = σp(−X) = Z

である。これは時間作用素Xのスペクトルは量子化されることを意味している。反対
に，ハミルトニアン系（連続時間）の強時間作用素は固有値を持たない事が示されて
いる (Miyamoto [1])。
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2. ユニタリ掛け算作用素の時間作用素

周期 2πの連続な写像 λ : R → Tは，整数mと周期 2πの連続関数 θを用いて

λ(k) = ei(mk+θ(k)), k ∈ R

と表すことができる（mはwinding numberと呼ばれる）。K1 := L2([0, 2π], dk/2π)上
の λ(k)による掛け算作用素はユニタリである。K1上の運動量演算子を

D(P ) := {f ∈ AC[0, 2π] | f ′ ∈ K1, f(0) = f(2π)} ,
Pf = −if ′

で定義する。このとき，P は自己共役である。

Theorem 4 ([3]). λは 2回連続微分可能で，λ′は [0, 2π)に高々有限個の零点を持つと
する。このとき

T :=
1

2

(
1

m+ θ′(k)
P + P

1

m+ θ′(k)

)
(3)

は λ(k)の強時間作用素である。

ここで，次の関係式に注意する。

λ′(k) = 0 ↔ m+ θ′(k) = 0

1/(m+ θ′(k)) = iλ(k)/λ′(k)

2.1. 例 2. I = [a, b]とする。L2([a, b], dE)上の次で定義される微分作用素

D(PI) := {f ∈ AC[a, b] | f ′ ∈ L2([a, b]), f(a) = f(b) = 0}
PIf := −if ′

を考える (E ∈ [a, b]は変数)。このとき，PI はユニタリ作用素 eiE の強時間作用素で
ある:

e−iEPIe
iE = PI + 1

また，ker(P ∗
I ∓i)は e±ikで張られる 1次元部分空間であり，不足指数dimker(P ∗

I ±i) = 1
を持つ。特に，PI は対称だが非自己共役であり σ(PI) = C.

2.2. 時間作用素の分解. Theorem 4の時間作用素を考える:

T =
i

2

(
λ

λ′P + P
λ

λ′

)
.

g(k) = m+ θ′(k)とする。このとき，Thorem 4と同じ条件の元で次が成り立つ。

Theorem 5. (1) λ′が零点を持つ場合，零点を0 ≤ a1 < a2 < · · · < an < 2π(an+1 =
2π + a1) とし Ij = (aj, aj+1)とおく。このとき，ユニタリ作用素 V : K1 →
⊕n

j=1L
2(g(Ij), dE)が存在して

V T̄V −1 =
n⊕

j=1

PIj , V λ(k)V −1 =
n⊕

j=1

eiE
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(2) λ′が零点を持たないとき，m ̸= 0かつ T は自己共役である。さらに，ユニタリ
作用素 V : K1 → ⊕|m|−1

j=0 K1が存在して

V TV −1 =

|m|−1⊕
j=0

(
P +

j

|m|

)
, V λ(k)V −1 =

|m|−1⊕
j=0

eiE.

(3) T の不足指数 d±(T )は λ′の [0, 2π)における零点の個数に等しい。特に，T は自
己共役拡大を持つ。

Corollary 6. λ,m, T をTheorem 4,5と同じものとする。このとき
(1) λ′が零点を持てば，σ(T ) = C
(2) λ′が零点を持たなければ，σ(T ) = {s/m | s ∈ Z}.

(∵) (1)は不足指数に関する一般論から従う。(2)は σ(P ) = Zから

σ(T ) =

|m|−1⋃
j=0

σ

(
P +

j

|m|

)
=

{
s

m

∣∣∣∣s ∈ Z
}
.

3. 量子ウォークの時間作用素

以降，1次元の同次 (homogeneous)量子ウォークを考える。

3.1. 時間作用素の一般的構成. 状態のヒルベルト空間はH := ℓ2(Z;C2) = ℓ2(Z)⊕ℓ2(Z)
である。量子ウォークの時間発展U は２つのユニタリ作用素（シフト作用素 Sとコイ
ン作用素C）

S =

(
L 0
0 L∗

)
, C =

(
a b
c d

)

を用いて次で定義される。

U = SC =

(
La Lb
L∗c L∗d

)

これは Fourier変換F : H → K := L2([0, 2π], dk/2π;C2) = K1 ⊕ K1によって

FUF∗ = Û(k) :=

(
eika eikb
e−ikc e−ikd

)

と掛け算型のユニタリ行列に変換できる。さらに行列 Û(k)の固有値をλ1(k), λ2(k) ∈ T，
対応する固有ベクトルを v1(k), v2(k) ∈ C2とする。このとき，ユニタリ行列W (k) :=
(v1(k), v2(k))によって次の変換を得る：

W (k)−1Û(k)W (k) =

(
λ1(k) 0
0 λ2(k)

)

K1上のユニタリ掛算 λj(k)に対する時間作用素をTheorem 4で作る：

T̂j :=
i

2

(
λj(k)

λ′
j(k)

P + P
λj(k)

λ′
j(k)

)
, j = 1, 2.

ここから

T := F−1W (k)

(
T̂1 0

0 T̂2

)
W (k)−1F

によって U の強時間作用素を一つ作ることができる。
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3.2. 1ステップ量子ウォークの時間作用素 T の解析. コイン作用素を

C =

(
a b
c d

)
=

(
|a|eiα b
−b̄eiδ |a|ei(δ−α)

)

と表す（α, δ ∈ [0, 2π)）。このとき，λ1(k), λ2(k)は次のようにかける。

Lemma 7. (1) a = 0のとき，λ1(k) = ei(π+δ)/2, λ2(k) = ei(−π+δ)/2（定数）.
(2) 0 < |a| < 1のとき, τ(k) := |a| cos(k + α− δ/2)を使って，

λj(k) = eiδ/2{τ(k) + i(−1)j−1
√
1− τ(k)2}, j = 1, 2

(3) |a| = 1なら，λ1(k) = ei(k+α), λ2(k) = ei(−k+δ−α).

直ちに次のことがわかる，(1)の場合，λ1, λ2は定数なので明らかに強時間作用素は
構成できない。(2)の場合は，σ(U) ̸= Tなので，Proposition 1からU は強時間作用素
を持つことはできない。

λj(k) = ei(mjk+θj(k))と表すとき，次が成り立つ。

Lemma 8. (1) a = 0なら，m1 = m2 = 0かつ θ′1 = θ′2 = 0.
(2) 0 < |a| < 1ならm1 = m2 = 0かつ

θ′1(k) =
d arccos τ(k)

dk
, θ′2(k) = −θ′1(k).

(3) |a| = 1のとき，m1 = 1,m2 = −1かつ θ′1 = θ′2 = 0.

3.3. 1ステップ量子ウォークの時間作用素 T の性質.

Theorem 9. j = 1, 2について，T̂j を Theorem 4で作られた λj(k)の強時間作用素と
するとき，

(2) 0 < |a| < 1の場合，

T̂1 =
−1

2

(
τ ′(k)

√
1− τ(k)2P + Pτ ′(k)

√
1− τ(k)2

)
, T̂2 = −T̂1

さらに，T の不足指数は d±(T ) = 2 + 2 = 4, σ(T ) = Cである。したがって，T
は自己共役拡大を持つが，それらが強時間作用素にはならない。

(3) |a| = 1の場合，T̂1 = P, T̂2 = −P となるので，T は自己共役な強時間作用素
で，σ(T ) = Z。

4. 3ステップ量子ウォーク

1ステップの量子ウォークの例ではmj = 0,±1であり，±1の場合は自明なダイナ
ミクスであった。以下では，非自明なワインディングナンバーmjを持つ非自明な量子
ウォークを構成する。これは 3ステップ量子ウォークによって実現される。２ステッ
プでそのようなものを構成する事は難しい（不可能かもしれない）。

H = ℓ2(Z;C2)上のユニタリ作用素

U3 := SC1SC2SC3

を考える。Sは以前のシフト作用素と同じであり，3つのコイン作用素は

C1 =

(
1 0
0 1

)
, C2 =

(
b a
−a b

)
, C3 =

(
b −a
a b

)
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で定義する（a, b ∈ R, a2 + b2 = 1）。b = 1は自明な場合なので b2 < 1の場合を考え
る。U3を Fourier変換すると

Û3(k) =

(
a2eik + b2ei3k abeik − abei3k

−abe−ik + abe−i3k a2e−ik + b2e−i3k

)

となる。
Û3(k)の固有値を計算すると，

λ1(k) = cos k(1− 4b2 sin2 k) + i sin k
√
1 + (8b2 − 16b4) cos2 k + 16b4 cos4 k

λ2(k) = λ1(k)

Theorem 4にしたがって λj(k)の強時間作用素

T̂j :=
i

2

(
λj(k)

λ′
j(k)

P + P
λj(k)

λ′
j(k)

)
,

を定義することができ，

T := F−1W (T̂1 ⊕ T̂2)W
−1F

が U3の一つの強時間作用素を与える。
Theorem 5によれば，λ′

j(k)の零点の個数が T̂jの重要な情報を与える。具体的に計
算すれば

|λ′
1(k)| ∝ |1 + 8b2 − 12b2 sin2 k|

となり，これから

(λ1の零点の個数) =




0, 0 ≤ b2 < 1/4

2, b2 = 1/4

4, 1/4 < b2 < 1

がわかる。いずれの場合でも，winding number mjは

m1 =
1

2πi

∫ 2π

0

λ′
1(k)

λ1(k)
dk = 1, m2 = −m1 = −1

である。

Theorem 10. 0 ≤ b2 < 1とする。上で構成したU3の強時間作用素 T について以下が
成立する。

(1) 0 ≤ b2 < 1/4のとき，T は自己共役で σ(T ) = Z。さらに，ユニタリ作用素
V : H → K1 ⊕ K1が存在して，

V TV −1 = P ⊕ P, V U3V
−1 = eik ⊕ eik

(2) b2 = 1/4のとき，不足指数は d±(T ) = 4, σ(T ) = C.
(3) 1/4 < b2 < 1のとき，d±(T ) = 8, σ(T ) = C.
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5. まとめ

• ユニタリ作用素 U に対する強時間作用素 T は U∗TU = T + 1で定義される。
• U, T に対して一般的な性質が成り立つ。これはMiyamoto[1]と類似の結果で
ある。

• ユニタリな掛け算作用素に対する時間作用素を構成し，そのスペクトルを分類
した。

• 1ステップ同次量子ウォークに対する時間作用素を構成した。
• 非自明な 3ステップ同次量子ウォークでゼロでない winding numberを持つも
のを見つけた。
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95pages

November 9, 2009

COE Lecture Note Vol.22 Masakazu Suzuki 
Hoon Hong 
Hirokazu Anai 
 Chee Yap 
Yousuke Sato 
Hiroshi Yoshida

The Joint Conference of ASCM 2009 and MACIS 2009:  
Asian Symposium on Computer Mathematics Mathematical Aspects of 
Computer and Information Sciences  436pages

December 14, 2009

COE Lecture Note Vol.23 荒川　恒男 
金子　昌信

多重ゼータ値入門　111pages February 15, 2010

COE Lecture Note Vol.24 Fulton B.Gonzalez Notes on Integral Geometry and Harmonic Analysis　125pages March 12, 2010

COE Lecture Note Vol.25 Wayne Rossman Discrete Constant Mean Curvature Surfaces via Conserved Quantities  
130pages

May 31, 2010

COE Lecture Note Vol.26 Mihai Ciucu Perfect Matchings and Applications　66pages July 2, 2010
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COE Lecture Note Vol.27 九州大学大学院 
数理学研究院

Forum “Math-for-Industry” and Study Group Workshop 
Information security, visualization, and inverse problems, on the basis 
of optimization techniques　100pages

October 21, 2010

COE Lecture Note Vol.28 ANDREAS LANGER MODULAR FORMS, ELLIPTIC AND MODULAR CURVES 
LECTURES AT KYUSHU UNIVERSITY 2010　62pages

November 26, 2010

COE Lecture Note Vol.29 木田　雅成 
原田　昌晃 
横山　俊一

Magmaで広がる数学の世界　157pages December 27, 2010

COE Lecture Note Vol.30 原　　　隆 
松井　　卓 
廣島　文生

Mathematical Quantum Field Theory and Renormalization Theory　
201pages

January 31, 2011 

COE Lecture Note Vol.31 若山　正人 
福本　康秀 
高木　　剛 
山本　昌宏

Study Group Workshop 2010 Lecture & Report　128pages February 8, 2011

COE Lecture Note Vol.32 Institute of Mathematics  
for Industry, 
Kyushu University

Forum “Math-for-Industry” 2011 
“TSUNAMI-Mathematical Modelling” 
Using Mathematics for Natural Disaster Prediction, Recovery and 
Provision for the Future　90pages

September 30, 2011

COE Lecture Note Vol.33 若山　正人 
福本　康秀 
高木　　剛 
山本　昌宏

Study Group Workshop 2011 Lecture & Report　140pages October 27, 2011

COE Lecture Note Vol.34 Adrian Muntean 
Vladimír Chalupecký

Homogenization Method and Multiscale Modeling　72pages October 28, 2011

COE Lecture Note Vol.35 横山　俊一 
夫　　紀恵 
林　　卓也

計算機代数システムの進展　210pages November 30, 2011

COE Lecture Note Vol.36 Michal Beneš 
Masato Kimura 
Shigetoshi Yazaki

Proceedings of Czech-Japanese Seminar in Applied Mathematics 2010 
107pages

January 27, 2012 

COE Lecture Note Vol.37 若山　正人 
高木　　剛 
Kirill Morozov 
平岡　裕章 
木村　正人 
白井　朋之 
西井　龍映 
栄　伸一郎 
穴井　宏和 
福本　康秀

平成23年度 数学・数理科学と諸科学・産業との連携研究ワーク
ショップ　拡がっていく数学　～期待される “見えない力”～ 
154pages

February 20, 2012
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COE Lecture Note Vol.38 Fumio Hiroshima 
Itaru Sasaki 
Herbert Spohn 
Akito Suzuki

Enhanced Binding in Quantum Field Theory　204pages March 12, 2012

COE Lecture Note Vol.39 Institute of Mathematics  
for Industry,  
Kyushu University

Multiscale Mathematics: Hierarchy of collective phenomena and 
interrelations between hierarchical structures　180pages

March 13, 2012

COE Lecture Note Vol.40 井ノ口順一 
太田　泰広 
筧　　三郎 
梶原　健司 
松浦　　望

離散可積分系・離散微分幾何チュートリアル2012　152pages March 15, 2012

COE Lecture Note Vol.41 Institute of Mathematics 
for Industry,
Kyushu University

Forum “Math-for-Industry” 2012 
“Information Recovery and Discovery”　91pages

October 22, 2012

COE Lecture Note Vol.42 佐伯　　修
若山　正人
山本　昌宏

Study Group Workshop 2012 Abstract, Lecture & Report　178pages November 19, 2012

COE Lecture Note Vol.43 Institute of Mathematics 
for Industry, 
Kyushu University

Combinatorics and Numerical Analysis Joint Workshop　103pages December 27, 2012

COE Lecture Note Vol.44 萩原　　学 モダン符号理論からポストモダン符号理論への展望　107pages January 30, 2013

COE Lecture Note Vol.45 金山　　寛 Joint Research Workshop of Institute of Mathematics for Industry 
(IMI), Kyushu University 
“Propagation of Ultra-large-scale Computation by the Domain-
decomposition-method for Industrial Problems (PUCDIP 2012)”　
121pages

February 19, 2013

COE Lecture Note Vol.46 西井　龍映
栄　伸一郎
岡田　勘三
落合　啓之
小磯　深幸
斎藤　新悟
白井　朋之

科学・技術の研究課題への数学アプローチ
―数学モデリングの基礎と展開―　325pages

February 28, 2013

COE Lecture Note Vol.47 SOO TECK LEE BRANCHING RULES AND BRANCHING ALGEBRAS FOR THE 
COMPLEX CLASSICAL GROUPS　40pages

March 8, 2013

COE Lecture Note Vol.48 溝口　佳寛
脇　　隼人
平坂　　貢
谷口　哲至
島袋　　修

博多ワークショップ「組み合わせとその応用」　124pages March 28, 2013
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COE Lecture Note Vol.49 照井　　章
小原　功任
濱田　龍義
横山　俊一
穴井　宏和
横田　博史

マス・フォア・インダストリ研究所　共同利用研究集会 II
数式処理研究と産学連携の新たな発展　137pages

August 9, 2013

MI Lecture Note Vol.50 Ken Anjyo
Hiroyuki Ochiai
Yoshinori Dobashi
Yoshihiro Mizoguchi
Shizuo Kaji

Symposium MEIS2013:
Mathematical Progress in Expressive Image Synthesis　154pages

October 21, 2013

MI Lecture Note Vol.51 Institute of Mathematics 
for Industry, Kyushu 
University

Forum “Math-for-Industry” 2013
“The Impact of Applications on Mathematics”　97pages

October 30, 2013

MI Lecture Note Vol.52 佐伯　　修
岡田　勘三
髙木　　剛
若山　正人
山本　昌宏

Study  Group  Workshop  2013 Abstract,  Lecture  &  Report　
142pages

November 15, 2013

MI Lecture Note Vol.53 四方　義啓
櫻井　幸一
安田　貴徳
Xavier Dahan

平成25年度　九州大学マス・フォア・インダストリ研究所　
共同利用研究集会　安全・安心社会基盤構築のための代数構造
～サイバー社会の信頼性確保のための数理学～　158pages

December 26, 2013

MI Lecture Note Vol.54 Takashi Takiguchi
Hiroshi Fujiwara

Inverse problems for practice, the present and the future　93pages January 30, 2014 

MI Lecture Note Vol.55 栄　伸一郎
溝口　佳寛
脇　　隼人
渋田　敬史

Study Group Workshop 2013 数学協働プログラム Lecture & Report
98pages

February 10, 2014

MI Lecture Note Vol.56 Yoshihiro Mizoguchi
Hayato Waki
Takafumi Shibuta
Tetsuji Taniguchi
Osamu Shimabukuro
Makoto Tagami
Hirotake Kurihara
Shuya Chiba

Hakata Workshop 2014
~ Discrete Mathematics and its Applications ~　141pages

March 28, 2014

MI Lecture Note Vol.57 Institute of Mathematics 
for Industry, Kyushu 
University

Forum “Math-for-Industry” 2014:
“Applications + Practical Conceptualization + Mathematics = fruitful 
Innovation”　93pages

October 23, 2014

MI Lecture Note Vol.58 安生健一
落合啓之

Symposium MEIS2014:
Mathematical Progress in Expressive Image Synthesis　135pages

November 12, 2014



シリーズ既刊

Issue Author／Editor Title Published

MI Lecture Note Vol.59 西井　龍映
岡田　勘三
梶原　健司
髙木　　剛
若山　正人
脇　　隼人
山本　昌宏

Study  Group  Workshop  2014  数学協働プログラム 
Abstract, Lecture  &  Report　196pages

November 14, 2014

MI Lecture Note Vol.60 西浦　　博 平成26年度九州大学 IMI共同利用研究・研究集会（I）
感染症数理モデルの実用化と産業及び政策での活用のための新
たな展開　120pages

November 28, 2014

MI Lecture Note Vol.61 溝口　佳寛
Jacques Garrigue
萩原　　学
Reynald Affeldt

研究集会　
高信頼な理論と実装のための定理証明および定理証明器
Theorem proving and provers for reliable theory and implementations 
(TPP2014)　138pages

February 26, 2015

MI Lecture Note Vol.62 白井　朋之 Workshop on “β-transformation and related topics”　59pages March 10, 2015

MI Lecture Note Vol.63 白井　朋之 Workshop on “Probabilistic models with determinantal structure”　
107pages

August 20, 2015

MI Lecture Note Vol.64 落合　啓之
土橋　宜典

Symposium MEIS2015:
Mathematical Progress in Expressive Image Synthesis　124pages

September 18, 2015

MI Lecture Note Vol.65 Institute of Mathematics 
for Industry, Kyushu 
University

Forum “Math-for-Industry” 2015
“The Role and Importance of Mathematics in Innovation”　74pages

October 23, 2015

MI Lecture Note Vol.66 岡田　勘三
藤澤　克己
白井　朋之
若山　正人
脇　　隼人
Philip Broadbridge
山本　昌宏

Study  Group  Workshop  2015 Abstract, Lecture  &  Report　
156pages November 5, 2015

MI Lecture Note Vol.67 Institute of Mathematics 
for Industry, Kyushu 
University

IMI-La Trobe Joint Conference
“Mathematics for Materials Science and Processing”
66pages

February 5, 2016

MI Lecture Note Vol.68 古庄　英和
小谷　久寿
新甫　洋史

結び目と Grothendieck-Teichmüller群
116pages

February 22, 2016

MI Lecture Note Vol.69 土橋　宜典
鍛治　静雄

Symposium MEIS2016:
Mathematical Progress in Expressive Image Synthesis　82pages

October 24, 2016

MI Lecture Note Vol.70 Institute of Mathematics 
for Industry,  
Kyushu University

Forum “Math-for-Industry” 2016
“Agriculture as a metaphor for creativity in all human endeavors”　
98pages

November 2, 2016

MI Lecture Note Vol.71 小磯　深幸
二宮　嘉行
山本　昌宏

Study Group Workshop 2016 Abstract, Lecture & Report　143pages November 21, 2016
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MI Lecture Note Vol.72 新井　朝雄
小嶋　　泉
廣島　文生

Mathematical quantum field theory and related topics　133pages January 27, 2017

MI Lecture Note Vol.73 穴田　啓晃
Kirill Morozov
須賀　祐治
奥村　伸也
櫻井　幸一

Secret Sharing for Dependability, Usability and Security of Network 
Storage and Its Mathematical Modeling　211pages

March 15, 2017

MI Lecture Note Vol.74 QUISPEL, G. Reinout W.
BADER, Philipp
MCLAREN, David I.
TAGAMI, Daisuke

IMI-La Trobe Joint Conference 
Geometric Numerical Integration and its Applications　71pages

March 31, 2017

MI Lecture Note Vol.75 手塚　　集
田上　大助
山本　昌宏

Study Group Workshop 2017 Abstract, Lecture & Report　118pages October 20, 2017

MI Lecture Note Vol.76 宇田川誠一 Tzitzéica 方程式の有限間隙解に付随した極小曲面の構成理論
―Tzitzéica方程式の楕円関数解を出発点として―　68pages

August 4, 2017

MI Lecture Note Vol.77 松谷　茂樹
佐伯　　修
中川　淳一
田上　大助
上坂　正晃
Pierluigi Cesana
濵田　裕康

平成29年度　九州大学マス・フォア・インダストリ研究所
共同利用研究集会（I）　
結晶の界面，転位，構造の数理　148pages

December 20, 2017

MI Lecture Note Vol.78 瀧澤　重志
小林　和博
佐藤憲一郎
斎藤　　努
清水　正明
間瀬　正啓
藤澤　克樹
神山　直之

平成29年度　九州大学マス・フォア・インダストリ研究所
プロジェクト研究　研究集会（I）
防災・避難計画の数理モデルの高度化と社会実装へ向けて　
136pages

February 26, 2018

MI Lecture Note Vol.79 神山　直之
畔上　秀幸

平成29年度　AIMaPチュートリアル
最適化理論の基礎と応用　96pages

February 28, 2018

MI Lecture Note Vol.80 Kirill Morozov
Hiroaki Anada
Yuji Suga

IMI Workshop of the Joint Research Projects 
Cryptographic Technologies for Securing Network Storage
and Their Mathematical Modeling　116pages

March 30, 2018

MI Lecture Note Vol.81 Tsuyoshi Takagi
Masato Wakayama
Keisuke Tanaka
Noboru Kunihiro
Kazufumi Kimoto
Yasuhiko Ikematsu

IMI Workshop of the Joint Research Projects
International Symposium on Mathematics, Quantum Theory, 
and Cryptography　246pages

September 25, 2019

MI Lecture Note Vol.82 池森　俊文 令和2年度　AIMaPチュートリアル
新型コロナウイルス感染症にかかわる諸問題の数理　
145pages

March 22, 2021
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MI Lecture Note Vol.83 早川健太郎
軸丸　芳揮
横須賀洋平
可香谷　隆
林　　和希
堺　　雄亮

シェル理論・膜理論への微分幾何学からのアプローチと 
その建築曲面設計への応用　49pages

July 28, 2021

MI Lecture Note Vol.84 Taketoshi Kawabe
Yoshihiro Mizoguchi
Junichi Kako
Masakazu Mukai
Yuji Yasui

SICE-JSAE-AIMaP Tutorial
Advanced Automotive Control and Mathematics　110pages

December 27, 2021

MI Lecture Note Vol.85 Hiroaki Anada
Yasuhiko Ikematsu
Koji Nuida
Satsuya Ohata
Yuntao Wang

IMI Workshop of the Joint Usage Research Projects
Exploring Mathematical and Practical Principles of Secure Computation 
and Secret Sharing　114pages

February 9, 2022

MI Lecture Note Vol.86 濱田　直希
穴井　宏和
梅田　裕平
千葉　一永
佐藤　寛之
能島　裕介
加葉田雄太朗
一木　俊助
早野　健太
佐伯　　修

2020年度採択分　九州大学マス・フォア・インダストリ研究所
共同利用研究集会
進化計算の数理　135pages

February 22, 2022

MI Lecture Note Vol.87 Osamu Saeki, 
Ho Tu Bao, 
Shizuo Kaji, 
Kenji Kajiwara, 
Nguyen Ha Nam, 
Ta Hai Tung,
Melanie Roberts, 
Masato Wakayama, 
Le Minh Ha, 
Philip Broadbridge

Proceedings of Forum “Math-for-Industry” 2021
-Mathematics for Digital Economy-　122pages

March 28, 2022

MI Lecture Note Vol.88 Daniel PACKWOOD
Pierluigi CESANA, 
Shigenori FUJIKAWA, 
Yasuhide FUKUMOTO,
Petros SOFRONIS, 
Alex STAYKOV

Perspectives on Artificial Intelligence and Machine Learning in 
Materials Science, February 4-6, 2022　74pages

November 8, 2022



MI Lecture Note Vol.89 松谷　茂樹
落合　啓之
井上　和俊
小磯　深幸
佐伯　　修
白井　朋之
垂水　竜一
内藤　久資
中川　淳一
濵田　裕康
松江　　要
加葉田雄太朗

2020年度採択分 九州大学マス・フォア・インダストリ研究所
共同利用研究集会
材料科学における幾何と代数 III 　356pages

December 7, 2022

MI Lecture Note Vol.90 中山　尚子
谷川　拓司
品野　勇治
近藤　正章
石原　　亨
鍛冶　静雄
藤澤　克樹

2022年度採択分 九州大学マス・フォア・インダストリ研究所
共同利用研究集会
データ格付けサービス実現のための数理基盤の構築　58pages

December 12, 2022

MI Lecture Note Vol.91 Katsuki Fujisawa
Shizuo Kaji
Toru Ishihara
Masaaki Kondo
Yuji Shinano
Takuji Tanigawa
Naoko Nakayama

IMI Workshop of the Joint Usage Research Projects
Construction of Mathematical Basis for Realizing Data Rating Service
610pages

December 27, 2022
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