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IMI WORKSHOP II: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

On a theme in the workshop,
Geometry and Algebra in Material Science IV

Shigeki MATSUTANI

Kanazawa University

I will give an overview of our workshops ”Geometry and Algebra in Material Science
I-IV” and describe the theme of this meeting based on [1].

[1] Y. Kabata, S. Matsutani, Y. Noda., Y. Ogata, and J. Onoe, A novel symmetry in
nanocarbons: Pre-constant discrete principal curvature structure,
arXiv:2306.15839, 2023.



IMI Workshop Il

BEHEZFICEH M SRR ERIV

AMKE RBF v A VT A MISEE DR
4 IMIA—F ¢« PUF7 L (W1-D-413)

2023%9A4H (A) — 58 (%)
9R 4 12:508%

A

20165 kel SROSEARMONE,
2017 wxge BRORME. K HEOKHE,
20185 wxgal ESROERAOFERIPART
20195 wzgan "BRORE KO HE0KERE
20205 wxgan "HMEHEHZFICHH SRETENHKI
20215 wxgen "HMEHEHZFICHH SREE NI
20225 wWEgEel "MEHEFICHH SREERKI

|
|

2023% wWRRE THEHFICHH SR RGN

|
|




RoOMAEEABR

“A novel symmetry in nanocarbons:
Pre-constant discrete principal curvature
structure”
arXiv:2306.15839, 2023
Y. Kabata, S.M., Y. Noda., Y. Ogata, J. Onoe

1. Development of Carbon manufacturing
technology

Onoe et al. have generated and studied the Cg,
polymers extending linearly from C;, thin film

- Onoe, Nakayama, Aono, Hara, Appl. Phys. Lett., 2003
- Ueda, Ohno, Noguchi, Ishii, Onoe, J. Phys. Chem. B, 20(
- Onoe, Ito, Shima, Yoshioka, Kimura, Eur. Phys. Lett.
- Beu and Onoe, Phys. Rev. B, 2006.
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1. Development of Carbon manufacturing
technology

Onoe et al. have generated and studied the Cg,
polymers extending linearly from C;, thin films.

- Onoe, Nakayama, Aono, Hara, Appl. Phys. Lett., 2003. \\
- Ueda, Ohno, Noguchi, Ishii, Onoe, J. Phys. Chem. B, 2006. \
- Onoe, Ito, Shima, Yoshioka, Kimura, Eur. Phys. Lett.,2012.
- Beu and Onoe, Phys. Rev. B, 2006.

2. Development of discrete surface theory

Kotani, Naito, Omori (KNO), Comp. Aided Geome. Design 2

Let a trivalent oriented graph G embedded
intoE3, 1: G — E3

For each vertex ( (x), .
the triangle with the

vector vi, v2, and the

normal vector n(x) is

defined by the figure:




2. Development of discrete surface theory
Kotani, Naito, Omori (KNO), , CAGD 2017

The discrete first fundamental form

The discrete second fundamental
form

2. Development of discrete surface theory
Kotani, Naito, Omori (KNO), , CAGD 2017

By the discrete first and the second
fundamental forms, we define

the discrete mean curvature,

and the discrete Gauss curvature,

Note that these values don’t depend on the chmc
of vl and v2, and thus are geometrical values.

_6_



Geometrical analysis of €5, polyme

Motivation:

The shape of C;, polymers reminds
us of Delaunay surfaces.

Delaunay surface,
constant mean curvature surfz

Geometrical analysis of €;, polyme

The shape (C-configurations) of the C;,
polymers can be determined by the first
principles computations:

Noda, Ono, Ohno, J. Phys. Che

_7_



Geometrical analysis of €5, polyme

The shape (C-configurations) of the C.,
Several local minimum points of the ¢t
semi-stable configurations exist.

Noda, Ono, Ohno, J. Phys. Che

Geometrical analysis of €;, polyme

The shape (C-configurations) of the C;,
polymers can be determined by the first
principles computations:

Several local minimum points of the
semi-stable configurations exist.
We basically focus on the minimal one |

Noda, Ono, Ohno, J. Phys. Che

_8_



Geometrical analysis of €,, polym

Problem:

To find whether the shape of the C;,
polymers has constant mean curvature
given by KNO-scheme!

Ceo Polymer Delaunay surfaces; \\

constant mean curvature su

.
:

Geometrical analysis of €;, polym

Problem:
To find whether the shape of the C;,

polymers has constant mean curvature!

Number of C

(o

0.06

0.04
0.02

0

0 20 30 4 60
-0.02
-0.04
-0.06
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Smaller <  larger

KGauss curvature
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Geometrical analysis of €;, polym

Problem:

To find whether the shape of the C;,
polymers has constant mean curvature!

Number ofiC

L

AH

0.06

0.04

0.02

o
0 20 30 4 60
-0.02
-0.04
-0.06

AL Number of C

Smaller <  larger

KGauss curvature

Geometrical analysis of €;, polym

Problem:

To find whether the shape of the C;,
polymers has constant mean curvature!

Number of C

The answer is No!

A But ....cccoeeeeee

0.06

0.04 0.2

0.02

) O‘_J 0.15

o0 0 20 30 4 60 0.1 \_

-0.04 0.05

-0.06 0

Numberofc 0 U Uyl e
Smaller <  larger

\Gauss curvature mean curvature |




Geometrical analysis of €;, polym

2. Revision of discrete surface theory

The mean curvature,

and the Gauss curvature,

naturally induce the discrete
principal curvature

|k 121kl

Geometrical analysis of €;, polym

Problem:

To

polymers has constant mean curvature!
No, but the 15t principal curvature

Number of C

Smaller

find whether the shape of the Cg,

is almost constant!

0.4
0.3
0.2

| j

0.1

2(1) 10 A 30 45_5L
k,

-0.2
-0.3

Numbher af C

We call it a pre-constanf diécrete
principal curvature surface!

rvature
\d
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Geometrical analysis of €5, polyme

Noda, Ono, Ohno, J. Phys. Che

Geometrical analysis of €, polymel-

-

FP5N
0.5
0
0 20 40
-0.5
k1 —— k2
FP60
0.4
0.2
0
0 20 40
-0.2
k1 —— k2
FP6F
0.5
0
0 20 40 0
-0.5
k1 —— k2
FP6I

k1 —— k2

FPéL FP4K
0.4 0.5
0.2
kO 2 20 40
.4
1 -0.5
k1 =—— k2
k1 —— k2
FP4J
0.5
0
0 20 40 0 0
-0.5 0 20 40
Kl —— k2 -0.5
k1 —— k2
FP6E FP3F
0.5 0.5
0 0
0 20 40 0 20 40
0.5 -0.5
Kl — k2 k1 =—— k2
FP6C FP6K
1 0.5
0 TS 0
0 20 40 60 0 20 40
- -0.5
ki — k2 k1 —— k2

60

Light blue shows the 1%t principal curvature!

0.6
0.4
0.2

0

-0.2
-0.4

0.2
0
02 0 20 40 0

0.4
K — k2
FP6J
0.5
0
o 20 40
-0.5
Kl — k2
T3
0.5
0
20 40
0.5

FP4L A
q/“J\~§gf\_r\2f-IL‘\p
Kl — k2
FP5K
0.6
0.4

k1 —— k2 ‘
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Geometrical analysis of €4, polymeli

Light blue shows the 15t principal curvature!

( FP5N FP6L FP4K FP4L Y
FP60 FP4J :P57 k2
0.4 0.5 FP5L 06
02 Mi MAMTWAM M n - /ﬂ'd\_J_\J\. o ?'i‘
..V All of the stable and semi-stable B
configurations of the C;, polymers are .
.. pre-constant discrete principal i
» 4, curvature surfaces! Pt
FP6l FP6C FP6K T3

1

0.5
1 0.5
0 0 T 0 _VJ"'“"‘M"M 0 u_/J_I_\_L\_w
0 20 40 60 0 20 40 %0 0 20 40 20 40
-1 -0.5 05

=

\ Kl — k2 ki —— k2 M — k2 . “ ‘

Geometrical analysis of €;, polym

Ceo) nanotubes

Nk

1

Bl Bl L - =1 'R

—_—

Cs0, and nanotubes have the constant
first principal curvature.




\

Geometrical analysis of €;, polym

C¢o-dimer also has the pre-constant fi ‘
principal curvature.

Geometrical analysis of €,, polyme

Concerned nanocarbons have the novel
symmetry, i.e., the pre-constant discrete
principal curvature including constant
principal curvature cases.

_14_



Geometrical analysis of €5, polyme
Why?

Geometrical answer is not clear!
In continuum picture, constant principal curvatur
surfaces have the center axes.

Center axis is given by -k,"! X the normal vector;

Not tube type shape cannot have
the constant principal curvature.

Geometrical analysis of €;, polyme
Why?

In discrete picture, the set of the “center axis” gi
by “-k,-! X the normal vector n from each vertex”

does not form a curve in general.

We call it the center axisoid.

_15_



Geometrical analysis of €5, polyme
Why?

Due to “not strictly constant’ principal curvature
discreteness, center axisoid, and not-strictly equi-
bond length, we have a non-trivial pre-constant
principal curvature surface:

Geometrical analysis of €;, polyme
Why?

The center axisoid, discrete analogue of the cente

axis, is not on a curve in general, though, in continuum
picture, constant principal curvature surfaces have the center axes

It is a profound problem what is a constant discret
principal curvature surface in discrete differential
geometry!

continuum picture vs discrete pic

_16_
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Geometrical analysis of €;, polym
Why?
Physically, it may be related to the overlap

integrals of the wave functions as the curve
effect.

Flat vs Curves

Geometrical analysis of €;, polyme

_1’7_



Geometrical analysis of €5, polyme

Average of the 15t principal curvature is
irrelevant to the total energy of the first

priciples computations.

0. 354

0. 30

0.234

0.204

0.154

0.104

0,054

Principal curvature  1/A

0,000

-2.3

L]

L5400

o g By

-1.003a

I

“tot.ac

U

ad s ey

LR

Geometrical analysis of €;, polyme
Average of the absolute value of the graph

laplacian,

of the first principal curvature [3¢] is
strongly relevant to the total energy in the

15t principles computation!

—

4|

gz

1 epa

ARz

I =k

I fib1z

| 2k

Itk

1 Gz

C(x3)),

=20
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IMI WORKSHOP II: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

Theoretical prediction and experimental
demonstration of geometry-driven curvature effects
using 1D uneven structured Cg, Polymer

Jun ONOE
Nagoya University

We have reported that 1D Cgy polymer with a concavo-convex periodic curved
structure [1-3] formed from electron-beam-irradiation (3-7 keV) of a Cgo film exhibits
physical properties arising from 1D metal [4]. The behavior of the free electrons on
the curved surface is characterized by the Hamilton operator of the following equation
(quantum mechanics of submanihold).

N l1 &Ko ;0 )
o[ ()]

ij=1

Here, g = det[g;;] represents the metric tensor. The first term is an operator corre-
sponding to the kinetic energy of electrons, and the second term consisting of the mean
curvature h and the Gaussian curvature k appears like a scalar potential (the second
term does not appear in the 1D plane surface). It has been unclear whether or not this
curvature term affects the behavior of electrons since 1950s. We theoretically predict
the effect of the geometric curvature term on the electronic behavior of the above 1D
Ceo polymer [5] and then experimentally demonstrate it [6]. In this talk, I will intro-
duce the quantum mechanics of submanihold of the 1D Cggpolymer when compared to
the other nanocarbons such as fullerenes, nanotubes, and grephene.

References

[1] J. Onoe et al., Appl. Phys. Lett. 82, 595 (2003).

[2] A. Takashima, J. Onoe, and T. Nishii, J. Appl. Phys. 108, 033514 (2010).

[3] H. Masuda, H. Yasuda, and J. Onoe, Carbon 96, 316 (2016).

[4] H. Shima and J. Onoe, “ The Role of Topology in Materials ” (S. Gupta and A.
Saxena eds.), Springer, Chap. 3, pp. 53-84 (2018) and references therein.

[5] H. Shima, H. Yoshioka, and J. Onoe, Phys. Rev. B 79, 201401 (R) (2009).

[6] J. Onoe, T. Ito, H. Shima, H. Yoshioka, and S. Kimura, Europhys. Lett. 98, 27001
(2012) [Press release]
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One dimensional peanut-shaped Ceo polymer

Jun Onoe*
Department of Energy Science and Engineering
Nagoya University
*E-mail: [-onoe@energy.nagoya-u.ac.jp

Topology-induced geometry in graphitic carbon network

: )‘\?}ﬂ _‘_Imv . . Lo

“\ ~(
4 I~ A
{_ r‘?‘).f/’f . T'IL{:’Z‘ Yy B Cia i Side view
s ‘ - AN A —t &
‘H” 2 ’f /\I‘ :‘/1/‘\/‘- 'LH Yt
P J,» Y 1] };/\I A
oYY N LA
Lo Top view
positive dischination ideal graphene negative dsdination
55 60" s = - 60°
- i
0O.V. Yazyev and S.G. Louie: PRB 81, 195420 (2010) M. Terrones: ACS Nano 4, 1775 (2010) K. Balasubramanian et al., Small 1, 180 (2005)

The structure of two buckled Stone-Wales

defects in graphene. Only six pentagon insertion is allowed for

capping a CNT regardless of its tube radius
and chirality (Gauss-Bonnet theorem).

J. Ma et al.: PRB 80, 033407 (2009) K. Suenaga et al., Nat. Nanotech. 2, 358 (2007) Y. Saito et al., JJAP 39, L271 (2000)
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How do we produce 1D uneven (1Y) Cso polymer ?

Carbon 81, 842 (2015).
Electron beam (3-10 kV)

1015-1017 cm-2s-1

1 1
1 1
5-1000 nm q 1 :
]
1 ]
_______ ]
Csl/Si/Cu/Mica/SiO2 substrates
Ceo film 1D peanut-shaped Ceo polymer
: insulator (108-10%4 Qcm)/soluble : metal (<10-2 Qcm)/insoluble
pm===- -
o o2 pos ol P oo
\ :"" ! '.:'.':‘. .
R .- Y
o ! " [ "’l a8y
“ o W A
NN N
*a » L B
FTIR " o i by 7 mEsm=m==s=s -

The cross-linked structure
of P08 Ci20 isomer

7 P13 Pie P APL 82, 595 2003 APL 85, 2741 g 004); PRB
. 72, 155416 2 RB 74, 195426( 006 JPCB
110, 22374 ; PRB 75, 2. ; APL
2,094102 08 " JAP 104, 103706 08 ' PRB
- O R
In situ UHV FT-IR apparatus - = " = JeEm 2d TrBath 012), APL ‘104" 113501
Optimized structure of GSW Cizo isomers g%g%g‘ 55,%0%0%15351852{)1 14); C%?{,%?,” & ng
obtained using Gaussian09 2019); Adv. Sustain. Sys 5, 28)00156 (2021)

Pristine Cup

5 b irradiation

[

6.5 I irvdzation (289%) (16%) (56 %)

J

Trunsmittance [arb. unit)

GSW reaction model

1500 1300 10 200 00 00
Wavenumber [em']

J. Phys, D: Appl. Phys. 2012
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1D structure evidenced using cryo-HRTEM

FFT image
(b)HCP-based model
(monoclinic)
XX
{ﬁ? & ﬁ‘
, SO0 \
three equivalent directions for 1D polymerization
Carbon 81, 842 (2015). Carbon 96, 316 (2016). cryo-TEM (Osaka Univ.)

— L VEFDH

PRB 1996, PRB 1997, PRL 1997
Surf. Rev. Lett. 1999
AIP Adv. 10, 085212 (2020) [Editor’s pick]
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Physical properties arising from

Peierls transition Tomonaga-Luttinger liquid (TLL) states

g
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Appl. Phys. Lett. 92, 094102 (2008).

Europhys. Lett. 98, 27001 (2012).
Phys. Rev. B 79, 201401 (R) (2009).

Charge-Density-Wave (CDW) phonon mode
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Appl. Phys. Lett. 97, 241911 (2010).

1D van Hove Singularity

Csl substrate

i 1340 cm

FIG. 3. Irradiation-time evolution of in situ IR spectra of an EB irradiated
a0 film

J. Appl. Phys. 108, 033514 (2010)
J. Phys.: Condens. Matter 24, 175405 (2012).

Novel properties different from those of the other nanocarbons

Tomonaga-Luttinger liquid (TLL) states

=350 K

g
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Europhys. Lett. 98, 27001 (2012).
Phys. Rev. B 79, 201401 (R) (2009).

Nanotubes

HR-STM image of SWCNT (Dekker’s group, Delft)

S. ljima, Nature 354, 56 (1991)

Fullerenes

H.W. Kroto et al., Nature 318, 162 (1985)

1996 Nobel prize in chemistry

Graphenes

K.S. Novoselov et al., Science 306, 666 (2004).

2010 Nobel prize in Physics
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Vector potential (AB effect)

Magnetic field lines Vector potential

Vector potential A was thought to be introduced
) mathematically, but its physical meaning was
. aen  given by Aharonov and Bohm.

e

Y. Aharonov and D. Bohm: Phys. Rev. 115, 485 (1959)

shield = phase difference = 0
superconductive coil

s

magnetic i 4 ;-‘ —
field 0}/

/" S
7 interference
- fringes

A

phase difference = /2 A

Electron-beam holography

A. Tonomura et al.: Phys. Rev. Lett. 56, 792 (1986)

Prediction of the geometric curvature effects on

Tomonaga-Luttinger liquid (TLL) states

2-3 D metal
Fermi Liquids (FL)

f(E)=

P(E-E,_) ’
1+ex
k,T

CNT
1D metal
Tomonaga-Luttinger Liquids (TLL)
Power-law dependence
a< | experimentally determined using 5r [A]
photoelectron spectroscopy h 5 1 ) 6 6
e e )
2m /Ei,;l 0q' /Eg 0q’ Wk

Phys. Rev. B 79, 201401 (R) (2009).
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Prediction of the geometric curvature effects on

Tomonaga-Luttinger liquid (TLL) states

o i, Lol CNT
§ p(T) o [T o

P(E) o |E — Ele e

CNTs: a=0.5 | eox

or [A]

L/g’ (fg aq> H]

Phys. Rev. B 79, 201401 (R) (2009).

o

=

H. Ishii, H. Yoshioka et al., Nature 426, 540 (2003). hj=1 a5]

Evidence for the geometric curvature effects on electronic properties

In situ high-resolution PES

2

02 : o2
Binding Energy (eV)

Europhys. Lett. 98, 27001 (2012).

(@) ®) ‘ .
Ik p(w)<[T|a
ZRANC B b
s s, i
£f L 70.59 4
Bin%;ng Energy (e\ll)lu sgempe,a:i’,gm gOOd agreement
>
. p(T) = [Tl
;\\Hiu p(E) < |E = EFl‘l
fN& MM periodic: o ~ 0.6
= | iovotymer X b .
=406l (He lla) 0K CNT o 0.5 5" [A]

Phys. Rev. B 79, 201401 (R) (2009).
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Summary & Perspectives

A potential driven by a periodic uneven ([YIfh) geometry has been curious to

affect electronic properties of materials since 1950s.

H=

[l 2 0

- 2m*[/>,,2—:1 0q'

First observation of geometric curvature effects on electron behaviors

-\

3

\Q)
+

\&

h*—k)

(Quantum mechanics in submanihold)

5-9 membered rings get together to form a curved surface

Physical quantities «—> Geometric quantities

quantitative or qualitative correlation ?
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Geometric shape effects on electron-phonon coupling strength

PHYSICAL REVIEW B 90, 155435 (2014)

Unified understanding of the electron-phonon coupling strength for nanocarbon allotropes

Shota Ono,*™ Yasunori Toda,? and Jun Onoe®
Department of Physics, Graduate School of Engineering, Yokohama National University, Yokohama 240-8501, Japan
2Division of Applied Physics, Faculty of Engineering, Hokkaido University, Sapporo 060-8628, Japan
3Department of Physical Science and Engineering, Nagoya University, Nagoya 464-8603, Japan
(Received 8 April 2014; revised manuscript received 3 September 2014; published 21 October 2014)

= 27kgh
R

Resolution limit of our
laser (pulse duration)

Lattice Temperature [K]

n-electron conjugated system

() (b © @ @ TABLE I. Electron-phonon coupling constant A of nanocarbon
allotropes. The kind of chemical bonding between Cg is also shown.
:-------------------- T ---------: Csocompound A Bonding(Cso-Cso)
o Y . (@ A3Cq (A = K, Rb) 0.6 (0.5) van der Waals
(b) NasCgo 0.3 Single C-C o bond
() ACq (A =K, Rb) ~0.1 2 + 2 cycloadditional bond
FIG. 4. (Color online) Schematic illustration of nanocarbon al- (d) 1D Cego polymer 0.02 Coalesced GSW bond
lotropes: two Cgo between which are connected via (a) van der Waals (e) Single-walled CNT 0.006 -
interaction, (b) single C-C o-bond, (c) 2 + 2 cycloadditional bond, Multiwalled CNT 5.4x10~4 _
(d) 1D Ceg polymer having coalesced GSW bond, and (e) single- |
walled CNT.

Anomaly in the resistivity at temperatures below 50 K

40 L Finite size effects on 1D VRH
=30 | i
g | f A
= { ] E T
= - . PR . .
= 20 : saturation of py
= - LI Incoherent metal ?
k7 3 [ ] (1D Holstein polaron model) )
‘D 1 . ! activated
- : hopping
- 10 r " band - e-a,,/T
t f iiDvRH o, |conduction / T,A) K
1 T -0 |incoherent
;.;J‘|'l'|'illI||||I||||I||||I||||I|||| 4 l‘l’mT metal
0 5 10 15 20 25 30 35 X TN
1000/T [K? ~ 4
(K 0 | omw A.=2 A
pocer e
2L L: the length of the 1D disordered system
p o eXp f; electron localization |ength FIG. 1 (color online). Transport regimes of polaron. Schematic
;5' phase diagram showing the four different regimes of polaron
[E. N. Economou, PRB 31, 6172 (1985)] mobility y in the plane of 2-T (4: EPC strength, T': temperature).
Here, the unit of energy is t = 1, and @y is the phonon frequency.

-------------- Arrows show the direction of shift of the borderlines between
different regimes when the phonon frequency decreases.

A. S. Mishchenko et al., PRL 114, 146401 (2015)

Appl. Phys. Lett. 104, 113301 (2014)
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Application to environmental issues: CO> immobilization

COMMUNICATION SORUNER
SYSTEMS

www.advsustainsys.com

Immobilization of CO, at Room Temperature Using the
Specific Sub-NM Space of 1D Uneven-Structured Cg,
Polymer Film

Masato Nakaya, Yasutaka Kitagawa,* Shinta Watanabe, Rena Teramoto, lori Era,

Masayoshi Nakano, and Jun Onoe*
T cont0BHicos

SEa=2.0eV

COs2-: carbonate ion

Adv. Sustain. Sys. 5, 2000156 (2021)

Reaction Mechanisms

Model

LUMO

Electron density
Convergence condition: 104

Pinned by Coulomb interactions

(1) Locally induced Coulomb interactions due to mirror image effects increase positive and negative charges
on the C (1D polymer) and O (COz2) atoms, respectively, which play roles not only in weakening the CO2
double-bond slightly but also in stabilizing the TS of the CO2 + H20 reaction.

(2) In addition, the O atom of H20 easily approaches the C atom of CO2 when activated by the bending motion.

Adv. Sustain. Sys. 5, 2000156 (2021)
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CO:> activation methods

Conventional 1DMYCeo Polymer

- Radiochemical
+ Thermochemical
- Biochemical

- Photochemical
- Electrochemical
- Catalysts

CO2 pinning

Angular vibration: LUMO energy decreases

B. Khezri et al., J. Mater. Chem. A 5, 8230 (2017)

Reduction Not reduction
To add electrons to LUMO
(antibonding orbital) LUMO electron affinity upt
Weakening O=C=0 bonds Increasing electron withdrawing

N-doped 1D MY Cso polymer exhibiting CO2 reduction efficiently

Several kinds of substitution position

W. Zhou, H. Shen, Q. Wang, J. Onoe, Y. Kawazoe, and P. Jena, Carbon 152, 241 (2019)
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Curvature-driven new functional nanocarbons

(theoretical prediction)

2D exotic-nanocarbons 3D exotic-nanocarbons

O

three C atoms has an
unpaired electron

Uneven curved surface makes the Dirac-

cone inclined to form an intense flat band at Concave surface induces

the Fermi level (like Pt) magnetic properties
Y. Noda et al., Phys. Chem. Chem. Phys. 16, 7102 (2014) N. Park et al., Phys. Rev. Lett. 91, 237204 (2003)
Negative Poisson’s Ratio PNAS 112, 2372 (2015)

S

Structural model made using a 3D printer (given by Prof. Kawazoe)

Q ----------------- top

O _____________________ bottom
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Mapping of nanocarbons using Gaussian curvature (k) and dimension (D)

0N 7 7 7 unidentified

2D Y carbon sheet Nanodiamond

=

Penta-graphene

fullerene 1D M carbon tube

nanotube graphene
1D MY carbon tube 2D [ carbon sheet Mackay crystal
»
>

D

What happens twice happens three times !?

Japanese Maxim

Discovery of new novel materials

based on (1) knowledge (literature), (2) experience, and (3) intuition/inspiration

Serendipity

Novel
materials

EBarren land
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“Beyond serendipity”
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IMI WORKSHOP II: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

A first-principles consideration of energetic
stability of peanut-shaped fullerene polymer

Yusuke NODA

Okayama Prefectural University

In a previous experimental study, it was reported that a peanut-shaped fullerene
polymer (PSFP) with a pseudo-one-dimensional structure can be formed by electron-
beam irradiation to Cgg thin films. However, atomic-level structure of the PSFP is still
unclear, and various PSFP models have been proposed in previous theoretical studies.
In this study, we performed first-principles calculations based on density functional
theory, and evaluated energetic stability of various PSFP models. The relationship
between the energetic stability and geometrical structure of the PSFP was revealed by
computational results.
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IMI WORKSHOP II: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

Mathematical analysis of low-dimensional
nanocarbon materials focusing on the hierarchy of
lattice defects

Xiao-Wen LEI
Tokyo Institute of Technology

In this study, the objective is to obtain knowledge that will lead to the establishment
of a fundamental theory for designing curved surfaces, focusing on the representation
of the mechanical properties of graphene sheets (GS) using differential geometry. We
create several stable structure models of GS with different lattice defects using molec-
ular dynamics and perform mathematical analysis of their geometric and mechanical
properties. For the geometrical properties, we measure the mean curvature and Gauss-
ian curvature of the curved surfaces, and for the mechanical properties, we analyze the
internal stress distribution and potential energy distribution. Changes in mechanical
properties due to changes in structure and arrangement (especially hierarchy of lattice
defects) are also considered. Furthermore, the obtained results will be used to explore
the interrelationships between the geometrical and mechanical properties, which will
further pioneer the mathematical analysis of nanomaterial mechanics.
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IMI WORKSHOP II: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

Math behind CGO I, 11

Hiroyuki OCHIAI
IMI, Kyushu University

In this two slot, I will review the article of B. Kostant
https://www.ams.org/notices/199509/kostant . pdf

with a fascinating title “The Graph of the Truncated Icosahedron and the Last Letter
of Galois” appeared in Notice of American Mathematical Society in 1995 July. The
organizer of this workshop noticed an intimate relation and suggested me to introduce
this paper for broad audience. A topic in this paper is a graph coming from objects like
Cego, whose symmetry is described in groups. Several special groups play an important
role.
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SO(n) 1% O(n) DIERERITHE,

BATFANTZX O(n) 32—V v FZEM R" OFERZH2HE,

SO(n) ZZEDSBEDAZZRODDDORIR, ML b
W,

@ & & © @ @ @

13/84

Yaivare

CE

2 B (p959LR) From the point of view of math...

BEENZIE, 1900 TFOMNPMEDRE G \ZRIERETH D, WD
BHETHDH, ELTHHL RV, zole—200M 2R\,
ZDHINDEER ZDXEDENRNTH 5, 21U,
(1) 1E 20 HEDEHXFEE, 1E 12 MADOEERHEETD D 2,
(2) BEE LTOSIAEE A5 AT H 5,
EWVWIHHHEZERD, B A5 IZROMEZH O,
(3) AT —ET %,
(4) FERJHHAIRECT D 5,
(5) FERJHELE IR BAMAEDHE (family) DRAID X > N—r B Z 5,
(6) As O EMERED McKay XTILTHISNE Y —FE Eg & XTIt
WHZHEE (3) % (4) 3R ITIC koTWnWa ¢

SO(3) DEREZECTHE (3) 2Hiod DIF—E,

SO(3) DHRHIEETHE (4) ZRHOdbDIF—HE, ©

VOB DX, HEERRNT,

14 /84




AREFRHGEE | A, sZHRE, HREEE, McKay XD

o [MB, 2008 G, G' DEIOEHFIER f.G — G D%
o Thbb, flab) = f(a)f(b) =T L &2, BEDMH
Arwnwo,

@ I TD=a7VRIE, DO LTRERERZITINE D, B
LTOWENPHBEL TV,

o FETTWL2 (EBHALTW2)EMREEHL TV A 1EH.

o IHATBE, T aba b1 DERT BEE, EROERDD
H, Y HRITHEDRVOTHEM,

o HAMIEE, JEEMARIEMRE DB LR VEE, H2EORERD
BN, Zb DD THEME,

o McKay Xfit. HIREFOBIRIRILDKH 7% 7 > Y NFED 77
£ ayky M) —FED Dynkin KIEZBIEDOT 5 H - & E <
EH, FEOFHTS 5 RREBRR VO THA,

o ZD, HHWVWDO TN B2 IINhEd, ZZIZHE-T
W& Ceo W72 8D B,
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25 3 Bevs (p959R) A group isomorphic to As will be ...

Z DRI G,
o A L[RAIEEZIE 20 MAREE X3,

o 1F 20 MHABEOMIMEIZ VO BIFHOWTH D, TONETDH
ZOWISMERZ 1 O9FBIF2 L, twHZeETFEHELTWS,
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55 4 Bx 7% (p959R-960L) Prior to the discovery of Fullere...

75— L YORRBPTILELNS M = LA NAE»5% 5
MEZEEOLATER 2K THEI %
F AT —Kh 5L
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55 5 Bt (p960L) Fullerenes exhibit remarkable chemical ...

77— L ORI E M.
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25 6 Ex7% (p960L) Among the many Fullerene molecules ...

Ceo DiNHH,

Coo X7 7—L YOREH, md IR TV S,

@ 79— L YVEEoC Cop DAEIBTZETHDH B,

o RBIDNETIIFHUNTIEZ 7—L VIFHT IR,
o Cgo = YJ5H 20 Mmifk, YITH 20 M4,

e vy h—K—I,

e ME 32,

o AAEH 12, - T, SNAEDI 20/, (5 BIR. 6 BE)

e HAMITHWZHD EoTW0iRW, EWSEFELWEENRD 3,
— %m&:%?%%%o

19/84

25 7 BX7% (p960L) The truncated icosahedron is also ...

W 4 IV ADEE,
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Yaivie

25 8 Bx7% (p960L-R) There are ninety edges in ...

I oEH, 3. Co DUOHE (HLW),
e 1 90 A, 90 = 60 + 30.
o 60 KDI 12O HATEZHA TS, 5 x 12 = 60.
0 FZDh D30 AKDII2 DDAATEE XY > TWnW3,

o NAEOREIDIZ., Zhs ZFEOUNEVEWIZEINS,
20 x 3/2 = 30.
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25 9 BX7% (p960R) The truncated icosahedron has sixty ...

Ceo DTHAROMHE (B LW,
[+ ] ]‘,E\}#Ji 60 ;'\J_:_';o
o BZHAX/E—D2DHAFIZEL TWa, 60 =5 x 12.

o [HE % 12MHDRMEEICERITE 5,
CORAFIZEL TWE 0T,
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25 10 Ex7% (p960R) One also notes that at each ...

AEDER
o HAYUINOMR L7 7% T 3 5,
o G % Cgop DNFEEL T 5,
o VI 7DBETIIE H 2557,
HE
o Coo DHRTEMIZIZ I RO D 3,
o Wik : 2 AR A LT, 1 RIISNALERXY 23,
o I' 75 YJ¥H 20 A DREESERICE % 2,
o M G IZIE20 MIARETH 5, 1%L 60,
o G IV ICHAHERINIZIER T 5,
75717 FOFMBHZE GIZEHILTTS., W EMD oL
SRIBREDBBINTWVED, BEMIZIEIM S ABRSTWRWN,

H%¥ETIZ, 77 7Ry b HZ PSL(2,11) DD EEL. 2 WS BIOEKRT
FAWTWwa,
Y5V ERTRD2IEHHR L,

23/84

e | REFMHGE | HEMHAEAN

G PEE X KEHLTY AR, RIEFEHE,
o G D X NDOIERIIHIHERSHY,
o X ¥ G OFFFH LM,
e Vx,ye X, dlg e G, y=gx.
e dJxc X, B G > g gr € X ITEHY,
e Vre X, B G>g— gr e X TEHY,
B @ RIS X, REREDY G.
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5 11 BZ¥% (p961L) If p is a prime number let F), ...

I ORARRERDLESLT 5,

o p EHL T 5, ZOXETIEFHRML M EDLRW,

o F,=7Z/pZ={0,1,...,p—1} Z p OISR ZKE T 5,
o p ik LT, MEERZE 2 57217,
SI(2,p) &, F, BT 2T % 2 REFTFHTTHAN 1 DB
DKL T3, BHCKRD, FIRRERE LV,
o 55 SI(2,p) = SL(2,p) = SL(2,F,) AL AVHN TV,
PSL(2,p): SHERHARIERES, SL(2,p) ZHAATHIOD +1 15
T Elo721 #,
p>5 513, PSL(2,p) \ZHMBE,

PSL(2,5) & 20 HitA#EE,

& 1 PSL(2,5) 1& PSL(2,11) [ZHEDIAD %,
Fs 13 Fi1y OEDEETIERVDT, {5472 DRITRNE
EOFEL TV,

o ZOHEEFI I 7OEREBOFHKICERL TV | T,
VI T DX E IR RER ST R R B b 0 S HEEA IS LW,

25/84

5511 B8 (p961L) it =

e PSL(2,11) DA 11 OITid 120 @D %,

o 20D »PNS, ThZENDITOMEEIZ 60 fH,

o TOREFHD—D2% M 3 3,

o THIMIZU I 7MENAD, YIHH 20 HikD 77 7 & FEHL,

@ T58., Co DIEME PSL(2,11) OAE 11 Dtk W TR
M TE 3,

o T 57D (= REDKER) D PSL(2,11) DREEDHFE
TEHIT5 !

o I2MADHA & M ¥ PSL(2,11) ® 12 DKL ILES;
HroxbbTdhs,
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ZE KL LER BE

o sz, toR@n-{(; )|aeren,)

ThHEz 02 k5% F=A1T5 D8 nEE 1,

o TDHERIEEE IR BE DD R LA DEETDH 5,

o —ROREBETDRLIVERZREDERRIT T EHS A i AR
DEE] T2, FARIESOLNTHIL OLLBRVDTID
ERITEH L TRV,

o L— FRPERVIEH LY ORB ML EMT 2R LTHE
BRBETHZ2DT, BEHIDONIZIERL L EbNR A b
DTV, RIDANZ ZOHRETIRS WKL THEIXR N,

o BHELME X, MRIMIZER LR LSRN 2 T T
BB RN, Ihe T, E=ATHRRTER LEER
BRARVVE B R H D2 Z 2 TIEEZ S, CWVWHHE
T, BROLNEBDIERV, ZIEoTHATLIEZ W,

o BB, RLMEIANH, HlEMR OLR—2) TEGTLRLIL
EHEORL A EERIAL

128, p961R DX (2) DITHIDEFEIMARIT TV B L WS tyops
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&

2 Hi

28D IE20 [ HIAD 7T 7 As OFLIRSE,

=
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%5 1 B (p961LR) Let 7 = (1 4+ v/5)/2 be the golden ...

9. E20HED—DDEHREZZET TV,
7272 L 2 oFeaNE R T BIE BT OBy 2t TlE D AR,
o Bt T = 1.6180....
o ORI DHUDHEEL r ORAEHEEE L IFEXR,
o 2D Dfil : R? @ 4 THAL {(£1,+7)}.
o 3D Of 1 V = {(£1,47,0), (0,41, £7), (£7,0,41)}.
3RDERT 2HERTE. K (1),
V ZIHKR LT % ZHK P IIE 20 Hif,
0 c,d e VIIMLT. {c,d} D& (c|d) =T.
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25 2 BX7% (p961R) Let A C SO(3) be the group of ...

e AC SO@3) =V ZRONHEzD 2k 55, V ORFIEE
o o/ WHNITTIZHR 2E5NDBERE ] % ac A DN LWV,
o A(j) & A DhiELj owoetkt 325,

o A DITDOHMIEUZ 1,2,3,5 DWIT D,

o FNFNDILOMEEIL
A1) =1, |A(2)] = 15, |A(3)] = 20, |A(5)] = 24.
@ 1+ 15+ 20+ 24 = 60.
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25 3 X% (p961R) For any prime p ...

p BER? T3,
@ PSL(2,p) i& Fp U {co} WC—RABEHTIEHT 5,
.ﬁﬂ(ﬁb>@ﬁm5~mﬁﬁz@xH%ﬂ

d cx+d*

o PI(F,) :=F, U {oco} ZATHEM 1 LR, OB p+1
1lEl

o 15 =00 €P(F,) OEIEMIH BlE. &t c=0TEHZ
o b y
55, T(2).B:{(g a1> ae]Fp,beIFp}.
o ZNBIITF, ZMORICEE LTHALT 2R EH R MHE,

REBODETDH IV, EELATVED, HHRVAIRIBZERNEZIERNED
HEROTEMHLTRYL, ZOXETIE p ZRHLIrHTI RV,

B ERIEZHREORIRIGE L DS kAEH 5, ELWITRESDEEL
BRI VD TERT 2,

31/84
2 HH : %¥

HEH DERI DWW L DD,

o RIGm & XM D,

o MEDOWEZFAND & EIC. ZO FLOBEEER W3,

o il : 7' 7 DMWEEFAND L EIZ, 777 DETEMITER
(F3EBH) 2H D LB TRBEBEHRNRS,

o ¥ LRI, BKERY,
I AR BERCEZITWEDIDEFANS,

o 77T 7 URBHETH OB BEBUCER. BAERR S
w7z & O DL,

o BELSFHEZEM Lo FRAMT, 7 — U ZRHT,

o [TAHIERSLBREAR R ¥ DRFFREEEL

o NFMEEFIH L7287
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55 3 Bt¥% (961R) fit X

3ODHMNETH L Z e HNEEINT VWS,
o SO(3) DEMMELIEE A, 1E 20 HADIEMES V &0 [Hix
8.

o S AHRE PSL(2,5)

@ fiff*iiﬁﬁ f45-
EDEICHBHEINTOEIDPE I PICX > THARIIEHTX 2%
BORPTEINERL D,

o PSL(2,5) 1¥ 6 RER PHF;5) \CHARICIEH,

o 1E 20 R P DF M RIERDRTIE6 R T TH 5,

o As 135 RES {1,2,3,4,5} ICHARIZIEA,
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i . OG5SO R b

o AC SO3): V ol k, 5 2 H#igh 2 Bk, (iU
60=1+4+15+20+24. FL LTIX A X PSL(2,5) &R,

o PSL(2,p), 5 1Hi% 11 B¥&, i Tld PSI(2,p) & E»N
TW3, PSL(2,F,) &b LIFLIFE L, I
(»* = D(@*—p)/2p—-1) = (p+pp—1)/2.

@ B C PSL(2,p). % 2 it 3 Bx¥%, Borel T, M (i
p(p—1)/2.

o Fx. %5 2HIH 3Bk, —MRICIIATHTT Y o2k RIELS
2 RF, DBEIIE 0 ZIDBRWEEEG LR 5, 1EoT,
TS p— 1o HNIHTRIBERC R 2, XTI T,y &3
PILTW B,

YB X p WHRFET 28 ZAUIHGE X ATV,
B Hb LWHEER A, AT e Bt MR Z e B H 5,
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% 3 BLY% (p961R) Dt & Dt &

o KA1 : A5 1 S5 DEDEEID TS5 DDILDOEEITEMT 3,
o BMMINITIX?

EZ o NE 304, EATRIE 15 R T, EEEHTEIZ 15 /K,
HRT % 3ROESEAFBIIHEE, a5 !

REEZIE?
AQ2) R~ %, 0~ p& op=po &EFH
Bx  ~ 3AMERER. 22 oREEIZ3 2D 5% 5,

ZORMEEOEE® F 32, FEEOMEEIZIS M, oF
h F OO 52, 15 =3 x 5.

o B REDBR : 0 € A(2) IZESEHFD 180 E[HlHz,

@ @ @ @
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55 4 BX7% (p962L) To what extent does A “see” ...

BICHTL 288 1 OAEMN T 2R TW 5,
o M | AXIE20 WK% TR2] ZeNTEEMN?
o MEDEWIAZ [ IE20[HIKT Z 713 A DD 7 757
o THI1INZDEZTH 3,

o EM 11T ZDOXEDFEHD Toy model(F 1 k& A7) T
HB,

HASFEIC RIS 2 1HE
0 A(2) ® AQQ) krhETh—DoDHNHTH 5,
o A(5) 132 DOIEHRIC HHILB, A(5) = CUC,
o C,C" DILOMEEIIESL B B 12,
o C,C' DENZNZHNILZ & 2IETFHLE TV 5,
o o o? ik, B C O 5% %,
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55 5 BX7% (p962LR) Consider one of the two ...

HEH C C AB) ZIERE T 5777 A BRTERT %5, R
(4)s
o u,v € CITMLT, {u,v} 2w eC s vuel.

FHINRZAZ C IR TIERVDT, #HIBELZED D uw 13—
WX C DI idRosrnz e,

CDOEICERLETZ 7D LD DTH S Z &2 ROEH
TR,
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JEHE 1(p962R) The graph A is ...

757 AIE 20 R TH %,
w, w1t 1EIE 20 HARDHTOMNFRETH 5,
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2 6 EXV% (p962R) If ¢ and d...

@ EFR V7 T7D2HM c,d IZMLT, {¢,d} DUTH 3L %,
c,d \FREEE L T\ 3 2 IFER,

o ME I IE20HEZ S 7D 1 DDTHADBHEIESIZ5 2H 5,

o JEF I c DM 7! OBMETENE. ¢ ORBHETEN & X,

o ME : 5XONITEHM cITHLT, ¢ TH ¢! THRWHEE
d &, BHELRBEEIrOVWT NI TH 2, X HICBHEIOR
BEiE 2 1372 570,

39/ 84
25 7 BX7% (p962R) With an example,...
As DEAEZIE T, FRLOMWE (A2 208 5 2°) Dz ZET
T2, MHICETRETE 20T TH R,
o u=(1,2,3,4,5).
o w=(1,524,3).
o v=w1=(1,3,4,2,5).
o u,w,v XA CHKEC ITEEN 5,
o uw = (1,4,2) ¢ C.
o wv=(1,5,3,2,4) € C.
40/ 84




* 2(p962R)

B xo b LfEDHHE e,
u,w € C PEEE < uw ONED 3.

188 yo v L7384 : v and w 1Z w and w
4184

25 8 Ex7% (p962R) Being a polyhedron...

@ ]. @%;EHHO

o 1E 20 HIADHIT®H % =AED u,v 1T X 2 HEEmY 5t ab,

o MMH : =AFZH L T2ZHKROTHELAINLTENEZS
DHITH 1S58 20H %,
oG, C O {u,v} THLT, u,0 DESLHITHBHET
ZEAZ v v 2ol 02E8TH 3B,

o ZTNZEXI/RL7-DHDK 1,
KELZKEEIFYDOZ 2TV 572K,
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2 9 BXV% (p962R-963L) Starting with the edge ...

=MIED TREo) ZEYNCEGRA %, $4b5, X2 D,
BB, TIO1HRE 2EBIE 1 HBSEED 1 HGE - 2H
fia & 3R .

43 /84

25 10 Btv& (p963L) Of course five coneighbors ...

117D A,
RBHETHA (= WITOBHETER) 3B ETHROWITTH %,
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B 300630

AT R TRRT 2D, EAHOZRTLIXLIE
Huwbsih s,
o M1rK2h5ErNsB%K(5) vvu?=utot &, u
DNENE THEEWHWEEHWS 2, 2 :=u v DMK
T2 THBEZeBbLI b,
e FAH :
=u?vu v =uv P v=uv v v v=u?=e.
@ 2 XD, ur=u"tv OMEUZ 3,
o FIXIE 20 MMAREE (u,z | v’ =22 = (ux)® =e) ERRTE
%, hzfRERRE WS 1 (12),
o RICEM7 T, YIBHIE20lAD 7 7% 05—V =057 L
TERT DL ZICIOFERRZHVS, e PEHELTWS,
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25 11 Bx7% (p963L) For non-solvable...

FFIEETE X, FEBEETORIET O, Ay 3T H
DTEED T 2RMIBOEETH B, (o T, HTWIIKHTIC
FEHLZW, L2L, ZZTWEERT %,
o MM C OBEHR v, e C 2k %,
o ZOK, {u,v,u"t v} ZEESEGF,
o XMTFIIR BN DB, ZD8DODDKFLITD 4 DTLHEED
B 4+8=12HDOILEZRD L5 IZiliR25, 3K (6)

1,1 1 1

U uvu- v uv- U v
v vl low vu ol
ut vur et v lueu!
v w ol wlowe!
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TEHE 2(p963L)

C ’%’L ﬁ%ﬁﬁﬁ/ODﬁi E’V&uﬂ 7Po
o ZO 12MIxERZILTHD, BE C —E,
o 3DODINIERT S EEBREHE,

o 2B, 1DEFRNGVITERT 2 2 00EERTFIZ—
D,
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25 12 Bx7% (p963L) This theorem is proved as ...

117, B2 OHHNREILNTW B 21T,

4884




25 13 Bx7% (p963L) The following diagram (Figure 3) ...

FEH2 ZKRL7DOHDBK 3 TH 5,
o 12 HDTHMEN S {u,v} THERL . HABEOEED
KRDIFEINL TV S,
o 2EMUITFEIM. 1HJRIEREEKRL TV,

P963R 1K 2 ¥ ¥ 3 D&,

49 /84

3
w
=

55 3 0 PSL(2,5) @ PSL(2,11) ~NDHDAA L |
Chevalier "D H v 7 DFHK
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55 1 Bx7% (p964L) A major theme in what ...

Z DD T,
e PSL(2,5) »% PSL(2,11) IZHEDAD 5,
o HDIAADFEZ (K ZFRNT) 28D,
o 2;@D Y PSL(2,11) OANFEHARBITE D X 5,

o PSL(2,11) & =Dk #E PSL(2,5) DBRIIFFIZ D DT
HH, Tu7OFHKIHS,
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55 2 BX7% (p964L) As we noted before ...

SR EMROE DDA PHF5) C PL(F1) DK,

o HIEMR PL(F,) =F,U{oc} 2FZX %, TLOMEEIL p+ 1.

o FX TIX Proji(Fy) = PY(F,) W BB HELATVS,

o MG PEE X EAT2 (BE2HEIRE) )N, X 2 G&
B, [FE DML,

o £3. IE20HHAD 12 HRZNMRERTIZLTZHDIF 6%
7o ZAUX PSL(2,5) DIERIAAT PL(F;) LG EE 5,

° X2, PSL(2,11) DYERAATIE 20 HADTHROESV &
PLH(Fy) ZRISXH 5,

o EH I PYFp) ® 12DITLE 203 DOD 6 R7IZEFITHT
5. ZD 6T ZLRD PSL(2,11) DILO KD
PSL(2,5) LRIz 5,

o ZHDEFEDRA Vb,

@ ZDXSIZLT PSL(2,5) ® PSL(2,11) NDHDAALDF
bitd,
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552 By (p964L) f

BN EOEMED, 2 ZOFAL T TR T E 27217 DR
352N TWRY, FElZR2II3EGRY [3] ©SRT 2 0E
D5,

o IFE 20 HADTHRDES L FHHEMMOMINE Z & TEREMT
WKEZ5NTWRWDT B3] 2 RE20END 5,

o i [3] TIIHFIEM P (Ryy) OELLD S 1E 20 Hifk 75 7 D
HREAZFRRL TV S, HEIIHEEROXFREZ R L
TR ZAT S BRO IEM 72 171K,

o HIFEARPY(F,) D PSL(2,p) DIEHIZ L bD 2 DD,
IE 20 HIfRAND PSL(2,11) % PSL(2,5) ODIEHDERKE S
[3] # A2 RBEHND 5,

@ 6RTADFIFIF2EDHD, IS L THDAAD
2D H 5,
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25 3 EX7% (p964L) We are concerned here ...

o FIDRIEDIE 20 HEAD 75 7 DERIIRIETH - T, Al
YIUEE 20 HAD 7' 7TH 3,

@ LEWVDOD, FRIEFRMALTIND,

o [EZMIK (77 b Y ZHIK) DEHRZFREDRAE Ay, Sq, A5
YAEITH B, FAFER, IFA4TEE, IF 6 MK IE 8 M.,
1E 12 A & 1F 20 HfA,

o WZ, R3 ABEHICIER 3% SO(3) DERERDHZ.

Ay, Sy, As DWIT IR D DR 5,

o B, Ay, Sy, As 1XHINEIEKLY —#f Fg, E;, Es £ McKay
WM K o THIET %, McKay SIEDEIAIZRWL, DX
EOSHZTHOHVWARW, B, Eg Er, Es 13 78,133,240 X
TEDY —FE (A R7 VREZRRIETH DH) TH 5,

o ZAUI3DODEE Ay, Sy, As DRODEFRIES; T 5 2 L DHiR
DDER, LA LEET3HEICIE > TWhWO T, B
RFETEELERDICEEE>TWVWS,
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55 4 Bx 7% (p964LR) Now if p is a prime number ...

B2 IERR PL(F,) ~ PSL(2,p) DTERE. /NE L RWEHEE p TLIFE
AMEME T2h XD DR CEEANDERIZR V) 28D (A8 7).
7B, TOREDHAIIFTEHEL TV 5,
o E¥p>5 O, PSL(2,p) ITHHHAE,
e PSL(2,p) & PY(F,) NHAKIEHL T3, PY(F,) DILD
EEE p+ 1.
o EHp>11 DK, PSL(2,p) & p LT OEESAIEHIAIZ
T ERT E 20,

Ve TomZ#HP I BWVERIZVWOBIFEET 2D TENZED BTV,
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55 4 BX7% (p964LR) it =

510 1)

@ Z, 3 Z, LR LTHAEL, MobLWLSENRLS S D,
o Z, DA p.

o Z, \Imommsmmod\ (2) DR VIVESEE B OIEHEES#E,

°

°

x € Fp} t%% 180 ﬁ(?)o

Zy & PSL(2,p) @ p>ua—Eont, IERETHTIER WV,
PSL(2,p) DFE853HEE F 25 PSL(2,p) = F x Z, Zifil- T & &=
2. Z, DFEAHTH 2 0D,

o ZZTCHUDEFIFEBEHFLMODLL WA Z ZTIXEMREMT
W3, BIZESE LTOEEZEZI TS, GiEDRZET
HHXN 250 EORE, Thbb, EEMR
FxZ,€ (f,z)w fz € PSL(2,p) PHEE L LTRESTH
52 EERT Do

o U7 Ip>11 DK, Z, DREAEHIIFEL RV,

B BITHI D FEFEFIND KRG &\ S Bl typo
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55 4 B% (p963LR) & & 1T

ZOXEDOERIZ, ©LATRTOFRTIERANLE p<11 O
BECH b,
o p=>5,7,11 DI, PSL(2,p) DHIT Z, DMER DL T
5o FIUIZENZ Nomscrun<arnLr: Ag, Sy, As TH 5, T
(8)
@ PSL(2,5) = A5 x Zs.
@ PSL(2,7) = Sy x Z7.
@ PSL(2,11) = A5 x Z11.
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25 5 BX7% (p963R-964L) These exceptional ...

CDEIDRKTD %,

PSL(2,5) 235 RUCEFT % Z 21X 961R TihR7z, 1HE T2 & ¢
o A(2) OR[H72 3TTOMD 50D o 7z,
e ZO5DDILDANEAD A5 L DR EEZ %,
& PSL(2,7).
o Bt LTOA PSL(2,7) = PSL(3,2).
o PSL(3,2) 1 IS Fm P2(Fy) W/ERH 3 %,
e P2(Fy) 37 DDRE 7T RDEMER D, X 4 [ZHHH,
1+24+4=7=(23-1)/(2— 1)
o ZAUT K- T PSL(2,7) &7 mEAITERT %,

@ TDFHX 115 DEENSH T D ERRIDIEDEAD LT
W3,
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55 6 EX7% (964L) Of course our main interest ...

ZLTWEWE, BIRONRTH 25 PSL(2,11) DFE.
PSL(2,11) 2311 FEGIIEHT % Z & Z2R&FRNTR T,

o F;\ ={1,2,3,4,5,6,7,8,9,10} OILIE 2 FF 25§ 2 — 2
& o T, #heh {1,4,9,5,3,3,5,9,4,1} ICH3, D%
B by :={1,3,4,5,9} TH 2, F{ — Lo 132:1 FHT
b5,

o ﬁ%/ﬁl\ éo e ]Fll XP??%@JL?E%/EI\% fi = {z’—i—y ‘ (TS 50}
YED, ERLMER, 11 ADERIEE -7,

o (1 ={2,4,5,6,10}, o = {3,5,6,7,11}, {3 = {1,4,6,7,8},
0y =1{2,5,7,8,9}, {5 = {3,6,8,9,10}, g = {4,7,9,10,11},
l7 ={1,5,8,10,11}, £s = {1,2,6,9,11}, ¢y = {1,2,3,7,10},
lo=1{2,3,4,8,11}. & (9),

59 /84

55 7 BX7% (964L) If we regard these sets ...

BT AR

o 2 ARDEMRDOIEHTIE 2 5,

o WIZ2 MZEWMBERMID x5 ¥ 24K,

o 2EMDBUS D, 2MOBENS D, iz (1)) = 55 fH,

o XIFMEE S11 WX 11 HDRES Fiy WIEHT 2D T, ZOEK
7=bZENT,

o EH : ZOBEMRIE BEORD PSL(2,11) LFRATH %,
AEAFE 2 i E LTV,

e PSL(2,11) R 11 RDEMRDO ANEZ & UTIEH. HRVER,

o FEM : PSL(2,11) TtD 5 5 1 HEEIET 2 d DD 3 HD
PSL(2,5) &A%,

o JEM I PSL(2,11) LD S % 1 HIEZEE T 2 D DDIIRTHED
PSL(2,5) &R,

e ZD2OoDMDIAAL PSL(2,5) — PSL(2,11) 13874 5%,

o FEAHIZ Z ZITEFdr N TUVRRL,
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55 8 EX7% (964LR) The biplane geometry ...

7 X —ATH . DR

@ Hy: n RDT X< —IVATHIEIK,

@ [KE 1 2 —1 TERTOHDERS,

o ITOANEZ, FIDANEZ. 1TTOMSFKIE, FOFRFE [

PHELN IR G, T 5,

o G, IXELEDPSOHNTIET H,, IIEHT 3,
n=12%¢3%, REH, IPHAX—}+, EDITLHIZEHL T
G, DITLD I BHFEZZ EAD» S FFICHNIIE L T, HEBOIT
CHIMELE LD 1P RBIDCEELEZDDEEZ S, £
LD (n—1) XD/MTFNE R 2 EL,
BHIRZ P U, all 1 RZ P L DEREE» S, 11 HDRKT D
5B, 5DOMW -1, 6201 TH2, 2D —1 DFFieikEHTL
S5O0 ORI EENTE D, ZADNCEHEBAIDOEMRT
H25, 3 (10).

61/84

*5

FDil, 125D n 1T LT, 7 X2 —MAT50E (FMEZ L
LT) YD BNEL EADHM?
o G2 D Hig ~NDOERIIHERBHITD % (Andrew Gleason)s,
Thbb, Hig 1THE—D Gy WETDH 5,
o DOTH I H,, WETHL, G, DHLEYL 2 K57 n iE 12
MTThs,
DFED, n>12 DHHITE, 7TEXX—IATHDR—DTHIFE
FTHUE, AEWNICELZ 23003 H B, W P,

BOFIARME 7 A Ve OfEZ, 7 X~ — W ATHIIT 5
At & OBIE 2 50 < TRIR S 2 DI AIA A TZE KT TR0,

62/84
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i
N
=

54 i YIHHIE 20 WiAD 75 7 ¥,
PSL(2,11) OFAH M

63 /84

25 1 Bx7% (p965R-966L) Now returning to (8), ...

PSL(2,11) = A5 x Z11; ZAHLTEE G2 5H %,

o ZNETIX PSL(2,11)/A5 #E X TE 7z, TLOMEENE 11,
ZIH,5ld PSL(2,11)/Z1, %5 Z %, TLOfEEZ 60.

o X :=PSL(2,11)/Zy; = PSL(2,11)/H &<,

o [l © X \FYJHHIE 20 [ifAD 75 7 & 7220 7?

o ffil . X (2) DRV NLESGEE B 1& PSL(2,11) OFD Zy; D
IERLEE . B = {g € PSL(2,11) | gzg~! € Z11,Vz € ZH}.

o Ml @ FIRAE B/Z11 & X = PSL(2,11) /741 (2D 5 B
WZAEH,

o fHfH . B B/le X Zﬁ {:bl} = Zs & [AAY,

o R X & PSL(2,11) DfERAAT 12D THMAIEL &7
RSY W

o i . c HROMDI (5 BEZECA) DERBBL L,

64 /84
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55 2 BYv% (p966L) A graph, namely a Cayley ...

T—=VU—=277,
o 677 7 %E2 R D5k,
o AR EL R 2T (—MRICIZERZ) /T INTE S,
o IE20[HAHE A OGEEF 2O 624K EA3ED. B
{fEDLILTW3B,
o TN FN 2L 5,283,35D3HD,

e 2 &t 5 DHLEDOBRK (12) :
=1, =1, (¢7)°=1.

65 /84

55 3 EX7% (p966L) Theorem 7 is just a more ...

ROFEH 7 OHHLZE BTNV S,

66 / 84
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B & 7(p966LR) 30 DERE

e M: 60 HDTTLH 572 284,

@ Sgo: M DEHLDEAERD T EE,

o ¢, 7 € S 1T (12) DHEARBIFRA Z w72 5 & RIE

® ¢, 7, o7 1& M WZEER TR0 EARGE,

o ZOKE, ¢, 7 DAERT BHE A 1XIE 20 MAAEE

o A% A vu[fal ek T 5. A BIE 20 HIKHEE,

o At A FHWIHIMLEE

o M3 A ODFFHEZEMTHY, A DEFFHZEMTHH 5,

o M ZIHFEG L L, HRz e M »50il% {z, px},
{x, ¢ 2}, {z, 72} £ 322777 i YBHEIE 20 HifkD 7
7 7,

o {x, ¢z}, {x,¢ 'z} D5MHAEA, {x, 72} H°6 MK,
e AZT DEHENFEE

67 /84

55 4 Bx¥% (p966R) If we apply Theorem 7 ...

FEH 7 % X = PSL(2,11) /741 (i,
) (;5 03: ]\"‘ix B/le :Fg, O)éEﬁkao
@ 7 (X7

68 /84
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2 5 EXV% (p966R) Let A be a fixed choice of ...

@ A% PSL(2,11) OIE 20 H{AEI DAt T 5, 238D DEER
238 - 7z

o BBFLRARVNVEDHOREEREL 7, £ 52, ZOERIEH
LZSIWCRZ 25, 2 (7) DFEHERN . Z, [2H LT,

g € PSL(2,11) ZWT gZ1197  ET 2 D%EE 21U
Ry,

o ZOWE, PSL(2,11) = Ax Z,; Y EREERICHHETE 3,
BEORBITIER W,

o Z)\ & Z1 DHATTPANOITTOREE 5, (i 11 OITD
EREE o THRV, SBIFM T 2 tEJErAT VD,

o Z5 DILOMERIZ 10HTH %,

o PSL(2,11)/B =P(F11) X 12 HDOTTEFL DT, KL ILER
TREOENTD 211 OERVTH 128 DD, ZhHD Z]
WCER D D72WDT, PSL(2,11) IZIEEET 12 x 10 = 120
EOME 11 DT EENT WV B,

o BlE Z) X200 #iiE%ZFODT, PSL(2,11) DA 11 D
TEORERIE 2 DOEBFH I PN D, ThE MM 3 5,
zhzhid¥m. 2F b 60 HDITLEFO, 60,84

7 9(p966LR)

HBOTEMH 11 ZEMAT 2 2. PSL(2,11) OAMBHCFRANIC X - T,
A D2 DFREIIED G M & M 3BDES,

70/84
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55 6 BXv% (p966R) Since the centralizer of ...

o PSL(2,11) OERAAT M & X EFEZE, KX (14),
o M @ 12MHDOHAIE. PSL(2,11) @ 12 D K L IVE 7 BE
B 233 B NM ozrhzhr—8 K (15),

o FIEED R LU NI D EEDERLHEN R A & X TV T

ELV

71/ 84

7 10(p966LR)

o M ODHABIEIMARE I RE LRHOIT 2N TE S,

o M NDtorEMIIFERRZ ED 5,

o MWHILTASZ L AQR) DIRDZH T2 o7,
AN | HBGE | M) B | AR

PSL(2,5) | A(2) | 2 |=AF| 5

PSL(2,11) | M 11 | afAEiE | 12

72/84
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55 7 Bx7% (p966R-967L) If p is a prime ...

—fRDFEL p DI,

M, C PSL(2,p) il p DILOKRTEREEL T 5,

M, DR p? — 1.

o BT ip>11 DFEH. M, & PSL(2,p) DEAEHOEEH
ZERNTIE T E IR0,

) =25 TREER M, K AR SRS Y S b BEERT D
BVDTH S ZVIREE,

DED, PNEWVp SIS FELITo7

73/84

25 8 EX7% (p967L) The use of the term ...

fiE K EEEF; Wy — V=27 7OMEIX 28D A B,
_‘OGiﬁ%ﬂé\ #OCiﬁﬁﬂ%@%ﬂ%o 50

74 /84
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55 9 Bx7% (p967L) The action of this Zs ...

23 OHMBITHIE LT M _EOHAHGED PSL(2,11) O#f
DETHRYEDL, TVl N TELZDONIDIBD ZHIZE,

o HEHFETOAAMMII, HR 2 e M ITNLT, {z,23} &
{x, 2}, B, 3,4€y THH, 3x4=12=1 mod 11.

o HOHETOHAENI, H 2 € M TN LT, {z,29} &
{z,2°}. 728, 9,5€ly THDH, 9x5=45=1 mod 11.

TS ¢ DERK,

75/84

25 10 Bt¥% (p967LR) Finding the graph of ...

M % PSL(2,11) OHIZEOT s /-5 RvEH

1 O2HEBUT ORI, AR TVwEDTHR2 DRI,
AN | 8| R T7 1R R THA
PSL(2,5) | 5 | 24 | AB)=CuUC" | 12 1k 20 A
PSL(2,11) | 11 | 120 | Mj; = MU M’ | 60 | YJSAIE 20 Mfk

76 /84

-107 -



5510 Bt% (p967LR) #t =

22oH, ZH561E0EDA-5T3,

o IFE 20 MADTHSEAIX PSL(2,11) DIEZ KRR Y [M—1HT
x5,

o MEZFRIRIX PSL(2,11) DRV IVERDEE B’ 02k B %,

o XT, ZHKRDYITEDIREZ REGRMD T v —7 v FiTnfkt
LTEZ %,

o TR—7 v NI HEZOREMIEZXIZI2DDEART,

o X5 REEMICEXILZ 5, JAUIREKN Y —EES
HLE & 25 BRIZ symplectic &% & 2 2 HETFE,

o FHH) —HoFHEHITOWBEIIHEZHADRIERICHARIZ
HYAEND, ZNHDBEGAYITY —FHORIGRTIINAR
[ 72 835 A\,

o ARMADFRE CEREEITTOWEICHYE T2 D05 M,

o bR Fr2y, UBHOHMELY LTIE, &5 B ITHL T,
B'NM Dt7=b%2E DY T320NRENAS., LWVWHRERE
Buwnwo <,

77/84

25 11 BL¥% (p967R-968L) The subtle point in ..

T DIRDFIIIRAZI N TR VWEDLD B Z e BRR5NT W3,

78 /84
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55 12 Bx7% (p968L) (Of course, to represent ...

X6 TD2HEH]LEMOBNIRREDEES LW >TWVWSZ
EERFRELTVWS,
BEFEDIL LD B 24T Ao

79 /84

25 13 Ex7% (p968L) In the notation of ...

ROEH 11 OHLEFENTWVW S,
F 72, ARG ER R DR Wb Do, FERIZIE Maple 12X %
HEBERELfTolzErNATWVWS,

80/84
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 BEED

COEHONRIZIZDOLY 2 XTIEHEFLRL, BIRND 355
R E RS20,

o ZZFETIZHHTEI N TV AR M D2 DED T
W2 C=Cy BEDEIIKET %0, DM < IEfERG
b, B M — Cy DIFTE,

o MED 7 DIEUTT, 7(v) = ppr EF V& FIT,

o, € A2) ZFHWT, pp =a logwo, EEITZZ L,
—fRIhiE 2 oBECFER - 2R3 2 =12, Bt
r € PSL(2,11) 1 LT p, = 7(x)x~! € PSL(2,11) & %
% DIINZER G/GT REERRIZBI) 5 FEFHR, ERIK
a7 HOERAREZ L DMFEANDFEL D ED D 21175,

o NATEH {x, p.} DFLHb,

o TFIET 2B % BAARNC Y D X 5 1ITHAL 3 2 203, ECicse
RTWVW2, LMD TIIGEEZ Db 2 EHT % X
IR BEFD D 5,

o UHINICE ZIWX, ZOEH, ¥ NN—Y 37 v TOREEMED
H5HEIITES,

81,84

55 14 Bx7% (p968R) Tables, which among ...

TR . BRI F— A EGHR IR I N TWE Z 22— TR
RTW53,

82/84
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B ==t (p968)

15 DX 5N TVWED, ZOFOH—RA L TED%R
WV, L2d, FEMRDPZOXEOHNEZ I DFLIMMIT 5
XIS E BT o N TV CENIEE B OEREBEZR S 521
5 [3][12][13] BUME B Z &  FINFIT R > TWRW,

83 /84

e

N

2!

F DI > TWIRWD,

@ VS 7RMEA L ZIADY R N REHTHDTIE L, THA
RAEBHOSETIED 20, LWHHLEICHTT 3 Cqy DHE
D—2OD[EE,

@ TQWE VWO, BEDOBIDTHr—V =757 LTIER N
ETRIENZRVD T, HOFOIEHE L WS EHOEERRD
FHZEBO LS REEER Y E ETFIfHES > 2 2 A3 Y,

o RUNEDHEPCHEEMRORLE R YD) —BEERDRMEN
TFEERBERICHES, CAsZHVIEEZHD 20w T
HIUXV -T2 OOV IEMITH D, —HTEELTH
BEHRARZIZTTHIUX. ZO0V I REIIAE, B2 50H
W, TSE p =115 WO RN I3 ES,

o NXWVp THBZLRIEHATH 2 Z & DRFRMEDI Y Z
TEIEPEINDEDDIIIHBICHIHE N TWEDTA b —
Y — R B L0,

84/84
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IMI WORKSHOP 1I: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

Green function of boundary value problem and the
best constant of Sobolev inequality

Hiroyuki YAMAGISHI
Tokyo Metropolitan College of Industrial Technology

The Sobolev inequality shows that the supremum of a function is estimated from above
by a constant multiple of the potential energy. We have found the best constant and
function, which attain the equality. In the background, there is a boundary value prob-
lem of the linear differential equation corresponding to a bending problem of a string
or a beam. The solution is expressed by using the Green function. The Green function
is the reproducing kernel for a suitable set of a Hilbert space and an inner product.
Applying the Schwarz inequality to the reproducing relation, we have the Sobolev in-
equality. The best constant and function of the inequality are also expressed by using
the Green function. As an application, we consider the discrete version of the Sobolev
inequality corresponding to a classical mechanical model of the carbon molecular Cgqg
fullerene. The discrete Sobolev inequality shows that the square of the maximum of
the deviation is estimated from above by constant multiples of the potential energy.
In the background, there is a bending problem of a classical mechanical model. The
solution is expressed by using the Green matrix. Using the Green matrix, we have the
best constant and the vector, which attain the equality. It is considered that the best
constant represents the rigidity of the mechanical model.
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M HRENDIRFERE

BOB/DUHT ) — B

7)) —VEB-BEX

VIRLI7ARER
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M-1 M '
P(z) = H (z + a?) = Z pM_sz
j=0 )

0<ag<ay<---<apg

po:l,
pr=af+af+-+af g,
)

_ 2.2 2
PN =0aqp@1---apr_1q

BVP 2M > N (N =1,2,3,--- ,2M — 1)
P(—A)u=f(z) (zeRN)
¢
w@= [ Ge-9fwdy (=eRrY)
e
Ga) = Gj(z) 0<i<M—2, 0<j<M—1
E
J
0<i,j<M—1
Gj(x) = / e NH(@,t)dt  (0<j<M-—1, @ cRN)
0 N
H(w,t):(%TFt)Te_% (@ e RN, 0<t<o0)
H =wMRN)
(ua V)H =
L&) . o
o | 25 o=t @i+
M , .
Z pyvi—2j—1(VAIu(z)) - (VAIv(x)) |de
§=0

2
lullfg = (u, w)m

u(y) = (u(-),G(- —v)H
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2
(sup |u(y)|) < Cllull?y =

yeRN
L&) . )
C Jan { > Pr—2;ATu(@)|"+
J=0
I_Mz_l . ,
> PAM—2j—1|VA u(@)|”|de
=0

Co= max G(y —y) = G(0)
yeRN

u() = G(x — yo)

N=2n+1 (n=0,1,2,---,M—1) =
G(0) =
_ \M—14n 2 ]
(-1) r(1/2) a? / o2
2Am) T (n+1/2) | gy i y
@ 0<i<M—2,0<j<M—1 °SBISM—1
N=2n+2 (n=0,1,2,---,M—2) =
G(0) =
—_1\M+n 24 .
Coprnl |
(4m)ntin a2 lon(ad) ! .
45" 108(a5)  Jocicnr2,0<5<M 1 0<ijsM—1
BVP M=1,2,3,---, N=1 D=d/dz
(—D2 + a%) cee (—D2 + a%\/[_l) u=f(zx) (x€R)
ﬁ n
u@) = [ Ga-vfwdy (@eR)
21
(- K
Gj(z) i< M— M-
Gx) = J 0<i<M—2, 0<j<M—1
2%
' aj
0<i,j<M—1
1
Gj() =5 7%l (0<j<M -1, z€R)
a

J
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2 M
sup |u(y < C|u EC/ p w9 (2)]?de
<y€R| ( )I) llull g Rjg() M —jlu' ()]

(v € H=wWM(R))

Co = G(0) =
2i+1
‘ E
(—pM-1 ) 1 0<i<M—2,0<j<M—1
2a0 ceca@pn—1
2

0<i,j<M—1

u(z) = G(z — yo)

BVP M=2 N=23
(Az - (a% + a%) A+ a%a%) u=f(z) (xeRN)
ﬁ "

w@) = [ G-y (@eRY)

1 1 1 1

Gl) = _’GO(E) @ |/ | aj a3

S Kolajle) (N =2)
Gi@=3y"1 (G =0,1)

me 3 (N =3)

2
(sup Iu(y)l> < Cllullf =
yeR

CA_{N [|Au(z)|2 + (a + a}) |[Vu(z)|® + ada? Ju(z)|?| dz
(u € H=W?*RN))

1 log(a%) - log(a%)

N = 2)
2 2 (
Co = G(0) = 417" 1‘11_‘10
— N =3
4mwag + aq ( )

u(z) = G(z — yo)
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ROfchHEEL
VRLI7IARFADERER

T T
| |
| |
| |
| |
Ca fl@)
| |
L |
u(z)
f(x) : HERE
u(x) : 1DTbHH
q=a? D RREK
0<a<oo
IBVP
<8%—8§3+a2>u=f(a:,t) (xe, 0<t<oo)
IC, BC(Q)
t — +oo
BVP
—u' + a?u = f(x) (x € Q)
BC(Q)
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BVP(P;a)

—u! + a?u = f(x) (0<x< L)
uD(L) —u®@O)=0 (G=01)

)’

u(a) = | " a(Prasz,y) f(y) dy

ch(a(|z — y| — L/2))
2ash(aL/2)

G(P;a;z,y) =

BVP(m,n;a)

—u' + a?u = f(x) (0<zx< L)
w™(0) = u™(0) =0 (m,n =0,1)

2
u(e) = [ ¥ G(my s as,y) Fly) dy

Km(m A y) Kn(L —zV y)
Km+n(L)

G(m,n;a;z,y) =

Ko(z) = a 'sh(azx), K;(x) = ch(ax), K,(x) = ash(ax)

u,u’ = L2(0,L),
u(L) —u(0) =0 P)

H:{u

u(0) =uw(L) =0  (m,n) = (0,0)
u(0) = 0 (myn) = (0,1) ¢ }
u(L) =0 (m,n) = (1,0)
=L (m,n) = (1,1)

(u,v)gg = /ﬂ [u'(m)ﬁ'(w) + aZu(a:)F(a:)]dw

u(y) = (u(-),G(Y))H =
[ [#@0:6(@.5) + a?u(@)G(a.y)]da
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2 L
= u'm 2 a2 u\xr 2 X
(ngnguwn) scnunH_c/0 [ (@) + a2 u(2) 2]

Co= sup G(X;a;y,y) = G(X;a;y0,y0) =

0<y<L
G(P; a; ~ 2ath(al/2)
(P; a; yo, yo) 2a th(aL/2)
th(aL/2)
G(0,0;a;L/2,L/2) D
a
th(aL
G(0,1;a; L, L) = G(1,0;a;0,0) = il
a
1
G(1,1;a;0,0) = G(1,1;a; L, L) = ————
(1,1;a;0,0) (1,155 L, L) ath(al)

u(z) = G(X; a; z, yo) (0<zxz <L)

F(@)
f(=z) : EEBRE
u(z) : RT3
BVP(P;0)
—u’ = f(x) (0 << L)
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IMI WORKSHOP II: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

On discrete constant principal curvature surfaces

Yuta OGATA
Kyoto Sangyo University

In this talk, we will study the discrete surface theory on a full 3-ary oriented tree and
introduce the notion of discrete principal curvatures on them. In order to investigate
the geometric meaning of discrete principal curvatures, we will also define a discrete
analog of principal directions on discrete surfaces. At the end of the talk, we also show
some examples of discrete constant principal curvature surfaces.
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Outline of Talk

§1. Review of (smooth) constant principal curvature
surfaces in R3.

§2. Discrete surfaces on a full 3-ary oriented tree.
§3. Discrete principal directions.

84. Existence of discrete surfaces with the discrete
principal directions and constant bond length.

§5. Examples of discrete constant principal curvature
surfaces.
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Ogata On discrete constant principal curvature surfaces

§1. Review of (smooth) constant principal curvature surfaces in R3,
In this section, we review the classical theory of constant principal

curvature (CPC) surfaces in R3. They are also called the tubular surfaces,

pipe surfaces or canal surfaces, as introduced in [Garcia et al. (2006)], etc.

Let ¥ be a domain in R?, and let f : ¥ — R3 be a regular surface with
curvature line coordinates (u, v) as follows:

<fuafv> = O’ Uy = _klfu and v, = _kav

for the standard Euclidean inner product (-,-) : R3 x R3 — R, the unit
normal vector v € S2, and the principal curvatures ki, k2. Then, we have
the following classical fact.

Ogata On discrete constant principal curvature surfaces
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Fact 1 (CPC surfaces)

Let f : X — R3 be an umbilic-free regular surface with curvature line
coordinates (u,v) has constant principal curvature k1 # 0. Then,

F(us0) =1(0) = - (cosO(wh (v) + sinB(u)ba(v)).

where 0(u) is a function in u, v(v) is a regular space curve, and
b1(v), ba(v) are orthonomal basis in the normal space of (t).

Example 1: We show an example of smooth CPC k; # 0 surfaces. By the
above fact, they can converge to a space curve « via the parallel transform
P(t, f) := f + tv for the unit normal vector v € S? (When t = %

P(1/k1, f) =)

Animation 1

Figure: CPC surface and its parallel transformation.
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§2. Discrete surfaces on a full 3-ary oriented tree.

Here we consider the discrete surfaces theory.

We will define discrete surfaces using a full 3-ary (ternary) oriented tree
which is defined as a rooted tree in which each node has either 0 or 2
children.

Definition ([Kabata, Matsutani, O, submitted], c.f. [Kotani, Naito, Omori(2017)])

Let X = (Vx, Ex) be a full 3-ary oriented tree in R2; Vx is a set of
vertices (root, node and leaf) and Ex is a set of oriented edges. For a root
or node x € Vx, x has three edges E,, = {e1,ea2,e3} C Ex.

A map t: X — R3 is said to be a discrete surface if at least two vectors
in {c(e) | e € E,} are linearly independent for each x € V, and «(x) is
locally oriented, that is, the order of the three edges is assumed to be
assigned to each vertex of X.
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We will define the curvatures for discrete surfaces +(X). Let ¢ : X — R3 be
a discrete surface on a full 3-ary oriented tree X. Fix a root or node

x € Vx and set x; (i = 1,2,3) as adjacent vertices with 2. Then, the
oriented edges at «(x) are determined as i(e;) = ¢(z;) — ¢(x) for i =1,2,3.
As in [KNO(2017)], we call vi(z) = t(e1) — t(eg) = ¢(x1) — ¢(x3) and
vo(z) = t(es) — t(es) = t(we) — t(x3) as tangent vectors.

Definition ([Kabata, Matsutani, O, submitted], c.f. [Kotani, Naito, Omori(2017)])

Let v : X — R3 be a discrete surface on a full 3-ary oriented tree X. At
the root or node x € Vx, we define the unit normal vector n(x) as

n(z) = v1(x) A vo(x) _ t(er) Au(es) + t(ea) A(es) + iles) Awler) |
lor(z) Ava(z)] [le(er) A e(ez) + le2) A es) 4 tles) A wler)]]
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Definition (continued)

The differences of the unit normal vectors are denoted by
dn(z) = n(x1) —n(xs) and d'n(z) = n(xs) — n(ws3).

Then we define the first fundamental form I and second fundamental form
Il as follows:

(@) n@) (o), () @) dn(@) (@), dn(x))
I‘<<v2(m>,v1<x>> <vz<x>,v2(w>>)’”‘ <<vz<w>,dn(m>> <vz<x>,d’n<x>>)'

As in [KNO(2017)], the discrete mean curvature H(x) and Gaussian

curvature K(x) are defined as
H(z) =tr(I"'1), and K(z)=det(I"'I).

We also define the principal curvatures

k(@) (i = 1,2) by

H(z) £ \/H(z)? — 4K (z)
2 Y

where the signs are defined as + (resp.

—) wheni =1 (resp. i =2).

ki(z) =

Ogata On discrete constant principal curvature surfaces
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§3. Discrete principal directions.
Here we introduce the discrete principal directions for discrete surfaces.

Definition ([Kabata, Matsutani, O, submitted|)

Let 1 : X — R3 be a discrete surface on a full 3-ary oriented tree X. For a
fixed point € Vx, at the root or node 1(x), we call vi(x) (resp. va(x)) as
the discrete principal k1 (z)-direction (resp. ks(x)-direction) if

dn(z) = —ky(z)vi(z) (resp. d'n(z) = —ka(2)va(x))

for the principal curvatures ki(x), ko(x), the difference of unit normal
vectors dn(zx) = n(x1) — n(x3) and d'n(z) = n(x2) — n(zxs).

Using these notions, we have the following results.

Ogata On discrete constant principal curvature surfaces

Theorem 1

Let . : X — R3 be a discrete surface on a full 3-ary oriented tree X. At
any root or node 1(x), set z; (i = 1,2,3) as adjacent vertices with x, and
assume v1(x) as the discrete principal ki (x)-direction. Define P(t,x) as
the parallel transformation with a parameter t € R.

(1) Ift= ﬁ(m) for k1(z) # 0, two points P (ﬁ(x),l’l) and P (ﬁ@),l‘g)
degenerate to a same point p. We can regard p as a center of the
curvature sphere in the ki (x)-direction.

(2) Let d'n(x) = Bi(x)vi(x) + B2(x)ve(x) + B3(z)n(z). If L(x) is a
discrete constant principal curvature ki (CPC k) surface with
Ps(x) = 0, then for any t, P(t,z) also becomes a discrete CPC l—ktlkl
with the discrete principal ki (x)-direction vi. Moreover, P(t,x) also
has its unit normal vector as n(P(t,x)) = n(x).
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.l:.l'l

Figure: Parallel transformation of ¢(z).
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§4. Existence of discrete surfaces with the discrete principal directions
and constant bond length.

Let r € R\{0} be a constant, and X be a full 3-ary oriented tree. Under
the given k1, ko : Vx — R, there exist at most 3-parameter families of
discrete surfaces 1(X) in the both discrete principal k;(x)-directions and
with the constant bond length r, up to the rigid motions and choices of
vi(z), ve(x) at every x € V.

o

We will show it as the following steps:

Step 1: Up to rigid motions, we can fix ¢(z() and one of its adjacent vertex
t(z3) uniquely.

Step 2: We define the unit normal vector n(x() arbitrary, i.e.

n(xg) = (cos(f1) cos(¢1), cos(61) sin(¢y), sin(f1)), and up to the rotation
with the «(xg)t(x3)-axis, without loss of generality, we can fix ¢ = 0.
Similarly, we can define n(z3) = (cos(f2) cos(¢2), cos(f2) sin(p2), sin(hz)).
(continued.)
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Theorem 3

Let r € R\{0} be a constant, and X be a full 3-ary oriented tree. Under
the given k1, ko : Vx — R, there exist at most 3-parameter families of
discrete surfaces 1(X) in the both discrete principal k;(x)-directions and
with the constant bond length r, up to the rigid motions and choices of
v1(x), va(x) at every x € V.

|

Proof (continued).

Step 3: Next we can define other adjacent vertices ¢(x1) and ¢(x2) uniquely, by
the following restrictions.
@ on the plane with the unit normal vector n(z)

@ on the sphere with the center «(zo) and radius r

@ satisfying the equations k1 (xg) = W ka(zo) = W

Step 4: Similarly, we can apply the same procedure of Step 3 in order to determine
the adjacent vertices ¢(x31) and ¢(x32) of ¢t(z3).

Step 5: By the property of the discrete principal directions, n(xz31) and n(xsz) are
uniquely determined.

Step 6: Apply the same procedure of Step 3 again, in order to determine adjacent

vertices of ¢(x31) and t(x32). O
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§5. Examples of discrete constant principal curvature surfaces.
First we introduce the discrete round cylinders.

o Daallel typmforn

A o + "y
AT atioln £

Figure: Discrete CPC cylinder (standard armchair-type carbon nanotube). It has
constant bond length, but does not satisfy the condition of the k1 (x)-principal
direction.
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A . =Parallel tg‘ psform

e T

Figure: Discrete CPC cylinder in [KNO(2017)]. It has non-constant bond length
and satisfies Theorem 1(2).

Q. How to construct the discrete CPC cylinder which satisfies Theorem 27

Ogata On discrete constant principal curvature surfaces

Theorem 4

There exists a chiral-type discrete round cylinder having ki(z) = —% and

ka(x) = 0, in the both discrete principal k;-directions and with constant
bond length d € R\{0}.

Parallel trangform

Figure: Discrete CPC cylinder in [Kabata, Matsutani, O].
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At the end of this talk, we introduce the discrete CPC torus.

g Parallel tmustm 5

\ /

Figure: Discrete CPC torus. It has non-constant bond length and satisfies
Theorem 1 (2).
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Thank you for listening!
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IMI WORKSHOP II: GEOMETRY AND ALGEBRA IN MATERIAL SCIENCE IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

Mathematical and computational science governing
the functions of molecules and materials in nature

Shinichiro NAKAMURA

Kumamoto University

The author has been involved in the design of molecules and materials in the fields of
industry, government, and academia. The methods are quantum chemistry, molecular
dynamics, and first-principles calculations. Recently also applied is a data science
(DS) approach. From that experience, I have been fascinated by photosynthesis that
embodies "natural intelligence” and the splendor of pigment molecules that exist in
nature. “Natural intelligence ” is beyond the current artificial intelligence. Aiming
at this understanding, the authors will present the results on the as yet unexplored
mechanism by which photosynthesis generates oxygen from water and converts COq
into starch. In addition, I will report on research that attempted to design by learning
from the naturally occurring pigment called porphyra-334. 1 would also like to touch
on strategies guided by category theory.

-152-



2023Sept5

HARRIZHIDFEMED
IRDEVEROTLOAHIRL T E RS

Otk i $E— B

RBRAXE - KERALEHE - FEEIR
(oA F47T—29 A TR

BERRF-TETHRHARE
M KRZFIMIGFRE SR - CAHEZETIO0—
R=FFT7IO0—

fEERMS LI
IMI(GEMTEBAR)ANDI—)L

EEFETIOAME-HERE-TA2Y1IUX
[CEL>I-ZENLDAvtE—D

DEEN-EMEREGERICET
(EDFREDAT7IZAH>T)
BReBEITHCEHZED
EfiTY,

—153 -




BEN & H-H50MEMEE

MREDEREE HAHLE Keynote
~ BRHEE (2 ZRNEB/R) ~
— BEiE~

PR - 5T E R -DS (DX)DERE
3-1 REItXDEFEXERBEDRRE., VR
3-2 BHAMBEDIEMAEKOHT
~ BT LEIEESETHSD ~
ZTD1 NADEOREHED
ZTND2 EDOHIIHIBRDFZFED

ERICEAT 3

B

B ez

El%gﬂ J .M.Lehnst4&E

(1987/—X)LE)

1980 EREAFEIHH /
1980-84 RASRAT—ILKFE (L) F750AERELS (BEHEL)

Pdamasan
1984-86 5 FRIPHARA BIRR (FHREL R

1986 Z=BILR(BE=FHINL) ﬁ?EFMi\‘
2000 FEMNEMERE

2007 =ZFIzO—

200913 RI K& dpET -Hi%

2011-22 BH-HFRBEBEREE

2022~ RRARXE-FEHE

ESVAV/N: )T

I NIOS Y S BEROMERS] Shin Gabin  Paul

(1999~2002 ACT-IST REKHAFRE)
4 MOV IR FEMEESE DIBDME
(2004N 2008 CREST Tﬁﬁﬁﬂ%%) Copyright © RIKEN All rights reserved

4

-154-




IBERBSFSOD el

R BR kL

==
=e S s A it 0
51 ERWAE RARCEREAMES EKEEET. ..
N—R&EY T MIRAULTWSRHE E.SEL%
M<K & [ce3<h]l @ 1t =AELT BT, B

____________________ FRIKER-EBX

N2 REIESAMR R CH

[E2RICH3 “BHE" ZENTIEUE. | LtEsle,
TrLE—, EiS. REEEAOSENLMR ':" @ &
ISR ==sShL. FIVABERRA.

BRRSH 7 OIL b LEREERRSHE. N2>,
BREDh—TADvI>. RS HEERR.
=ZFHAEERASE. BREIHRAST

N, =EET., BEFELE. ELECOM, . | °

BE X TITOTCLAHE
1 Hhigf(CBayes#fizt&E Mg

RKF-RBEDO-ODDT—EYATUR
— FHTOT 2R - fix

2 REIEXRICEFHZ -FHZF-RERMZEDLT

SF (E-ERER) LM (8- 38/E)
DTHAVERBILEBELET—FYMIVR

3 HiEmEERE "B SOICHEZEELSZHEHA
— THARE)zHBESELERE

Schubert Calculus?

—155-



W A2Esmmmimms 2R
B2 T LT 72 28
JC 5 [ B i M KR TR TAT TS A TU R L B

Priority Grganization for | tan and Excellence

P# IR—ED FHEHR H OBER RFEAZE RE #HE BEBHK

8+ : Strasbourg X Bt (T mHMAy BWE(TH) ;g%:::jq
SRA¥BFRIO0— SFHE-HEBNE T%Zy_l»r:t/x-
JuI K IMIEA R #0i% HmFE

T=F{FJ7zO0—
REREFTT (E) BALEFHRF SEFHEE

EFLP-FrEHE Mm534 Hi-oT BEKICFoEE
TFT—RHYAIUR
BHXR

1 B2 & b0t EsEE
2 WROEFREFE HASHL\E Keynote
~ BARMEE 12 EREMMR) ~
— BRICERA~

3 IRAHE-FERF-DS (DX)DERE

3-1 REITEDEFIEELRBEDRE. URE

3-2 BAMBEDEREZEZRDT

~ BRTLLEEDETHS ~

ZFD1 NADEDODREZED
ZND2 BEOPIZHAIBERENFHFED

4  IEERICEAT

—156 -



B A KN HE

9

BRMEEZEM () A B SR ENAE (3 A TANE)

UERIZF A
J—RIVEDOARF 8 FEN ILELKDTEET
[—HRTHEZ7INI-IICEZABNB{LEEID

ECICBVRWIEDA BB HARPOTEY ]

No chemist can turn sugar into alcohol
overnight, while wine yeast does !

EHOLPOTHURE.
LIELK JEAFISEE
(PRI B3R | BRI )
DAL HBEFR] %
ST51H

Prof.S.Omura 2015 Nobel Laureate
10

—157 -




[(RERFI? BAICESEN?
etk FoEE N\FHT/ARXZ]

INEHT 134 X2 (Naked mole-rat (NMR), Heterocephalus glaber) [$TF4E7
TZF IRVT DY N T O TELTEEETT,

T DIEFERIREE (7-8% 02)Lih FDBEBRBEOEAISEGLTVET,
Y IRERMEORESHINCEFORFGEAFGITELUL)THY . BRI
BERENRFEAEZBDONGENEVNSRALHEZE>TONES, E-.
TILINAI—HFPORBRELE DM ERE~DEBRMEELDOIENH

SATLET. —
= NF BR
NEHFRRXIEBHETIE, BFORRLOBT, (HEAAZ)

#+~mA3008ESZL D ARMBRAEMATIO=—EMHL. EFLTLES,
BATTR. N\FATNARIZ G FEYOEYIOREZERTNET,

Ihttps://debalab.orq/

FSELLY BRDEFEN 18
RAFZEISRIET=HITELI PTG E

—158 -




B (5NRE) AY
®RBREZAVENT
EHLT=

- LG MIAL/) = |

RET LOR OHREBZATVEEW: PIE

ZERFRTENS
HARXES
ERDBIER M % #E L

B AARN8E
(222 (B D A
£

7R B, BA}5265 (1893)
FHEKOEIEICHKYILIZATY,

=

BEHBHDORER, FEERFTAVANRRIATE, RERERE—OBN T, HREOFKHR
IDYVERRLET . IDVUIESETCOESOUBEMASEVVEL .
TChIFBBETIIECEDERE, ORI TTELEN 212D NZDH B, —DEFAVEUKR,
WE—DIEEBTHD, HEEIBME LA SIEFAREESN TO - ERERBATR
SNFCEF HADERTHD, ICOEEICES IBRBEZ TN OLHERC
IHHETIEEEDLSLHFERLED., BIEZLORBARDOD— ANTTELL, J1EBZ-DE
BIZOEBROSHICEEM T TEALKT TELEELLL—E TIEELTLESD,

—159 -




i &4 F2 Radiolaria
ELVOSTFERELEZYMOE BEEMO—E BOTSIM

3 = BHREY T, EBELENLLEIEE
(FBX LEREE =H) *Hb. %@T:&)ﬁﬁilkﬁtbfﬁﬁﬁﬁéhéo

—-160 -




Typical Examples of Natural Intelligenece
omni-existing fractal surfaces !

Lotus effect Petal effect Moth eye effect
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Fusing Cg, units without Stone-Wales bond rotations

Gabin Treboux & Shinichiro Nakamura
Monatshefte ftir Chemie - Chemical Monthly vol 140, pages 839-843 (2009)

Using ab-initio calculation, we have explored new chemical paths for the coalescence of Cgg units
into higher fullerenes and novel structures. Besides the Stone—Wales paradigm used for
rationalizing the fusion of fullerenes and nanotubes, we demonstrated that an alternative path exists
for the fusion of two Cgq units. This path uses successive “m—1” additions and subsequent bond
reorganizations to lead to a specific Cq5y peanut-like structure.
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2016, 138, 10299.

Understanding is
making!
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Unique Structural Relaxations and Molecular Conformations of
Porphyra-334 at the Excited State

< > \ o J.Phys.Chem.B.
Makoto Hatakeyama,*"*@ Kenichi Koizumi,* Mauro Boero,"® Katsuyuki Nobusada,™
Hirokazu Hori,” Taku Misonou,” Takao Kobayashi," and Shinichiro Nakamura™

"Sanyo-Onoda City University, 1-1-1 Daigakudori, Sanyo-Onoda, Yamaguchi 756-0884, Japan

2019, 123,7649
*Cluster for Science, Technology and Innovation Hub, RIKEN, 2-1 Hirosawa, Wako, Saitama 351-0198, Japan

SDepartment of Theoretical and Computational Molecular Science, Institute for Molecular Science, Myodaiji, Okazaki 444-8385,
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occur in the hydrophilic zwitter-ion forms of porphyra-334. These
rpretation of the stability of porphyra-334 upon UV irradiation.
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Schematic representation of the S, state, FC S, state, S-S, Cls and
potential energy profile of the ring-deformation pathways.
J .Phys.Chem A 126 ,7460 (2022)
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Chem-VAE (chemical variational Auto encoder)
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SMILES (smi) string (length variable) bo—=2Pnft—bToa—5—

Neural Network (function) #EW—?E‘GJJU:H 73 :Smiles

binary

encoder RNN

embedding vector (X_1)

_ VAEZ &
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- %6&4@0&_1)) float

Neural Network (function)
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encoder/decoder RNN

binary TERXFISBEAERANIMLEHR
Neural Network (function) B SEMNIE(=NLP)

string (length variable)

embedding vector (X_r)

decoder RNN

SMILES (smi_r)
3 RNN = Recurrent Neural Netw@ltk

SMILES3C =51

57

-180 -




Autoencorder &l&

raining a surrogate model f(z) to predict the properties of molecules based on their latent representation z,
respect to z to find new latent representations expected to have high values of desired properties. These new latent representati
decoded into SMILES strings, at which point their properties can be tested empirically.
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