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はじめに 

 
本研究集会 II は，研究集会 II「結晶のらせん転位の数理」（2016 年），研究集会 I「結晶

の界面，転位，構造の数理」（2017 年），研究集会 II「結晶の転位の先進数理解析」（2018
年），研究集会 II「結晶の界面，転位，構造の先進数理解析」（2019 年），研究集会 II「材料
科学における幾何と代数 I」（2020 年），研究集会 II「材料科学における幾何と代数 II」（2021
年）研究集会 I「材料科学における幾何と代数 III」（2022 年）の継続と位置付けられる研究
会である． 

2020 年から実施している「材料科学における幾何と代数 I,II,III」に引き続き，本研究会
は材料科学と幾何学や代数学との交流を目指した．この背景には，1)技術の発展により産業
界では求められる仕様が大きく変貌したこと，2)観測装置や材料の製造装置・方法が発展し，
例えば原子レベルでの構造の乱れの観測や，原子レベルでの材料の制御などが可能となっ
たこと，3)それらにより，従来材料科学で使われてきた数学だけでは表現できていない新た
な観測事実や現象が生じていることがある．現在，科学・技術の言葉として，より高度な数
学が望まれている．解析分野においては，既に材料科学者と数学者の交流が行われているよ
うであるが，幾何学や代数学では，交流は限られたものとなっている．そこで，幾何学，代
数学的手法に関わる数学者を迎えて，材料科学の研究者と議論する場を提供し，相互理解の
きっかけを得ることが本研究集会の目的とした． 
本研究会では 46 名の参加者を得，次に示す方々に講演をして頂いた．l) オープニングと

して， 2022 年の研究集会「材料科学における幾何と代数 III」の成果である「A novel 
symmetry in nanocarbons: pre-constant discrete principal curvature structure 」
Kabata,Matsutani, Noda, Ogata, Onoe の概要を述べ、今回のテーマについて，松谷茂樹（金
沢大学）． 2) 曲がった量子系の量子効果を発言する新規ナノカーボンでの実験的実証に
ついて，尾上順氏（名古屋大）． 3) 尾上氏が対象としているナノカーボンの第一原理計算
による考察について，野田祐輔氏（岡山県立大学）. 4) III の成果でもある新たな離散幾何
学的対称性に関して(arXiv:2306.15846)， 緒方勇太氏（京都産業大学）， 5) カーボングラ
フに関わる離散力学系のソボレフ不等式に関して，山岸弘幸氏（都立産技高専）， 6) カー
ボングラフに関わる分子力学系としての安定性と離散幾何に関して，雷霄雯氏（東工大）， 
7) C60 が持つ群論的な高次の対称性について，落合啓之氏(IMI)、 8) 材料科学と数学の
共同研究のあり方や成果に関して，中村振一郎氏（熊本大）． 
また、講演の後の質疑応答やフリーディスカッションなどにより，今回も，本研究集会の

目的は達成されたと考えている． 
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材料科学においては，近年，急速に必要となっている幾何・代数の材料科学への適応に関
わる研究の更なる加速が期待される．本研究会はその礎・足場として期待に応えるものとな
ったと考え，ここに報告をする． 
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IMI Workshop II:材料科学における幾何と代数 IV
(Geometry and Algebra in Material Science IV)

九州大学マス・フォア・インダストリ研究所
ハイブリッド 研究会 (2023年 9月 4日 (月)-5日 (火))

1 Program

9月 4日 (月)

12:45-13:05 松谷茂樹 (金沢大学) オープニング／幾何と代数とナノカーボン材料
13:10-14:10 尾上順（名古屋大学） １次元凹凸 C60 ポリマーを用いた幾何曲率効果

の理論予想と実験的検証
14:25-15:25 野田祐輔（岡山県立大学） ピーナッツ型フラーレンポリマーのエネルギー的安定性

の第一原理的考察
15:40-16:40 雷霄雯(東京工業大学) 格子欠陥の階層性に着目した低次元ナノ炭素材料の数理解析
16:55-17:55 落合啓之 (九州大学) C60 の数理 I

9月 5日 (火)

9:50-10:50 山岸弘幸　　 境界値問題のグリーン関数とソボレフ不等式の最良定数　
(都立産業技術高等専門学校)

11:05-12:05 緒方勇太（京都産業大学） On discrete constant principal curvature surfaces

12:05-14:05 昼休憩
14:05-15:05 落合啓之 (九州大学) C60 の数理 II

15:20-16:20 中村振一郎（熊本大学） 自然界にある分子と材料の振る舞いを決めている数理と計算科学
16:20-16:25 クロージング
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IMI Workshop II: Geometry and Algebra in Material Science IV

Hybrid conference (Zoom & West W1-D-413 room in Kyushu University)
September 4 (Mon) - 5 (Tue), 2023

September 4 (Mon)

12:45-13:05 Shigeki Matsutani (Kanazawa Univ.) Opening: Geometry, algebra and nanocarbon

13:10-14:10 Jun Onoe（Nagoya Univ） Theoretical prediction and experimental demonstration

of geometry-driven curvature effects using 1D uneven

structured C60 Polymer

14:25-15:25 Yusuke Noda (Okayama Pref. Univ) A first-principles consideration of energetic stability

of peanut-shaped fullerene polymer

15:40-16:40 Xiao-Wen Lei (Tokyo Inst. Technology) Mathematical analysis of low-dimensional nanocarbon

materials focusing on the hierarchy of lattice defects

16:55-17:55 Hiroyuki Ochiai (Kyushu Univ.) Math behind C60I

September 5 (Tue)

9:50-10:50 Hiroyuki Yamagishi Green function of boundary value problem and the best

(Tokyo Metro. Col. of Ind. Tech.) constant of Sobolev inequality　
11:05-12:05 Yuta Ogata（Kyoto Sangyo Univ.） On discrete constant principal curvature surfaces　
12:05-14:05 Lunch

14:05-15:05 Hiroyuki Ochiai (Kyushu Univ.) Math behind C60II

15:20-16:20 Shinichiro Nakamura（Kumamoto Univ.） Mathematical and computational science governing the

functions of molecules and materials in nature

16:20-16:25 Closing
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IMI Workshop II: Geometry and Algebra in Material Science IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

On a theme in the workshop,
Geometry and Algebra in Material Science IV

Shigeki MATSUTANI

Kanazawa University

I will give an overview of our workshops ”Geometry and Algebra in Material Science
I-IV” and describe the theme of this meeting based on [1].

[1] Y. Kabata, S. Matsutani, Y. Noda., Y. Ogata, and J. Onoe, A novel symmetry in
nanocarbons: Pre-constant discrete principal curvature structure,
arXiv:2306.15839, 2023.
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“A novel symmetry in nanocarbons:
Pre-constant discrete principal curvature 

structure”
arXiv:2306.15839, 2023

Y. Kabata, S.M., Y. Noda., Y. Ogata, J. Onoe

1. Development of Carbon manufacturing 
technology

Onoe, Nakayama, Aono, Hara,      Appl. Phys. Lett.,  2003.
Ueda, Ohno, Noguchi, Ishii, Onoe, J. Phys. Chem. B, 2006.
Onoe, Ito, Shima, Yoshioka, Kimura, Eur. Phys. Lett., 2012.
Beu and Onoe,  Phys. Rev. B, 2006.

Onoe et al. have generated and studied the C60
polymers extending linearly from C60 thin films.

Background
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2. Development of discrete surface theory
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Let a trivalent oriented graph G embedded 
into E3, : G E3

For each vertex (x),  
the triangle with the 
vector v1, v2, and the
normal vector n(x) is 
defined by the figure:

Background
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The discrete first fundamental form 
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form 
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By the discrete first and the second 
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the discrete mean curvature,

and the discrete Gauss curvature,

Note that these values don’t depend on the choice 
of v1 and v2, and thus are geometrical values.
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Motivation:

The shape of C60 polymers reminds 
us of Delaunay surfaces. 

Geometrical analysis of C60 polymers

Delaunay surface, 
constant mean curvature surface

The shape (C-configurations) of the C60
polymers can be determined by the first 
principles computations:

Geometrical analysis of C60 polymers

Noda, Ono, Ohno, J. Phys. Chem. A 2015.
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Problem:

Delaunay surfaces: 
constant mean curvature surface

To find whether the shape of the C60
polymers has constant mean curvature 
given by KNO-scheme!

Geometrical analysis of C60 polymers

C60 polymer

Problem:
To find whether the shape of the C60
polymers has constant mean curvature!

Geometrical analysis of C60 polymers
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2. Revision of discrete surface theory

naturally induce the discrete 
principal curvature

|k1|>|k2|

Geometrical analysis of C60 polymers

The mean curvature,

and the Gauss curvature,

=

Problem:
To find whether the shape of the C60
polymers has constant mean curvature!

Geometrical analysis of C60 polymers

Distribution of the principal curvature
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No, but the 1st principal curvature 
is almost constant!

We call it a pre-constant discrete 
principal curvature surface!
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Geometrical analysis of C60 polymers

Noda, Ono, Ohno, J. Phys. Chem. A 2015.
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Geometrical analysis of C60 polymers

k1
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Geometrical analysis of C60 polymers

k1
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All of the stable and semi-stable 
configurations of the C60 polymers are 
pre-constant discrete principal 
curvature surfaces!

Light blue shows the 1st principal curvature!
Geometrical analysis of C60 polymers

C60, and nanotubes have the constant 
first principal curvature.

Geometrical analysis of C60 polymers

C60, nanotubes

k1k1k1
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Geometrical analysis of C60 polymers

C60-dimer also has the pre-constant first 
principal curvature.

C60-dimer

k1

k2

Concerned nanocarbons have the novel 
symmetry, i.e., the pre-constant discrete 
principal curvature including constant 
principal curvature cases.

Geometrical analysis of C60 polymers
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Why?

Geometrical analysis of C60 polymers

Geometrical answer is not clear!
In continuum picture, constant principal curvature 
surfaces have the center axes.

Center axis is given by -k1
-1 the normal vector, n.

Not tube type shape cannot have 
the constant principal curvature.

Why?

Geometrical analysis of C60 polymers

In discrete picture, the set of the “center axis” given 
by “-k1

-1 the normal vector n from each vertex” 
does not form a curve in general.

We call it the center axisoid.
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Why?

Geometrical analysis of C60 polymers

Due to “not strictly constant” principal curvature, 
discreteness, center axisoid, and not-strictly equi-
bond length, we have a non-trivial pre-constant 
principal curvature surface:

Why?

Geometrical analysis of C60 polymers

The center axisoid, discrete analogue of the center 
axis, is not on a curve in general, though, in continuum 
picture, constant principal curvature surfaces have the center axes.
It is a profound problem what is a constant discrete  
principal curvature surface in discrete differential 
geometry!

continuum picture   vs   discrete picture
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Why?

Geometrical analysis of C60 polymers

Physically, it may be related to the overlap 
integrals of the wave functions as the curved 
effect.

Flat     vs      Curves

Geometrical analysis of C60 polymers
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Geometrical analysis of C60 polymers

Average of the 1st principal curvature is 
irrelevant to the total energy of the first 
priciples computations.

Geometrical analysis of C60 polymers
Average of the absolute value of the graph 
laplacian, 
of the first principal curvature        is 
strongly relevant to the total energy in the 
1st principles computation!
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IMI Workshop II: Geometry and Algebra in Material Science IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

Theoretical prediction and experimental
demonstration of geometry-driven curvature effects

using 1D uneven structured C60 Polymer

Jun ONOE

Nagoya University

We have reported that 1D C60 polymer with a concavo-convex periodic curved
structure [1-3] formed from electron-beam-irradiation (3-7 keV) of a C60 film exhibits
physical properties arising from 1D metal [4]. The behavior of the free electrons on
the curved surface is characterized by the Hamilton operator of the following equation
(quantum mechanics of submanihold).

Ĥ = − ℏ2

2m∗

[
1
√
g

2∑
i,j=1

∂

∂qi

(
√
ggij

∂

∂qj

)
+ (h2 − k)

]

Here, g = det[gij] represents the metric tensor. The first term is an operator corre-
sponding to the kinetic energy of electrons, and the second term consisting of the mean
curvature h and the Gaussian curvature k appears like a scalar potential (the second
term does not appear in the 1D plane surface). It has been unclear whether or not this
curvature term affects the behavior of electrons since 1950s. We theoretically predict
the effect of the geometric curvature term on the electronic behavior of the above 1D
C60 polymer [5] and then experimentally demonstrate it [6]. In this talk, I will intro-
duce the quantum mechanics of submanihold of the 1D C60polymer when compared to
the other nanocarbons such as fullerenes, nanotubes, and grephene.
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Figure 1. Schematic illustration of a one-dimensional metallic C60 polymer with an 

uneven peanut-shaped structure similar to the cross-linked structure of the P08 C120 

stable isomer predicted using the general Stone-Wales rearrangement.  The area 

colored in sky blue represents a Riemannian curved space in which !-electrons move 

one-dimensionally.  The !r denotes the degree of uneven deformation. 
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Fig. 1   Thermodynamically stable 24 C120 isomers derived from the general Stone-Wales 
rearrangement.   Where, nth C120 isomer is denoted as Pn.

In situ UHV FT-IR apparatus

The cross-linked structure 
of P08 C120 isomer

Optimized structure of GSW C120 isomers 
obtained using Gaussian09

How do we produce 1D uneven (凹凸) C60 polymer ?
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Fig. 6 Irradiation-time evolution of in situ IR spectra of an EB irradiated C60 film and the 

intermediate structure of the exotic fullerene polymer [8]. 
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GSW reaction model
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The formation processes of the 1D 凹凸 C60 polymer
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Fig. 6 Irradiation-time evolution of in situ IR spectra of an EB irradiated C60 film and the 

intermediate structure of the exotic fullerene polymer [8]. 
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Charge-Density-Wave (CDW) phonon mode

る光励起ダイナミクスについて詳述し，これをもとにフ

ラーレンポリマーの測定結果との類似点，相違点を明ら

かにする。

2．パイエルス転移と光励起電子緩和ダイナミ

クス

電子線（EB）照射により生成される一次元ピーナッ

ツ型フラーレンポリマーの最大の特徴は，室温大気下に

おける伝導特性にあると言って良い。その比抵抗値は

1∼10 `cm と通常のフラーレン薄膜に比べて 8 桁以上低

くなることが知られている8)。この実験的事実は，EB

照射によりフェルミ端付近の電子状態が照射前のフラー

レン薄膜に比べて大きく変化していることを示してい

る。実際，光電子分光測定による価電子スペクトルにお

いて，フェルミエネルギー付近の電子分布がステップ状

のエッジを持たないことが明らかにされている9)。とこ

ろで一次元金属は，その次元性にもとづくパイエルス不

安定性を持つことが知られている 10∼12)。パイエルス不

安定性とは，一次元方向の伝導電子が同一のフェルミ波

数 kF を持つため，2kF の周期で電子密度を変調すること

で自発的にギャップを開いて系のエネルギーを安定化し

ようとする現象である。このとき格子周期は歪を受ける

が，例えば温度を下げて電子エネルギーのギャップ形成

によるエネルギー利得が格子歪の損失を上回ると金属-

半導体（絶縁体）相転移（パイエルス転移）が生じる

（Fig. 1）。波数空間 2 kF の周期は，空間周期 p/kFで変調

された電子密度波と歪格子波の混成波：電荷密度波

（CDW）を生成し，エネルギーギャップ（2b）を形成

する。このとき完全に理想的な一次元電子はゆらぎの効

果が大きく，CDW 形成は抑制される。したがってパイ

エルス転移が観測される温度 Tp では，一次元電子鎖間

の相互作用が本質的な役割を果たす。このようなパイエ

ルス転移におけるエネルギーギャップの形成は比抵抗率

変化や電子緩和ダイナミクスの変化から検証される。

光パルス励起による電子緩和ダイナミクスについて考

えよう。ポンプ-プローブ法に代表される時間分解分光

ではポンプ光の有無による光学応答変化，例えば透過率

T や反射率 R の変化を時間遅延 t で照射するプローブ光

で検出する。本稿で概観する CDW 物質では，バンドギ

ャップの大きさが 10-200 meV 程度であり，励起に用い

る光エネルギーに対して十分小さい。したがって光学応

答はギャップ端と励起準位のバンド間遷移を反映するこ

とになるが，一般的に励起準位とギャップ端の準位にお

ける電子緩和ダイナミクスは異なるため解析が複雑であ

る。いま着目する電荷秩序形成に寄与するのはギャップ

端付近の電子であるから，プローブ光による光学遷移に

寄与する励起準位がポンプ光による励起電子の影響を受

けない励起条件が望ましい。このような条件はポンプ光

のエネルギー �w pu をプローブ光のエネルギー �wpr に

対して低く設定する 2色励起により実現できる13)。

パイエルス転移前後では，どのような緩和ダイナミク

スの変化が観測されるだろうか。後述するように 2色励

起ポンププローブ測定による光学応答はフェルミ端もし

くはギャップ端付近の電子分布 f e(E, T)の時間発展を反

映する。Fig. 2 はパイエルス転移前後の金属相と絶縁体

（半導体）相における電子分布の時間発展の違いを模式

的に示している。金属相において励起電子は連続的なバ

ンドを経由する電子散乱および電子-格子散乱により数

十フェムト秒の短時間域でローカルな格子温度と熱平衡

に達する（Fig. 2a）。一方，絶縁体相にはエネルギーギ
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Fig. 1. (color online). Schematic illustrations of Peierls

transition in quasi-1D metals at (a) T＞Tp, (b) T＜Tp.

Fig. 2. (color online). Schematic illustrations of photo-

induced carrier dynamics at (a) T＞Tp, (b) T＜Tp.
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2Δ= 3.52kBTp ～ 15 meV (Tp ～50 K)
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Peierls transition

II. EXPERIMENTS

The present apparatus used for measuring in situ IR
spectroscopy consists of an ultrahigh vacuum �UHV� cham-
ber �a base pressure: 2�10−7 Pa�, a Fourier-transform IR
spectroscope �Mattson Research Series�, a Knudsen cell �K-
cell�, a molecular turbo pump combined with a rotary pump
�Balzers�, an EB gun �Omegatron�, a partial pressure gage
�Anelva�, and a helium �He� cryostat �Iwatani�. Details of
this system have been described elsewhere.15,16 C60 films �60
nm thick� were formed on cesium iodide �CsI� substrates �20
mm in diameter and 2 mm thick� by thermal evaporation of
C60 powder �Matsubo, 99.98% pure� in the K-cell at 673 K
for 3 min after residual organic solvents in the powder were
removed at 473 k for 2 h in the same UHV chamber. Subse-
quently, we measured the in situ IR spectra of the C60 films
before EB-irradiation and after EB-irradiation �3 kV, 0.5
mA� for 1, 3, 5, 10, and 25 h. All the IR spectra were re-
corded with a resolution of 4 cm−1 and with 5000 scans
�S /N�104�. The substrate temperature was controlled in the
range of 50–300 K within a variation of �0.1 K, using the
He cryostat as well as a heating system.

III. THEORETICAL CALCULATIONS

We have carried out first-principles density-functional
calculations of IR spectra for all C120 stable isomers derived
from the GSW rearrangement, using the GAUSSIAN03

package.17 In all calculations, we employed a 6–31g �d� basis
set and the Perdew–Burke–Ernzerhof exchange-correlation
potential,18 because these conditions have been shown to
provide good agreement in the energy gap and IR spectra
between computational and experimental results for C60.

12,19

For example, the energy gap of C60 was estimated to be 1.67
eV, which is in an excellent agreement with the values of
1.6–1.85 eV obtained experimentally.20

Figure 1 shows a schematic illustration of thermody-
namically stable C120 isomers derived from the GSW rear-
rangement, where the nth C120 isomer is denoted as Pn. For
example, the first C120 isomer with a dumbbell-shaped cross-
linkage is named P01, while the last C120 isomer is P24.
Ideally, the 1D infinite structure of each isomer should be
considered. However, unlike the estimation of the energy gap

for 1D C60 polymers,19 individual vibrational modes are
uniquely assigned to their individual local structures. This
allows us to examine the theoretical IR spectra of the C120

isomers regarded as the minimum unit of their corresponding
1D polymers by excluding the common structure �similar to
that of C60� at their edges. Figure 2 shows the schematic
structure of the P04 C120 isomer taken from Fig. 1. Since the
region marked by the dashed rectangle overlapps with a C60

cage structure, it can be excluded when the corresponding
1D P04 polymer is considered. As a result, the region
marked by the solid rectangle, which includes the common
cross-linked structure between the P04 C120 and its corre-
sponding 1D polymer, is obtained. In this way, we consid-
ered the IR modes arising only from the cross-linked struc-
ture of all the C120 isomers, and compared these with the
experimental ones.

To obtain the theoretical IR spectra due to the cross-
linked structure of all the C120 isomers, we replaced each
stick peak with a Lorentzian function with a full width at half
maximum �FWHM� corresponding to that of the intense and
narrow IR peak appearing at 565 cm−1 for the 25 h EB-
irradiated C60 film.

IV. RESULTS AND DISCUSSION

A. IR spectra

Figure 3 shows the time evolution of the IR spectra of an

FIG. 3. Irradiation-time evolution of in situ IR spectra of an EB irradiated
C60 film.

FIG. 1. �Color online� Schematic illustration of C120 stable isomers derived
from the GSW rearrangement. The nth C120 isomer is denoted as Pn.

FIG. 2. Schematic illustration of the structural region considered for obtain-
ing theoretical IR spectra in the case of the P04 isomer. The region marked
by the dashed rectangle shows the common capped structure for all the
isomers, thus omitting the IR modes originating from this region for com-
parison with the experimental IR spectra.
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Physical properties arising from 1D metal

Binding Energy (eV)
EF0.2

ω0.66

-0.2

30 K

85 K

125 K

150 K

250 K

T=350 K

C60-polymer
hν=40.8eV (He IIα)

0.4

In
te

ns
ity

 (a
rb

. u
ni

ts
)

Binding Energy (eV)

(a) (b)

In
te

n
si

ty
 (

a.
u

.)

0.010.1

ω0.66

30 K

=150 KT

ρ(ω)∝|ω|α

Temperature(K)
30

103

104

100

T0.59

ΔE=12 meV
Res. Limit

In
t(

E F)
/In

t(
0.

5e
V) ρ(ω)∝|T|α

Tomonaga-Luttinger liquid (TLL) states

Europhys. Lett. 98, 27001 (2012).
Phys. Rev. B 79, 201401 (R) (2009).

Fullerenes

Graphenes

H.W. Kroto et al., Nature 318, 162 (1985)

1996 Nobel prize in chemistry

2010 Nobel prize in Physics

K.S. Novoselov et al., Science 306, 666 (2004).

between the tip and sample when scanning selected areas.
Energetic considerations suggested that the folding/unfolding
process can be accounted for by the tip-sample vibration.

In all these experiments, one must first locate step edges
using AFM over a large sample surface area and thus the
entire process is not well-controlled. Furthermore, it is also
difficult to obtain large size graphene sheets using this
method. An improvement over these early works was to first
pattern the graphite into small islands, followed by tearing
using the AFM or STM tip.118 The patterning of HOPG into
islands of 2–40 �m was achieved through the combination
of a 200-nm-thick SiO2 mask and oxygen plasma etching.
The subsequent manipulation using AFM tip results in the
displacement of graphite plates from the original island. The
thickness of the graphite plates obtained in this work was
about 100 nm �Fig. 5�. Zhang et al.119 succeeded in reducing
the graphite plate thickness by first transferring the detached
graphite island to a micromachined silicon cantilever, and
then use the mounted graphite block on the cantilever as the
tip of an AFM to scan it over a SiO2 /Si substrate. By doing
so, graphite plates with a thickness of 10 to 100 nm have
been obtained. These thin graphite plates were found to ex-
hibit clear field-effect.

Instead of attaching the graphite island onto the cantile-
ver, Novoselov et al.6 pressed patterned HOPG square mesas
�5 �m in height and 20 �m to 2 mm in lateral size� against
a 1-�m-thick layer of a fresh wet photoresist spun over a
glass substrate. After baking, the mesas were cleaved off the
HOPG sample and attached to the photoresist layer. The sub-
sequent repeated peeling using a scotch tape led to only thin
flakes left in the photoresist. These flakes were then released
in acetone. When a SiO2 ��300 nm� /Si �n+-doped� wafer
was dipped in the solution and then washed in water and

propanol, some flakes became captured on the wafer’s sur-
face. The thick flakes were further removed through ultra-
sound cleaning in propanol. Thin flakes �d�10 nm� were
found to attach strongly to SiO2, presumably due to van der
Waals and/or capillary forces. By using this method,
graphene sheets as thin as one atomic layer have been ob-
tained �Fig. 6�. Ever since this work, mechanical exfoliation
has become the method of choice for producing graphene
with highest quality. Many variations in original exfoliation
techniques have been developed and applied to different
types of graphites. Although the mechanical exfoliation tech-
nique has been improved significantly, its primary drawbacks
still remain. Its low-productivity does not allow synthesis of
graphene in large quantities. It is also incompatible with
standard Si processes. The former might be overcome by
chemical exfoliation and CVD, while the latter may be
avoided by using epitaxial growth.

2. Chemical exfoliation

Like mechanical exfoliation, chemical exfoliation of
graphite is also an old technique. The primary advantage of

FIG. 4. �Color online� AFM images HOPG. ��c� and �d�� Are the high-
magnification images of the portions indicated in �a� as C and D, respec-
tively. Reprinted by permission from Macmillan Publishers Ltd, Nature,
Hiura et al., 367, 148 �1994�, Copyright 1994.

FIG. 5. Scanning electron micrographs of �a� and �b� HOPG islands, and �c�
and �d� HOPG plates on Si�001� substrates. Reprinted with permission from
X. Lu et al., Nanotechnology 10, 269 �1999�, Copyright 1999, IOP Publish-
ing Ltd.

FIG. 6. �Color online� Graphene films obtained by mechanical exfoliation.
�a� Photograph of a graphene flake with a thickness of 3 nm placed on top of
an oxidized Si wafer. �b� AFM image of 2�2 �m2 area of the flake in �a�
near its edge �dark brown, SiO2 surface; orange, 3 nm height above the SiO2

surface�. �c� AFM image of SLG �central area�. �d� SEM image of a few
layer graphene device �e� Schematic view of the device in �d�. From No-
voselov et al., Science 306, 666 �2004�, Reprinted with permission from
AAAS.
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Figure 1. Schematic illustration of a one-dimensional metallic C60 polymer with an 

uneven peanut-shaped structure similar to the cross-linked structure of the P08 C120 

stable isomer predicted using the general Stone-Wales rearrangement.  The area 

colored in sky blue represents a Riemannian curved space in which !-electrons move 

one-dimensionally.  The !r denotes the degree of uneven deformation. 

 

 

HR-STM image of  SWCNT (Dekker’s group, Delft)
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phase difference = 0

phase difference = 1/2 λ

superconductive coil

Aharonov-Bohm (AB) effect

Electron-beam holography

Vector potential A was thought to be introduced 
mathematically, but its physical meaning was 
given by Aharonov and Bohm.

Y. Aharonov and D. Bohm: Phys. Rev. 115, 485 (1959)

A. Tonomura et al.: Phys. Rev. Lett. 56, 792 (1986)
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δr [Å]

膜を考えます。次に，この膜の形に沿った量子井戸型ポ

テンシャルで膜を上下から挟むことにより，膜の内部に

粒子を閉じ込めます。その後，ポテンシャル障壁の高さ

を十分高くし，膜厚ゼロの極限を取ります。すると，曲

面接線方向に運動する粒子の有効ハミルトニアンが，あ

る曲線座標系（q1
，q2）を用いて以下の形に求まりま

す16)。

Ĥ＝−
�

2

2 m* � 1
� g

6
i, j＝1

2 �

�qi r� ggij �

�qj �＋(h2−k)� （ 1）

ここで m* は粒子の有効質量，gij は行列［gij］の逆行列

成分，g は行列［gij］の行列式を表します11)。h と k は

それぞれ曲面の平均曲率・ガウス曲率と呼ばれる量であ

り，曲面上の各点における曲がり具合を表します。h と

k は gij の関数ですので，結局曲面の形さえ決まれば，

その形状を記述する計量テンソル gij により Ĥ が一意に

決まります。

式（ 1）かっこ内の第一項は，通常の Schrödinger 方

程式で目にするラプラシアン演算子 �
2 の曲線座標表示

です11)。見た目は多少複雑ですが，この表示自体は曲線

座標系（例えば極座標）を採用すれば平面系でも現れる

ものなので，系の曲面性と直接は関係しません。代わり

に式（ 1）で注目すべきは，h2−k で表された新しいス

カラーポテンシャル項の存在です。これがまさに曲面の

幾何曲率に起因する有効電場ポテンシャルであり，後述

する曲率誘起型のナノ物性変化を駆動する役割を果たし

ます。

Fig. 6 にはその例として，正弦波形状の凹凸薄膜

（Fig. 3）が生み出す有効ポテンシャル U(x)の空間分布

を示しました18)。凹凸振幅 a の増加に伴い，凹部と凸部

に対応する点 x＝lp/g(l＝0, :1, …)での U(x)の下向き

ピークが，徐々に鋭くなる様子がわかります。こうした

正弦波曲面の他にも，これまで様々な曲面構造における

電子状態19, 20)とその電子透過率への影響21, 22)が議論され

ています。今後はこうした理論的予言をどう実験的に検

証できるか，そのための実験手段の提案と具体的物質に

即した物性推算が重要であると著者は考えます。

6．擬一次元導体の朝永-Luttinger 液体におけ

る曲率効果

本節と次節では，前述の曲率誘起ポテンシャルがナノ

表面物性に顕在化する例を二つ示します。まず一つ目

は，擬一次元凹凸電子系の朝永-Luttinger 液体（TLL）

状態です。一般に一次元性の強い電子系では，電子間の

クーロン相互作用のために基底状態がフェルミ縮退せ

ず，フェルミ準位 EF の近くで電子-ホール対が多数形

成されます。その結果，系の一電子状態密度 n(w)は次

のようなべき乗則に従います23)。

n(w){*�w−EF*a，a＝(K＋K−1)/2−1 （ 2）

ここで現れる指数 a は TLL 指数と呼ばれ，電子間相互

作用の強さを表す TLL パラメータ K(＞0)によりその値

が決まります。実験的には，カーボンナノチューブ 24, 25)

や直鎖重合型の C60 ポリマー26)などの擬一次元系につい

て，この TLL 指数 aの値が計測されています。

ここで疑問となるのが，擬一次元系の幾何曲率と

TLL 指数 a との相関の有無です。例えば上記の C60 ポ

リマーの包絡面は一軸性の周期凹凸曲面であり，そのキ

ャリアは原子シート内をほぼ自由に運動することがわか
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数 a の値により TLL 状態の各種物理量の特異性が特徴
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膜を考えます。次に，この膜の形に沿った量子井戸型ポ

テンシャルで膜を上下から挟むことにより，膜の内部に

粒子を閉じ込めます。その後，ポテンシャル障壁の高さ

を十分高くし，膜厚ゼロの極限を取ります。すると，曲

面接線方向に運動する粒子の有効ハミルトニアンが，あ

る曲線座標系（q1
，q2）を用いて以下の形に求まりま

す16)。

Ĥ＝−
�

2

2 m* � 1
� g

6
i, j＝1

2 �

�qi r� ggij �

�qj �＋(h2−k)� （ 1）

ここで m* は粒子の有効質量，gij は行列［gij］の逆行列

成分，g は行列［gij］の行列式を表します11)。h と k は

それぞれ曲面の平均曲率・ガウス曲率と呼ばれる量であ

り，曲面上の各点における曲がり具合を表します。h と

k は gij の関数ですので，結局曲面の形さえ決まれば，

その形状を記述する計量テンソル gij により Ĥ が一意に

決まります。

式（ 1）かっこ内の第一項は，通常の Schrödinger 方

程式で目にするラプラシアン演算子 �
2 の曲線座標表示

です11)。見た目は多少複雑ですが，この表示自体は曲線

座標系（例えば極座標）を採用すれば平面系でも現れる

ものなので，系の曲面性と直接は関係しません。代わり

に式（ 1）で注目すべきは，h2−k で表された新しいス

カラーポテンシャル項の存在です。これがまさに曲面の

幾何曲率に起因する有効電場ポテンシャルであり，後述

する曲率誘起型のナノ物性変化を駆動する役割を果たし

ます。

Fig. 6 にはその例として，正弦波形状の凹凸薄膜

（Fig. 3）が生み出す有効ポテンシャル U(x)の空間分布

を示しました18)。凹凸振幅 a の増加に伴い，凹部と凸部

に対応する点 x＝lp/g(l＝0, :1, …)での U(x)の下向き

ピークが，徐々に鋭くなる様子がわかります。こうした

正弦波曲面の他にも，これまで様々な曲面構造における

電子状態19, 20)とその電子透過率への影響21, 22)が議論され

ています。今後はこうした理論的予言をどう実験的に検

証できるか，そのための実験手段の提案と具体的物質に

即した物性推算が重要であると著者は考えます。

6．擬一次元導体の朝永-Luttinger 液体におけ

る曲率効果

本節と次節では，前述の曲率誘起ポテンシャルがナノ

表面物性に顕在化する例を二つ示します。まず一つ目

は，擬一次元凹凸電子系の朝永-Luttinger 液体（TLL）

状態です。一般に一次元性の強い電子系では，電子間の

クーロン相互作用のために基底状態がフェルミ縮退せ

ず，フェルミ準位 EF の近くで電子-ホール対が多数形

成されます。その結果，系の一電子状態密度 n(w)は次

のようなべき乗則に従います23)。
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ここで現れる指数 a は TLL 指数と呼ばれ，電子間相互

作用の強さを表す TLL パラメータ K(＞0)によりその値

が決まります。実験的には，カーボンナノチューブ 24, 25)

や直鎖重合型の C60 ポリマー26)などの擬一次元系につい

て，この TLL 指数 aの値が計測されています。

ここで疑問となるのが，擬一次元系の幾何曲率と
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程式で目にするラプラシアン演算子 �
2 の曲線座標表示

です11)。見た目は多少複雑ですが，この表示自体は曲線

座標系（例えば極座標）を採用すれば平面系でも現れる
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する曲率誘起型のナノ物性変化を駆動する役割を果たし
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The electron-phonon coupling constant (λ) of carbon nanotubes (λ = 0.006) is much smaller than that of
alkali-metal-doped C60 crystals (λ = 0.6). This difference may be due to the shape of the π -electron conjugated
system: the former has a flat, whereas the latter has a sphere. In order to confirm the shape effects in λ, we
have examined the magnitude of λ for a one-dimensional (1D) uneven peanut-shaped C60 polymer that has an
intermediate shape of the π -electron conjugated system between a carbon nanotube and a C60 system, using
femtosecond (fs) time-resolved pump-probe spectroscopy, because it can be expected to have an intermediate
value of λ between them. Theoretical analysis of fs-transient refractivity obtained experimentally found the
magnitude of λ of the 1D C60 polymer film to be 0.02 as our expectation. This indicates that the shape of the
π -electron conjugated system affects the magnitude of λ for nanocarbon allotropes significantly.
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I. INTRODUCTION

Electron-phonon (e-ph) interaction is one of the most
key ingredients for understanding the electronic properties
of nanocarbon allotropes, because it is related to many
physical phenomena such as superconductivity [1,2], charge-
density-wave (CDW) [3], electron transport [4], and optical
responses [5,6]. The e-ph coupling constant λ [7] has been
determined for those systems so far [8–13]: For example,
λ � 0.6 for A3C60 [9] and λ � 0.1 for A1C60 [10] with A = K,
Rb, Cs, while λ � 0.006 for single-walled carbon nanotubes
(CNTs) [12] and λ � 5.4 × 10−4 for multiwalled CNTs [13].

What causes the large difference in the magnitude of λ

between CNTs and C60 systems? When both systems are
compared to each other, the former CNTs have a flat-shaped
π -electron conjugated system along the electron-conductive
direction, whereas the latter C60 have a spherically shaped
π -electron one. This suggests that the shape of π -electron
conjugation influences the magnitude of λ for nanocarbon
allotropes. Given that C60 molecules were coalesced to form
a structure like CNTs via the generalized Stone-Wales (GSW)
rearrangement [14], we could examine the shape effects on
the magnitude of λ and thus confirm the above speculation.
Although it was reported that C60 molecules react with each
other to form a polymer inside a CNT [15], it is reasonable
to consider that the value of λ in the C60 polymer thus
formed is significantly modified by the exterior tubes: The
shape effects on λ are not directly observed in the systems.
Fortunately, the recent discovery of a one-dimensional (1D)
uneven peanut-shaped C60 polymer enables us to confirm the
speculation described above.

The 1D C60 polymer has been synthesized from electron-
beam (EB) irradiation of pristine C60 films via the GSW
transformations between adjacent C60 molecules, as shown
in Fig. 1 [16–19], thus it is expected that the shape effects
on λ can be observed in such systems because of no exterior
tube. The 1D C60 polymer has a cross-linked structure roughly
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close to that of the P08 C120 isomer (obtained via GSW) [17].
In other words, the coalescence among nC60 molecules gives
rise to form a 1D (C60)n polymer (n is a positive integer).
In case of n = 2, there has been reported to be 24 C120

structural isomers obtained via GSW, and one of which is
equivalent to the shortest capped (5,5)CNT [20]. Because the
1D peanut-shaped C60 polymer has an intermediate shape
of a π -electron conjugated system between (5,5)CNT and
pristine solid C60, it can be expected that the 1D polymer
has an intermediate value between 0.006 and 0.6. In addition,
the 1D C60 polymer exhibits fascinating phenomena such as
geometrical curvature effects on Tomonaga-Luttinger liquid
states [21], CDW transition at 50 K [22,23], and anomaly in the
resistivity at temperatures lower than 50 K [24]. In particular,
the latter two properties are also related to the e-ph interaction
and thus inspire us to examine the magnitude of λ for the 1D
C60 polymers.

In the present work we report on the λ value of the
1D uneven peanut-shaped C60 polymer by examining the
temperature dependence of the relaxation time of photoexcited
electrons in the polymer, and confirm that the shape of π -
electron conjugation affects the magnitude of λ for nanocarbon
allotropes.

In Sec. II we describe briefly experimental details. In Sec. III
we show measured transient reflectivity changes and confirm
that these results are consistent with the previously measured
one [22]. From these data we estimate the e-ph coupling
constant using a theoretical model. In Sec. IV we confirm
that the estimated length of the 1D C60 polymer from the
magnitude of the e-ph coupling is quite similar to the previous
data obtained by the resistivity measurement [24]. We also
compare the magnitude of the e-ph coupling of the 1D C60

polymer with that of other nanocarbon allotropes. In Sec. V
we conclude our paper.

II. EXPERIMENTS

Metallic 1D uneven peanut-shaped C60 polymers were
formed from 3-kV electron-beam irradiation of a 500-nm-thick
pristine C60 film deposited on a cesium iodide (CsI) substrate
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TABLE I. Electron-phonon coupling constant λ of nanocarbon
allotropes. The kind of chemical bonding between C60 is also shown.

C60 compound λ Bonding (C60-C60)

A3C60 (A = K, Rb) 0.6 (0.5) van der Waals
Na4C60 0.3 Single C-C σ bond
AC60 (A = K, Rb) ∼0.1 2 + 2 cycloadditional bond
1D C60 polymer 0.02 Coalesced GSW bond
Single-walled CNT 0.006 –
Multiwalled CNT 5.4×10−4 –

V = 300 meV for C6H6 and V = 50 meV for C60, though a
slight deviation of the relation in the C60 may be attributed to a
curvature effect due to its spherical shape. Since the interaction
between adjacent 1D C60 polymers are governed by the van der
Waals interaction, the 1D C60 polymers can be regarded as a
molecular crystal. It is reasonable to setN (EF ) � 10/eV/spin,
because N (EF ) of the 1D C60 polymer is slightly smaller than
that of A3C60 [39]. Then we evaluate V = λ/N (EF ) to be
2 meV, which gives a value of Nπ = 900. Since there are
60π electrons per one C60, the value of Nπ = 900 suggests
that the 1D C60 polymer may consist of 15 C60 molecules
at short, on which a conducting electron can move without
any scattering. In fact, the length of tube consisting of 15 C60

molecules is in coincidence with the mean hopping distance
of 8–13 nm obtained for the 1D C60 polymer film [24].
This strongly supports our estimation of the λ value. From
the relation λ = 1800N(EF )/Nπ , the longer polymer has the
smaller e-ph coupling, which would be verified by using other
samples prepared on such as mica substrates instead of CsI
substrates [28].

The concept of chemical bonding may provide us a unified
understanding of the shape effects on the magnitude of λ

for nanocarbons. Table I summarizes the value of λ for
various nanocarbon allotropes, along with the classification
of chemical bonding between adjacent C60 molecules. Since
the strength of the chemical bonding can be ordered as follows:
van der Waals < single C-C σ bond < 2 + 2 cycloadditional
bond (two C-C σ bonds) < coalesced GSW bond (not only
more than two C-C σ bonds but also C-C π bonds) [see also
Figs. 4(a)–4(d)], it can be said that a stronger chemical bonding
gives rise to a larger Nπ in association with an enhancement
in the electron hopping probability between adjacent C60

molecules. This results in a small value of V and λ, as
described above for the 1D C60 polymers. The single-walled
(or multiwalled) CNT is one extreme case [Fig. 4(e)].

Although we did not consider any lattice model for the 1D
C60 polymer in the present study, we have already employed
several kinds of models for the 1D C60 polymers, using the
GSW transformation [40]. It would be theoretically interesting
to investigate the e-ph interaction matrix elements for the
excited electrons in those models. If the matrix elements
involving the optical and/or acoustic phonons are strong, the
nature of the interaction may be attributed to polar and/or

(a) (b) (c) (d) (e)

FIG. 4. (Color online) Schematic illustration of nanocarbon al-
lotropes: two C60 between which are connected via (a) van der Waals
interaction, (b) single C-C σ -bond, (c) 2 + 2 cycloadditional bond,
(d) 1D C60 polymer having coalesced GSW bond, and (e) single-
walled CNT.

deformation coupling, respectively. Unfortunately, calcula-
tions both of the phonon spectra and of the e-ph coupling
constant for all the models require a large amount of computa-
tional time, owing to a large number of carbon atoms in a unit
cell. This is in progress.

Alternatively, electron transport measurements would be
useful to investigate the nature of the e-ph interaction in
low-dimensional systems. In fact, the e-ph interaction in
the metallic CNTs has been studied using an atomic force
microscope as an electrical probe [4]. A similar technique
would enable us to clarify the nature of the e-ph interaction
in the 1D C60 polymers, while we postulate that the nature
of the interaction has an intermediate character between solid
C60 and single-walled CNTs.

V. SUMMARY

In summary, we have examined carrier relaxation dynamics
of the 1D C60 polymers, using femtosecond time-resolved
pump-probe spectroscopy, and obtained the e-ph coupling
constant (λ) to be 0.02, which supports our speculation that
the 1D peanut-shaped C60 polymer has an intermediate value
of between AxC60 and CNTs on the basis of the shape of a
π -electron conjugated system. This implies that the magnitude
of an e-ph coupling constant for nanocarbon allotropes is
significantly affected by the shape of a π -electron conjugated
system. We believe that this finding becomes useful for
a unified understanding of electron-phonon interaction for
nanocarbon allotropes.
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deformation coupling, respectively. Unfortunately, calcula-
tions both of the phonon spectra and of the e-ph coupling
constant for all the models require a large amount of computa-
tional time, owing to a large number of carbon atoms in a unit
cell. This is in progress.

Alternatively, electron transport measurements would be
useful to investigate the nature of the e-ph interaction in
low-dimensional systems. In fact, the e-ph interaction in
the metallic CNTs has been studied using an atomic force
microscope as an electrical probe [4]. A similar technique
would enable us to clarify the nature of the e-ph interaction
in the 1D C60 polymers, while we postulate that the nature
of the interaction has an intermediate character between solid
C60 and single-walled CNTs.

V. SUMMARY

In summary, we have examined carrier relaxation dynamics
of the 1D C60 polymers, using femtosecond time-resolved
pump-probe spectroscopy, and obtained the e-ph coupling
constant (λ) to be 0.02, which supports our speculation that
the 1D peanut-shaped C60 polymer has an intermediate value
of between AxC60 and CNTs on the basis of the shape of a
π -electron conjugated system. This implies that the magnitude
of an e-ph coupling constant for nanocarbon allotropes is
significantly affected by the shape of a π -electron conjugated
system. We believe that this finding becomes useful for
a unified understanding of electron-phonon interaction for
nanocarbon allotropes.
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Figure 1. Schematic illustration of a one-dimensional metallic C60 polymer with an 

uneven peanut-shaped structure similar to the cross-linked structure of the P08 C120 
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We present the first unbiased results for the mobility μ of a one-dimensional Holstein polaron obtained
by numerical analytic continuation combined with diagrammatic and worldline Monte Carlo methods in
the thermodynamic limit. We have identified for the first time several distinct regimes in the λ-T
plane including a band conduction region, incoherent metallic region, an activated hopping region, and a
high-temperature saturation region. We observe that although mobilities and mean free paths at different
values of λ differ by many orders of magnitude at small temperatures, their values at T larger than the
bandwidth become very close to each other.
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Introduction.—The motion of a quantum particle in a
background of quantum phonons (polaron) is an issue of
fundamental importance [1]. Historically, it is the first
condensed-matter problem where the quantum field theory
has been successfully applied [2]. Experimentally, a small
number of carriers in insulators and semiconductors intro-
duced by doping or excited by light are key players in many
important phenomena, where the transport properties of
these carriers are influenced by polaron effects [3]. This is
also the case of doped Mott insulators where the role of
electron-phonon coupling (EPC) has to be considered in
relation to high-temperature superconductivity [4].
There is no exact solution of the polaron problem and

most of the analysis is based on approximate methods [1],
ranging from variational [5] and perturbative approaches
[6] to the momentum average approximation for the
Green’s function [7]. It is only recently that numerically
exact solutions for the ground-state energy and optical
conductivity at zero temperature were obtained by dia-
grammatic Monte Carlo simulations [8–13], variational
[14–16] and exact [17] diagonalization, density-matrix
renormalization group [18], and Chebyshev expansion
[19], showing the limits of the different approximate
schemes. Finite temperature properties are even more
difficult to analyze due to several technical problems,
and more than 6 decades of efforts to understand the
temperature dependence of polaron mobility μλðω; TÞ,
ranging from already historic papers [2,20–27] to the
modern studies [3,28–35], established different behaviors
which, however, do not exhaust the regimes exhibited by
materials where EPC is relevant. To discuss them, we
consider the one-dimensional Holstein polaron model [20]

H ¼
X

k

ðεkc†kck þ ω0b
†
kbkÞ þ

gffiffiffiffi
N

p
X

k;q

c†k−qckðb
†
q þ b−qÞ:

Here, c†k (b
†
k) are electron (phonon) creation operators in the

state of momentum k. The dispersion εk ¼ −2t cosðkaÞ
stems from a nearest-neighbor hopping on a linear lattice
with lattice constant a, and the Einstein optical phonons
have energy ω0. The last term describes the local EPC. All
sums over momenta are over the Brillouin zone, and we
take the total number of sites N → ∞. The charge current
operator of the model is ĵ ¼ 2eat

P
k sinðkaÞc

†
kck, where e

is the electron charge. The strength of the EPC is measured
by the dimensionless coupling constant λ ¼ g2=ð2tω0Þ,
which sets the borderline between the weak- and strong-
coupling regime at λc of the order of unity. For one polaron,
we introduce the dynamic mobility μλðω; TÞ ¼ σλðω; TÞ=e
as a quantity related to the optical conductivity (OC)
σλðω; TÞ. The static mobility μλðTÞ ¼ μλðω → 0; TÞ is just
the quantity measured in standard transport experiments.

FIG. 1 (color online). Transport regimes of polaron. Schematic
phase diagram showing the four different regimes of polaron
mobility μ in the plane of λ-T (λ: EPC strength, T: temperature).
Here, the unit of energy is t ¼ 1, and ω0 is the phonon frequency.
Arrows show the direction of shift of the borderlines between
different regimes when the phonon frequency decreases.
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phase diagram showing the four different regimes of polaron
mobility μ in the plane of λ-T (λ: EPC strength, T: temperature).
Here, the unit of energy is t ¼ 1, and ω0 is the phonon frequency.
Arrows show the direction of shift of the borderlines between
different regimes when the phonon frequency decreases.
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The electron-phonon coupling constant (λ) of carbon nanotubes (λ = 0.006) is much smaller than that of
alkali-metal-doped C60 crystals (λ = 0.6). This difference may be due to the shape of the π -electron conjugated
system: the former has a flat, whereas the latter has a sphere. In order to confirm the shape effects in λ, we
have examined the magnitude of λ for a one-dimensional (1D) uneven peanut-shaped C60 polymer that has an
intermediate shape of the π -electron conjugated system between a carbon nanotube and a C60 system, using
femtosecond (fs) time-resolved pump-probe spectroscopy, because it can be expected to have an intermediate
value of λ between them. Theoretical analysis of fs-transient refractivity obtained experimentally found the
magnitude of λ of the 1D C60 polymer film to be 0.02 as our expectation. This indicates that the shape of the
π -electron conjugated system affects the magnitude of λ for nanocarbon allotropes significantly.
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I. INTRODUCTION

Electron-phonon (e-ph) interaction is one of the most
key ingredients for understanding the electronic properties
of nanocarbon allotropes, because it is related to many
physical phenomena such as superconductivity [1,2], charge-
density-wave (CDW) [3], electron transport [4], and optical
responses [5,6]. The e-ph coupling constant λ [7] has been
determined for those systems so far [8–13]: For example,
λ � 0.6 for A3C60 [9] and λ � 0.1 for A1C60 [10] with A = K,
Rb, Cs, while λ � 0.006 for single-walled carbon nanotubes
(CNTs) [12] and λ � 5.4 × 10−4 for multiwalled CNTs [13].

What causes the large difference in the magnitude of λ

between CNTs and C60 systems? When both systems are
compared to each other, the former CNTs have a flat-shaped
π -electron conjugated system along the electron-conductive
direction, whereas the latter C60 have a spherically shaped
π -electron one. This suggests that the shape of π -electron
conjugation influences the magnitude of λ for nanocarbon
allotropes. Given that C60 molecules were coalesced to form
a structure like CNTs via the generalized Stone-Wales (GSW)
rearrangement [14], we could examine the shape effects on
the magnitude of λ and thus confirm the above speculation.
Although it was reported that C60 molecules react with each
other to form a polymer inside a CNT [15], it is reasonable
to consider that the value of λ in the C60 polymer thus
formed is significantly modified by the exterior tubes: The
shape effects on λ are not directly observed in the systems.
Fortunately, the recent discovery of a one-dimensional (1D)
uneven peanut-shaped C60 polymer enables us to confirm the
speculation described above.

The 1D C60 polymer has been synthesized from electron-
beam (EB) irradiation of pristine C60 films via the GSW
transformations between adjacent C60 molecules, as shown
in Fig. 1 [16–19], thus it is expected that the shape effects
on λ can be observed in such systems because of no exterior
tube. The 1D C60 polymer has a cross-linked structure roughly

*shota-o@ynu.ac.jp

close to that of the P08 C120 isomer (obtained via GSW) [17].
In other words, the coalescence among nC60 molecules gives
rise to form a 1D (C60)n polymer (n is a positive integer).
In case of n = 2, there has been reported to be 24 C120

structural isomers obtained via GSW, and one of which is
equivalent to the shortest capped (5,5)CNT [20]. Because the
1D peanut-shaped C60 polymer has an intermediate shape
of a π -electron conjugated system between (5,5)CNT and
pristine solid C60, it can be expected that the 1D polymer
has an intermediate value between 0.006 and 0.6. In addition,
the 1D C60 polymer exhibits fascinating phenomena such as
geometrical curvature effects on Tomonaga-Luttinger liquid
states [21], CDW transition at 50 K [22,23], and anomaly in the
resistivity at temperatures lower than 50 K [24]. In particular,
the latter two properties are also related to the e-ph interaction
and thus inspire us to examine the magnitude of λ for the 1D
C60 polymers.

In the present work we report on the λ value of the
1D uneven peanut-shaped C60 polymer by examining the
temperature dependence of the relaxation time of photoexcited
electrons in the polymer, and confirm that the shape of π -
electron conjugation affects the magnitude of λ for nanocarbon
allotropes.

In Sec. II we describe briefly experimental details. In Sec. III
we show measured transient reflectivity changes and confirm
that these results are consistent with the previously measured
one [22]. From these data we estimate the e-ph coupling
constant using a theoretical model. In Sec. IV we confirm
that the estimated length of the 1D C60 polymer from the
magnitude of the e-ph coupling is quite similar to the previous
data obtained by the resistivity measurement [24]. We also
compare the magnitude of the e-ph coupling of the 1D C60

polymer with that of other nanocarbon allotropes. In Sec. V
we conclude our paper.

II. EXPERIMENTS

Metallic 1D uneven peanut-shaped C60 polymers were
formed from 3-kV electron-beam irradiation of a 500-nm-thick
pristine C60 film deposited on a cesium iodide (CsI) substrate

1098-0121/2014/90(15)/155435(5) 155435-1 ©2014 American Physical Society

SHOTA ONO, YASUNORI TODA, AND JUN ONOE PHYSICAL REVIEW B 90, 155435 (2014)

TABLE I. Electron-phonon coupling constant λ of nanocarbon
allotropes. The kind of chemical bonding between C60 is also shown.

C60 compound λ Bonding (C60-C60)

A3C60 (A = K, Rb) 0.6 (0.5) van der Waals
Na4C60 0.3 Single C-C σ bond
AC60 (A = K, Rb) ∼0.1 2 + 2 cycloadditional bond
1D C60 polymer 0.02 Coalesced GSW bond
Single-walled CNT 0.006 –
Multiwalled CNT 5.4×10−4 –

V = 300 meV for C6H6 and V = 50 meV for C60, though a
slight deviation of the relation in the C60 may be attributed to a
curvature effect due to its spherical shape. Since the interaction
between adjacent 1D C60 polymers are governed by the van der
Waals interaction, the 1D C60 polymers can be regarded as a
molecular crystal. It is reasonable to setN (EF ) � 10/eV/spin,
because N (EF ) of the 1D C60 polymer is slightly smaller than
that of A3C60 [39]. Then we evaluate V = λ/N (EF ) to be
2 meV, which gives a value of Nπ = 900. Since there are
60π electrons per one C60, the value of Nπ = 900 suggests
that the 1D C60 polymer may consist of 15 C60 molecules
at short, on which a conducting electron can move without
any scattering. In fact, the length of tube consisting of 15 C60

molecules is in coincidence with the mean hopping distance
of 8–13 nm obtained for the 1D C60 polymer film [24].
This strongly supports our estimation of the λ value. From
the relation λ = 1800N(EF )/Nπ , the longer polymer has the
smaller e-ph coupling, which would be verified by using other
samples prepared on such as mica substrates instead of CsI
substrates [28].

The concept of chemical bonding may provide us a unified
understanding of the shape effects on the magnitude of λ

for nanocarbons. Table I summarizes the value of λ for
various nanocarbon allotropes, along with the classification
of chemical bonding between adjacent C60 molecules. Since
the strength of the chemical bonding can be ordered as follows:
van der Waals < single C-C σ bond < 2 + 2 cycloadditional
bond (two C-C σ bonds) < coalesced GSW bond (not only
more than two C-C σ bonds but also C-C π bonds) [see also
Figs. 4(a)–4(d)], it can be said that a stronger chemical bonding
gives rise to a larger Nπ in association with an enhancement
in the electron hopping probability between adjacent C60

molecules. This results in a small value of V and λ, as
described above for the 1D C60 polymers. The single-walled
(or multiwalled) CNT is one extreme case [Fig. 4(e)].

Although we did not consider any lattice model for the 1D
C60 polymer in the present study, we have already employed
several kinds of models for the 1D C60 polymers, using the
GSW transformation [40]. It would be theoretically interesting
to investigate the e-ph interaction matrix elements for the
excited electrons in those models. If the matrix elements
involving the optical and/or acoustic phonons are strong, the
nature of the interaction may be attributed to polar and/or

(a) (b) (c) (d) (e)

FIG. 4. (Color online) Schematic illustration of nanocarbon al-
lotropes: two C60 between which are connected via (a) van der Waals
interaction, (b) single C-C σ -bond, (c) 2 + 2 cycloadditional bond,
(d) 1D C60 polymer having coalesced GSW bond, and (e) single-
walled CNT.

deformation coupling, respectively. Unfortunately, calcula-
tions both of the phonon spectra and of the e-ph coupling
constant for all the models require a large amount of computa-
tional time, owing to a large number of carbon atoms in a unit
cell. This is in progress.

Alternatively, electron transport measurements would be
useful to investigate the nature of the e-ph interaction in
low-dimensional systems. In fact, the e-ph interaction in
the metallic CNTs has been studied using an atomic force
microscope as an electrical probe [4]. A similar technique
would enable us to clarify the nature of the e-ph interaction
in the 1D C60 polymers, while we postulate that the nature
of the interaction has an intermediate character between solid
C60 and single-walled CNTs.

V. SUMMARY

In summary, we have examined carrier relaxation dynamics
of the 1D C60 polymers, using femtosecond time-resolved
pump-probe spectroscopy, and obtained the e-ph coupling
constant (λ) to be 0.02, which supports our speculation that
the 1D peanut-shaped C60 polymer has an intermediate value
of between AxC60 and CNTs on the basis of the shape of a
π -electron conjugated system. This implies that the magnitude
of an e-ph coupling constant for nanocarbon allotropes is
significantly affected by the shape of a π -electron conjugated
system. We believe that this finding becomes useful for
a unified understanding of electron-phonon interaction for
nanocarbon allotropes.
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deformation coupling, respectively. Unfortunately, calcula-
tions both of the phonon spectra and of the e-ph coupling
constant for all the models require a large amount of computa-
tional time, owing to a large number of carbon atoms in a unit
cell. This is in progress.

Alternatively, electron transport measurements would be
useful to investigate the nature of the e-ph interaction in
low-dimensional systems. In fact, the e-ph interaction in
the metallic CNTs has been studied using an atomic force
microscope as an electrical probe [4]. A similar technique
would enable us to clarify the nature of the e-ph interaction
in the 1D C60 polymers, while we postulate that the nature
of the interaction has an intermediate character between solid
C60 and single-walled CNTs.

V. SUMMARY

In summary, we have examined carrier relaxation dynamics
of the 1D C60 polymers, using femtosecond time-resolved
pump-probe spectroscopy, and obtained the e-ph coupling
constant (λ) to be 0.02, which supports our speculation that
the 1D peanut-shaped C60 polymer has an intermediate value
of between AxC60 and CNTs on the basis of the shape of a
π -electron conjugated system. This implies that the magnitude
of an e-ph coupling constant for nanocarbon allotropes is
significantly affected by the shape of a π -electron conjugated
system. We believe that this finding becomes useful for
a unified understanding of electron-phonon interaction for
nanocarbon allotropes.
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Figure 1. Schematic illustration of a one-dimensional metallic C60 polymer with an 

uneven peanut-shaped structure similar to the cross-linked structure of the P08 C120 
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We present the first unbiased results for the mobility μ of a one-dimensional Holstein polaron obtained
by numerical analytic continuation combined with diagrammatic and worldline Monte Carlo methods in
the thermodynamic limit. We have identified for the first time several distinct regimes in the λ-T
plane including a band conduction region, incoherent metallic region, an activated hopping region, and a
high-temperature saturation region. We observe that although mobilities and mean free paths at different
values of λ differ by many orders of magnitude at small temperatures, their values at T larger than the
bandwidth become very close to each other.
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Introduction.—The motion of a quantum particle in a
background of quantum phonons (polaron) is an issue of
fundamental importance [1]. Historically, it is the first
condensed-matter problem where the quantum field theory
has been successfully applied [2]. Experimentally, a small
number of carriers in insulators and semiconductors intro-
duced by doping or excited by light are key players in many
important phenomena, where the transport properties of
these carriers are influenced by polaron effects [3]. This is
also the case of doped Mott insulators where the role of
electron-phonon coupling (EPC) has to be considered in
relation to high-temperature superconductivity [4].
There is no exact solution of the polaron problem and

most of the analysis is based on approximate methods [1],
ranging from variational [5] and perturbative approaches
[6] to the momentum average approximation for the
Green’s function [7]. It is only recently that numerically
exact solutions for the ground-state energy and optical
conductivity at zero temperature were obtained by dia-
grammatic Monte Carlo simulations [8–13], variational
[14–16] and exact [17] diagonalization, density-matrix
renormalization group [18], and Chebyshev expansion
[19], showing the limits of the different approximate
schemes. Finite temperature properties are even more
difficult to analyze due to several technical problems,
and more than 6 decades of efforts to understand the
temperature dependence of polaron mobility μλðω; TÞ,
ranging from already historic papers [2,20–27] to the
modern studies [3,28–35], established different behaviors
which, however, do not exhaust the regimes exhibited by
materials where EPC is relevant. To discuss them, we
consider the one-dimensional Holstein polaron model [20]

H ¼
X

k

ðεkc†kck þ ω0b
†
kbkÞ þ

gffiffiffiffi
N

p
X

k;q

c†k−qckðb
†
q þ b−qÞ:

Here, c†k (b
†
k) are electron (phonon) creation operators in the

state of momentum k. The dispersion εk ¼ −2t cosðkaÞ
stems from a nearest-neighbor hopping on a linear lattice
with lattice constant a, and the Einstein optical phonons
have energy ω0. The last term describes the local EPC. All
sums over momenta are over the Brillouin zone, and we
take the total number of sites N → ∞. The charge current
operator of the model is ĵ ¼ 2eat

P
k sinðkaÞc

†
kck, where e

is the electron charge. The strength of the EPC is measured
by the dimensionless coupling constant λ ¼ g2=ð2tω0Þ,
which sets the borderline between the weak- and strong-
coupling regime at λc of the order of unity. For one polaron,
we introduce the dynamic mobility μλðω; TÞ ¼ σλðω; TÞ=e
as a quantity related to the optical conductivity (OC)
σλðω; TÞ. The static mobility μλðTÞ ¼ μλðω → 0; TÞ is just
the quantity measured in standard transport experiments.

FIG. 1 (color online). Transport regimes of polaron. Schematic
phase diagram showing the four different regimes of polaron
mobility μ in the plane of λ-T (λ: EPC strength, T: temperature).
Here, the unit of energy is t ¼ 1, and ω0 is the phonon frequency.
Arrows show the direction of shift of the borderlines between
different regimes when the phonon frequency decreases.
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conductivity or high heat-resistance, elec-
trochemical, or heat treatments can be 
utilized to promote chemical reactions in 
their nanospaces.

We have investigated 1D uneven-
structured (peanut-shaped) C60 polymer 
(Figure  1b) by electron-beam (EB) irra-
diation of C60 films (Figure  1a) under 
ultrahigh vacuum (UHV) conditions.[9–16] 
The polymer film has a hexagonal-closed 
pack (hcp) structure (the left panel of 
Figure  1b),[12] resulting in formation of 
sub-nm spaces with a sizes of ≈0.3 and 
0.6  nm periodically arranged (the right 
panel of Figure  1b). In addition, the 1D 
polymer exhibits physical properties 
arising from 1D metal[13–16] and a high 
heat-resistance[17] comparable to that of 

commercially available polyimides. These findings suggest 
that the robust sub-nm space can act as a specific reaction field 
similar to those of conventional porous materials.[1–8] We report 
here the immobilization of CO2 at room temperature (RT) in 
the sub-nm space of the 1D polymer film by its reaction with 
H2O molecules, despite the fact that the reaction cannot occur 
at RT in the gas phase (the activation energy, Ea: ≈2 eV).
Figure  2A shows the change in IR spectra of the 1D C60 

polymer film (Figure S1, Supporting Information) before and 
after exposure to various gases. As shown in Figure 2A(c), no sig-
nificant changes in the IR spectra before and after N2-exposure 
were observed. In the case of exposure to dry air (Figure 2A(d)), 
although the peak at 565 cm−1 (radial motion) remained almost 
unchanged, IR peaks at 1182 (radial and in-plane mixed motion) 
and 1340 cm−1 (in-plane motion) originating from the convex and 
concave portions, respectively, of the 1D polymer became broad-
ened. This indicates that the in-plane motion included in those 
IR peaks is affected by O2 adsorption onto the polymer, whereas 
the radial motion is insensitive to O2 adsorption. In contrast, 
more remarkable changes in the IR spectra were observed after 
exposure to atmospheric air with 14% humidity (Figure 2A(e)). 
IR peaks at 565 and 1340 cm−1 for the 1D polymer were drasti-
cally weakened when compared to those of Figure 2A(d). In addi-
tion, four new IR peaks appeared at 523, 667, 878, and 1370 cm−1. 
Since atmospheric air consists of not only O2/N2 molecules but 
also CO2/H2O molecules, the difference in IR spectra between 
Figure  2A(d,e) is caused by both CO2 and H2O. However, the 
new IR peaks could not simply be assigned to IR modes of free 

Immobilization and reuse of CO2 are urgent tasks for sustaining the global 
environment. Here it is demonstrated that CO2 can be immobilized by reac-
tion with H2O at room temperature (RT) in the specific sub-nm space of 1D 
uneven-structured C60 polymer (1D polymer) film, even though the reaction 
does not occur at RT in the gas phase (activation energy: 2 eV). First-princi-
ples calculations reveal that the CO2 molecule is stacked as a bridge between 
the concave portions of adjacent 1D polymer frameworks via locally induced 
Coulomb interactions. Such induced charge polarization activates CO2 
both by weakening its double-bonds and by lowering its lowest unoccupied 
molecular orbital energy due to the bending motion. In addition, the flexible 
π orbitals of the 1D polymer provide the optimal Coulomb field to stabilize 
the transition state of the CO2 + H2O reaction remarkably. These factors work 
together to make the reaction possible at RT.
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Immobilization and reuse of CO2 are urgent tasks not only 
for suppressing global warming but also for sustaining or 
improving our global environment. One possible way to 
achieve these processes is to use porous materials, such as zeo-
lites and metal–organic-frameworks that include nanospaces. 
These materials have been shown to exhibit storage, exchange, 
separation, and reaction field when molecules and/or ions are 
incorporated,[1] and have been extensively applied to materials 
synthesis, medicine, electronics, catalysis, energy storage, and 
environmental engineering.[1–8] Accordingly, immobilization 
and reuse of environmentally hazardous compounds, such 
as CO2, NOx, or SOx using these porous materials will play 
key roles in solving our environmental and energy issues.[2,3] 
Given that these nanoporous materials exhibit high electrical 

Adv. Sustainable Syst. 2020, 2000156

Ea = 2.0 eV

Adv. Sustain. Sys. 5, 2000156 (2021)
CO32–: carbonate ion

(1) Locally induced Coulomb interactions due to mirror image effects increase positive and negative charges 
on the C (1D polymer) and O (CO2) atoms, respectively, which play roles not only in weakening the CO2 
double-bond slightly but also in stabilizing the TS of the CO2 + H2O reaction.  

(2) In addition, the O atom of H2O easily approaches the C atom of CO2 when activated by the bending motion.                                                                                 

Electron density
Convergence condition: 10–4

Reaction Mechanisms

Adv. Sustain. Sys. 5, 2000156 (2021)

LUMO

Pinned by Coulomb interactions 

Model 

δ+δ– δ–

δ–δ–
δ+

δ+
δ–

δ–

凸: δ–, 凹: δ+ O=C=O
δ+δ– δ–

－31－



CO2 activation methods

Conventional

・ Radiochemical
・ Thermochemical
・ Biochemical
・ Photochemical
・ Electrochemical
・Catalysts

B. Khezri et al., J. Mater. Chem. A 5, 8230 (2017)

Reduction
To add electrons to LUMO 

(antibonding orbital)
Weakening O=C=O bonds

1D凹凸C60 Polymer

CO2 pinning
Angular vibration: LUMO energy decreases

Not reduction

LUMO electron affinity up↑
Increasing electron withdrawing

-

N-doped 1D 凹凸 C60 polymer exhibiting CO2 reduction efficiently

W. Zhou, H. Shen, Q. Wang, J. Onoe, Y. Kawazoe, and P. Jena, Carbon 152, 241 (2019)

Several kinds of substitution position
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Concave surface induces 
magnetic properties

3D exotic-nanocarbons

three C atoms has an 
unpaired electron

Y. Noda et al., Phys. Chem. Chem. Phys. 16, 7102 (2014) N. Park et al., Phys. Rev. Lett. 91, 237204 (2003)

Uneven curved surface makes the Dirac-
cone inclined to form an intense flat band at 
the Fermi level (like Pt)

2D exotic-nanocarbons

Curvature-driven new functional nanocarbons 
(theoretical prediction)

PNAS 112, 2372 (2015)
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Figure 1. Schematic illustration of a one-dimensional metallic C60 polymer with an 

uneven peanut-shaped structure similar to the cross-linked structure of the P08 C120 

stable isomer predicted using the general Stone-Wales rearrangement.  The area 

colored in sky blue represents a Riemannian curved space in which !-electrons move 

one-dimensionally.  The !r denotes the degree of uneven deformation. 
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IMI Workshop II: Geometry and Algebra in Material Science IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

A first-principles consideration of energetic
stability of peanut-shaped fullerene polymer

Yusuke NODA

Okayama Prefectural University

In a previous experimental study, it was reported that a peanut-shaped fullerene
polymer (PSFP) with a pseudo-one-dimensional structure can be formed by electron-
beam irradiation to C60 thin films. However, atomic-level structure of the PSFP is still
unclear, and various PSFP models have been proposed in previous theoretical studies.
In this study, we performed first-principles calculations based on density functional
theory, and evaluated energetic stability of various PSFP models. The relationship
between the energetic stability and geometrical structure of the PSFP was revealed by
computational results.
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IMI Workshop II: Geometry and Algebra in Material Science IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

Mathematical analysis of low-dimensional
nanocarbon materials focusing on the hierarchy of

lattice defects

Xiao-Wen LEI

Tokyo Institute of Technology

In this study, the objective is to obtain knowledge that will lead to the establishment
of a fundamental theory for designing curved surfaces, focusing on the representation
of the mechanical properties of graphene sheets (GS) using differential geometry. We
create several stable structure models of GS with different lattice defects using molec-
ular dynamics and perform mathematical analysis of their geometric and mechanical
properties. For the geometrical properties, we measure the mean curvature and Gauss-
ian curvature of the curved surfaces, and for the mechanical properties, we analyze the
internal stress distribution and potential energy distribution. Changes in mechanical
properties due to changes in structure and arrangement (especially hierarchy of lattice
defects) are also considered. Furthermore, the obtained results will be used to explore
the interrelationships between the geometrical and mechanical properties, which will
further pioneer the mathematical analysis of nanomaterial mechanics.
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(J. Kotakoski, et. al, Phys. Rev. B, 2011)

(https://qiita.com/tktk0430/items/ef15f9ce15c4aa79881d)

https://quizlet.com/87802654/

etc.
(Poo, Jiang, et. al, Nature, 2021)(Cordier, et. al, Nature, 2014)
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conjugate gradient method CG
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A. Hashimoto, K. Suenaga, A. Gloter, K. Urita, S. Iijima, Direct evidence for 
atomic defects in graphene layers, Nature, 430, (2004), 870-873

J. H. Lehman, M. Terrones, E. Mansfield, K. E. Hurst, Evaluating the
characteristics of multiwall carbon nanotubes, Carbon, 49, (2011), 2581-2602

[1]             [2]

[1] jst.go.jp/sentan/result/pdf_file/result001.pdf   [2] nanoflex.jp/public-j/research.htm l[3] https://www.azonano.com/news.aspx?newsID=38568 [4] https://pubs.acs.org/doi/10.1021/acs.accounts.1c00505
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IMI Workshop II: Geometry and Algebra in Material Science IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

Math behind C60 I, II

Hiroyuki OCHIAI

IMI, Kyushu University

In this two slot, I will review the article of B. Kostant
https://www.ams.org/notices/199509/kostant.pdf

with a fascinating title “The Graph of the Truncated Icosahedron and the Last Letter
of Galois” appeared in Notice of American Mathematical Society in 1995 July. The
organizer of this workshop noticed an intimate relation and suggested me to introduce
this paper for broad audience. A topic in this paper is a graph coming from objects like
C60, whose symmetry is described in groups. Several special groups play an important
role.
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IMI Workshop II: Geometry and Algebra in Material Science IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

Green function of boundary value problem and the
best constant of Sobolev inequality

Hiroyuki YAMAGISHI

Tokyo Metropolitan College of Industrial Technology

The Sobolev inequality shows that the supremum of a function is estimated from above
by a constant multiple of the potential energy. We have found the best constant and
function, which attain the equality. In the background, there is a boundary value prob-
lem of the linear differential equation corresponding to a bending problem of a string
or a beam. The solution is expressed by using the Green function. The Green function
is the reproducing kernel for a suitable set of a Hilbert space and an inner product.
Applying the Schwarz inequality to the reproducing relation, we have the Sobolev in-
equality. The best constant and function of the inequality are also expressed by using
the Green function. As an application, we consider the discrete version of the Sobolev
inequality corresponding to a classical mechanical model of the carbon molecular C60

fullerene. The discrete Sobolev inequality shows that the square of the maximum of
the deviation is estimated from above by constant multiples of the potential energy.
In the background, there is a bending problem of a classical mechanical model. The
solution is expressed by using the Green matrix. Using the Green matrix, we have the
best constant and the vector, which attain the equality. It is considered that the best
constant represents the rigidity of the mechanical model.
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境界値問題のグリーン関数と
ソボレフ不等式の最良定数

山岸 弘幸（都立高専）

亀高 惟倫（阪大）
渡辺 宏太郎（防衛大）
永井 敦（津田塾大）
武村 一雄（日大）
關戸 啓人（京大）
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微分方程式の境界値問題

解の積分核がグリーン関数

グリーン関数=再生核

ソボレフ不等式

最良定数はグリーン関数の対角成分の最大値

最良関数はグリーン関数の断面

高階楕円型偏微分方程式と
ソボレフ不等式の最良定数

∇ =

⎛
⎜⎜⎝

∂x1...
∂xN

⎞
⎟⎟⎠

Δ = ∇ · ∇ = ∂2
x1

+ ∂2
x2

+ · · · + ∂2
xN
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糸のたわみ問題と
ソボレフ不等式の最良定数
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q f(x)

u(x)

f(x) : 荷重密度

u(x) : 糸のたわみ

q = a2 : バネ定数

0 < a < ∞

IBVP⎧
⎨
⎩

�
∂2
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x + a2
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u = f(x, t) (x ∈ Ω, 0 < t < ∞)

IC, BC(Ω)

t → +∞

BVP�
−u�� + a2u = f(x) (x ∈ Ω)

BC(Ω)
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糸のたわみ問題と
ソボレフ不等式の最良定数
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BVP(P; a)�
−u�� + a2u = f(x) (0 < x < L)

u(i)(L) − u(i)(0) = 0 (i = 0, 1)
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G(P; a; x, y) f(y) dy

G(P; a; x, y) =
ch(a(|x − y| − L/2))

2a sh(aL/2)

BVP(m, n; a)�
−u�� + a2u = f(x) (0 < x < L)

u(m)(0) = u(n)(0) = 0 (m, n = 0, 1)

�

u(x) =

�
L

0

G(m, n; a; x, y) f(y) dy

G(m, n; a; x, y) =
Km(x ∧ y) Kn(L − x ∨ y)

Km + n(L)

K0(x) = a−1sh(ax), K1(x) = ch(ax), K2(x) = ash(ax)

H =
�

u
��� u, u� ∈ L2(0, L),⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

u(L) − u(0) = 0 (P)

u(0) = u(L) = 0 (m, n) = (0, 0)

u(0) = 0 (m, n) = (0, 1)

u(L) = 0 (m, n) = (1, 0)

なし (m, n) = (1, 1)

⎫
⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

�

(u, v)H =

�

Ω

�
u�(x)v�(x) + a2u(x)v(x)

�
dx

u(y) = (u(·), G(·, y))H =�

Ω

�
u�(x)∂xG(x, y) + a2u(x)G(x, y)

�
dx
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�
sup

0≤y≤L
|u(y)|

�2

≤ C �u�2
H ≡ C

� L

0

� ��u�(x)
��2 + a2 |u(x)|2

�
dx

C0 = sup
0≤y≤L

G(X; a; y, y) = G(X; a; y0, y0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G(P; a; y0, y0) =
1

2a th(aL/2)

G(0, 0; a; L/2, L/2) =
th(aL/2)

2a

G(0, 1; a; L, L) = G(1, 0; a; 0, 0) =
th(aL)

a

G(1, 1; a; 0, 0) = G(1, 1; a; L, L) =
1

a th(aL)

u(x) = G(X; a; x, y0) (0 < x < L)

�

�

�
�

��

�
�

��

�
�

��

�
�

��

�
�

��

f(x)

u(x)

f(x) : 荷重密度

u(x) : 糸のたわみ

BVP(P; 0)⎧⎪⎪⎨
⎪⎪⎩

−u�� = f(x) (0 < x < L)

u(i)(L) − u(i)(0) = 0 (i = 0, 1)

f(x)とu(x)はϕ0(x) = 1/
√

Lと直交
�

u(x) =

� L

0
G(P; 0; x, y) f(y) dy

G(P; 0; x, y) =

1

2L
|x − y|2 − 1

2
|x − y| +

1

12
L = L b2

�|x − y|
L

�
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�
sup

0≤y≤L
|u(y)|

�2

≤ C �u�2
H ≡ C

� L

0

� ��u�(x)
��2 + a2 |u(x)|2

�
dx

C0 = sup
0≤y≤L

G(X; a; y, y) = G(X; a; y0, y0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G(P; a; y0, y0) =
1

2a th(aL/2)

G(0, 0; a; L/2, L/2) =
th(aL/2)

2a

G(0, 1; a; L, L) = G(1, 0; a; 0, 0) =
th(aL)

a

G(1, 1; a; 0, 0) = G(1, 1; a; L, L) =
1

a th(aL)

u(x) = G(X; a; x, y0) (0 < x < L)

�

�

�
�

��

�
�

��

�
�

��

�
�

��

�
�

��

f(x)

u(x)

f(x) : 荷重密度

u(x) : 糸のたわみ

BVP(P; 0)⎧⎪⎪⎨
⎪⎪⎩

−u�� = f(x) (0 < x < L)

u(i)(L) − u(i)(0) = 0 (i = 0, 1)

f(x)とu(x)はϕ0(x) = 1/
√

Lと直交
�

u(x) =

� L

0
G(P; 0; x, y) f(y) dy

G(P; 0; x, y) =

1

2L
|x − y|2 − 1

2
|x − y| +

1

12
L = L b2

�|x − y|
L

�
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BVP(m, n; 0)⎧⎨
⎩

−u�� = f(x) (0 < x < L)

u(m)(0) = u(n)(L) = 0 (m, n = 0, 1)

(1, 1)：f(x)とu(x)はϕ0(x) = 1/
√

Lと直交
�
u(x) =

� L

0
G(m, n; 0; x, y) f(y) dy (0 < x < L)

G(0, 0; 0; x, y) =
1

L
(x ∧ y) (L − x ∨ y)

G(0, 1; 0; x, y) = x ∧ y

G(1, 0; 0; x, y) = L − x ∨ y

G(1, 1; 0; x, y) =

− 1

2
|x − y| +

1

4L

�
x2 + (L − x)2 + y2 + (L − y)2

�
− L

6

H =
�

u
���u� ∈ L2(0, L),⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u(L) − u(0) = 0,

� L

0
u(x)ϕ(x)dx = 0 (P)

u(0) = u(L) = 0 (0, 0)

u(0) = 0 (0, 1)

u(L) = 0 (1, 0)� L

0
u(x)ϕ(x)dx = 0 (1, 1)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

�

(u, v)A =

� L

0
u�(x)v�(x)dx, �u�2

A = (u, u)A

u(y) = (u(·), G(·, y))A =

� L

0
u�(x)∂xG(x, y)dx

⎛
⎝ sup

0≤y≤L
|u(y)|

⎞
⎠

2

≤ C �u�2
A ≡ C

� L

0

���u�(x)
���2 dx

C0 = sup
0≤y≤L

G(X; 0; y, y) = G(X; 0; y0, y0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G(P; 0; y0, y0) =
L

12

G(0, 0; 0; L/2, L/2) =
L

4

G(0, 1; 0; L, L) = G(1, 0; 0; 0, 0) = L

G(1, 1; 0; 0, 0) = G(1, 1; 0; L, L) =
L

3

u(x) = G(X; 0; x, y0) (x ∈ Ω)
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離散糸のたわみ問題

10-1 N-2 N-1 Ni

f(i)

u(i)

a

DBVP(X; a)⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−u(i − 1) + (2 + a)u(i) − u(i + 1) = f(i) (0 ≤ i ≤ N − 1)⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

u(−1) = u(N − 1), u(0) = u(N) (P)
u(−1) = 0, u(N) = 0 (0, 0)
u(−1) = 0, u(N − 1) − u(N) = 0 (0, 1)
u(−1) − u(0) = 0, u(N) = 0 (1, 0)
u(−1) − u(0) = 0, u(N − 1) − u(N) = 0 (1, 1)

�

u(i) =

N−1�
j=0

G(X; a; i, j) f(j) (0 ≤ i ≤ N − 1)

G(P; a; i, j) =
UN−|i−j|

�
a+2

2

�
+ U|i−j|

�
a+2

2

�

2(TN

�
a+2

2

�
− 1)

G(m, n; a; i, j) =�
Ui∧j+1

�
a+2

2

�
− mUi∧j

�
a+2

2

�� �
UN−i∨j

�
a+2

2

�
− nUN−1−i∨j

�
a+2

2

��

UN+1

�
a+2

2

�
− (m + n)UN

�
a+2

2

�
+ mnUN−1

�
a+2

2

�
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離散糸のたわみ問題

10-1 N-2 N-1 Ni

f(i)

u(i)

a

DBVP(X; a)⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−u(i − 1) + (2 + a)u(i) − u(i + 1) = f(i) (0 ≤ i ≤ N − 1)⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

u(−1) = u(N − 1), u(0) = u(N) (P)
u(−1) = 0, u(N) = 0 (0, 0)
u(−1) = 0, u(N − 1) − u(N) = 0 (0, 1)
u(−1) − u(0) = 0, u(N) = 0 (1, 0)
u(−1) − u(0) = 0, u(N − 1) − u(N) = 0 (1, 1)

�

u(i) =

N−1�
j=0

G(X; a; i, j) f(j) (0 ≤ i ≤ N − 1)

G(P; a; i, j) =
UN−|i−j|

�
a+2

2

�
+ U|i−j|

�
a+2

2

�

2(TN

�
a+2

2

�
− 1)

G(m, n; a; i, j) =�
Ui∧j+1

�
a+2

2

�
− mUi∧j

�
a+2

2

�� �
UN−i∨j

�
a+2

2

�
− nUN−1−i∨j

�
a+2

2

��

UN+1

�
a+2

2

�
− (m + n)UN

�
a+2

2

�
+ mnUN−1

�
a+2

2

�
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DBVP(X; a)

(A + aI)u = f

A(P) + aI =

⎛
⎜⎜⎜⎜⎝

2 + a −1 −1
−1 2 + a −1

. . . . . . . . .
−1 2 + a −1

−1 −1 2 + a

⎞
⎟⎟⎟⎟⎠

N×N

A(m, n) + aI =

⎛
⎜⎜⎜⎜⎝

2 + a − m −1
−1 2 + a −1

. . . . . . . . .
−1 2 + a −1

−1 2 + a − n

⎞
⎟⎟⎟⎟⎠

N×N

�
u = G(a)f

G(a) = (A + aI)−1 =

�
G(X; a; i, j)

�

0≤i,j≤N−1

,

G(P; a; i, j) =
UN−|i−j|

�
a+2

2

�
+ U|i−j|

�
a+2

2

�

2(TN

�
a+2

2

�
− 1)

G(m, n; a; i, j) =�
Ui∧j+1

�
a+2

2

�
− mUi∧j

�
a+2

2

�� �
UN−i∨j

�
a+2

2

�
− nUN−1−i∨j

�
a+2

2

��

UN+1

�
a+2

2

�
− (m + n)UN

�
a+2

2

�
+ mnUN−1

�
a+2

2

�

TN(cos(θ)) = cos(Nθ), UN(cos(θ)) =
sin(Nθ)

sin(θ)

(u, v) = v∗u

�u�2 = (u, u) =

N−1�
i=0

|u(i)|2

(u, v)H = ((A + aI)u, v) = v∗(A + aI)u

�u�2
H = (u, u)H =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N−2�
i=0

|u(i) − u(i + 1)|2 + |u(N − 1) − u(0)|2 (P)

|u(0)|2 +

N−2�
i=0

|u(i) − u(i + 1)|2 + |u(N − 1)|2 (0, 0)

|u(0)|2 +

N−2�
i=0

|u(i) − u(i + 1)|2 (0, 1)

N−2�
i=0

|u(i) − u(i + 1)|2 + |u(N − 1)|2 (1, 0)

N−2�
i=0

|u(i) − u(i + 1)|2 (1, 1)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+ a

N−1�
i=0

|u(i)|2

u(j) = (u, G(a)δj)H (u ∈ CN), δj = t(· · · , δij, · · · )0≤i≤N−1
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�
max

0≤j≤N−1
| u(j) |

�2

≤ C � u �2
H (u ∈ CN)

C0(a) = max
0≤j≤N−1

tδjG(a)δj = G(X; a; j0, j0) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G(P; a; j0, j0) =
UN

�
2+a

2

�

2(TN

�
2+a

2

� − 1)

G(0, 0; a; j0, j0)
���
j0=�N−1

2
�
=

U�N+1

2
�
�

2+a
2

�
U�N+2

2
�
�

2+a
2

�

UN+1

�
2 + a

2

�

G(0, 1; a; j0, j0)
���
j0=N−1

=

UN

�
2 + a

2

�

UN+1

�
2+a

2

� − UN

�
2+a

2

�

G(1, 0; a; j0, j0)
���
j0=0

=
UN

�
2+a

2

�

UN+1

�
2+a

2

� − UN

�
2+a

2

�

G(1, 1; a; j0, j0)
���
j0=0,N−1

=
UN

�
2+a

2

� − UN−1

�
2+a

2

�

UN+1

�
2+a

2

� − 2UN

�
2+a

2

�
+ UN−1

�
2+a

2

�

u = G(a)δj0
= t( G(X; a; i, j0) )0≤i≤N−1

10-1 N-2 N-1 Ni

f(i)

u(i)

DBVP(X; 0)⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−u(i − 1) + 2u(i) − u(i + 1) = f(i) (0 ≤ i ≤ N − 1)⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u(−1) = u(N − 1), u(0) = u(N) (X) = (P)
u(−1) = 0, u(N) = 0 (X) = (0, 0)
u(−1) = 0, u(N − 1) − u(N) = 0 (X) = (0, 1)
u(−1) − u(0) = 0, u(N) = 0 (X) = (1, 0)
u(−1) − u(0) = 0, u(N − 1) − u(N) = 0 (X) = (1, 1)

(P)と (1, 1)：uとfはϕ0 = (1/
√

N)t(1, · · · , 1) ∈ CNと直交
�

u(i) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

N−1�
j=0

G(X; 0; i, j) f(j) (X) = (0, 0), (0, 1), (1, 0)

N−1�
j=0

G∗(X; i, j) f(j) (X) = (P), (1, 1)

G(m, n; 0; i, j) =
(i ∧ j + 1 − m(i ∧ j)) (N − i ∨ j − n(N − 1 − i ∨ j))

N + 1 − (m + n)N + mn(N − 1)

G∗(P; i, j) = b2(N ; |i − j|), b2(N ; i) =
1

2N
i2 − 1

2
i +

N2 − 1

12N

G∗(1, 1; i, j) = b2(2N ; |i − j|) + b2(2N ; 1 + i + j)
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�
max

0≤j≤N−1
| u(j) |

�2

≤ C � u �2
H (u ∈ CN)

C0(a) = max
0≤j≤N−1

tδjG(a)δj = G(X; a; j0, j0) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G(P; a; j0, j0) =
UN

�
2+a

2

�

2(TN

�
2+a

2

� − 1)

G(0, 0; a; j0, j0)
���
j0=�N−1

2
�
=

U�N+1

2
�
�

2+a
2

�
U�N+2

2
�
�

2+a
2

�

UN+1

�
2 + a

2

�

G(0, 1; a; j0, j0)
���
j0=N−1

=

UN

�
2 + a

2

�

UN+1

�
2+a

2

� − UN

�
2+a

2

�

G(1, 0; a; j0, j0)
���
j0=0

=
UN

�
2+a

2

�

UN+1

�
2+a

2

� − UN

�
2+a

2

�

G(1, 1; a; j0, j0)
���
j0=0,N−1

=
UN

�
2+a

2

� − UN−1

�
2+a

2

�

UN+1

�
2+a

2

� − 2UN

�
2+a

2

�
+ UN−1

�
2+a

2

�

u = G(a)δj0
= t( G(X; a; i, j0) )0≤i≤N−1

10-1 N-2 N-1 Ni

f(i)

u(i)

DBVP(X; 0)⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−u(i − 1) + 2u(i) − u(i + 1) = f(i) (0 ≤ i ≤ N − 1)⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u(−1) = u(N − 1), u(0) = u(N) (X) = (P)
u(−1) = 0, u(N) = 0 (X) = (0, 0)
u(−1) = 0, u(N − 1) − u(N) = 0 (X) = (0, 1)
u(−1) − u(0) = 0, u(N) = 0 (X) = (1, 0)
u(−1) − u(0) = 0, u(N − 1) − u(N) = 0 (X) = (1, 1)

(P)と (1, 1)：uとfはϕ0 = (1/
√

N)t(1, · · · , 1) ∈ CNと直交
�

u(i) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

N−1�
j=0

G(X; 0; i, j) f(j) (X) = (0, 0), (0, 1), (1, 0)

N−1�
j=0

G∗(X; i, j) f(j) (X) = (P), (1, 1)

G(m, n; 0; i, j) =
(i ∧ j + 1 − m(i ∧ j)) (N − i ∨ j − n(N − 1 − i ∨ j))

N + 1 − (m + n)N + mn(N − 1)

G∗(P; i, j) = b2(N ; |i − j|), b2(N ; i) =
1

2N
i2 − 1

2
i +

N2 − 1

12N

G∗(1, 1; i, j) = b2(2N ; |i − j|) + b2(2N ; 1 + i + j)
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DBVP(X; 0)�
Au = f

(P)と(1, 1)：uとfはϕ0 = (1/
√

N)t(1, · · · , 1) ∈ CNと直交

A(P) =

⎛
⎜⎜⎜⎜⎝

2 −1 −1
−1 2 −1

. . . . . . . . .
−1 2 −1

−1 −1 2

⎞
⎟⎟⎟⎟⎠

N×N

A(m, n) =

⎛
⎜⎜⎜⎜⎝

2 − m −1
−1 2 −1

. . . . . . . . .
−1 2 −1

−1 2 − n

⎞
⎟⎟⎟⎟⎠

N×N

�
u =

�
G(0)f (X) = (0, 0), (0, 1), (1, 0)
G∗f (X) = (P), (1, 1)

G(0) = A−1 =

�
G(X; 0; i, j)

�

0≤i,j≤N−1

,

G(m, n; 0; i, j) =

(i ∧ j + 1 − m(i ∧ j)) (N − i ∨ j − n(N − 1 − i ∨ j))

N + 1 − (m + n)N + mn(N − 1)

G∗ = lim
a→0

�
G(a) − a−1E0

�
=

�
G∗(X; i, j)

�

0≤i,j≤N−1

E0 = tϕ0ϕ0

G∗(P; i, j) = b2(N ; |i − j|), b2(N ; i) =
1

2N
i2 − 1

2
i +

N2 − 1

12N
G∗(1, 1; i, j) = b2(2N ; |i − j|) + b2(2N ; 1 + i + j)

(u, v)A = (Au, v) = v∗Au

�u�2
A = (u, u)A =⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N−2�
i=0

|u(i) − u(i + 1)|2 + |u(N − 1) − u(0)|2 (P)

|u(0)|2 +

N−2�
i=0

|u(i) − u(i + 1)|2 + |u(N − 1)|2 (0, 0)

|u(0)|2 +

N−2�
i=0

|u(i) − u(i + 1)|2 (0, 1)

N−2�
i=0

|u(i) − u(i + 1)|2 + |u(N − 1)|2 (1, 0)

N−2�
i=0

|u(i) − u(i + 1)|2 (1, 1)

u(j) =

�
(u, G(0)δj)A (u ∈ CN) (0, 0), (0, 1), (1, 0)
(u, G∗δj)A (u ∈ CN

0 ) (P), (1, 1)

CN
0 = CN ∩ �

tϕ0u = 0
�
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�
max

0≤j≤N−1
| u(j) |

�2

≤ C � u �2
A

�
(u ∈ CN) (0, 0), (0, 1), (1, 0)
(u ∈ CN

0 ) (P), (1, 1)

�

C0 =

⎧
⎨
⎩

max
0≤j≤N−1

tδjG(0)δj (0, 0), (0, 1), (1, 0)

max
0≤j≤N−1

tδjG∗δj (P), (1, 1)

⎫
⎬
⎭ =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G∗(P; j0, j0) =
N2 − 1

12N

G(0, 0; 0; j0, j0)
���
j0=�N−1

2
�
=

1

N + 1

�
N + 1

2

� �
N + 2

2

�

G(0, 1; 0; j0, j0)
���
j0=N−1

= N

G(1, 0; 0; j0, j0)
���
j0=0

= N

G∗(1, 1; j0, j0)
���
j0=0,N−1

=
1

6N
(N − 1)(2N − 1)

u =

�
G(0)δj0

= t( G(X; 0; i, j0) )0≤i≤N−1 (0, 0), (0, 1), (1, 0)
G∗δj0

= t( G∗(X; i, j0) )0≤i≤N−1 (P), (1, 1)

正多面体と
離散ソボレフ不等式の最良定数

　

多面体 記号 面F 頂点N 辺E 炭素
正4面体 R4 4 4 6

正6面体 R6 6 8 12

正8面体 R8 8 6 12

正12面体 R12 12 20 30 C20
正20面体 R20 20 12 30

切頂正4面体 T4 8 12 18

切頂正6面体 T6 14 24 36

切頂正8面体 T8 14 24 36

切頂正12面体 T12 32 60 90

切頂正20面体 T20 32 60 90 C60

F + N = E + 2
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�
max

0≤j≤N−1
| u(j) |

�2

≤ C � u �2
A

�
(u ∈ CN) (0, 0), (0, 1), (1, 0)
(u ∈ CN

0 ) (P), (1, 1)

�

C0 =

⎧
⎨
⎩

max
0≤j≤N−1

tδjG(0)δj (0, 0), (0, 1), (1, 0)

max
0≤j≤N−1

tδjG∗δj (P), (1, 1)

⎫
⎬
⎭ =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G∗(P; j0, j0) =
N2 − 1

12N

G(0, 0; 0; j0, j0)
���
j0=�N−1

2
�
=

1

N + 1

�
N + 1

2

� �
N + 2

2

�

G(0, 1; 0; j0, j0)
���
j0=N−1

= N

G(1, 0; 0; j0, j0)
���
j0=0

= N

G∗(1, 1; j0, j0)
���
j0=0,N−1

=
1

6N
(N − 1)(2N − 1)

u =

�
G(0)δj0

= t( G(X; 0; i, j0) )0≤i≤N−1 (0, 0), (0, 1), (1, 0)
G∗δj0

= t( G∗(X; i, j0) )0≤i≤N−1 (P), (1, 1)

正多面体と
離散ソボレフ不等式の最良定数

　

多面体 記号 面F 頂点N 辺E 炭素
正4面体 R4 4 4 6

正6面体 R6 6 8 12

正8面体 R8 8 6 12

正12面体 R12 12 20 30 C20
正20面体 R20 20 12 30

切頂正4面体 T4 8 12 18

切頂正6面体 T6 14 24 36

切頂正8面体 T8 14 24 36

切頂正12面体 T12 32 60 90

切頂正20面体 T20 32 60 90 C60

F + N = E + 2
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R6

1 2

5

3

67 4 7

0

4

3 0

e = {(0, 1), (0, 3), (0, 7), (1, 2), (1, 6), (2, 3),

(2, 5), (3, 4), (4, 5), (4, 7), (5, 6), (6, 7)}

R6

Bu =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u(0) − u(1)
u(0) − u(3)
u(0) − u(7)
u(1) − u(2)
u(1) − u(6)
u(2) − u(3)
u(2) − u(5)
u(3) − u(4)
u(4) − u(5)
u(4) − u(7)
u(5) − u(6)
u(6) − u(7)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0 0 0 0 0 0
1 0 0 −1 0 0 0 0
1 0 0 0 0 0 0 −1
0 1 −1 0 0 0 0 0
0 1 0 0 0 0 −1 0
0 0 1 −1 0 0 0 0
0 0 1 0 0 −1 0 0
0 0 0 1 −1 0 0 0
0 0 0 0 1 −1 0 0
0 0 0 0 1 0 0 −1
0 0 0 0 0 1 −1 0
0 0 0 0 0 0 1 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u(0)
u(1)
u(2)
u(3)
u(4)
u(5)
u(6)
u(7)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�Bu�2 = (Bu)∗(Bu) = u∗B∗Bu = u∗Au = �u�2
A =

|u(0) − u(1)|2 + |u(0) − u(3)|2 + |u(0) − u(7)|2 + |u(1) − u(2)|2+
|u(1) − u(6)|2 + |u(2) − u(3)|2 + |u(2) − u(5)|2 + |u(3) − u(4)|2+
|u(4) − u(5)|2 + |u(4) − u(7)|2 + |u(5) − u(6)|2 + |u(6) − u(7)|2

R6

A = B∗B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3 −1 0 −1 0 0 0 −1

−1 3 −1 0 0 0 −1 0

0 −1 3 −1 0 −1 0 0

−1 0 −1 3 −1 0 0 0

0 0 0 −1 3 −1 0 −1

0 0 −1 0 −1 3 −1 0

0 −1 0 0 0 −1 3 −1

−1 0 0 0 −1 0 −1 3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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A =

�
a(i, j)

�

0≤i,j≤N−1

,

a(i, j) =

⎧⎪⎪⎨
⎪⎪⎩

d (i = j)

−1 (i, j), (j, i) ∈ e

0 (otherwise)

d =

⎧⎪⎪⎨
⎪⎪⎩

3 (R4, R6, R12, T4, T6, T8, T12, T20)

4 (R8)

5 (R20)

DEVP

Aϕk = λkϕk (0 ≤ k ≤ N − 1)

0 = λ0 < λ1 ≤ λ2 ≤ · · · ≤ λN−1

ϕ0 =
1√
N

t(1, · · · , 1) ∈ CN

DBVP�
Au = f
tϕ0u = 0, tϕ0f = 0

�
u = G∗f

G∗ = lim
a→+0

�
G(a) − a−1E0

�

G(a) = (A + aI)−1, E0 = ϕ0
tϕ0

－128－



A =

�
a(i, j)

�

0≤i,j≤N−1

,

a(i, j) =

⎧⎪⎪⎨
⎪⎪⎩

d (i = j)

−1 (i, j), (j, i) ∈ e

0 (otherwise)

d =

⎧⎪⎪⎨
⎪⎪⎩

3 (R4, R6, R12, T4, T6, T8, T12, T20)

4 (R8)

5 (R20)

DEVP

Aϕk = λkϕk (0 ≤ k ≤ N − 1)

0 = λ0 < λ1 ≤ λ2 ≤ · · · ≤ λN−1

ϕ0 =
1√
N

t(1, · · · , 1) ∈ CN

DBVP�
Au = f
tϕ0u = 0, tϕ0f = 0

�
u = G∗f

G∗ = lim
a→+0

�
G(a) − a−1E0

�

G(a) = (A + aI)−1, E0 = ϕ0
tϕ0

－128－

CN
0 =

{
u ∈ CN | tϕ0u = 0

}

(u, v) = v∗u

(u, v)A = (Au, v) = v∗Au

u(j) = (u, G∗δj)A

δj = t(· · · , δij, · · · )0≤i≤N−1

(
max

0≤j≤N−1
| u(j) |

)2

≤ C �u�2
A ≡ C

∑

(i,j)∈e

|u(i) − u(j)|2

C0 = max
0≤j≤N−1

tδjG∗δj = tδj0
G∗δj0

=
1

N

N−1∑

k=1

1

λk

u = G∗δj0
∈ CN

正4面体

1 2

0

33 1

C0(R4) =
3

16
= 0.187 · · ·
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正6面体

1 2

5

3

67 4 7

0

4

3 0

C0(R6) =
29

96
= 0.302 · · ·

正8面体

154

0

21

3

5

C0(R8) =
13

72
= 0.180 · · ·

正12面体（C20）

432

12 10 8

13 11 9

14 15 16 17 18

2

12

13

14

5

6

7

1

0

19

18

1

0

19

C0(R12) =
137

300
= 0.456 · · ·
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正6面体

1 2

5

3

67 4 7

0

4

3 0

C0(R6) =
29

96
= 0.302 · · ·

正8面体

154

0

21

3

5

C0(R8) =
13

72
= 0.180 · · ·

正12面体（C20）

432

12 10 8

13 11 9

14 15 16 17 18

2

12

13

14

5

6

7

1

0

19

18

1

0

19

C0(R12) =
137

300
= 0.456 · · ·
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正20面体

501

4

23

9 10

7

11 68 8

5

6

3

C0(R20) =
7

36
= 0.194 · · ·

切頂正4面体

1

0 11

1062

987543

11

10

9

1

2

3

C0(T4) =
301

720
= 0.418 · · ·

切頂正6面体

101317

91112141516

20

6

78

19

18

2321

22

17

16

19

18

20

1

43

5

6

7

4

5

C0(T6) =
173

288
= 0.601 · · ·

－131－



切頂正8面体

1 8

22

151619

20 21 2 3

18 17 14 23 0 9

12 13 10

7

6

11

4

5

1619

20

18 17

12

3

7

6

11

4

5

C0(T8) =
1019

2016
= 0.505 · · ·

切頂正12面体

30 31

32

33

34 35 36 37

38

39

40 41

52 53

51

50

49

48 47

46

45

58

54 55

56

57

59

44

42 43

0

26

22

24

1

25

21

2

20 18

27

28

17

16

19

7

3

6 854

23

14 1315

12

11

9 10

29

C0(T12) =
64

75
= 0.853 · · ·

切頂正20面体（C60）

0 11 12

13101

14

9

652

19

37

16

17 18

38

15

45

8

46

7

49

4

50

3

5758

59 56 51 48 47

55

52

43

5354 42

44 39

40

41

36 35

31

30

32 59

23

22

27

33

20

21 26

34

0

1

2

3

24

25

28

29

58

27

26

24

25

28

29

31

30

32

33 57

56

54

55

C0(T20) =
239741

376200
= 0.637 · · ·
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切頂正8面体

1 8

22

151619

20 21 2 3

18 17 14 23 0 9

12 13 10

7

6

11

4

5

1619

20

18 17

12

3

7

6

11

4

5

C0(T8) =
1019

2016
= 0.505 · · ·

切頂正12面体

30 31

32

33

34 35 36 37

38

39

40 41

52 53

51

50

49

48 47

46

45

58

54 55

56

57

59

44

42 43

0

26

22

24

1

25

21

2

20 18

27

28

17

16

19

7

3

6 854

23

14 1315

12

11

9 10

29

C0(T12) =
64

75
= 0.853 · · ·

切頂正20面体（C60）

0 11 12

13101

14

9

652

19

37

16

17 18

38

15

45

8

46

7

49

4

50

3

5758

59 56 51 48 47

55

52

43

5354 42

44 39

40

41

36 35

31

30

32 59

23

22

27

33

20

21 26

34

0

1

2

3

24

25

28

29

58

27

26

24

25

28

29

31

30

32

33 57

56

54

55

C0(T20) =
239741

376200
= 0.637 · · ·
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多面体 記号 頂点 面 辺 最良定数 近似値
正4面体 R4 4 4 6 3/16 0.187 · · ·
正6面体 R6 8 6 12 29/96 0.302 · · ·
正8面体 R8 6 8 12 13/72 0.180 · · ·
正12面体 R12 20 12 30 137/300 0.456 · · ·
正20面体 R20 12 20 30 7/36 0.194 · · ·
切頂正4面体 T4 12 8 18 301/720 0.418 · · ·
切頂正6面体 T6 24 14 36 173/288 0.601 · · ·
切頂正8面体 T8 24 14 36 1019/2016 0.505 · · ·
切頂正12面体 T12 60 32 90 64/75 0.853 · · ·
切頂正20面体 T20 60 32 90 239741/376200 0.637 · · ·

オイラーの多面体定理 F + N = E + 2

フラーレンと
離散ソボレフ不等式の最良定数

Cnフラーレン
炭素原子n個 5員環12個, 6員環0個以上で球状に構成

C20, C24, C26, C28, C30, · · · , C60, · · ·
C20=正12面体, C60バッキーボール=切頂正20面体

Cnフラーレンの異性体
5員環と6員環の模様が異なる

C20 1
C24 1
C26 1
C28 2
C30 3

C32 6
C34 6
C36 15
C38 17
C40 40

C42 45
C44 89
C46 116
C48 199
C50 271

C52 437
C54 580
C56 924
C58 1205
C60 1812
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古典力学モデル（炭素原子のたわみ問題）

炭素原子同士の距離が1

バネ定数1の線形バネで結ばれる

離散ソボレフ不等式の最良定数 = 古典力学モデルの「かたさ」

値が小さいほど「かたい」

DBVP�
Au = f
tϕ0u = 0, tϕ0f = 0, ϕ0 = 1√

N
t(1, · · · , 1) ∈ CN

�
u = G∗f, G∗ = lim

a→+0

�
G(a) − a−1E0

�

G(a) = (A + aI)−1, E0 = ϕ0
tϕ0

u = t(u(0), · · · , u(N − 1)), f = t(f(0), · · · , f(N − 1))

A =

�
a(i, j)

�

0≤i,j≤N−1

, a(i, j) =

⎧⎨
⎩

3 (i = j)
−1 (i, j), (j, i) ∈ e
0 (otherwise)

CN
0 =

�
u ∈ CN | tϕ0u = 0

�

(u, v) = v∗u,

(u, v)A = (Au, v) = v∗Au

�u�2
A = (u, u)A = u∗Au =

�

(i,j)∈e

|u(i) − u(j)|2

u(j) = (u, G∗δj)A

δj = t(· · · , δij, · · · )0≤i≤N−1
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古典力学モデル（炭素原子のたわみ問題）

炭素原子同士の距離が1

バネ定数1の線形バネで結ばれる

離散ソボレフ不等式の最良定数 = 古典力学モデルの「かたさ」

値が小さいほど「かたい」

DBVP�
Au = f
tϕ0u = 0, tϕ0f = 0, ϕ0 = 1√

N
t(1, · · · , 1) ∈ CN

�
u = G∗f, G∗ = lim

a→+0

�
G(a) − a−1E0

�

G(a) = (A + aI)−1, E0 = ϕ0
tϕ0

u = t(u(0), · · · , u(N − 1)), f = t(f(0), · · · , f(N − 1))

A =

�
a(i, j)

�

0≤i,j≤N−1

, a(i, j) =

⎧⎨
⎩

3 (i = j)
−1 (i, j), (j, i) ∈ e
0 (otherwise)

CN
0 =

�
u ∈ CN | tϕ0u = 0

�

(u, v) = v∗u,

(u, v)A = (Au, v) = v∗Au

�u�2
A = (u, u)A = u∗Au =

�

(i,j)∈e

|u(i) − u(j)|2

u(j) = (u, G∗δj)A

δj = t(· · · , δij, · · · )0≤i≤N−1
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(
max

0≤j≤N−1
| u(j) |

)2

≤ C �u�2
A ≡ C

∑

(i,j)∈e

|u(i) − u(j)|2

C0 = max
0≤j≤N−1

tδjG∗δj = tδj0G∗δj0

u = G∗δj0

フラーレンの安定性に関する研究成果

孤立5員環則 → 昔の手法

離散ラプラシアンの固有値による評価 → いくかある

離散ソボレフ不等式の最良定数で評価する先行研究 → ない

離散ソボレフ不等式の最良定数で評価する利点

離散ラプラシアンの固有値を調べる必要がない

計算がMathematica で簡単に実行できる

C60フラーレン

炭素原子60個 5員環12個と6員環20個
代表はバッキーボール（切頂正20面体，孤立5員環則）
異性体は1812個

1970年 大澤映二が存在を予言

1985年 クロトー，スモーリーらが存在を確認

1996年 ノーベル化学賞
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カーボンナノチューブ

グラフェンを円筒にしたもの

側面が6員環，両端はフラーレンを2つに割った半球

ねじり方の違いで導体や半導体になる
アームチェア型，ジグザグ型，カイラル型

人間がつくる最も細いチューブ

1991年 飯島澄男が発見

対称フラーレン

平面グラフの中央横軸
ジグザグライン ジグザグリング アームチェアリング

L R A

平面グラフの中央横軸上の1点について点対称

A60A1（バッキーボール） 長さ10アームチェアリング6本
長さ18ジグザグライン10本
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C0(A60A1) � 0.63727 1/1812
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n C0(n)
1 0.6372700691 バッキーボール
2 0.6577294008 ツイステッドバッキーボール
... ...

12 0.6594161135 カメボール
... ...

42 0.6669694342 大車輪
... ...

166 0.6719601465 ヒフミクン
... ...

387 0.6839200228 トリプルスリー AAA60A1
... ...

1025 0.7020639322 カーボンナノチューブ RR60A1
... ...

1690 0.7352465097 カーボンナノチューブ RRR60A1
... ...

1800 0.7732895993 カーボンナノチューブ RR60B1
... ...

1811 0.8325592565
1812 0.8578134657 カーボンナノチューブ RRRR60A1

C60
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IMI Workshop II: Geometry and Algebra in Material Science IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

On discrete constant principal curvature surfaces

Yuta OGATA

Kyoto Sangyo University

In this talk, we will study the discrete surface theory on a full 3-ary oriented tree and
introduce the notion of discrete principal curvatures on them. In order to investigate
the geometric meaning of discrete principal curvatures, we will also define a discrete
analog of principal directions on discrete surfaces. At the end of the talk, we also show
some examples of discrete constant principal curvature surfaces.
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IMI Workshop II: Geometry and Algebra in Material Science IV

September 4 - 5, 2023, West W1-D-413, Kyushu University, Fukuoka, Japan

Mathematical and computational science governing
the functions of molecules and materials in nature

Shinichiro NAKAMURA

Kumamoto University

The author has been involved in the design of molecules and materials in the fields of
industry, government, and academia. The methods are quantum chemistry, molecular
dynamics, and first-principles calculations. Recently also applied is a data science
(DS) approach. From that experience, I have been fascinated by photosynthesis that
embodies ”natural intelligence” and the splendor of pigment molecules that exist in
nature. “ Natural intelligence” is beyond the current artificial intelligence. Aiming
at this understanding, the authors will present the results on the as yet unexplored
mechanism by which photosynthesis generates oxygen from water and converts CO2

into starch. In addition, I will report on research that attempted to design by learning
from the naturally occurring pigment called porphyra-334. I would also like to touch
on strategies guided by category theory.
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MOCVD：GaAsウエハ成長を制御せよという
課題でした ！
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自然知能の権化 を用いた

海草中の色素は過剰 エネルギー
を如何に処理しているか？
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アプローチ １ 計算： 量子化学

この色素分子の光励起状態の特徴を徹底的に調べた！

アプローチ ２ 計算

励起した分子が水の中で、いかなる仕組みでエネルギーを外に逃がして
いるのか、量子論（半古典）分子動力学で調べた！
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Unique Structural Relaxations and Molecular Conformations of
Porphyra-334 at the Excited State
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Japan
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pubs.acs.org/JPCBCite This: J. Phys. Chem. B 2019, 123, 7649−7656

ABSTRACT: Quantum chemistry based simulations were
used to examine the excited state of porphyra-334, one of the
fundamental mycosporine-like amino acids present in a wide
variety of aqueous organisms. Our calculations reveal three
characteristic aspects of porphyra-334 related to either its
ground or excited state. Specifically, (i) the ground state (S0)
structure consists of a planar geometry in which three units
can be identified, the central cyclohexene ring, the glycine
branch, and the threonine branch, reflecting the π conjugation
of the system; (ii) the first singlet excited state (S1) shows a
large oscillator strength and a typical ππ* excitation character;
and (iii) upon relaxation at S1, the originally ground state
planar structure undergoes a relaxation to a nonplanar one, S1, especially at the carbon−nitrogen (CN) groups linking the
cyclohexene ring to the glycine or threonine arm. The induced nonplanarity can be ascribed to the fact that the carbon atoms of
the CN groups prefer an sp3 hybridization in the S1 state. At the singlet state, these processes are unlikely to be trapped by
singlet−triplet intersystem crossing especially when these occur in the hydrophilic zwitter-ion forms of porphyra-334. These
results provide the missing information for thorough interpretation of the stability of porphyra-334 upon UV irradiation.

もう少し詳細を
確かめておきたい
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Chem-VAE（Chemical Variational Auto encoder)
を駆使すれば

天然色素ポルフィラ334を超える
新しい分子が設計できるか？？

～Conventional分子設計法（類似検索）と比較～

－178－



Chem-VAE（Chemical Variational Auto encoder)
を駆使すれば

天然色素ポルフィラ334を超える
新しい分子が設計できるか？？

～Conventional分子設計法（類似検索）と比較～

－178－ －179－



－180－



－180－

Figure 1. (a) A diagram of the autoencoder used for molecular design, including the joint property prediction model. Starting from a discrete
molecular representation, such as a SMILES string, the encoder network converts each molecule into a vector in the latent space, which is effectively
a continuous molecular representation. Given a point in the latent space, the decoder network produces a corresponding SMILES string. A mutilayer
perceptron network estimates the value of target properties associated with each molecule. (b) Gradient-based optimization in continuous latent
space. After training a surrogate model f(z) to predict the properties of molecules based on their latent representation z, we can optimize f(z) with
respect to z to find new latent representations expected to have high values of desired properties. These new latent representations can then be
decoded into SMILES strings, at which point their properties can be tested empirically.
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