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Preface

This workshop, held at the Kyushu University Institute of Mathematics for Industry on November
25-26, 2024, was intended as a forum for discussions about software verification, formalization of
mathematics and formal verification of mathematical proofs. Participants included both researchers
studying mathematics, logic, programming languages and software engineering, and engineers de-
veloping software. The total number of participants was around 80, and they listened to 25 talks and
lectures.

In particular, Pierre-Marie Pédrot (INRIA, France), gave a special lecture about the underpinnings
of interactive theorem provers, both from a theoretical and practical perspective. We shared our
experiences about the present uses of formal proofs and theorem provers in each field. We also
discussed ideas for future research to develop reliable software.

As customary for the TPP workshop series, TPPmark2024 allowed us to compare proofs of the
same theorem using different approaches.

Recently, proof assistant systems are used not only for program verification, but also to verify
formal mathematical proofs, which are hard to verify by humans alone. Formalization of mathemat-
ics is becoming more and more important for the verification of programs relying on mathematics.
We hope that this will lead to progress in research on mathematics, computer science and software
engineering, using formal proofs and proof assistant systems.

This year, TPP (Theorem Proving and Provers Meeting) was held in Kyushu University. This
was the twentieth edition, and we wish to thank the organizers and participants of previous TPP

workshops, held in the following locations:

JAIST (2005,2006), Tsukuba Univ.(2007), Tohoku Univ.(2008), Kwansei Gakuin Univ.(2009),
Nagoya Univ.(2010), AIST(2011), Chiba Univ.(2012), Shinshu Univ.(2013), Kyushu
Univ.(2014), Kanagawa Univ.(2015), Ochanomizu Women Univ.(2016), Kyoto Univ.(2017),
Tohoku Univ.(2018), NII (2019), Yamaguchi Univ.(2020), Kitami Institute of Technol-

ogy (2021), Eiheiji (2022), Tokyo Institute of Technology (2023),

You can find links to those from the TPP2024 homepage *. The problem and answers of the
TPPmark2014 are available from a repository *.

This workshop could not have taken place without the continuous support of Professor Yoshihiro
Mizoguchi at Kyushu University, and Reynald Affeldt of AIST.

This work was supported by the Institute of Mathematics for Industry, Joint Usage/Research Cen-
ter in Kyushu University. (FY2024 Grant for Project Research—Short-term Joint Research “Com-
puter Assisted Theorem Proving and Applications” (2024a024)).

December, 2024.

Jacques Garrigue (Nagoya University)
Kazuhisa Nakasho (Yamaguchi University)

Yasuhiko Minamide  (Institute of Science Tokyo)

Shttps://www.math.nagoya-u.ac.jp/~garrigue/tpp2024/
“https://github.com/garrigue/tppmark2024
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25min (20min + 5min questions) per talk, except where otherwise indicated.

Monday, November 25

12:50-13:00: Opening
13:00-14:00

A Kernel of Truth (Invited talk)

Pierre-Marie Pédrot (INRIA Atlantique)
In this talk we will dive into the innards of a proof assistant based on type theory. We will focus
more precisely on the technical constraints that this foundational setting generates, notably about
the importance of computation at large. Contrarily to the dry and out-of-fashion feeling that this
kind of topic may convey, it actually is a lively research area with many consequences, both for
design and usage of such software.

14:15-16:10

Formalizing Premium Calculation of Life Insurance (30mn)

Yosuke lto (Sompo Himawari Life Insurance Inc.)
Calculating premiums of life insurance is not an easy task. It requires mortality rates, interest
rates, and future projections. The area of numerical analysis of insurance is called actuarial
science. | report the ongoing work of formalization of life insurance mathematics, which is the life
insurance part of the actuarial science.
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Kenta Inoue
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Verification of the Garsia-Wachs algorithm

Makoto Kanazawa (EEAZIE TZE0)
The Garsia-Wachs algorithm is an algorithm for finding a binary leaf tree with a given leaf
sequence whose cost is as small as possible, where the cost is the sum of the costs associated
with the leaf labels weighted by the depths of the leaves. The algorithm, along with a proof of
correctness due to Kingston, is given in Knuth's The Art of Computer Programming, Vol. 3. |
outline a formalization of this correctness proof in Dafny and make a few observations about the
algorithm.

Vi
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16:25-17:55 (short talks, 15min each)

Automated Theorem Proving by HyperTree Proof Search with Retrieval-Augmented Tactic Generator
Sho Sonoda (Riken)
We developed an automated theorem proving system using a large language model (LLM) . The
LLM generates proofs (precisely, sequences of tactics) by interacting with the Lean theorem
prover. Generation of the tactic sequences is based on a Monte Carlo tree search called
HyperTree Proof Search (HTPS) combined with a retrieval-augmented generator (RAG) called
ReProver.
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Complete graphs and independence numbers
Takafumi Saikawa (Nagoya University)

| will report on an ongoing formalization of graph-theoretic invariants. This is a continuation of the
work presented at TPP2023, this time expanded by complete graphs and their characterization
by independence numbers of graphs. This is a joint work with Kazunori Matsuda and Yosuke
Tsuji.

Tuesday, November 26

9:00-10:30

A ETEDREEZR (40min talk)
Masahiko Sato (RESAZ BEFHFTH)

It is well-known that the set A of open terms of type-free A-calculus dose not behave naturally
when we regard A as an algebra equipped with the operation of function application. For
example, the standard translation of A-terms into combinatory terms does not admit the &-rule of
the A-calculus ([1; page 153]) . To be more precise, the situation is that (1) for the Combinatory
Logic, there are combinatory algebras which are sound and complete with respect to CL, but (2)
these algebras are not sound for the A-calculus because of the€-rule. Selinger [2; page 558]
introduced the notion of "absolute interpretation" and gave a lambda algebra which is closed
under the &-rule. However, the &-rule still remains in the original A-calculus. In this talk, we will
introduce a modified version of the A-calculus without the &-rule but can prove exactly the same
set of equations (under the B-equality) as those provable in the original A-calculus. The key idea
is to re-define A\ as an algebra on which the free monoid generated by the set of variables acts.
The idea is obtained by analyzing the difference between Frege style canonical judgments and
Martin-Lof style hypothetical judgments. We proved our main results in Cog.
[1] Barendregt, H. P. (1984) The Lambda Calculus, its Syntax and Semantics. 2nd edn. North-
Holland.
[2] PETER SELINGER, The lambda calculus is algebraic, JFP 12 (6) : 549-566, November
2002.
(Joint work with Keisuke Nakano (Tohoku University) )

ZF+ — AC DERIEFEILELRRD Isabelle/ZF |CLDHzE
Daiki Funane (B4t AZAZBRISHA 2R R)

We formalize the relative consistency proof of ZF+ — AC using Isabelle/ZF proof assistant. Our
approach assumes the existence of a transitive countable model of ZF and uses forcing to
construct a symmetric extension which is a model of ZF+ — AC. We show that the symmetric
extension satisfies ZF+ — AC by formalizing a relativized forcing relation based on the
formalization of forcing by Gunther et al.
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A Formalization of Prokhorov's Theorem in Isabelle/HOL
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This talk will be presented in Japanese with English slides.
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On Representability of Multiple-Valued Functions by Linear Lambda Terms Typed with Second-order
Polymorphic Type System
Satoshi Matsuoka (2R ST PT L2 EDHIRER P T — 5 A T VXTI IL—T)
We show that any many-valued function can be represented by a linear lambda term that is
typed in second-order polymorphic type system.

13:30-15:10
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Axiomatic real numbers for verified exact real-number computation

Sewon Park (Kyoto University)
In this talk, | present cAERN, our axiomatic formalization of real numbers of computable analysis
in dependent type theory, and the Coq proof assistant. The axioms argued to be sound for
realizability interpretation enable us to extract certified exact real-number computation programs
from proofs. | will further introduce our recent progress in cAERN in hyperspace computations
and ordinary differential equation solving. This talk is based on my joint work with Holger Thies
and Michal Kone¢ny.

Combining cost and behavior in type theory
Yue Niu (National Institute of Informatics)
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TPPmark 2024 (20min)
Jacques Garrigue (Nagoya University) and provers
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A Kernel of Truth

Pierre-Marie Pédrot

(Gallinette, INRIA)

TPP’'24
Pédrot (INRIA) A Kernel of Truth TPP'24 1/49
On proof assistants and the extasis of their use'
Input
ProofAssistant 3000
Ouput
Laborious interactive input:
o Theorem statements and object definitions
o Proof arguments e.g. tactics
o Copious amounts of insults
Cold mechanical output:
@ Good! Here's what remains to do.
o Nope.
Q@ (undecypherable dump of some low-level data)
1 Your mileage may vary.
Pédrot (INRIA) A Kernel of Truth TPP'24 2/49




Highway to LCF

A well-known design: The LCF Model

ProofAssistant 3000 ¢

Dart magic

(a-k.a elaboration)

o Clearly delineated Trusted Code Base
o All fancy stuff is outside the TCB
o Soundness is reduced to a small hopefully understandable kernel

Pédrot (INRIA) A Kernel of Truth TPP'24 3/49

Dicotyledons

Two standard kind of kernels in the wild

First kind: textbook LCF, still living in the HOL family
o Kernel is a trusted minimal APl of HOL tactics

o Proofs not recorded, soundness ensured by the metalanguage

Second kind: when proofs matter as e.g. in dependent type theories
o Kernel is a type-checker

o Proofs are well-typed terms

In this talk, we care about dependent type theories
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It is Time to CIC Ass

o A powerful dependent type theory
o Programming language or logical foundation?

o The idealized basis of two famous proof assistants

Full Disclaimer

|g

| am a core Coq developer.

TPP'24 5/49

One type theorist is a system!

Full Disclaimer

| am an opinionated core Coq developer.

Thankfully, most of what | am saying should apply to other proof
assistants based on dependent type theories.

o Kernel-wise, Coq and Lean are very close.
o | can still rant forever about some subtle differences in design
o Hint: Coq does it right (most of the time)

U Agda

. even if Agda has no separate kernel.

t — Two is a school. Three is a fork.




A Monism in Two Minutes

CIC: Programming language or logical foundation?

Both!

Level 0: F (A (z:A4).2): A— A
o the identity function on A?
o the canonical proof that A implies A?

Level 1: + M:TI(m:N).X(p:N).(m=2p)+ (m=2p+1)
@ an implementation of division by 27

@ a proof that division by 2 exists?

Level 2: F M:1II(b:B).if b then N else (N — N)

Level 42: (spec of CompCert)

The pinacle of the Curry-Howard correspondence

Pédrot (INRIA) A Kernel of Truth TPP'24

If it Quacks like a Duck

The Coq kernel is just a CIC type-checker

Famous Last Words

“Surely it should be enough to understand CIC to understand the kernel.”
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Ceci n'est pas un 11

“Surely it should be enough to understand CIC to understand the kernel.”

There is no such thing as CIC.

A bunch of rules spread across dozen of articles spanning decades
No single source of truth

A lot of implicit or contradictory stuff

© 06 o o

Folklore / unwritten knowledge

Not better implementation-wise.
o Takes some suspect liberties w.r.t. the spec
o It keeps changing

Our best bet: the MetaCoq project. But that's not today's topic.
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Ora Pro Nobis

“The Non-Existent Type Theory is based upon both logic and faith. We have
faith that it is implemented; we logically know that it is does not exist be-
cause it is not well-defined.”

We will pretend that CIC exists in the remainder of the talk.
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Persevere Diabolicum

“Surely it should be enough to understand CIC to understand the kernel.”

... for some good notion of CIC.

Still Wrong

Reality has many asperities.

A specification is not an implementation.

Pédrot (INRIA) A Kernel of Truth TPP'24
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Dialectics for Dummies

The Good Properties of CIC

Consistency: The Logician

There is no proof - M : 1.

... but the logic must be as expressive as possible.

Canonicity: The Programmer

If = M : N then M evaluates to a numeral.

... but | want pointer equality, exceptions and Turing-completeness.
Implementability: The Maintainer

Type-checking is decidable.

... but | am going to add orthogonal features X, Y and Z.

Pédrot (INRIA) A Kernel of Truth TPP'24
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Power Balance and Multiple Personalities

A Type Theory implementation is a delicate equilibrium.

~ Expanding the logic must preserve computation.
o One cannot just add axioms here and there
o Some constructions are not even axiomatizable (e.g. cubicalTT)

~ Expanding the programming language must preserve consistency.
o Extremely strong constraints, e.g. functions are total
o A lot of stuff from PLT just doesn't apply

~» Expanding any of these must keep the implementation tractable.
o Understandable spec / small implementation
o Efficient algorithmics
o Backwards compatibility

The logician, programmer and maintainer are often the same individual.
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Pardon My French

— Un noyau, c'est comme une andouillette:
¢a doit sentir un peu la merde, mais pas trop.

FA—FIBTFYE9ILY FDESBHDOTY, PL
EDLSBRVWHITZRTTIN. HEDHEIIHD EHA
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The setting is now pinned down

In this talk we will discuss three interesting components of the Coq kernel.

Conversion Universes Guard

Conversion

I T TPPe  16/49 |
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Convert and Repent

THE MOST IMPORTANT RULE OF CIC

(If you were snoozing away, now is the time to wake up.)

Meet CONVERSION:

I'-M:B TTHFA=20B
I'EM: A

refly:Il(z: A).z=z ~ (refly 2):14+1=2

CONVERSION internalizes computation in the logic

o Not common in usual PL
o lrremediably ties the runtime to the type system
o A landmark of dependent types

Pédrot (INRIA) A Kernel of Truth TPP'24
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Computation, computation everywhere

I'FA=2RB

What is conversion exactly?

Generated by hardwired basic equations on the language e.g.
o [-reduction: (A(z: A). M) N= M{z:= N}
o pattern-matching reduction on constructors

o constant unfolding

Remember, type-checking should be decidable, so conversion as well.

~> in particular the kernel must implement conversion.

Pédrot (INRIA) A Kernel of Truth TPP'24
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Liberty, equality, provability

Why is conversion critical?

After all:
o Simple type theories like HOL do not have conversion*
o There are even “weak” dependent type theories without conversion

Conversion is both a blessing and a curse

~» Why not take advantage of something that is automagic?
o Delegating from the user to the machine is the point of an assistant
o In HOL you must provide a proof (e.g. by rewriting tactics)

o Inefficient: you have to store it somehow

~ Writing explicitly conversion derivations in CIC is not humanly possible.
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Calculo Ergo Sum

Much better: we can take advantage of conversion.

Remember that CIC is a programming language? Let's put this to use.

Reflection

Replace logic by computation.

Idea: Assume some theory T that is decidable (or admits checkable proofs)
o define a CIC AST formula representing T -formulas
o write a CIC embedding eval : formula — Prop
o write a CIC function check : formula — B

o prove in CIC that II(p : formula). check ¢ = true — eval ¢
To prove @ € T s.t. & :=eval ¢, it is thus enough to compute check .
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Sum Ergo Calculo
Reflection is a very powerful technique.

o Historically used for performance reasons

o Abstractly, a way to teach the kernel any theory (a logical JIT)

Many use cases: equational reasoning, arithmetic, SAT solving...

A related (but distinct) technique: small scale reflection.

o Similar idea of computing away trivial reasoning steps
o At the core of the SSREFLECT framework
o Famously used by Mathcomp and friends (e.g. Feit-Thompson proof)

Computation matters!
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Trinitarian Apostasy

The Coq kernel has not one but threef conversion algorithms.

~> The “reference” one
o Untyped, call-by-need reduction machine in OCaml

o Tailored for symbolic conversion, extremely sensitive

~> The "heavy-duty” ones: VM and native
o Compilation to ZINC-like bytecode / machine code
o The VM is implemented in C, native reuses the OCaml runtime

o Tailored for brutal computation (typically, compute a boolean)

Different kind of trade-offs. What is the design space?

(For instance, Lean has an ad-hoc native-like process that only works on closed terms.)
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| Have no Proof and | Must Qed

We are not done with conversion yet!

Let p,g: {n:N|isEven n}.
If p.1 = ¢.1 then we do not have in general p = g.
In pen-and-paper proofs one never ever cares about that.

The Dependent Hell

Proofs are programs, and thus relevant.

Sibylline errors in innocuous scripts that require a PhD in type theory to understand.

Abstracting over the term "n" leads to a term

fun n0 : nat = exist (fun nl : nat = isEven nl) n0 p = exist (fun nl : nat = isEven nl) mq
which is ill —typed.

Reason is: lllegal application:

The term "exist” of type "forall (A : Type) (P : A— Prop) (x : A), Px—{x : A | P x}"”
cannot be applied to the terms

"nat” : "Set” "fun n : nat = isEven n” : "nat — Prop” "n0"” : "nat” "p” : "isEven n”

The 4th term has type "isEven n" which should be a subtype of "(fun n : nat = isEven n) n0".
(cannot unify "isEven n" and "isEven n0")

(This is just after rewrite e where m,n: N and e: m = n.)
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STOP DOING TYPE THEORY

= Variables were not supposed to be given Greek names

= Years of OCaml yet no real-world use for functionals of order > 2

= Please give me [M(n : N) (pq:eq N nn). eq(eq Nnn)pq of something.
(This is REAL CIC, done by REAL type theorists):

[T, - (M} : [A]pT p id, M [ My clos My
[T, - {M}, :
[AI,R (A(gat s p). rw ({A}}, q @) (@ or [M]})) M lry1 [TMoTln
777 22777777 77
i . 1)
Hello | would like apples please

They have played us for absolute fools
A well-known problem that has plagued CIC for years

o Famous hazing for PhD students
o SSREFLECT even has a design pattern to work around the issue
o Outside of the kernel, not completely satisfactory
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Some are More Equal than Others

Recently solved by the introduction of a universe of strict propositions

o After all, proofs are not quite programs

©

We don’t care about proof contents: “all proofs are born equal.”

re-M:A 'EN:A ' A:SProp
'-M=N:A

The rules for SProp are tricky

©

The feature was inspired by foundational work in HoTT

(*]

Required non-trivial changes in the kernel

Lean notoriously deesntgive-a—shit is practically-minded

(]
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| Want to eq Free

SProp is a game changer

o An elegant solution to perennial issues

o Critical, but not enough

There are many more limitations to conversion!

hd:II(n:N).vec A (1+n) — A v:vec A (n+1)

hd n v does not type-check because 1+nZn-+1

This is much harder to solve.

Pédrot (INRIA) A Kernel of Truth TPP'24 26 /49

Back to the Future

Interestingly, these questions were fashionable in the '90s and 00's

o Extensionality in type theory (Hofmann)
o Observational type theory (Altenkirch-McBride)
o Coq Modulo Theory (Strub)

... then nobody cared

o Systems were either not implemented or not used / not maintained

... but now it is making a comeback

o strict propositions
o rewrite rules
o extension types

Will the cycle continue?
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Universes

In CIC, types are first-class citizens.

~ in particular, types have a universe type, traditionally called Type.

Martin-Lof '71: Type : Type.

Girard '71 + ¢: Type : Type is inconsistent.

Typey : Type; : Typey @ ... : Type, : Type, 4 & ...

15



Good Old BASIC

We theoretical computer scientists love natural numbers!

(Type;)ien
o Simple
o Elegant
o Universal
o ... and completely anti-modular!

You have to pick all your levels upfront.

If you have two universes Type,, : Type,, |, you better not realize that you
need some ms.t. n<m<n+ 1.

This is why you should number your levels
by increments of 100.
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Good Old BASIC

We theoretical computer scientists love natural numbers!

(Type;)ieN
o Simple
o Elegant
o Universal
o ... and completely anti-modular!

You have to pick all your levels upfront.

If you have two universes Type,, : Type,,, |, you better not realize that you
need some ms.t. n<m<n+ 1.

evels
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Putting Things in Order

Floating universes (antediluvian trick)

Just introduce variables

The language is simple:
o Variable universe levels 4, j...
o Constraints ¢ < j and ¢ < j which must form a DAG

Minor tweaks to the kernel

o Generate fresh levels (outside of the kernel)
o Accumulate constraints (outside of the kernel)
o Send the graph to the kernel for acyclicity checking

Voila, you never have to care about universes again

(By the way Agda and Lean have a different approach.)
Pedrot (INRIA) A Kernel of Truth TPP24 31/49

Cosmic Radiation

This is a very wasteful technique

~ In 99% of the actual developments:

You have to generate a bazillion universe levels
o Most of them are transient
o They are generated by tactics and unified away immediately

o You only have to send a gazillion levels to the kernel

The gazillion-sized graph is a fiction. Collapsing < constraints gives:

i < J < k

Three levels ought to be enough for anybody!
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In Space No One Can Hear You Scream

This is an actually very annoying problem

Users have been complaining about related performance issues for ages.

Even when you are not aware, you pay for this.
Universe generation is also very much inscrutable.

It is effectful and incompatible with desirable features.
Good luck debugging a stray constraint.

Horror Story
The MetaCoq and QuickChick are (were?) not loadable together.
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The Untold Eldritch Horrors

Worse!

Serious Question:  What is the type of Type, ?
Timid Answer: Type; for some j> i 7

No! You shouldn’t be able to generate fresh levels from within the kernel.

| lied (again)

We still need algebraic universe expressions in types.

o In Coq, types are actually not terms!
o Some kind of adjunction between types and terms

The Andouillette Principle

| am not sure | have seen this really publicized anywhere.
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A New Hope

This universe business is currently a hot topic

o Yet another universe checking algorithm

o That handles algebraic universes natively

Resonates with the multiverse project

o More complex sorts, expanding the logic

o All of this is tied together inextricably

Yet another revival of dormant questions

Pédrot (INRIA) A Kernel of Truth TPP'24 35/49
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Logical Totalitarianism

In CIC, all functions must terminate.

o Otherwise the theory becomes inconsistent.

o Arbitrary fixpoints allow n: Nsit. n:=Sn

In paper presentations, for simplicity one uses recursors.

recy: PO — (II(n:N).Pn— P(Sn)) > 1I(n:N).Pn
recy po ps O = po
recy po ps (Sn) = psn(recy npo ps)

The Category Terrorist

Pédrot (INRIA) A Kernel of Truth TPP'24 37/49

Commutatively Squaring the Circle

The Category Terrorist

This is only true extensionally!

o This only holds for propositional equality
o Further assuming various extensionality principles

Computation matters

Would you conflate a O(2") algorithm with O(1) one?

o Intensional behaviour is critical for programming

o Recursors are very bad in call-by-value

o It is not even clear what universality means for conversion
o Whatever this means, recursors are not universal for it
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Fixpoints All The Way Down

Instead, Coq relies on fixpoints + pattern-matching.

recy po ps = fix F (n:N):=match nwith
|0 = po
|S m= ps m (Fm)

This is a historical design choice motivated by extraction
o Similar to OCaml
o The extracted terms look like what the user wrote
o Critical for efficiency in call-by-value

One can write fixpoints that are not intensionally recursor-encodable.

even: N — B

even O = true
even (S O) = false
even (S (Sn)) = evenn

Fixing the Fixpoints

Bad news: recursors are not fundamental in Coq.

Consider the following:
o Coq relies on fixpoints + pattern-matching.
o Arbitrary fixpoints are inconsistent.

The Guard!
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Total Programming is Totally Nuts

What does the guard enforce?

Minimal service:
o The theory must be consistent

o Hence functions ought to be total.

Once again, the MetaCoq people worked this out a bit.

o Various closure conditions

o Some surprisingly non-necessary properties

The more expressive the guard, the better.

(Right?)

Pédrot (INRIA) A Kernel of Truth TPP'24

41/49

Let's Put an End to This

The guard condition is probably the least understood kernel component.

©

Specification not quite clear, stay tuned

©

Organic implementation — it would be nice if this worked...
o Decades of tweaks and RFC from users

o ... and obviously critical for consistency

| want to give you a foretaste of kern-hell.

Pédrot (INRIA) A Kernel of Truth TPP'24
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The Guard Dies But Does Not Surrender

Ingenuous question

What does total mean?

In CIC, the equational theory is call-by-name.
~ In particular, we only care about weak-head reduction.

This used to be accepted

fix loop (7:unit) :=let _ := loop () in ()

o Perfectly fine in call-by-name
o Not inconsistent, this is just a constant function

o Not quite so in call-by-value, e.g. through extraction

As of Coq 8.19, not accepted, but still morally OK in the abstract.
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Omae wa Md Shinde Iru

Logically, what is the worse you could get from a defective guard?

“Morally, you could be inconsistent. There should not be anything in
between. Apart from more functions, that is.” — Sweet Summer Child.

The guard condition used to negate propositional extensionality.

PropExt :=II(P @ : Prop). (P+ Q) — P= Q@

~ this is inconsistent with both HoTT and the Set model

In the name of Goédel, what does this have to do with termination?

(Mumble something about size issues.)
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The Sad Truth

Consistency is not enough!

We want the guard to be as neutral as possible w.r.t. model validity...
o HoTT
o Set

o Something else?

... but we also want it to be as expressive as possible.

o Some people out there make a living of this

This is not a formal specification!
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The Unescapable Wall of Reality

The only idealized model we understand is recursor-based!.

(T This is not even completely true. If you hear the word nested, run.)

~» We should be able to justify the guard by compilation to recursors.
o This could even be done outside of the kernel
o This is actually used by e.g. Equations

But this is doomed to fail: there are fixpoints not recursor-encodable.

~> At least not with an intensional notion of encodable.
o Some Cog-definable fixpoints conflict with recursor models
o Effects are pretty much incompatible with some guard assumptions
o What is a good notion of encodable?

Who shall guard the guard?
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Conclusion

o The real has much more asperities

o Even in an idealized kernel lurk unknown monsters

o Diachronical and interindividual dialectics are pervasive

o Proof assistants are still an invaluable tool
o The andouillette principle should not be feared

o Rather, this is a never ending material for a thriving research
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Scribitur ad narrandum, non ad probandum.

L’'absurde ne délivre pas, il lie. Il n'autorise pas tous les actes.

Tout est permis ne signifie pas que rien n'est défendu.

Albert Camus.

Thank you for your attention.
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Formalizing Premium Calculation of Life
Insurance

Yosuke ITO

The 20th Theorem Proving and Provers meeting (TPP 2024)
Nov. 25th, 2024

Sompo Himawari Life Insurance Inc.

1/33

Disclaimer

1. The contents presented here are solely the speaker’s
opinions and do not reflect the views of Company.

2. There are some inaccuracies in explaining actuarial
mathematics due to the priority on intuitive
understanding.

3. This presentation is a progress report on the library
“Actuarial Mathematics” in the Archive of Formal Proofs of
Isabelle. The future version might be different from the
one presented below.

2/33
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Self Introduction (Professional Experience)

Sompo Himawari Life Insurance Inc., Dec. 2020 - Present.
- Aggregates the business results of life insurance products.
Meiji Yasuda Life Insurance Company, Apr. 2014 - Nov. 2020.

- Revised the reinsurance contracts.

- Determined the prices of life insurance products.

- Attended the approval negotiations with Financial Services
Agency.

- Qualified as an actuary (Fellow of the Institute of Actuaries
of Japan).

- Aggregated the business results of group life insurance.

- Calculated retirement benefit obligations of enterprises.

- Validated the financial soundness of Pension Plans.

3/33

Self Introduction (Education)

Nagoya University
- Master of Mathematical Sciences, Mar. 2014.

The University of Tokyo

- Bachelor of Science, Mathematics Course, Mar. 2012.

4/33
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Actuarial Mathematics
The Equivalence Principle
Formulating Expected Present Value

Formulating the Equivalence Principle

5/33

Actuarial Mathematics

6/33
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What Is Actuarial Mathematics?

Actuarial mathematics is a branch of applied mathematics,
which is used to evaluate financial risks of undesirable events.

It is related to

- calculus,

- probability theory,
- statistics,

- financial theory.

The traditional actuarial roles are considered as

- determining the prices of insurance products,
- estimating the liability of a company associating with the
insurance contracts.

Recently, the risk management skill of actuaries is required in
a wider range of businesses. 7/33

How We Determine the Premium of a Life Insurance

A premium ({RB&#}) is paid to a life insurance company by the
policyholder ({RB&E2HIE).

A benefit (frRF%E%) is paid by a life insurance company
according to the life insurance policy.

The equivalence principle (YXZHBEDIRAN) requires that the
benefit outgo be equal to the premium income;

EPV (Expected Present Value) of the benefit outgo

= EPV of the premium income.

8/33
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Progress Report

| have sorted out the theory of the equivalence principle on
paper in a rigorous, general and explicit manner.

- Rigor
In order to formalize the equivalence principle, firstly we
have to write it down rigorously.

- Generality
The formalized principle should be applicable to all types
of life insurance.

- Explicitness
All the typical calculation formulas should be derived
from the formalized equivalence principle.

9/33

The Equivalence Principle

10/33

31



Present Value

If we can easily earn 2% returns annually, $100 at present is
worth $102 next year.

If an asset produces incomes C; at the time t (in years), their
present value is defined to be

C
; ( +ti)f

where i is an annual interest rate.

1/33

Pricing a Term Life Insurance (1-year policy)

“Term life insurance provides a death benefit for a specified
period of time that pays the policyholder's beneficiaries” [1].
Assumption

- amount insured: $10000

- policy period: 1year

- time of payment: the end of the year

- annual mortality rate: 1%

- annual interest rate: 2%

The expected payment after 1 year is $10000 x 1% = $100. If
the insurance company earns a 2% investment yield annually,
the present value of this insurance is $100/(1+ 2%) ~ $98.

12/33
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Ty : future lifetime random variable of a person aged x
tPx := P(Tx >t | Tx > 0) (survival rate)

Px = 1Px

tqx := P(Tx < t | Tx > 0) (mortality rate)

Ax ‘= 1qx
. AtQx .
fy = A”:QO : (force of mortality)

i : annual interest rate

1 .
v := —— (discount factor)
1T+1

13/33

Pricing a Term Life Insurance

Definition

The present value of a term life insurance on a person aged x
payable at the end of the year of death within n years is
written as A}:m per unit insurance amount:

n
R
Ak =D VF by - Gxrret.
k=1

The present value means nothing other than the single

premium (—BFIAGRBEF).

14/33
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Pricing a Continuous Term Life Insurance

Definition

The present value of a term life insurance on a person aged x
payable at the moment of death within n years is written as
Al:m per unit insurance amount:

'Z\;:m = / Ve P+ pixge dt.
(0,n]

15/33

Pricing a Term Life Annuity-Due

Definition

The present value of a term life annuity on a person aged x
payable at the beginning of each year within n years is
written as ay.m per unit annual payment:

n

e k_’l

Ay.p = Z Ve gr—1Px-
k=1

16/33
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Calculating Level Premiums

Level premiums (FZEILRBRHL) are the premiums paid
regularly whose amount is constant throughout the term.

The policyholder has to keep paying the level premium as long
as the insured (#RP&F) is alive.

The EPV (Expected Present Value) of the annually-payable level
premium P of an n-year life insurance is P - dy..

17/33

Equivalence Principle

Equivalence Principle
It is required that

EPV of the benefit outgo = EPV of the premium income.

Example
The level premium P of an n-year continuous term life
insurance should satisfy Z\}(:m = P ay.7. Therefore,
Al
P=0
ax:m

18/33
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Formulating Expected Present Value

19/33

Formulating EPV (Expected Present Value) i

The goal is to express the equivalence principle by a
mathematical formula.

It suffices to uniformly define the EPV for any type of life
insurance.

We introduce a function ~(t) representing the total amount of
benefits to be paid until the time t.

The function ~(t) may depend on Tx. We henceforth write it as
V1, (1)-

20/33
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Formulating EPV (Expected Present Value) ii

For a continuous term life insurance,

1, ift>Teand T, <n,
T (t) == .
0, otherwise.

The EPV of this life insurance can be expressed as

E [/thd%(t) ' Ty > o} |

21/33

Formulating EPV (Expected Present Value) iii

We also introduce a function 7(t) representing the actual time
when the benefit is paid whose obligation is incurred at the
time t.

death payment

: r(t) time

22/33
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Formulating EPV (Expected Present Value) iv

Consider a term life insurance payable at the end of each year.
Let ~7,(t) be the same as the previous one, and

7(t) :=[t] (ceil function).

Then the EPV of this life insurance can be expressed as

E [ / v dnr (1) ‘ Ty > o] .
R

23/33

Formulating EPV (Expected Present Value) v

This framework is applicable to a term life annuity-due:

min{n, max{0, [t| +1}}, ift<Ty,
N (E) == {

li S ift>T
s'f"%ﬂ“( ), = I
T(t) :=t.
Vs
| Tx] +1 —_—
1 $—0
ol 1 T, n !

24/33
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Formulating EPV (Expected Present Value) vi

The EPV of the life annuity can be expressed in the same
formula as the life insurance:

E [ / v dnr (1) ‘ Ty > o] .
R

25/33

Axioms of the Framework of EPV

The specification of life insurance is determined by
y:RxR—-Rand7:RxR — R

These functions should satisfy the following axioms.

1. Forany 8 € R, ~(0,-) : R — R is right-continuous and
nondecreasing.
2. Forany # e R, 7(6,-) : R — R is Borel measurable.

3. The function R — R; 0 — / v dryy(t) is Borel
R

measurable.
4 ForanyfandteR,t<0implies~(0,t)=0.

These are sufficient to derive calculation formulas such as

n

. k—1

Gy = V" plipx.
k=1

26/33
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Formulating the Equivalence Principle

27/33

Formulating the Equivalence Principle

Let (78, 78) denote the specification of the life insurance
benefits. Let (4", 77) denote the specification of the premium
payments.

The (level) premium of the life insurance satisfying the
equivalence principle is

E [/ v (Tot) d%BX(t) ‘ T > 0]
R

£ [/ v (Tot) dfyTPX(t) ‘ Ty > 0]
R

28/33
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Implementing the Equivalence Principle in Isabelle

| plan to implement the equivalence principle by locale and
sublocale.

Cf. Snapshot of Valuation.thy.

29/33

Future Work

1. Complete the implementation of the equivalence principle
in Isabelle/HOL.

- The current theory of actuarial mathematics is in the AFP:
https://www.isa-afp.org/entries/Actuarial_
Mathematics.html

2. Simultaneously proceed with Coq (Rocq) formalization.

- The probability-free elementary formalization of actuarial
mathematics can be found in cogq-actuary:
https://github.com/Yosuke-Ito-345/Actuary

- This is based on Coquelicot, but | am upgrading it based on
MathComp-Analysis.

30/33
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Future Applications

1. Prevent errors in examination papers of actuarial
mathematics.

2. Detect errors in actuarial documents, e.g. statement of
calculation procedures.

3. Formally verify programs in actuarial software.

31/33

References

[1] Julia Kagan.
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Q&A

Any questions or comments? (Both in Japanese and English.)

You can also reach me at GitHub:
https://github.com/Yosuke-Ito-345

33/33
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1 Inductive type with number of constructors depending on input in
Coq/SSReflect

In Coq/SSReflect, we can’t define the following inductive type whose number of constructors depend

on the input s:seq (Type * nat).

Inductive myType (s:seq (Type * nat)) : Type :=

| MyType_Oth : T_O — myType s — ... — myType s — myType s
| MyType_1st : T_1 — myType s — ... — myType s — myType s
| MyType_kth : T_k = myType s — ... = myType s — myType s.

(* T_k — iter n_k (myType s —) (myType s) *)

(* where s = [:: (T_O,n_0); (T_1,n_1); ...; (T_k,n_k)] *)
The number of constructors of myType s is the size of inputs = [:: (T_0,n_0); (T_1,n_1); ...; (T_k,n_k)]
and each i-th constructor’s type is T_i — myType s — ... — myType s — myType s where the num-

ber of myType s arguments is n_i. However this type cannot be defined in Coq directly, so we use
another definition that is equivalent to myType. We prove the equivalence by showing the axioms of
inductive types.

As a result, we can substantially define myType using an axiom weaker than excluded middle.

Blog in Japanese. https://qiita.com/nekonibox/items/3cd3652e5a1d1dd734b8

2 List type that has cons : A — list(list A) — list A instead of
A — list A — list A in Coq/SSReflecct

In Haskell, we can define the following type, that is, a list type that has a constructor

Cons: T — seq (seq T) — seq T instead of Cons: T — seq T — seq T.

data SSeq a = SNil | SCons a (SSeq (SSeq a))

However, we cannot define the type in coq/SSReflect directly.

Inductive sseq : Type — Type :=
| snil T: sseq T
| scons T: T — sseq (sseq T) — sseq T.

(* Error: Universe inconsistency x*)

So, we define the type by adding another nat argument as:

Inductive sseqn (A:Type) : nat — Type :=

| sseqn0 : A — sseqn A O
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| sseqnNil d: sseqn A d.+1
| sseqnCons d: sseqn A d — sseqn A d.+2 — sseqn A d.+1.

we define this type so that V A n, sseqn A n = iter n sseq A. Therefore sseq A can define as
sseqn A 1. Then, we prove sseq satisfies the axioms of inductive type.

Blog in Japanese. https://qiita.com/nekonibox/items/b3c0485090e65bd95ae0
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Verification of the
Garsia-Wachs Algorithm

Makoto Kanazawa
Hosei University

. . 2 “Alphabetic” means that the
Garsia-Wachs Algorithm b _
sequence of leaf labels is exactly
Input weight sequence the |nput Sequence.
Output
optimum “alphabetic” binary tree
3 The algorithm finds an alphabetic

tree with minimum cost.
The intuition behind the definition of
cost is the following. Suppose you
traverse this tree from the root to
some leaf, and the weight
associated with a leaf corresponds
« The value attached to an internal node is the total weight to the probability of reaching that

o he sublree rooted at that node. leaf. Then the cost corresponds to
the expected number of nodes that

* The cost of the tree is the sum of all internal node values.

are visited before reaching a leaf.
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Cost

sum of the internal nodes
57424 +16+23 +43 + 100 = 263

sum of the leaves multiplied by their levels

33X2+4+13X3+11x34+7x3+12x4 +
4x44+20x2=263

0
Cost() = )" q;

i=0 I; = level of ith leaf

q; = weight of ith leaf

The cost can be computed in two
equivalent ways. The n in the
formula is the length of the input
sequence minus one.

Cost

57+24+16+23+43 + 100 = 263

18 +31+64 + 16 + 36 + 100 = 265

minimum cost

In this input sequence, (12, 4) is the
pair of adjacent weights whose sum
is the smallest. When (12, 4) is
replaced by their sum, the minimum
weight adjacent pair is (11, 7). For
the purpose of obtaining an
optimum alphabetic tree, the
strategy of repeatedly combining
minimum weight adjacent pairs
does not work.

Algorithm

¢ Combine the leftmost minimal adjacent pair and move it past smaller
values to its left.

@ [ @ 4 B
W

B

48

The Garsia-Wachs algorithm works
as follows. You pick the leftmost
adjacent pair of weights whose sum
is “locally minimal”. You combine it
into one weight and move it past
the smaller weights to its left.



Algorithm 7 If yf)u build a tree by constru'cting
an internal node for each adjacent
- " Bl s nonaphaetc e pair that was combined, you get a
were combined. “nonalphabetic” binary tree.
[ [
[ico]
Algorithm 8 Each element of the input §equence
corresponds to a leaf of this tree.
" Buldanaphadetic ree vt ne same [ecf evels Compute each leaf’s level, i.e., its
distance from the root.
2
3
4
Algorithm 9 There is exactly one alphabetic tree

* Build an alphabetic tree with the same leaf levels.

49

each of whose leaves is at the
required level.



History

a quadratic-time algorithm in [11]. A different method was described by Hu and

Tucker in [8]; it is also presented in [5] and in the first edition of [12]. According

to Knuth, “no simple proof [of the Hu-Tucker algorithm] is known, and it is quite

possible that no simple proof will ever be found.” Then along came a modification
of the Hu-Tucker algorithm, the Garsia-Wachs algorithm [3], which was adopted in
the second edition of [12]. The best proof of its correctness, while still not exactly

simple, is discussed in [10]; see also [9].

[3] Adriano M. Garsia and Michelle L. Wachs. A new algorithm for minimum cost
binary trees. SIAM Journal on Computing, 6(4):622-642, 1977.

[9] Marek Karpinski, Lawrence L. Larmore, and Wojciech Rytter. Correctness of
constructing optimal alphabetic tree revisited. Theoretical Computer Science,
180(1-2):309-324, 1997.

[10] Jeffrey H. Kingston. A new proof of the Garsia-Wachs algorithm. Journal of
Algorithms, 9(1):129-136, 1988.

[12] Donald E. Knuth. The Art of Computer Programming, volume 3: Sorting and
Searching. Addison-Wesley, Reading, MA, second edition, 1998.

10

Bird and Gibbons give a purely
functional implementation of the
Garsia-Wachs algorithm whose
time complexity is O(n log n), but do
not prove its correctness.

History

Hu and Tucker 1971

Garsia and Wachs 1977

Hu, Kleitman, and Tamaki 1979
Kingston 1988

Karpinski, Larmore, and Rytter 1997

T. C. Hu had been studying his own algorithm for the
; a rigorous proof of the validity of that algorithm
was difficult to find because of the complexity of the problem, but he eventually
obtained a proof jointly with A. C. Tucker [SIAM .J. Applied Math. 21 (1971),
514-532]. Simplifications leading to Algorithm G were found several years later
by A. M. Garsia and M. L. Wachs, SICOMP 6 (1977), 622-642, although their
proof was still rather complicated. Lemmas W, X, Y, and Z above are due to
J. H. Kingston, J. Algorithms 9 (1988), 129-136. Further properties have been
found by M. Karpinski, L. L. Larmore, and W. Rytter, Theoretical Comp. Sci.
180 (1997), 309-324. See also the paper by Hu, Kleitman, and Tamaki, STAM
J. Applied Math. 37 (1979), 246-256, for an elementary proof of the Hu-Tucker
algorithm and some generalizations to other cost functions.

case pj = 0 for several ye:

11

Knuth was apparently happy with
the proof given by Kingston, and
presents it in the second edition of
Volume 3 of The Art of Computer
Programming.

Lemma W. If gy > qp41 then I < lpyy in every optimum tree. If gy =
Q41 then Iy < 4y in some optimum tree.
k-1 > st = Q1 F G > Gret it

Lemma X. Suppose j and k are indices such that j < k and we have
i) gic1 > Qg for 1 <i <k;

i) gr-1 < s

iii) ¢; < qr—1+qr for j <i<k—1; and

V) gj1 2 gro1F ghe

Then there is an optimum tree in which ly_y = I}, and either
a) lj =10 —1,0r

b) I = I and

(qr_1 q;) is a minimal adjacent pair.

is a left child. Aso, [, < ... Sy =

Lemma Y. Let j and k be as in Lemma X, and consider the modified probabil-

ities (qf), .. ., @) = (g G o1+ s @+ Gi—9sQpt1s -+ -+ 0y) Obtained
by removing qy.—1 and q and inserting qx—1 + qi after ¢j_,. Then
Cldps-@h1) < Cldor-- 1) = (@1 + k). (29)

Lemma Z. Under the hypotheses of Lemma Y, equality holds in (29).

The proofs of Lemmas X, Y, Z involve destructive operations on trees.

12
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From Knuth 1998.

C(qo,...,qn) is the cost of an optimal
alphabetic tree for qo,...,qn.

Knuth’s proofs of these lemmas are
slightly more detailed than
Kingston’s, but are still quite
informal and sketchy. Some details
are relegated to exercises.



13 | have formalized Knuth’s proofs
Dafny . P
using Dafny.
* Syntax looks like an ordinary (imperative) programming Dafny web site (https://dafny.org/)
language.
says: “Dafny is a verification-aware
* Specification of .
- pre- and post-conditions of methods and functions, programmmg Ianguage that has
- termination metrics, native support for recording
- loop invariants. specifications and is equipped with
« Lemmas are methods of a special kind. a static program verifier. By
« Automatic proof via SMT solver Z3. blending sophisticated automated
reasoning with familiar
programming idioms and tools,
Dafny empowers developers to
write provably correct code (w.r.t.
nodute Lemnal { 14 The requires clauses (pre-
T los 5% “““"f' T e . conditions) are assumptions of the
requires forall i: nat :: i < |gs| ==> gs[i]l >= 0
reauires o] o= Nimperofieaves(t) lemma. The ensures clauses are
requires Levelgt, k) > Level(t, k + 1) .
Chebres var'ti = peleteLeat(t, k); conclusions.
var t2 := SplitLeaf(tl, k);
Cost(t, gs) >= Cost(t2, qs) + gslk - 1] - gslk + 1] &&
‘ Level(t2, k) == Level(t2, k + 1)
R
lemma Part2(t: Tree, gs: seq<int>, k: nat)
requires [qs| >= 2
requires forall i :: @ <= i < |gs| ==> gs[i] >= @
requires 1 <= k < |gs| - 1
requires gqslk - 1] > gslk + 1]
requires |qs| == NumberOfLeaves(t)
requires IsMinimalCostTree(t, qs)
ensures Level(t, k) <= Level(t, k + 1)
if Level(t, k) > Level(t, k + 1) {
Partl(t, qs, k);
} else
15

Some Formalization Decisions

* Use unlabelled trees.
datatype Tree = Leaf | Node(left: Tree, right: Tree)

function Cost(t: Tree, gs: seq<int>): int
requires |gs| == NumberOfLeaves(t)

* Avoid complicated operations on trees.

opaque function DeleteLeaf(t: Tree, i: nat): (result: Tree)
requires t.Node?
requires i < NumberOfLeaves(t)
ensures NumberOfLeaves(result) == NumberOflLeaves(t) - 1

opaque function SplitLeaf(t: Tree, i: nat): Tree
requires i < NumberOfLeaves(t)
ensures NumberOfLeaves(SplitLeaf(t, i)) ==
NumberOfLeaves(t) + 1
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DeleteLeaf

—_—

A
A

i+l

SplitLeaf

—_—

16

Destructive Tree Operations

17

Karpinski et al.’s paper uses rather
complex destructive operations on
trees in their proof of correctness of
the Garsia—Wachs algorithm. Such
operations seem very hard to
formalize. Luckily, the operations
used by the Karpinski-Knuth proof
are not as complicated. If you strip
trees of their leaf labels, these
operations are simple combinations
of DeleteLeaf and SplitLeaf.

Nonalphabetic Trees

Knuth 1998

18
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There is one aspect of the Garsia—
Wachs algorithm that everyone
seems to have overlooked. It
concerns the intermediate
nonalphabetic tree that is built by
the algorithm.



Knuth 1998

G5. [Do phase 3.] By changing the links of X, 41, ..., Xon, construct a new binary
tree having the same level numbers [, but with the leaf nodes in symmetric
order Xg, ..., X,. (See exercise 44; an example appears in Fig. 19.) 1

Fig. 19. The Garsia Wachs algorithm applicd to alphabetic

» 44. [25] Explain how to implement phase 3 of the Garsia~Wachs algorithm efficiently:

Construct a binary tree, given the levels lo, l1, ..., I of its leaves in symmetric order.

19

Direct Construction of the Alphabetic Tree

* The proof of Lemma Z in fact directly produces an alphabetic tree, and
Lemma Y guarantees its optimality.

method Algorithm(gs: seg<int>) returns (t: Tree)
decreases |gs|
requires forall i: nat ::
requires |gs| > @
ensures NumberOfLeaves(t) == |qs]|
ensures IsMinimalCostTree(t, gs)

i< |gs| ==> gsl[il >= 0

Var gs' :=gsl.. j] + [gslk - 1] + gs[kl] + gs[j .. k - 1] + gslk
S H

var t' := Algorithm(qgs');

t := LemmaZz.Main(t', gs, j, k);

assert NumberOfLeaves(t) == |qgs|;

ghost var u: Tree := MinimalCostTree(qs);
ghost var u': Tree := LemmaY.Main(u, qs, j, k);
assert Cost(t', gs') <= Cost(u', gs');

assert Cost(t, gs) <= Cost(u, gs);

assert IsMinimalCostTree(t, qs);

20

You pass the modified sequence gs'
to the algorithm and get an
optimum tree for gs'. Then the proof
of Lemma Z turns it to an alphabetic
tree for the original sequence gs for
you. Its optimality is guaranteed by
Lemma Y and Lemma Z.

[e) [i3] [11] [7] [12] [«] [2]

& [ O (9|
® O @
TEE

2] [ee]

21
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and its
, you look for the
rightmost leaf that is at the same
level as the . You split
that leaf and relabel the leaves. This
procedure produces an optimum
alphabetic tree.

Between the



22

Conclusion

Verified the correctness of the Garsia-Wachs algorithm for
building minimum cost alphabetic tree in Dafny.

Complex destructive tree operations are not necessary in
the proofs of the lemmas.

The alphabetic tree can be constructed directly, without
detour through a nonalphabetic tree; the method is
implicit in the proof of Lemma Z.

The fact that the Dafny verifier is fully automatic is both
handy and frustrating.

23 Experienced Dafny uses seem to
want to limit the resource used to
prove each assertion to 200K RU
(resource units). I'm still far
exceeding that limit.

24
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Formal Verification of
Payment Authentication
Policies in the
Blockchain

e Yoshihiro Imai: proof ninja, Inc.
 Mirai lkebuchi : Kyoto University, proof ninja, Inc.

PROOF NINJA INC.

e DMM: Blockchain Engineer
e NIl: OCaml Engineer

e Aist: Coq related tool

e NII: TopSE Lecturer

D,

Participation in DMM’s web3 business as a
subcontractor




This presentation will introduce one attempt at DMM.

PREREQUISITE KNOWLEDGE

Common accounting procedures in a company

1. Person in charge applies for expenses
2. The department manager approves the application
3. The accountant settles the payment




DOING BLOCKCHAIN PAYMENTS
RIGHT

We want to ensure secure payments for digital assets
on the blockchain.

FIREBLOCKS TAP




ISSUES WITH TAP
CONFIGURATION

e Human error in configurations.
e Maintain safety while involving multiple
departments.

REQUESTS FROM THE CEO

e Approval by someone other than the requester is
required for large payments.

e Transfer destinations must be registered in the
whitelist.

e Swap transactions can only be executed with pre-
approved DEX contracts and currency pairs




| LOVE COQ

VERIFICATION WITH COQ

Rule.v

Record t := {
initiator: Initiator;
typ: Typ;
source: Addresses;
destination: Addresses;
minimum: Minimum;
action: Action;

).

Inductive Matches : Rule.t -> Payment.t -> Prop = ...




VERIFICATION WITH COQ

Definition req1 amount rules := V payment,
Rule.Available rules payment ->
payment.(typ) = Transfer ->
payment.(amount) >= amount ->
3 approver, payment.(initiator) <> approver

/\ IsApprover approver payment.

IMPLEMENTATION OF AN
AUTOMATIC CHECKER

Definition check3 : whitelist -> list Rule.t -> sumbool _ _.

Lemma check3_sound whitelist rules:
bool of sumbool (check3 whitelist rules) = true ->
Requirement.req3 whitelist rules.

Extraction "cog_main.ml" Calc.check3 Draft2.draft2.




IMPLIMENTATION WITH OCAML
AND COQ EXTRACTION

—— _CogProject
—— bin
|  F——Extrv
|  F——dune
|  —— main.ml
| —— ruleParser.ml
L—— theories
—— Calc.v
—— Payment.v
— Rule.v

—— Requirement.v
L—— dune

dune exec bin/main.exe

ANOTHER ATTEMPT IN DMM:
OCAML2EVM

A platform to write Ethereum smart contracts in

OCaml.

Gi
"« Source Code

e OCam| CEthereumMDAN—KIAV NZ U M &H
RTEHLS5CT37AOVT 7 MDEN
(Japanese article)




ANNOUNCEMENT: ROCQNAVI

An Extension of cogZ2html, Alternative to *coqdocl.

e Generates HTML documentation from Coq source
files

e Markdown and TeX Notations in doc Comments

e Hyperlinks of Notations

ANNOUNCEMENT: COQTOKYO

Coq study meeting

e Beginners are warmly welcome.
e Next session: Tuesday, 12/10, 7:00 PM~
e Join us here: https://readcoqgart.connpass.com/




https://github.com/auto-res/HTPS-RAG

Automated Theorem Proving by HyperTree Proof Search
with Retrieval-Augmented Tactic Generator

Sho Sonoda (RIKEN AIP), Naoto Onda (OMRON SINIC X),
Kei Tsukamoto (The University of Tokyo), Fumiya Uchiyama (The University of Tokyo),
Akiyoshi Sannai (Kyoto University), Wataru Kumagai (OMRON SINIC X)

>

+ Large Language Models (LLMs) do best at generating languages ever
 So, we want to develop an Al system for automated ML research

https://github.com/auto-res/HTPS-RAG
Motivations

Input: LLM
“Estimate the generalization error

of the following network o
f(x;0) =Wa(Vx)”

Output:
“Risk[f] < EmpRisk[f] + \/%

v

with high probability where ciis ...”

But, LLMs are known to hallucinate, and have limited math abilities

Possible solutions are
* Prompt engineering --- in natural language
» Using external computers --- in formal language (this study)

In this study, we develop an LLM that perform Automated Theorem
Proving (ATP) by interacting with Proof Assistant (Lean)
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Sequence Diagram of interactive proof by LLM and Proof Assistant
Eg. Markov inequality P{x | g(x) — f(x) = e} < %E[g(X) - fX]

Input (theorem)

theorem lintegral_add_mul_meas_add_le_le_lintegral {f g : & - R>02<} (hle : f <™[u] g)
(hg : AEMeasurable g p) (€ : R2000) :
["a,fadp+e*p{x|fx+e<gx}<f a gadu:=by

https://github.com/auto-res/HTPS-RAG

LLM Proof Assistant

B W

Sequential Output (proof)

rcases exists_measurable_le_lintegral_eq p f with (¢, hém, hd_le, hd_eq)
calc
Ixfxop+e*pu{x|fx+esgx}=["x dxopu+e*pu{x|fx+e<sgx}:=by
rw [hd_eq]
_SIx, oxOu+e*p{x|px+e<gx}:=by
geongr
exact fun x => (add_le_add_right (hd_le _) _).trans
=[x, ¢ x +indicator {x | x+e<gx}(fun_=>¢€)xou:=bhy
rw [lintegral_add_left hém, lintegral_indicatoro, setLintegral_const]

exact measurableSet_le (hém.nullMeasurable.measurable'.add_const _) hg.nullMeasurable

_<[x, gx0u = lintegral_mono_ae (hle.mono fun x hx; =>?_)
simp only [indicator_apply]; split_ifs with hx,
exacts [hx,, (add_zero _).trans_le <| (hd_le x).trans hx;]

state
tactic?
no
tactic?
yes
tactic
state

¢ This proof is written by human (obtained from Mathlib4)
e This “proof” is a sequence of tactics

> Design Policy

* Task:
* Theorem Proving by LLM in Lean

* Why Lean?

https://github.com/auto-res/HTPS-RAG

* The Lean math library, Mathlib, is well-developed and rapidly developing

» supports practical math objects such as

+ concentration inequalities, and stochastic processes on R"

+ Major Technologies:
* Hyper-Tree Proof Search (HTPS)
* Monte-Carlo Tree Search (MCTS)

+ + Reinforcement Learning of networks

* Premise Selection by Retrieval-Augmented Generator (RAG)
 Vector search with machine-learned high-dim vector-embedding
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https://github.com/auto-res/HTPS-RAG
D Hyper-Tree Proof Search (HTPS): AlphaZero-like formulation for Theorem Proving

AlphaZero HTPS

Task Shogi, Go, ... Theorem Proving
Subgoal
State Board state bgoals,
or Proof States
Action Putting stones Tactics, or Proof Steps
. suggests where to .
Policy NW 88 suggests tactics
put the stone
estimates the estimates the
Critic NW probability which provability
player wins of the given state

Figure from McGrath et al. pnas 119(47) 2022

[1] Lample et al., HyperTree Proof Search for Neural Theorem Proving. NeurIPS2022

https://github.com/auto-res/HTPS-RAG
D Monte-Carlo Tree Search (MCTS) --- HTPS by Lample et al. (NeurlPS2022)

+ Repeat Select-Expand-Backpropagate to grow proof tree
+ Select a leaf node by running the policy NW to reach the leaf

» Expand the leaf by applying the tactics suggested by the policy NW
» Back-propagate the node values according to critic NW
* We re-implement this as it is not open-sourced

[1] Lample et al., HyperTree Proof Search for Neural Theorem Proving. NeurlPS2022
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https://github.com/auto-res/HTPS-RAG

D Premise Selection by Retrieval-Augmented Generator (RAG)

« =vector search with machine-learned high-dim vector-embedding
* We use ReProver (from LeanDojo) by Yang et al. (NeurIPS2023dt)

[2] Yang et al., LeanDojo: Theorem Proving with Retrieval-Augmented Language Models, NeurlPS2023 dataset track

> Total Network Architecture

https://github.com/auto-res/HTPS-RAG

ReProver
ByT5 (encoder-only)

Policy NW:

ByT5 (encoder-decoder)

(g, h1, ..., hn] \mapsto [t_1,..,t_m]
(fixed-dimension input)

300M params

Ciritic NW:

ByT5 (endoder-decoder)
g \maptso value

300M params
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> Experimental Details and Results

ITP: Lean3

NVIDIA A100-SXM4-80GB for 24 hours

* Timeout for each run: 150 seconds

+ The number of premise selection: 20

Training Dataset: Mathlib3

« Benchmark Datasets: MiniF2F and ProofNet
* MiniF2F is high-school level

* ProofNet is undergrad level

* Our model marked
+ 26.2% on miniF2F by pass@1
* 10.0% on ProofNet by pass@1

https://github.com/auto-res/HTPS-RAG

https://github.com/auto-res/HTPS-RAG

> Score Boards

model ITP miniF2F ProofNet
HTPS (2022) Lean3 41.0%(pass@64)
LEGO Prover. (2023) Isabelle 47.1%(pass@100)
ReProver (2023) Lean3 26.5% 13.8%
?/?éspég;:g:ﬁ)r Lean4 63.5% (SOTA) 23.5% (SOTA)
':;ZS;):SZA(]G) Lean3 26.2%(pass@1) 10.0%(pass@1)




> Experimental Results

After a 24-hours of training,

- The training loss for the critic model has decreased,

- but the training accuracy did not significantly improved
- Suggesting that we need a more machine power

https://github.com/auto-res/HTPS-RAG

D An Example of Success: Injectivity of homomorphism of fields

https://github.com/auto-res/HTPS-RAG

» theorem exercise_3_2_7 {F : Type*} [field F] {G : Type*} [field G]

(¢ : F >+* G) : injective ¢ := begin
by_cases he : function.injective ¢
introsxyh

exact hgp h

by_contra H

apply he

contrapose! hep

rw injective_iff map_eq_zero ¢
contrapose! hp

obtain (x, hx1, hx2) := he

exact @.injective

end
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https://github.com/auto-res/HTPS-RAG
D An Example of Failure: failed early (about 30%)

All suggested tactics failed to apply

https://github.com/auto-res/HTPS-RAG
D Another Example of Failure: search timed out (about 70%)
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D Latest Models: AlphaProof (Jul 25,
2024) . .
» Augment the dataset by using the Formalizer Network

» “Our teams are continuing to explore multiple Al approaches for advancing
mathematical reasoning and plan to release more technical details on AlphaProof

soon.”

https://github.com/auto-res/HTPS-RAG

D Latest Models: Deep-Seek Prover V1.5 (Aug 15, 2024)

+ Using
* Lean
* Reinforcement Learning
* Monte-Carlo Tree Search

+ Additionally,
+ Chain of Thought reasoning as a guide of
proof search
+ Use Lean’s feedback
+ Generates a tentative whole proof at
each step for computational efficiency

https://github.com/auto-res/HTPS-RAG
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https://github.com/auto-res/HTPS-RAG
> Conclusion/Limitation/Future Works

* We need more computational resources and datasets

- E.g., we may increase the dataset by
+ auto-formalization
+ theorem generation

» Toward our final goal:
+ Auto-formalizer (on going)
* How to verify the equivalence???
+ Manual dataset preparation (on going)
+ Particularly Hoeffding, Azuma-Hoeffding, Rademacher, Massart, ...
+ Self-improvement by competitive game
* How?

Thank you for your attention
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AR ¢ $RAARIED Lean TOFEREIZDOWVT

B0 ER
WEASS 27 SEERSHRA RE
2024-11-24

2024-11-24 ARAER 2 BRARRIED Lean TORREIS OV T

ZDAF 4 Fid https://sno2wman.github.io/slides-for-tpp2024/main.pdf TRIEHE £ 3.

2024-11-24 IREN L HAERIED Lean TORRILII OV T
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1. BRIESRIEIC OV T
BEERIED Lean TORRIL
BEVHK

2024-11-24 AL AFRED Lean TORRILIZOLT

EFE1: HHRNLHEREC 1 HOKBEEF O, O 22 THR L ICRIEAR—RE, FEHNL
BRAEGRIEE V.

Bl: Op % [pRBAKNHEZ 2] LBERTSE. CXODDOWNELTERTSE (OCp=-0-p) [p
PERIOGHRCIERBANTRC] Thbb [pHERZHFARMEYD S| LBIRTS 5.

2024-11-24 IREN L HAERIED Lean TORRILII OV T
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1.1 AR

Bl:OpEDE S RFEELE LTRIRT 25T, B2 REERENERTES.
o HH [pREFETHS].
o - Op [pTRUINERSRVEL, pTH L]
o M [pZHoTWw 5.
op—0Odp [pZH>TWVBERG, pPHloTVBI L H->TV 3]
op—p lpEH-TVBERL pIRIELL.
o (FzxUHY)GERARTRENE [p \IEERARTEET H 5 |

2024-11-24 ARAER 2 BRARRIED Lean TORREIS OV T

E$ 1.1.2 (Kripke EBH):
o HRDIFELAW L W LD 2EBFRE R: W x W O#l (W, R) ¥ Kripke 7v—2 kW),
0 7v—2 (W,R) L ZDEDIHMEREE V : Var x W — 2 D8 (W, R, V) % Kripke €7 v kW3,
o HEXNDREHBRBERIKEFELTRES. M=(W,RV)LzeWIIHLT,

O Mzkp<=V(z,p)=1 [z LTpHPETH 5]

© M,zkOp < Vy, Ry = V(w,p) =1 [z 6T HL2TOHRT p BE
o BTN MIIHL, 2ETOHRT o HPRBINDEILS, MFy [plREFNMVM TEEH| L),
O 7v—uL FEDEEDETNT o BRYTHLUES, FEp [pl37v—u FTEE| L.

2024-11-24 IREN L HAERIED Lean TORRILII OV T
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BAESREIC O VT
2. K1E5RED Lean TORZH L
SEXH

2024-11-24 ARAER L HARRIED Lean TORRILIZOVT

2.1 Formalized Formal Logic

Formalized Formal LogiC https://github.com/FormalizedFormall ogic

BOIERERORL LERCEES Leand THRLT 2 wev =2 b, BRLERESPHROL Lo TED
TV,

2024-11-24 IREN L HAERIED Lean TORRILII OV T
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2.1 Formalized Formal Logic

BEBREIC Lo TIhE THEAEINER. !
o HEAERIE
o fgeitlwelt
o BEIEERA
o HE 1 BEREEERIE L B
o fgettlwel
° v MREFEE
° Godel DFTELMEER
o FAHDEBEKDORRTFHL ( HAINAS.

TEHBEERAL v PREEEERRN TR —EESELOLDEEIN TS,

2024-11-24 TRALR 2 BRABERIEO Lean TOWIILII OV T

2.1 Formalized Formal Logic

Barohi cicmRbLcEE
o EFlXHRMERE
o Kripke Bk
o EEH4
© Godel-McKensey-Tarski O EE
o IEEEM L KRAERIE
o Kripke BlfiR &, V{ o»DRBIIHLTOELY
o Geach RIE
o SEEARTREMERIE GL
o JEiBE
SEIOHRKXTIEF L BRI OV TFREICHAT 5.

2024-11-24 IREN L HAERIED Lean TORRILII OV T

89



2.2 AERE

EFE2.2.1:
o LUTORE L #EHHRA #15> Hilbert JREEAKR CEIFARRE L REXDOES ¥ HREK L T 5.
o HHABEREDOF—tuY—
o REK:O(p — ) — Op — O
0 B—XRAKFI YR (MP):p— 0|1
0 At FT— 3 ¥ (Nec): ¢ | Op

2024-11-24

ARAER 2 BRARRIED Lean TORREIS OV T

2.2 #RiHERIE

%222 U TR K TREATS T, RELHENhS.

T:0p— ¢ D:0Op = Ow
B:p— OOp 4:Op — OO0
5: O = OOw 2:O0p = OOe

L:0O@¢ — ¢) — Op

EFE223: REKIIMATECREEZMATHRT 5 2L THRONLGRELETS.

KT =K+T

S4=K+T+4 S5=K+T+5
KT4B=K+T+4+B

GL=K+L

2024-11-24

IREN L HAERIED Lean TORRILII OV T
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2.3 Geach i®I2
2.3.1: 2IBER RIIKL (4,5,m,n) e N* E LTUUTHBHEYILO%S (5,5, m,n)-BFRNTH S &

E
[/

N

Vz,y, z.[zRiy A 2RIz = Ju.[yR™u A zR"u]|

12120 2RO nEEM R BUTD L S CED 5.

0 zRYy <=z =1y.
0 Ry <= 32,zR"2 & 2Ry

Bl: 2 BEROVL 2 DOMBER (i, §, m,n)-BRET—RILTS 3.

o &t xRy = yRzx & (0,0,1,0)-S M
o #RM xRy & yRz = zR2 1% (0,2,1,0)-§77

ARAER 2 BRARRIED Lean TORREIS OV T

2024-11-24

2.3 Geach HIE

EE 2.3.2: (i,5,m,n) SR LTUT# Geach R¥ ga, ;,,, , £ .
83; jmn = O™ = O™

ANTHLE L ICERIE% Geach

E#E2.3.3: K2 W 250D Geach BRI ga; ;i 1nnys 83, gy myms
Eﬁig Ge(<i1aj17m1’n1>’ accy <ik’jk7mk7nk>) k % < .

IREN L HAERIED Lean TORRILII OV T

2024-11-24
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2.3 Geach RE

fl: RET,D,B,4,5 21 Geach REBTH Y, KRV EE 2.2.3 D 2HDiHEIL Geach /IET
b5,
K = Ge()
KT = Ge((0,0,1,0))
S4 = Ge((0,0,1,0), (0,2,1,0))
S5 = Ge((0,0,1,0),(1,1,0,1))
KT4B = Ge((0,0,1,0), (0,2,1,0), (0,1,0,1))
S4.2 = Ge((0,0,1,0),(0,2,1,0), (1,1,1,1))

2024-11-24 ARAER 2 BRARRIED Lean TORREIS OV T

2.3 Geach HIE

EIE 2.3.4 (Geach FHIED Kripke T21M): Ge(ty,..t;) & t,-AHME, - BREEHIIT 7 v—20
7AW L TREPODRETHSL. Tihbb, RIFEMETDH 5.

1. Ge(ty, ..ty) T o DEEBARTEE: Ge(ty, ..., 1) F ¢

2. t,-BHME, -t AREEBICTETDOIV—L FToREY: FEFp

%235: KIZRET,D,B,4,5 2 »BHICHUMAICHREBILLRETHIET 27 v—22 5 21t
LTR2THd. HrERDOIEMVEID.

0 S4 13 REIM/HBE, THOLEIEFD 7L —2D2 5 RIZDOVTRETH .

0 KT4B I RETHI/HEBBR/EIFN, TAOLLEAERRDOIV—2D2 T ROV TRETDH 5.

0 S5 1k REFE/HBH/Euclid IR 7L —2DZ 3 RIZOVTEETH 5.

instance S4.Kripke.complete : Complete (Hilbert.S4 N) ReflexiveTransitiveFrameClass

instance S5.Kripke.complete : Complete (Hilbert.S5 N) ReflexiveEuclideanFrameClass

2024-11-24 IREN L HAERIED Lean TORRILII OV T
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2.3 Geach RE

% 2.3.6:
o ENERIRL 7 v — 2R RETHI/HEBMN/Euclid I TH Y, BWIMHIID. 2D, KT4B & S5
SERRBENHZE L W,

o FIEFIZHEMERG TR LV 7 L —a W FEET B0, KT4B 12 S4 & H EIZi&w.
S4 C KT4B =S5

theorem S4_strictlyWeakerThan_S5 : (Hilbert.S4 N) <s (Hilbert.S5 N)

theorem equiv_S5_KT4B : (Hilbert.S5 N) =s (Hilbert.KT4B IN)

2024-11-24 ARAER 2 BRARRIED Lean TORREIS OV T

2.4 GL

BAEGRIE GL BR LM FEE TER I N A AN 2 DT 5 1D DRRBRIE « SEPARTREMSRIEL LT
BACZHENTbI TV, 23, Kripke BRI H L TUTOMESRE D IO

EIE2.4.1: GL & #BHN»OERFHLERL I v —2D2 5 AW L TEE»ORES, T4
BR7 v—2af2izo. 2

instance : Kripke.FiniteFrameProperty (Hilbert.GL N) TransitiveIrreflexiveFiniteFrameClass

' ZOHWREI3 M. Maggesi and C. Perini Brogi [1] 1= & » T HOL Light TEE LR ST 5.
2%k, AREYEFCTRCERSNL 7L —202 5 AW L TR2ABERBRFEL L. ZOERIERLIN TV S,

2024-11-24 IREN L HAERIED Lean TORRILII OV T
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BICBUCERAE D IO,

EIE 2.4.2: RIZFEME.
1. GLF ¢
2. FEOHBNLABELH BRIV —2tDEFAV ML, ZOWrTM,rEp

theorem provable_iff_satisfies_at_root_on_FiniteTransitiveTree
: (Hilbert.GL N) +! @ o (V M : FiniteTransitiveTreeModel, Satisfies M.toModel M.root @) :

2024-11-24 LN L HIERED Lean TOHRILIZOVT

2.4 GL

ZIHHLBIIRORPET B.

%243: GLTRTAEyT7—v 3 VRFFAFR. T4db,
GL+FOp= GLF ¢

theorem GL_unnecessitation! : (Hilbert.GL N) +! op » (Hilbert.GL N) ! @

% 24.4: GL BHEESHEELES. T4bdb,
GLFOpVOyp => GLF ¢ | GLF o

theorem GL_MDP (h : (Hilbert.GL N) +! Op1 Y Op2) : (Hilbert.GL N) ! @1 v (Hilbert.GL N) ! @2

2024-11-24 BEN L HHERED Lean TORRILII OV T
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. 2.4 GL

EHE245(F2F7R2MEE): T * PAOBEFELBROTELEAERL TS, 0Ly, R
i EEAE] Be M IRER Pr, 28T S 5.

T DEFEE %R TN Cony = Prp([L]) X T THEATELY. $T4bb T ¥ Cony.

abbrev bewa (o : Sentence Lor) : Sentence Lor := U.provablea/["0"]
abbrev consistenta : Sentence Lor := ~U.bewa L

theorem goedel_second_incompleteness [System.Consistent T] : T ¥ T.consistenta

TR2MFEE L GLOERLREIh TV 5. Lo T, GEFARREMREORL L 2 HNNTEMELVIE
BimLicw.

2024-11-24 AR 2 BRARRED Lean TORRLIS OV T

2.4 GL

£%& 2.4.6:
o KIEREBOMELEY L 1 BBEREBELOBMOX~EETER «: Ver, — Sent, ZHERLIFLR.
° [ ZEEBARTREMREE Pry & LTR S & 5 IR « ZHRMEREL~ LHRLICE K+,
Form, — Sent, % Pro-BIEREMKR. $4bLREMICT.
P = p*
Loy |
(p = Y)™r > @7 — P*Prr
(@)™ = Pro([¢™r])

2024-11-24 BEN L HIERED Lean TOHRILII OV T
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FIE2.4.7 (GL DEMNTZLMEE): Prp & TIE2.4.5 THERT S 5EBETEERETH L LT 5.
ZDLERIFMETH 5.

1. GLF ¢

2. FEDRBIR « IS LT T F o,

1.6 2RRWEXERIERVIZU L DO THE.

lemma arithmetical_soundness_GL [B.HBL] (h : GL +! p) : V {f : Realization a L}, U r!. (f.interpret
B p)

2.6 1B, BRXEHETVRv, BENT BERRONALHEE GLOKZ v —2IIH1T 5
2, etc) BEREBICEATVIDT, HLRMHBEIRAIUICLRES VEML TV 5.

2024-11-24 AR 2 BRARRIED Lean TORRLIS OV T

2.5 ¥RiHERIE : £ Dfth

FERLPo VBRI EATC AR

o EBELERT Lv—aif
o RIELEBERZIVv—2MDPEZIHIL LV 5T, Lean DR TREAEMVHERILT S Z 5 »IEFH
(RS NITRETEY] DL L bDEERTHIVELHNZI).
o BEREEREL L TV 2 OHMEHRED Kripke T2
© ZOFRELT, HhROIEMIL L ETHE
o EFEHFHIE L AEREOHEY
o Godel-McKensey-Tarski DEH : Int, S4 O Modal Companion.
o R (Lob), (Henkin) # A\ 1 GL DRIESE
© Triv & Ver #HMEREBIRETES2L
o Grz ?D Kripke 5214
o GL, Grz @ Boxdot Companion’
o Pure Logic of Necessitation N DEMif & Z DLt
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Certificate Generation for Instances
of Post Correspondence Problem

Keywords: Isabelle/HOL, Automata, Transition System, PCP

K7%x Z# Akihiro Omori (Science Tokyo)

Post Correspondence Problem

“You are given s types of tiles. Is it possible to arrange these tiles in such a
way the top string matches exactly with the bottom one?” (undecidable)

Examp]e: .........................................

100{| 1 [|100 ({100 1 || O 0

‘13113227 is solution: 1 ooll 1 1 1looll 1001100
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Post Correspondence Problem
PCP[s, w]

. s types of tiles

. the length of the longest string on tiles = w

( ~
PCP[3,4] 1881 00111 (;)111 _____ 0 01
— _J
s 1001 )
0 11101 || 00 1
NOT PCP[3,4] o e
- Y,

This study aims to solve all problems in PCP[3,4]

PCP[3,4]
13,603,334 problems (normalized)

Not solved in [Zhao 2003]

3170 problems
1010{[110]|| 01
10 || 01 |[1010
1001|| O
0 |[/010

1001 || 1 1
1 111100

[1] Ling Zhao (2003): Tackling Post’s Correspondence Problem. In: Computers and Games, Springer Berlin Heidelberg, pp. 326-344
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Contribution

. Solve all PCP[3,4] problems except 2
- Propose an algorithm to show the unsolvability of PCP instances
- Algorithm for finding the shortest solution of PCP instances

. Found the most difficult instance in PCP[3,4]

- Automatically generated proof of unsolvability for each instance

PCP[3,4]
13,603,334 problems (normalized)

Not solved in [Zhao 2003]

3170 problems

1001([ 1 |[ 1
1 |[111]|100
1010 01
RPN ot solved ye
2 problems remain unsolved
1001 o
0 |lo10

-

[1] Ling Zhao (2003): Tackling Post’s Correspondence Problem. In: Computers and Games, Springer Berlin Heidelberg, pp. 326-344
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Contribution

. Solve all PCP[3,4] problems except 2
- Propose an algorithm to show the Unsolvability of PCP instances
- Algorithm for finding the shortest solution of PCP instances

- Found the most difficult instance in PCP[3,4]

- Automatically generated proof of Unsolvability for each instance

The most difficult instance (provisional)

Length of the shortest solution: 452

.- To show the shortestness, you have to examine that there is no solution for
everything up to 451

. Number of naive search nodes: estimated 10378

- You need to do your best to mow the branches (details omitted)
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Contribution

. Solve all PCP[3,4] problems except 2
- Propose an algorithm to show the Unsolvability of PCP instances
- Algorithm for finding the shortest solution of PCP instances

. Found the most difficult instance in PCP[3,4]

- Automatically generated proof of Unsolvability for each instance

Reliability of Results

. | solved 3168 instances, but is the result reliable?

- Are there any bugs in the program?

Possible Approaches

. Prove the program correctness

« Create proofs that can be automatically verified for each (formal proof)
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Prove There Is a Solution

100

0

1

100

Il try to prove that there is a solution for this

The actual solution 1,3,1,1,3,2,2 is an evidence: simple

Prove There Is No Solution

TransitionSystem's Inductive Invariant is an evidence (described later)

For all the newly solved problems, such a certificate was automatically generated.

note: 2 of them haven’t been checked yet due to its unreasonable execution time
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Transition System

Considering the transition “arranging tiles one by one, from left to right”,

we can define a transition system.

. State Set 0O = {upper, lower} x Z*
- Transition Function T:0-2¢ - referring to arrange a tile

! 01 upper, 01 1 01 1 lower, 1
. Initial States Init = T(e) L

. Bad States Bad = {(upper,e), (lower, €)}
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Inductive Invariant

If there is some state set Inv C Q satisfying following 3 conditions

. Vselnv. T(s) CInv - closed under T
« Init C Inv
. (upper,e) & Inv A (lower, €) & Inv

--- then this instance has no solution!

Reachable States: {(upper,s) | s € (111)*}

Example:
We use regular language to represent state set
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Finding Invariant

The prover doesn't care about how to find Invariant

Many methods are proposed to solve this reachability problem
such as PDR(Property Directed Reachability)Bradiey 111[Eén+ 111.

Here, we developed a new PCP-specific method (omitted)

Aaron R. Bradley. 2011. SAT-Based Model Checking without Unrolling. In Verification, Model Checking, and Abstract Interpretation

Niklas Eén, Alan Mishchenko, and Robert K. Brayton. 2011. Efficient implementation of property directed reachability

1 {|11{/1100

bottom, 11100

bottom,10.#111100

. Set of state sets V= {V,,V,,...,V, } and transition-inclusion relations
. Example. (V) cV,uV,uV, T(V))CViuV, T(V;)CViuV,

- Each node is represented as regular expression

U Vis an invariant ( T(UV) CuV , etc)
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Manual Invariant Discovery Tool

Certificate Generation
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Certificate Generation

- We generated Isabelle/HOL code proving the correctness of
Invariant and unsolvability for each specific PCP instance.

bottom, 11 bottom, 11100

bottom,10.#111100

bottom, 100

Given this graph---

. Define nodes:  V,,V,, V,
. Prove relations: T(V)) CV,uV,UV; T(V,)CV,UuVy T(V3) CV,UV;

. Merge them and prove 3 conditions: TWV) CuV ICUV BadnuV={}
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. Define nodes

- You first need to define NFA

Tips: RE/BBEBORULAIRELH DD, £V RID/IY—>T Y
FTP 3 EHARD/NT A=Y VAR > o

datatype State =S_1|S_2 | - | S_N requires O(N*2) lemmas

. Define nodes

. You first need to define NFA

- A set of pairs of a direction and words is a node
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- Prove inclusion relations
. T(V) CV,uV,uV,
. Now, Vv,,V,, ... were represented as NFAs

. As we will check inclusion after Vv, is mapped by T, we would like to

represent T(V,) as NFA as well. How can we implement 7?7

1001
Example. Consider applying 129 J to (UP, 001111010)

L01111010

left-quotient and right-product operations on NFA !( basically )

Left-Quotient

[t is enough to show the inclusion of one side in this case
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Right-Product

If you try to do it with DFA, you need to double vertices every time you
add a character ( not scalable )

Transition Function
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. Now, let’s check T(V)) C V,uV, UV,

- We implemented antichain algorithm (on-the-fly DFA construction
and more)

- We didn’t prove termination

- We defined step function and proved some invariant is hold when
stepping.

- The actual computation is done by transforming a subgoal.

state_invariant (state_1) ==> T(V,)) C V,uV, UV,
use invariant

holding lemma state_invariant (state_2) ==> T(V)) C V,uV, U V;

Finally

115




Implementation Detall

- We generated Isabelle/HOL code using templates (like HTML
template engine)

. execution time plot
- some proofs are too large and not able

to build (timeout/O0OM)

Future Work

. Solve the remaining 2 problems in PCP[3,4]
- Formally prove results in [Zhao 2003]
. Improve scalability of proof execution
- Some proofs require unreasonable time to execute “isabelle build”
- Formally prove the maximum length of shortest solution for each instance.

. Vi e PCP[3,4]. unsolvable(i) V len_shortest_sol(i) < 260

- If we proved this theorem on Isabelle/HOL, it supports we really solved

all instances.
note: unsolvable(i) V solvable(i) doesn’t mean anything

Ling Zhao (2003): Tackling Post's Correspondence Problem. In: Computers and Games, Springer Berlin Heidelberg, pp. 326-344
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BREBRELOOHEIRTRNDOHD%E
BIHRNARTILTY X LDAgdall & BH&REE
FEBRKF K FIRE TR
WA B

Haskell DZ 4 72 UBSE nublcDWT
- U R b oEEZIY RCEH
1) nub “apple” = “aple”

nub [3,1,2,2,1] = [3,1,2]

R EnNDOY XMW T BnubDEtEIZOM) R T v Ihh b
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BEEEBRELDODOHEIRTR/ND D D% IRTEEK

« Richard Bird(2010) | nubOEE#ZE L. BEEAHREL DD
HEZETHRANDHDEZRIEHRAEEFLLZHLDEEEZEIIRL
7=,

ZZEH]) nub “calculus” = “calus”

ZE#) nub “calculus” = “aclus”

« ZOBH nub 1 AFEEZO( logn) R T v 7ETIMR B Z &N
TE2EBird I FFEETRARTH Y, @ABPELITAR->TWD,

=1

Richard Bird(2010) I3 EE ZE L D OFHEIETHR/NDH D% ET
BE20(nlog n) GRITEHnub 73U XL%ERL T,

COFESE0(logn) U R FORENICH L TERITRT £ TIC
BEEDHEnlogn DABRT Yy THAMNE LT DI EHRT,

COTNLNITYRXRLDEHMZIRIET 5 Z L 2HRENET 5,
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Wt3eoTiE

Bird(2010)msx L 7=7 /L. 3V X A lZHaskelllc & » T-RENTL
b,

COTNTY) X L% ERFAX RS Agda R L TEIRRZ 1T L,
Agda BICTEERRZ1T D,

FERIZ DWW T

* Bird(2010) DR L2 7 LT Y X LAERE N BRTEAS h
FEBOERCER S NIIER, B ZAgdall TEIRET I,

RO, BETHNISHEEZRT. BEOIRZIT,
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NubDEZEDEE

nub = minimum - longest - filter nodups * subseqs
nub BEEZRELDDOHZIETR/NDD D %IRRT B
subseqs SR OHNTZURFDITRTOEDI % HE

filter nodups B3R FID ) R b H O EBEEZEEF L VL DDA EERY BT
longest mHEWLWHLDEHE(U X FORY)

minimum  XFIETHRL NI VEH DOEER

NuUbDEZDEE

nub = minimum - longest - filter nodups * subseqs

EVWDS ERETICEEN O U TZEETE S

nub :
nub [] =[] x
V X xs = (X € xs = nub (x :: xs) = x :: nub xs) x

(x € xs = nub (x 2 xs) = (x :: nub (xs W [ x 1)) min (nub xs))

xsWys lZ UZ R xs B U R P ysiCEEFNTVWEIERZLSTERY KB
BYDYRNTHD

AminBIZALBA LR L THEIBCT/NSWAZIRT

LA L. TN TIFAgdaTIHEIEEERH S NAL
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BE%K nub-helper® B

nub-helper : List A - List A - List A

nub-helper [] _ =]

nub-helper (x :: xs) ys with x €? ys

.. | yes _=nub-helper xs ys

..| no_withx €? xs

.. | no _=x::nub-helper xs ys

.. | yes _=(x:: nub-helper xs (x :: ys)) min (nub-helper xs ys)

nub : List A > List A
nub xs = nub-helper xs []

nubD—ALIZEIF T

min D5 & ’|$<‘:(x ) H'minl X L THECTE D 2 & Z AW T, nub
Q;iﬁg T9o nubD— it Zhub& § 5 EhublXLLTFD K S (C
EFR 0

hub : List A = List A > List A
hub ws xs = minimum (map (A is = is ++ nub (xs \is )) (inits ws))

F7- ws [TEBEBRIENMIEICIEA TS Y X NTH D,
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hubZ% AU 7znubDiREE

nub-specs :

nub [] =[] x

(Vxyxs > (x<y->nub(x::y::xs)=
hub (x::y:: []) xs) x
(=(x<y)=>nub(x::y:xs)=hub[y]xs))

nub®—f&1t hub (CBEL T

hub : List A - List A - List A
hub ws xs = minimum (map (A is = is ++
nub (xs Nis)) (inits ws))
inits A FDIRTORBEHDINEEL Y R R
inits [] = [[1]
xs W\ [] =xs
nubxs=hub [ xsTH D78,
hubl¥nub®— 1L TH %
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£ 2 Onub® XEZ(Haskell)

nub =hub []
hub ws [] =]
hub ws (x : xs) = case (x € xs, x € ws) of
(False , False) -> us ++ [x] ++
hub[] (xs \ us)
(False, True) -> us ++ [x] ++
hub(tail vs) (xs \ us)

(True, False) -> hub (us ++ [x]) xs
(True, True) ->hub ws xs

where (us, vs) = span (<x) ws

Lh L. RE2EOHEEIL2EF —& —

XExs,x ¢ wslZHBITAEER

minimum (map (A is = is ++ nub ((x :: xs) \is))
(inits us))

=({l1})-- X € XS H"D X ¢ us IEhBnubDEIFHIEREICLD
minimum (map (A is —
is++ (([ X ] ++ nub (xs\ (is ++ [ x ]))) min

nub (xs W\ is))) (inits us))
isZEELIZ Vs, BI(HEZ% TR ENDD
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XExs,XxEwWsIZBITAERER

minimum (map (A is = is ++ nub (xs Wis ) ) (inits (us ++ [ x ]))) min ((us
++ [ x ]) ++ minimum (map(A is = is ++ nub(xs \ (us ++ [ x ] ++ is))) (inits

vs')))
=({!1}) -- inits & min D B % FB L\ CAERA

minimum (map(A is = is ++ nub(xs N\ is)) (inits (us ++ [ x ] ++ vs')))

S DEE
cEFACETCVLWAWHBOEF

s FEB2DONUbDTEED L BRI DONUbDEE~DRBIALDEF
— EGDEANNE
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SZ 3B

« Bird Richard 2010, (L FEX 2014 B 7072 2 v JBKED
7T XLTYH A~ (JRRE:Pearls of Functional Algorithm
Design) Cambridge University Press.
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Complete graphs and independence numbers

Kazunori Matsuda!  Takafumi Saikawa®  Yosuke Tsuji

IKitami Institute of Technology

2Nagoya University

TPP 2024

1/18

A graph is:
@ V : type of vertices
o F : type of edges
@ d : mapping from edges to sets of vertices
°

axiom : |d(z)| =2

2/18
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(* undirected, loopless graph *)
Module LooplessUndirectedGraph.
Section def.

Record t := mk {

V : finType;

E : finType;

boundary : E -> {fset V};

_ @ forall e : E, #|  boundary e | = 2;
}.
End def.

Module Exports.
Notation llugraph := t.

Notation "“d" := (boundary) .
Notation "“E" := (E).
Notation "~V" := (V).

End Exports.
End LooplessUndirectedGraph.

3/18

For a graph (V,E,d) and SC E, Sis a
matching if no two edges share a vertex, and an
induced matching if furthermore no two edges are connected by an edge

Definition is_matching :=
[Veins, [Vfin$g, (e !=f) ==> ["d(e) L ~d(£)11].

Definition is_induced_matching :=
[Vein s, [V f in S,
(e I=1) ==> [V g, [Td(e) L “d(g)] Il [Td(f) L ~d(g]11]1]1.

(* [ X L Y] = XandY are disjoint *)

4/18

128



Matching numbers

matching number Maximum size (cardinality) of a matching
induced matching number Maximum size of an induced matching

minimal matching number Minimum size of a maximal matching

Definition nmatch := \maX(scpatching) #/ S |-
Definition nindmatch := \maX(scinduced matching) #| S |.
Definition is_maximal_matching :=
(S € matching) &&
[V T : {fset 'E}, (8 C T) ==> (T ¢ matching)].
Definition nminmatch :=

\big[min/nmaxmatch] (S€maximal matching) #1°8 |.

5/18

Complete graphs

A graph (V, E, d) is complete if:
@ d is injective (i.e., the graph is simple), and

@ any two distinct vertices are connected by an edge

Definition is_complete_graph :=
injective "d A
Vvw: V,v!=w->3e: E, “dle) = {v,w}.

6/18
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Number of edges

For a complete graph (V, E, d),

20B = VI(IV]=1)

Lemma card_Ecomplete :
is_complete_graph -> (2 * #| "E | = #| "V | * (#| "V | - 1)).

7/18

Proof sketch for card Ecomplete

Counting ones in the upper half of the adjacency matrix

— = = O
— = O
_ O = =
O = =

suffices, but..

8/18
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Proof sketch for card_Ecomplete

Counting ones in the upper half of the adjacency matrix

—_— = = O
— = O
_ o = =
ol

suffices, but..

“upper” requires an ordering among vertices

8/18

Proof sketch for card Ecomplete

Counting ones in the upper half of the adjacency matrix

— = = O
— = O
_ O = =
O = =

suffices, but..

“upper” requires an ordering among vertices

NOT COMFORTABLE

8/18

131



Proof sketch for card_Ecomplete

Do it symmetrically:

(edge e with boundary {a,b}) — {(a,b),(b,a)}

Definition biboundary (e : "E) :=
let: exist (a, b) _ := cardfs2_sig (boundary_card2 e) in

{(a, b), (b, @)}

Lemma card_Ecomplete_aux :
is_complete_graph —>
(J{biboundary e | e € "E} =
(fsetT "V x fsetT V) ~ fset_diag (fsetT V).

9/18

Proof sketch for card Ecomplete

Do it symmetrically:

(edge e with boundary {a,b}) — {(a,b),(b,a)}

Definition biboundary (e : "E) :=
let: exist (a, b) _ := cardfs2_sig (boundary_card2 e) in

{(a,b), (b, a)}-

Lemma card_Ecomplete_aux :
is_complete_graph —>
(J{biboundary e | e € "E} =
(fsetT "V x fsetT "V) \ fset_diag (fsetT V).

Lots of fun with the mathcomp-finmap library

9/18
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In our mathcomp_extra.v thing

Section finmap_ext.
Local Open Scope fset_scope.

Lemma fproperUl [K : choiceTypel (x : K) (A : {fset K})
x \notin A -> A C x | A.

Lemma fdisjointXX [K : choiceType] (A : {fset K}) (x : K)
x \in A -> ~ [A 1 AlVfset.

Lemma fdisjointXXP [K : choiceType] (A : {fset K})
reflect (A = () [A L Al%fset.

(* ... 300 lines ... *)

End finmap_ext.

10/18

Matching numbers of complete graphs

Matching numbers are determined for complete graphs:

@ induced matching number is 1 (unless there are no edges)

@ all maximal matchings have the same size | V|/2

Lemma nindmatch_complete :
is_complete_graph —>
nindmatch <= 1 (equality holds iff 2 <= #| "V |[).

Lemma maximal_matching_ complete (S : {fset "E})
is_complete_graph —>
S € maximal_matching -> #|~ S | = #| "V | ./2.

11/18
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Proof sketch for nindmatch_complete

Lemma nindmatch_complete :
is_complete_graph —>
nindmatch <= 1 (equality holds iff 2 <= #| "V [)

12/18

Proof sketch for nindmatch complete

Lemma nindmatch_complete :

is_complete_graph —>

nindmatch <= 1 (equality holds iff 2 <= #| "V |[)
Towards a contradiction, assume (1 < nindmatch). Then there are two
edges in an induced matching that are however connected due to the
completeness.

34 lines of code

12/18
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Proof sketch for maximal matching complete

Lemma maximal_matching_complete (S : {fset "E})
is_complete_graph —>
S € maximal_matching -> #|~ S | = #| "V | ./2.

13/18

Proof sketch for maximal matching complete

Lemma maximal_matching_complete (S : {fset "E})

is_complete_graph —>

S € maximal_matching -> #|~ S | = #| "V | ./2.
Proof by contraposition. The case (| V|/2 < |S]) is easy (7 lines (using other
lemmas)). If (| V'|/2 > |S]), we can take two vertices from the complement
of those in §. They are connected by the completeness and can be added
to a matching, a contradiction to the maximality.

36 lines of code

13/18
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Independent set (of vertices)

For a graph (V, E,d) and S C V, S is said to be an independent set if it
does not contain both of the boundary vertices of any edge.

Definition is_independent_set :=
[forall e : "E, ~~ ("d(e) C 9)].

Definition independent_set :=
[fset S : {fset "V} | is_independent_set S].

(* independence number;

often denoted by «a in the literature *)
Definition nindep := \maX(scindependent_set) #1 S |.

14/18

Application: formalizing lemmas from [Hirano-Matsuda

https://arxiv.org/abs/2001.10704]

Lemma nindmatch_leq_nindep (G : llugraph)
nindmatch G <= nindep G.

Lemma nmatch_minmatch_leq_nindep G :
(nmatch G - nminmatch G).#*2 <= nindep G.

15/18
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Application: formalizing lemmas from [Hirano-Matsuda

https://arxiv.org/abs/2001.10704]

Lemma nindmatch_leq_nindep (G : llugraph)
nindmatch G <= nindep G.

Lemma nmatch_minmatch_leq_nindep G :
(nmatch G - nminmatch G).*2 <= nindep G.

@ Pen-paper proof: 4+4 lines
o Coq proof: 6+7 lines

15/18

Conclusion

o MathComp-Algebra, -Finmap, and -Classical together work as a
practical playground for graph theory

@ Tension between concrete and axiomatic definitions
e TODO:

more graph invariants
connection to ring theory
use Hierarchy-Builder
bridge to Cog-Graph

16/18
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Appendix: generating complete graphs

Complete graphs can be generated from given vertices
@ V : type of vertices
@ FE = all unordered pairs of two distinct vertices
@ d(z) = type coercion

@ the axiom |d(z)| = 2 is immediate

17/18

Generating complete graphs

Module CompleteGraph.
Section def.
Variable V : finType.
Definition E :=
[fset {p;,po} | P € (fsetT V x fsetT V) ~\ fset_diag (fsetT V)].
Definition boundary (e : E) : {fset V} := val e.

Definition axiom : forall e : E, #|~ “d(e) | = 2.
Proof. (¥ .. *) Qed.

Definition t := LooplessUndirectedGraph.mk axiom.
End def.

End CompleteGraph.

Notation "“K" := (CompleteGraph.t).
Notation "“K_ n" := (CompleteGraph.t 'I_n).

18/18
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AR OB &
(Algebra and Geometry of the A-calculus)

TEREHE
REARAREREATER
REFEN

RIEAFEESHZER

TPP 2024
FUMAKF
2024 % 11826 H

Summary

o COEETIE, HOBWAHBEDOERERA X*, VZERS.

o CNLDBROVWITNBLEMFZRELTERLTS.

o CNBHDEICDVT (), (B), (&) DRAIDZWADIEESE
FOICERT B .

o \* W5 VERERTI-HDOMBMDE A ZAETS.

@ Each expression in V is represented using the idea of de
Bruijn level. Unlike de Bruijn indices, de Bruijn levels are
counted from the root of a A-exp (represented as a tree).

@ The most important idea in this talk, to regard sequece of
variables as contexts in which expressions are evaluated.

o SEIE (n) I3kbEL.
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Summary (X, A\*, V)

o KEBETIMONIEDERIIIANT, BHEH, RELHC
BHICHATHNLRFIZDOEHRTHS.

o MIFvY—FERZEH) —DERLEDHOD.

o MIIAEETIRET IR

o )\ IFaFMEL WS EBMLBIZNVE. (8) IXEAICKDEHE
T3, ZBORBIZV L D2DOEHICOVLTITHNS.

o N BEHOREBEEZHDHIICOWTITS. CThickb, H
HE/ARZ*DBXNICEDSEERTS. AT3 D (var, app,
abs) &> TABRFRAID 5 5 abs BEREICHDS.

o VIIN DN S LWVEBZIFOLDZHOHLIEBDLR
BE3. VICRERZ OMEBELED S1ERTS. V TR (8)
IEEATH < BEEHA (apply) ELTEESIN, V EDZIF
BRELD. £, (o) BFREICLS.

Summary (A)

AN OFHSKWVEEZFHODDZMOHL, VZIEET S
THICART3ETHBD, EOMUEMFIZUTDOLSICRI
EHTES.

=~ « incl

A—— A* sV > A
C C T, incl {& inclusion map T#H 3.

ald, E M : A ICRLT, TNnZzZT o-[FfEXE (equivalence
class) DFD'S 0 ZHRm ¥ TS canonical ZR{AFRIT (representative)
ZIEIEBTHS.

AlE, ZREBIFHEERTIEBVD, 32D NHEDERN, \*,
VZHEUDITBREELS (field) £ B >TW3S.
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Some notations

o BB 7 OBE%* i,j,k,x,y,z TKRiLID. z,y, 2z &
BREZHES L LTRSS ESICAVWS. O EDEH DS
EDE%Z NTERL, TOEZHE%Z m,n TKLT .

o BHFIDE 7* DBE% u,v TKRiLT 3. Z* DEANAE
FF (10 —2)DESICKRELTD. FeudDRETZ |u| T
x®9. fZIF|(31)] =2

A and their computation rules

BAZUTOLSICEERT S
x:7Z K: )\ L:)\a x:7Z K:\

var PP ==——F——7"= 2abs

T (KL):X Ax. K : A

AMIHITBFABRUTORWZAVNTITONS.

(el) K=K

(2) K=L=L=K

(e3) K=K ,K' =K"=K=K"

(c) K=K,L=L= (KL)= (KL
(&) K=L= XK = A\z.L
() K =4 L (a-equiv.) = K =L

(B) Klz:=K'|=L= (MK K')=L
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The free monoid Z* over Z

E/ARZ 2D LOBEEEUTOLSICESETS. UFT
id, uX v DEEu-v EREBTS. (1) & (2) TZ OEREE
L, )L (4T, Z*DLOBWEEEEETS.

= ():Z" (1)

x:Z,v: 1" =>xv: 1" (2)
0-vi=v (3)

(zxu) - v:=x(u-v) (4)

COREBICED, 7F B () BETETBIE/ A RICBB LD
Lh®BNS.

A* and V

MHREZBEAICEBATESRZEMELTOR V ZERLIL.

%@TCM’ i?’ 1&*@)\51‘%@%’(55 A tlﬁlgg—t‘ﬁéb“’ 7*
PEAICERTIEER N Z2TEHD. CORBR N ICH T abs
DORBADREICHS.

RCEKREFETHIEERV Ea: X >V %
M=, Nin\*<s a(M)=a(N)inV

PP DESICEETS. ChickD, VTR (o) OFELRA
HRBIHS. (€) DRBICRSH, TOERHIBICTT.
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A* and context

A*

. . . . . *
u: Z* :I:.Zvar w:Z* M:\* P:)\ app

ux s A* u(M P): X"

LEDudDIEEXAR (context) EWVWS . ux EXAR v ICHITEIE
# (variable)x Z&R L, u(M P) I3X{ v ICHEIT2EE M DO P
ADIEF (application) ZF&R L TW3.

A-exp M DR S (length) |[M| ZUATFTEDS.

juz| == |ul

[u(M P)| := |u

Comparison of A and \*

A
z:7Z K:\ L:)\, x:7Z K:A
A KL A P KA
A*
u:Z* x:7 w:Z* M:A* P: )"
ux: N u(M P):X\* PP

ADEREICH o 7= abs DIMAID \* TIEABLBE->TWS! TOHRKR
ICIE, ATIE—EICDEDODEHLHIRETETHRVDICTLT,
AN TR(ODFEZZHT) FREBROEHZRETETEI LD
BEFRLTWS.
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Action of Z* on \*

Z* IERDESICLTAAEATS. UT u D \* ADIEE%Z
u- M rEL.

(var) u- (ve) :
(app) u- (v(M P)) :

(uv)x
(uwv)(M P)

COERZRAWT, RICADS X ADIEDHIAH (embedding) ZFE
£595.

Embedding of A\ into \*
X-exp K %& X\*-exp M = K* |ICE#H9 58

() : A= X"
ZRDEIICEDS.
(var) (x)*:= (=
(app) (K L))":= (((K)* (L))
(abs) Az.K)*:= (z) - (K)*
Bz,

Az Ay z.((z 2) (y 2))*
=(x) - (y) - (2) - (((z 2) (y 2)))"
=(z) - (y) - (2) - O(O(O= Oz) OOy 0=2))
=(z) - (y) - (2)(O(O=z O0z) OOy (=)
=(z) - (¥ 2)(O (0= O)z) OOy ()2))
=(z y 2)(O(Oz )z) OOy 02))
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Embedding of \* into A\

A-exp M Z X -exp K = M, |[CZE#:9 38
(_)s: A" = A

ERDESICEDS.

(varl) (OY)« ==y

(var2) ((xu)y)« := Az.(uy)«
(appl) (O(M N))w = (M)« (N)4)
(app2) (zu)(M N)), i= Az.(u(M N)).

(_)* & (_)« BEWIHEFOHEEE (inverse) IC78 5.

Action of Z on Z* and \*
X DEEEF (integer sequence) FTclE AN -exp DEE, Bk D
X AOEDSDER X+ ZUTTERTS. COERIRHR
X Z k2139 57 (shift X by k)

ERATHBLEZSND. 7 Z2RBERD LEDBEE (integer scale)
ELTRBLE, kDREQCETRELETARICBEL, BOrEE
E, 0DLZRTOIFICES.

0% =0
(xuw)® := (z + k)u”

(ux)® := uPF(x + k)
(w(M P))F :=u*(M* PF)

C U Z OINEEE (additive group) BMERT3HDHDT, —k %
EASE 3 LICES.
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A

RRERETHBIEVZERIBEICET, TNZICRHAZU

TOLSICEERTS.
1: 7 ‘n:N m:Zvar 1: 7 n.:N M : A P:Aapp
i"x: A i"(M P): A

COT, " BEENICIE, i <j<it+n BB jENSED
X (interval) ZRLTW3.
LEBDTcH N DEHRZBIHITS.

u: Z* ar::Zvar w:Z* M:\* P:)\* app
ux s A* u(M P): X"
WMEDEWVWELCRETIZELL.

Start point, length and context of A-exp

IANTD A-exp M &,

Fr=lE
i"(N P)

DVWINHDFZLTWS.
o 1 & M DA (start point) &MU, M TKRY.
o nE M DRI (length) LT, |M| TRY.
e i" %Z M DR (context) LML,
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BADERIIUATOLSTHoT .

var M:A P: A
"x: A i"(M P): A

BVEbDexp %, £HFTA-exp ELTUTOLSICEERT S.

z<itn M:V P:V M=P=i+n
i"r:V var zn(M P).V

app

app

A (var) TESBND "z : V IF, = < 1 D TEHETH (free
variable) TH D, i < x DL TRFBEH (bound variable) TH 3.

Geometric structure of V

A-exp ZImCCICHEEL,
Vi:={M:V|M =i}
(V)b i={M*: V| M:V;}

LEHB L,
Vigr = (Vi)F
DD IID.
2L, EO M* IZUTOLSICEDS.
(i"x)* = (i + k)" (x + k)
(i"(N P))*:= (i + k)™(N* P*)

CHUE Veexp ZBHBEEITTSTIERATH S.
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Concatenation operation on V

B inn>0 ¥ M:V,, "5x6nfLE,
"OM:V;
ZUTTEERT .
i"O (4 n)mx ="t
i"® (i 4+ n)™(N P):=i"T™(N P)

TN, Vipn-exp DFIIC i™ Z &g (concatenate) L, Vi-exp &
BRRIELRZ N TES.

Function application on V

V-exp i"(M P) I |M| >0 THBEE P-redex E%D. D
tEFx=i+nINE, M,P &HIZ Vy-exp THD. £
T, V-exp IC&T3 BBEGER (function application) —@— %

(z"T1y)QP := sub(P, x, 0, (x + 1)"y)
(z"*tY(M N))@P := sub(P,z,0, (z + 1)"(M N))
CERTSD. CCTHWIHBIREHE sub DERIFRDZXS A KT
RIH, sub(P,xz,0, M) Id M D z IZ P ZXATIEHT

HD, Curry DEBAETIE [P/x] M, Barendregt DEEETIE
Mz := P] IABS ¥ 5.
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Substitution on V

RABE sub ZUATDLSICEERTS.
G—-1"y (y<zDXF)
sub(P,z,m, j™y) =< (j —1)™ ©® P::[:n+m] (y=zDLTF)
G-D"@y—-1) (y>z0L3I)
sub(P,xz,n,j" (M N)) :=
(7 — 1)™(sub(P,z,n + m, M) sub(P,xz,n + m, N))
ETRWEZ PM BUTOLSICEDS.
(imy)[n] - (i+n)"y (y < wo)t:é)
T |GE+n)m(y+n) (@<yord)
@™ (P Q)L :=(i + n)™ (P Q)

Example of function application on V

A-exp Azyz.xz(yz) & Azy.z I& V-exp ELTENEN
S :=03(3°(3%0 3°2) 3°(3°1 3°2)) K :=0%0
rxRE3. COLE, SOK IIUATOLSICHESINS.

SOK = sub(K,0,0,12%(3°(3%0 3°2) 3°(3%1 3°2)))

= 0%(2%(sub(K, 0, 2, 3°0) sub(K, 0, 2,3°2))
20(sub(K, 0, 2,3°1) sub(K,0,2,3°2)))

= 02(2°(2° ® K 2°1) 29(2%0 2°1))
= 0%(2°(222 2°1) 2°(2% 2°1))

&b, TnE dexp Azy.((Azw.2)y) (zy) ICHET 3.
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Computation rules of V-exp

V-exp DFABIIUTORWZAVWTITONS. a, (EFE.

(el) M=M

(e2) M=N=N=M

(e3) M=N,N=P=M=P

(c) M=M',N=N"=i*"(M N) =:"(M' N’)
(B) |[M| >0 = "(M P)=1i"@® (MQP)

LORWDOTTM =NEBBEE, M =NEH3.

EHFBRDIE, () & (B)Ic&D, (&) &2ES ek,
(B)-redex IZXF L TRABGERDNTE3H'5THS.

o RERERIFRDRFA FTRY.

Relationship between \* and V

A*-exp M, N IZ¥fL,
M=, N <= az(M) = Ozz(N)

bR AT S
[0 73 ¥ — V;

% Coq TEREBLE. COCTF, o B M : N ICNLT, M D
B9 % o [FMELE (a-equiv. class) DFRHS i ZIRRE TS
canonical ZRfUZRTT (representative) 2523 . 1,

(ai(M)) = aq (M)

EBB.
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Conclusion

By imposing the convention that (1) the free variables of a A-exp
must be negative and (2) the bound variables of a A-exp must be
nonnegative, we have the following diagram. In the diagram below,
inj is a naturally defined injection.

(=)

A N - VLN L N DY

Writing « for the composition of the 5 maps above, we have
a : A — A Here, given M : A, a(M) enjoys the property that
M =, a(M).

We have implemented the above diagram in Coq.
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— AC DOFEXS RV /G 1% RERA
? Isabelle/ZF IC & 22z 1b

RILKFE KFERIBEHRBFHAER
EH - WEARE M2

RIRKE

November 22, 2024

Po=Z
-AC O ZF L D1B > H#EF 14 FERA %
Isabelle/ZF THz34b

Ehigk
» NENESROEELRETH % EHE (k)
ZHWIEEROEKILIIBESNTWS

= AC DM REF BRI ShTEY
AbhETACOMIEAEAR LT LICL D

1/20
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Fi&&

» NERESRH
EGDR-TREMEEZLNEBE L TEDT-5£E4H

» ZF : Zermelo-Fraenkel 38 %, —MERERELT
ERXtIhi-E<IEBAIhBZ3LER

= AC : EIRAHE (Axiom of Choice)
EEDIEESDEILOZNTNLIODTEESR
B#8LPFET S LV NE
— EFIngEER, Zorn DAL &L
FELEELdEL H B
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&

. B HRBERT L THEEFE -
THEFELSIEAERT + o bEPER S

AT H O
THopd-pbAlBATELRWLI L

> p& DT LOEWNWEFEEZTRT LT
O THOWITHZILHEATES
(T HEFE L IRET NI

4/20

= FHELE
EEWDETLEZIRLIFLVET VEEIRE

- M ZBFETHRLEZET VL E
M @ generic extension & FEU M[G] L E L
— M|G] I& poset P & generic filter G ICKTF L
THEY, PZ2HIFLERILT, HHEE
M[G) TRRYI>Z L zFlEHTE 3
- PZR®T=5 AT, BHRIBEHRIFICK > T,
M|G] TRYIM>Z L %R TES
KETLDHEETNIEFETH S8, HHlE
TETINEBRT I L TEFEEHZIATES ;)
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Isabelle/ZF

Isabelle/ZF (23|} % F1THE

= CH®ZFC LI HRERA [Gunther et al. 20,22]
- sEHlEDRE (13K 1T)
— CH DI HEFERA (16K 1T) X Lean3 ICH 5 2

= AC D ZF L B3 HYEER & TEEERA [Paulson 02]
- WA ATEEFH 2R (12K17)

> —AC DX G EEERA 1
eI hTWhd > -0 THE

6/20
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AAEICE T 5 Isabelle/ZF DF 5=

- ESRICEATHE - BREBXHES

« FHELEDAZZNAL [Gunther et al. 20 HF
ITTICHD

- ZFDct.m DEEZRELTWS
— c.t.m. : countable transitive model

X Lean3 IC b 5@FiEDHR LD D

7/20

. X

IS

AR Tl Isabelle/ZF £ T
SoicEhbsn-ZF 2k 5

» SHHETLS [ZFOETIV] LIE. Isabelle/ZF
ETEbtEhi-ZFz/m-dEEDZ L

= [Paulson 02] ®#Z31L % FI

8/20
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[Paulson 02] DAZ= 1L

At AR 1B B
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AIE BA BT B [Karagila 23]

ZFDctm. MHOHEFELT
ZF+—-ACDOETIVN KT 3

= N |Z First Cohen Model & MR 2EFTIL

— generic extension DEFDETILTH S
symmetric extension DU & D

= NIZZF Ziwmf-9h, BInGEERZH/m-I LW

- NE[Eftw > ADGWERES ADTEFEE]
— NTIEZD ADEFITELR L

10/20

Isabelle/ZF I X 221t
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AR THIZUAERA L 7-anw

=1 S
M#%ZZF®Dctm. &35, CDEZXE

HBZFDctm. NHH-T
N IIZnJgeEB Zm-3 L

EXTiE

UToIRBICHalFons

1. symmetric extension DERKED E &
2. ZFDETNTH P Z L DIEHA
3. First Cohen Model DR

4. ZhB -ACZwm7=9 Z & DA
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FXE

W1IASFITNDIA—F #ELLE (3K)
1. symmetric extension DE# (3K 1T)
2. ZFDETNTH S Z & DFEA (5K 1T)
3. First Cohen Model D& (2K 17)
4. ZThH -ACZi#H=9 Z & DFERA (2K 1T)

X Isabelle/ZF TOEESHDPER LD EXITHRT L
RL<HWL

13/20

HEE>T-52 BHBELZ L OEEIKE

n V7RADPERHBIZITFRATHBI L
- ERICHEEXZ2EBRTIHENDH S
» ERLE-BEIAEFLICBEHTHE L

- ¥ [IRMMNICER SN M ADREEY

- IRELZFHD LB AL
BRTESH?

- CDEHI LB EERT H-HD
HEL2FITUL

14/20
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FEtf->7T-5 NHZF%#H1-3 Z & DA

Isabelle/ZF THR L 7= N #* M[G] IZH W T
JFRATHDILHIRATELD -7

» EXTIOVEBELZITTEL., FEFEEA?
» I3 [Karagila 23] THWLWHLRATWLWS
ROGEDERICHE
it 2|
N B EID D almost universal 522 7 AT

A¢-separation Zi#w7=9 A X N & ZF DAEPE
TILTHD

iR R

= HS IZHBXHME L 7238 FI IR |-us ZR2RE
- SEERN [Karagila 23] ICEDPN TV SR
- BHBAROERDELDEN < EE % HS ICHIFR

— IFgs 1&. symmetric extension IZ¥F L,
generic extension [CX§ 9 % IF D & 5 ITHIRE S

s |Fgs HAWTZFOETILTH B Z & %EH
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EE

ZR(1) ct.m. 77A—FIIOVT

» FAARTHEAILLI-DIZ,
[ZF @ c.t.m. B’FE — ZF+-AC D c.t.m. B’ TFTE]

- ZF D ct.m. DFFER. BEEDOAZE
[Gunther et al. 20] Z {5 7=H{R7E

= FEFAL 7=V @ d Con(ZF)—Con(ZF+-AC) 7245,
ZF D c.t.m. DTFTEIE, Con(ZF) HHEEEATE ALy
- ZOFX Yy TEEBHBZ LD TEBH,
BE ctm. 77A—F OO LTOIEAT
BREDLFBDATEEBIND
- ZOBHFOTAELTETLEL
(AR L 7=W)

17/20
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Rt TE TULWHEVLES

LT TENIL,
ZFDctm DEFEEDVREZLZLES
» EEDZFDEREBY AT L. ZFDEREPH T

BHH>TI Dect.m HBPEETIIEA +-ACD
ETLHDHFEET D

- SERIOFEHL ZEIET NITATEE
» ZFOBREBATICHL, TDct.m DFEET S
- IFETIVDOHRTIFDETNVEEZDHE
HHB?
— FERILDEEL L ?

18/20

ER(2) AZ/MWRLANIL

IFDETILVOHRDEEDIANPKRET -7

s d—FtIN7-BERXZHESBELRH -7

n XRLRIVTHYILIDZ L%
HH5—EIBRLEITNIEWITED -7

> AR /R ANIDFRAZERICEIT S or
A ICEETE S &S LD H 5 & EF

> SEDTF—<ICRST
HFERBORALLTHER

19/20
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Fed

—AC DX ER E LA =
Isabelle/ZF THzZ\AE
» ZFDctm HHHEL,
ZF+—-AC % # 7= symmetric extension % &R

» MOETIFREBINS ct.m. ICEAT3EROFR
ItHFE->TWL3B

» SEEROBEY) ICWHTHITHEEBLESBS S

. AR HRLALOTRNTRE (25153
BEREDYIZ L W 20,20

SE MR (1)

K. Kunen, Set Theory An Introduction To Independence
Proofs, North-Holland, 1980

BAGER: #H 87 R, £5%: MIEIRANDER,
B#i¥am1t, 2008

» T. Jech, Set Theory: The Third Millennium Edition,
Springer, 2002

= T. Jech, The Axiom of Choice, Dover Publications, 2008

» A. Karagila, Lecture Notes: Forcing & Symmetric
Extensions, 2023
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S (2)

G. Klein et al., seL4: Formal Verification of an OS Kernel,
2014

» LC. Paulson, The Relative Consistency of the Axiom of
Choice Mechanized Using Isabelle/ZF, 2003

= E. Gunther et al., Formalization of Forcing in Isabelle/ZF,
2020

» E. Gunther et al., The Independence of the Continuum
Hypothesis in Isabelle/ZF, 2022
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Leand #Z 12 Godel ®
B/ B A etE oAt

ARG

RIERFAFREFPHAERAFER

0.1 FFL

ERHHEZOWARIL 7w =2 | © github.com/FormalizedFormalLogic

o 7 Ml AR T LO.Propositional

o EBFRMERE Lo, IntProp

o LA R R Lo. Modal

o WL —FERFERPE Lo.Firstorder
o B —FERFEARE Lo. IntFO
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0.2 ezt
BHGH T % A SIATRE L RSO MR £ ¥ 5.

EM0.2.1 (PRt EHE):

(G1) T »EBE e BN 2z 2 BEICE, L6001, THOHMHORIEL TS
CERERDEET 5.

(G2) T »+rnil, EFEL O, T OEFEELPRT AT L.

1986(!), Shanker Ngthm iz & 2 G1 ORI,

2004, O'Connor Coq iZ & 3 G1 O (L.

2004, Harrison HOL Light - & 3 G1 oiER1k.

2021, Paulson Isabelle/HOL iz & 3 G1 £ G2 DBk [1]. EM Tk 7 { BEEWERES D
HER HF (<7 7 Bffi PA L EIF) O L THEAHL T 3.
o FADHIZ IR b HE—DFE - ARELEEEOE AL,

0.2 e et en
AR ROFRZEREEHO—oD ) — 3 VBRIL LI :

EH0.2.2:
(G1) THR, I V(SR O, TH»OHL KL TE v »HET 3.
(G2) THIT, L VM EFEL I, T OEFEELRTIAHTS 0.

o O ST 2 CEERARTRE S B A EHEE T BT H.
* R, : Cobham D55 D Hflf.
< ISy RT 7 B O W R .

IR 2 X 9 CSERMEER 2 v T B 70 IEREREY.
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0.2 Toe e
UTD5 05027 v 7% BATHER#1T

1. —RERFEREOE L.

o JHEGRMEA, RARMEL EoBAL.

« FERHTTRENE, FTREOEAL.
2. e

o AEFIERER
3.1, ONETHEMZERT 5.

s FBHBEBPERIRETH 2 2 L 2AHAT 3.

- BREA, BRHIE v o BB 2— Nbd 5.
4. A 2 OEML.

o JH, FWE, AEPAREEMES ERa—FT 5.
5. Hilbert-Bernays-Lob O A FEH 54

1. —FEbiEamE o B R L.
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1.1 W - w0t
MR (RN BHCREEEEPIL LY ICERT L. ThbDb,
o, =T [ L[ R@©) | ~R@) | oAy [oVi]|Ve|Ip

inductive Semiformula (L : Language) (§ : Typex) : N » Type _ where
verum {n} : Semiformula L € n

| falsum {n} : Semiformula L
| rel {n} : {arity : N} >
| nrel  {n} : {arity : N} »
| and {n} : Semiformula
|
|
|

En

L.Rel arity » (Fin arity » Semiterm L £ n) » Semiformula L € n
L.Rel arity » (Fin arity » Semiterm L £ n) » Semiformula L & n
£ n > Semiformula L € n » Semiformula L § n
En
£ (
g (

L
or {n} : Semiformula L > Semiformula L € n » Semiformula L € n
all {n} : Semiformula L n+ 1) » Semiformula L € n
ex {n} : Semiformula L n+ 1) > Semiformula L € n
Eptibay FETRAE L
98 + 6748 = 6846 “98 + 6748 = 6846”
(Vo) (Vy)la-(z+y)=a-z+a-y] “a | Vxy,ax (x+y)=axx+axy”
W@P<ﬁHV,x=ﬂ “Wx, x<teVic<n, x =1t
<n

IEE - RO E LTERT 2. dpov=—pVyp tT2

1.2 GEWRTRERE D B AL
AR 1218 Tait L2 RS 2.

A A pA +(&0), A Lo A A it
TCITENS axL A v;/);y or (*'ﬂM,V; and £ S/ )A aw w8 r »2 T2 A“*" wt ¥
PV, PAY, (2 3o, A (facT) (ifpeT)

inductive Derivation (T : Theory L) : Sequent L » Type _
| axL (&) {k} (r : L.Rel k) (v) : Derivation T (rel r v :: nrel r v :x A)
A

| verum (A) : Derivation T (T

| or {A p g} : Derivation T (p q :z A) » Derivation T (p v q :: A)

| and {Ao p q} : Derivation T (p :: A) - Derivation T (g :: A) » Derivation T (p A g :: A)
| all {a p} : Derivation T (Rew.free.hom p :: A*) - Derivation T ((V' p) :: A)

| ex {A p} (t) : Derivation T (p/[t] :: A) » Derivation T ((3' p) :: A)

| wk {a T} : Derivation T A » A ¢ I » Derivation T I

| cut {A p} : Derivation T (p :: A) » Derivation T (~p :: A) » Derivation T A

| root {p} : p €T > Derivation T [p]

Tait FEBHGHHENSD Lo {, LK % £ Do HER RN Hb~F 4 70 ZEBH A3
BiIns (ZEbd3).

12 I TIRHBER Y £0,&1,... ERILT A, 70" TH BZRENICE N HMEREA V2 ) AV L2 D
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2. e

2.1 se etk

e 2.1.1 GERMEH): TRTo @ itovT,
THp=TFkFoyp

= 77 (2N ER) GFEHCHETARMECL O, <= 2R TICBUT AT UER
W

HE 211 H#ET CovT, XOCTRLH LT 3.
e TH T
s TRTD e T#RELECIIL T OETADEET 5.
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3. 15, DR TR % R 3 5

3.1 (BAW) FEHO—F
o »OEMDERT » 6 b 2mBENAPHEHATES 2 L ZIFHLIC V.
Lean F “T + ¢”

LdL, 25238 Lean BERMLINIBETH Y, Z2ONEHTS 6 icBRIL S Iz 3R # 3F
BH$ 201 h7% b M 2 (361 TTEREs BRI s B s furc A
DEIIBNBDIZWHIZ L 3).

IR KRELZOT, BEMEHEZACTRD D ICERRIFR 2T 5.
Lean F “T k ¢”

BRI S HR T, Lean 074 72 VICHES NIREGEOREA OFfIEC A X T 75 I v
FOHBEEAPFAT S 2709, L O HBICEREZITO 2P Ta 5.
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3.1 (W) GEHON—F
FTHROEEOET VY REIET 5.
variable {V : Typex} [ORingStruc V] [V em* Iopen]
* ORingStruc V:V 7’53l Log OB TH 5 2 L # EIRT 5 typeclass.
* V knx Iopen: V 23HEE Topen Ziii7c$ 2 L Z FIRT 2 typeclass.
CORED S ETIHZIT Y. BEEBML w7 O ISERBEEE v 5.

lemma sqrt_exists_unique (a : V) :
I x, x* x saarnac<(x+1)% (x+1):=bhby ...
def sqrt (a : V) : V := Classical.choose! (sqrt_exists_unique a)
prefix:75 "y" = sqrt
@[simp] lemma sqrt_mul_self (a : V) : y(a % a) = a := by ...

12170, kA EA T A0, ERLICHEBSCHEGEZE0REY D 2 BMBECE I N
52 EWRELINE L G,

3.2 definability tactic

definability tactic i¥ Lean ORFEHY D 2 HMEE I &I s 2 L% (FJAEL ) HBEFEAT
5.

Y,-Predicate (fun v ~ V¥ i < len v, v.[i] s listMax v)

¥, -Function len ¥, -Relation (fun i v » v.[i] = LlistMax v)
l ¥, -Relation (fun x y = x £ y) 3;-Function, (fun i v » v.[i]) X,-Function, (fun i v - listMax v)
) ) !
typeclass (2Bt LI EBPCBEBR BFRIHAOKREZ RSO I3 NS.
instance exp_definable : Le-Function: (Exp.exp : V » V) := by ...

instance length_definable : Ee-Functioni (|-l = V » V) := by ...
instance dvd_definable : Le-Relation (fun a b : Ve~ a | b) :=by ...

instance Language.isSemiterm_definable : Ai-Relation L.IsSemiterm := by ...
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3.3 TRBBHE
RO 7 7 7 Exp(z,y) & 2% =y & 3, M CEFEARE [2], [3].

3.4 BIRMHBES
[z 1k y DR = [y Z EREHLICE S o HTHP 1] EERT 2.
z € y < Bit(z,y) < |y/2*| mod2 =1

Ackermann coding {Z & - TEBIWAERES V, ¥Rz 3. IS, 0b L TEBNLESGRYVE
TS5,

theorem finset_comprehensions {r'} {P : V » Prop} (hP : I-[1]-Predicate P) (a : V) :
Js<expa, Vi<a,iesoPi-- (FfIREN)AITLEHL

theorem sUnion_exists_unique (s : V) :
M u, Vx, (xeuedtes, xet) - MEGRE

theorem sigmas_replacement {f : V » V} (hf : Esi-Functions f) (s : V) :
M t,Vy, (yeteIxes,y=r*Fx)-- (fESnrk)BEHE EL
FCHROBB/ AR b RA 2.

def IsMapping (m : V) : Prop := V¥ x € domain m, 3! y, {x, y) € m
def Seq (s : V) : Prop := IsMapping s A 3 1, domain s = under 1
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3.5 PRI E 3%

A 35.1: Oy (t,0) ¥ 2T AC %87 A—X L LTHABEIT LT 5. & HLUTF R
T,

1. :‘V;Rl—%‘g‘ P(C,T], .’E) = (P{z | zEc}(/ﬁ? ac) &i Al i%ﬁjﬁg
2. HFl: CCC HOIE, Ou(5,1) = B (7,2)
3 HIE : 0p(t,2) KO, 5 mBEELT O i) oy (6,2)

REfred 8, ERABEL BEE Fixg (3, 2) BEET 5.

Fixg (U,7) <= ®p, | pix, (5.0} (U, 7)
S LIZREIEIT I OIE, Fixg(D,2) 13 A, EEATRET 2 OREIRINEL AT 2.
4. AR © @6(0,7) = Pryec | yen (U, 2)

4. X 2B ORI

175




419 - w2 -7 1 7
ABRE T #LTOL I IZED 5.
uETC@(Hz)[u:#\z] V(Hz)[u:&?ﬂ:} \
3k, f,v) [Func(k, £) Alen(v) = k A (Vi < k)[nth(v,7) € C] Au = f5(v)
bounded variable:  #z := (0, 2) + 1
free variable: &z := (1, 2) + 1
function: f'/k@) =(2, f, k,v)+1

L2 a i §EEIL 34, fixpoint construction 2 & b T ORBIA L.IsUTerm = V »
Prop RO NS, F72, ZOMERNED O HEERORAME+1 #ET S, BE L. termy @ v
SVPERTSE, tevda—Plhante WEOFEEHEZRS) BETHL Z LERT A,

JREE L.IsSemiterm n t : Prop ASEF 3N 2. kAL hicmBE % A REE
IsSemiformula n p : Prop DYEFEINS.

def Language.IsSemiterm (n t : V) : Prop := L.IsUTerm t A L.termBV t <

4.2 Tait gt O a—7F 41 v 7
T % A, EHRARELHER LT 2. ABE DL #IHCHMER L A EHL,

d € DL < (Vp € sqt(d))[Semiformula(0, p)] A
[(Elsp [d=AXL(s,p) A\p € s A\ =p € 5]
(3s)[d = T-INTRO(s) A T € 5] v
(35,p,9)(3d,, d, € C)[d = A-INTRO(s,p, ¢,d,,,d,) AP A g € s Asqt(d,) = s U {p} Asqt(d,) = sU{q}] v
(3s,p,q)(3d € C) [d = V-INTRO(s,p,q,d) ApV q € s Asqt(d) = s U {p,q}] \Y
(3s,p)(3d € C)[d = V-INTRO(s, p,d) A Vp € s Asqt(d) = s+ U {p* (&0) }] v
(35,p,t)(3d € C)[d = JINTRO(s,p, t,d) A Jp € 5 Asqt(d) = s U {p(t)}] V
(35)(3d’ € C)[d = WK(s,d’) A s D sqt(d’)] v
(35)(3d" € C)[d = SHIFT(s,d’) A s = sqt(d’)"| v
(3s,p)(3d,, d, € C)[d = CUT(s,p, dy, dy) Asat(dy) = s U {p} Asat(dy) = s U {=p}] v
(3s,p)[d =ROOT(s,p) ApE SApE T]]
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T-INTRO(s
A —INTRO(s,p, q,d,, d,

)=

sqt(d) := 7 (d — 1) v-INTRO(s 1
- 7paq7

)=

)=

AXL(s,p) = (s, 0, p) +1
V-INTRO(s, p,

3 INTRO(s, p, t,d

(s,1,0)+1

2, dy, dg) +1 e
(5,2,p, ¢, dp, dy) + SHIFT(s,d
(8,3, p, g, d) +1 CUT(s,p,d,d,
(s, 4,p,d)+1 ROOT(s,p
(s, 5,p,t,d)y +1

DL OFRE R # B> T T.Derivation £ T5. UTOLIIZED 3.

def Language.Theory.Derivable (T) (s :

def Language.Theory.Provable (T) (p :

EFE L Y T.perivable % T.Provable (I ;.

V) : Prop
: Prop :=

e s s

s, 6,d)+1
s, 7,d)+1

s,9,p)+1

:= 3 d, T.DerivationOf d s

T.Derivable {p}

= (s,
={
= (s, 8, p, dyd;) +
={

1

5. Hilbert-Bernays-Lob @ 0 ZE1E: 5
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5.1 n[GEM: S

511 T 21X, XV CHER, URR, L Vi AJERVTRELHERBIZETS. 20
s,

D1 Ut o = T+ Provabley([o])

D2 T+ Provabley([o — 7]) — Provabley ([o]) — Provabley ([7])

D3 T I Provabley([o]) — Provabley ([Provabley ([o])])

NET 7 63 B R 3L0.

D1’ Ut o <= T+ Provabley([o])

D1 }tf D2, D17 i3 JB L & L te RERI O MEE % HE ( FEF 9 LIdR e 5.

TEBRIE D, AT

5.2 B fL s nie o, -5e etk
D3 WEERTOIHL VD, XOMEI YRS

i 5.21 OBfbante o522 T # 15, X Y BOHEER, U %R, L b AERA]
RELCHERIZE T 5. Lo S @ 68, XA EEHATRE.

T + 0 — Provabley ([o])

A T OEFAV ONETIEET 5.

REepREEL e TRTO S ERER (.0, 28), a1, o0, EVIZDOVT, VElag,...,a,] =
Provabley ([¢](ay, ..., a5)) <4t o (SBT3 RETRE 2. O

theorem provablea_sigmai_complete
{o : Sentence Lo:r} (ho : Hierarchy £ 1 o) :
Tr! 0> U.bewa ©
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6. Fre ik il

6.1 F— et en
Gli121,2,3.4 3 TOMRTHMPETE 2.

ER6.1.1(Gl): T A, ERATRET Ry L b S BLL 6, TH»OAHS KIES T
SHCHREAYEET 3.

A D= {Jp] | ¢ : 1L EBOWERX, T+ —p([¢])} EEFET 5. T+ e NEProvabley([n]), %72 Provables i
T ERARELOT, Dikrefd.

REEHEL O RZRWLETIOPEFET 2. TXTOneNIZD2wTneD < TFIm).
n=1[0] L L,

T+ 6([0]) <= [0] € D < T +—0([9])
ST T HWREE|ICLRET 2 EFETS. O
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6.2 e ette il

i 6.2.1 (FESMHE): 1 ZBOHMIER 012o0 T, K&z $ X fixpoint, HIFET 5.

I¥, F fixpoint, +> 6([fixpoint,]|)

BT ZI1S, L V5BCHERE TS, Godel LGy, T DEEFEM X KT L Cony ¥ EFKT 5.

Gy := fixpoint

—Provablep

Cony := —Provablep([L])

6.2 A thE
WULEMHEOL L G 3T OMAUTHY, 272 Conp ERETH 2 2 EHFMTS 2,

il 6.2.2:

1L THEFELOCWET ¥ Gy,
2. NET % GIET ¥ =Gy

3. THConp <> Gp

o T,

B 6.2.1 (G2): T WIEFJEL WX T ¥ Congp. NET 7 613 T ¥ —Conyp.
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6.2 A e
Lo TUTHIMTS 2.

theorem goedel_second_incompleteness
[IZ: < T] [T.DeltalDefinable] [LO.System.Consistent T] :
T # tCon

theorem inconsistent_undecidable
[IZ1 < T] [T.DeltalDefinable] [N Em* T] :
System.Undecidable T 1Con

72150, FOIFHBARERNCKEL T 201k D1, D2, D3 £ REOH LMD A

6.3 LW Wl RE TGPl

B2 5 2% Fv TR e R EE % Hilbert-Bernays O R[FEHSA 2 HIRIVICERT &,

ODIRED ET—HRIIZ GL R G2 P EFHT & 5.
ETEeMER

theorem goedel_independent
[T < U] [Diagonalization T] [LO.System.Consistent U]
(B : ProvabilityPredicate T U) [B.GoedelSound] :
System.Undecidable U (goedel B)

BNt

theorem unprovable_consistency
[T < U] [Diagonalization T] [System.Consistent U]
(B : ProvabilityPredicate T U) [B.HBL] :
U ¥ con B

n
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6.4 5%

o HAHYSE M E .
* Paris-Harrington O EBE QM @I 5 R
o G

o ZFEEA.

o EE 3R —FRFEME, RiC Heyting arithmetic.
* Biichi arithmetic % S2S5 DO HE M.

o HEFEEA.
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O)nTT

Utilizing LLM Chatbots for
Formal Descriptions of
Cryptographic Protocols

Hideki Sakurada (NTT Communication Science Laboratories)

Kouichi Sakurai (Kyushu University)

Background : Cryptographic Protocols

Protocol Specification (Example)
Messages for $
authentication

/ key exchange

Messages

== Gy
exchanged key

Protocol Implementations

Web browsers Web servers

« Chrome » Apache
» FireFox + Nginx
« Edge

« Safari

Copyright 2024 NTT CORPORATION

O NrT

Achieve security such as
confidentiality, authentication, etc.
By combining cryptographic
techniques (digital signatures, public-
key cryptography etc.)

Even if cryptography is secure, the
combination in the wrong way can
make it insecure.

Insecure if the protocol specification is
insecure.
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Background: Cryptographic Protocol Security Difficulties @ NTT

Cryptographic protocols are used repeatedly by various participants, and attacks

combining them are expected Examples of possible attacks
Use communication with A
to deceive B.
authentication protocol A Attacker C B
_
Participant A Participant B x x s ]
_— Ta_lklng
x - with B
A B
(intuitive) Security: o Talking
A completes against B. Deceive B by - with A
— There exists a completed B eavesdropping Attacker C B

with A as its counterpart.”

past '
communication — Talking
> with A

Need to consider all actions of the attacker, all combinations of participants,
and arbitrary number of repetitive executions

Copyright 2024 NTT CORPORATION 2
Background: Formal Verification O ~rT
formal specification formal verification
Describe expected properties of a system Rigorously verify that the developed
in a logically defined language. system meets specifications.

describe input Verification tool

Formal
;\?g:r; XXS 2 description of — (Software)
the system output R |
esult
Qi > (+counterexample)
describe input
Requirements eee .) reqz)i:?nilent

Copyright 2024 NTT CORPORATION
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Purpose of this work

(OF b e

Using large-language models (LLMs), how well can we generate formal
specification of security protocols from protocol specification written in natural

language?

LLM (ChatGPT)

protocol specification

+ Written in natural input
language —
+ RFC, etc.
input T

formal specification
output + For the verification tool
— (Tamarin prover)

Translation examples

Protocol spec. =———=p Formal spec.

Protocol spec. =———=p Formal spec.

Copyright 2024 NTT CORPORATION

Input example® (Yahalom protocol) @ wrr

(Protocol description in Wikipedia)

Yahalom is an authentication and secure key-sharing
protocol designed for use on an insecure network such as
the Internet. ...

Protocol description

If Alice (A) initiates the communication to Bob (B) with S is a
server trusted by both parties, the protocol can be specified
as follows using security protocol notation:

+ Aand B are identities of Alice and Bob respectively

» Kasis a symmetric key known only to Aand S

A->B: A, Na

Alice sends a message to Bob requesting communication.
B->S: {A, Na, Nb}Kbs

Bob sends a message to the Server encrypted under Kbs
S->A: {B, Kab, Na, Nb}Kas, {A, Kab}Kbs

The Server sends to Alice a message containing the
generated session key Kab and a message to be forwarded
to Bob.

Copyright 2024 NTT CORPORATION

A @ AN, B

® \ @ /
{B, K4, N, N} ,s {4 Na, Nplicys
{A, Kap}iys

Authentication Server
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Expected Output Example@® (Yahalom protocol)

theory Yahalom
begin

builtins: symmetric-encryption

rule Init:
[ Fr(~kxs)]
——[KeyGen ($X)]1—>
[ !'LongtermKey(~kxs,$X) 1

rule A_1:
[Fr(~na)l —[1—>
[Out(<$A, ~na>), StateAl($A, $B, ~na)l

rule B_1:
let msg = senc(<'1l', yA, yna, ~nb>,ykbs) in
[In(<yA, yna>), !LongtermKey(ykbs,yB),
Fr(~nb)]
——[RunningB(yB, yA,<yna,~nb>)]—>
[Out(<yB, msg>), StateBl(yB, yA, yna, ~nb)]

Copyright 2024 NTT CORPORATION

© NtT

Set of multiset rewriting rules

Common part for protocols
[~ using symmetric-key encryption

Protocol specific part:

[ describing state transition
and message exchanges
of participants

6
Experiment 1-1: Yahalom protocol ® ~rT
No translation examples are given, just the protocol description.
Prompt (query) for LLM (Chat GPT, GPT-40) :
The following is an explanation of the Yahalom protocol. Write this protocol as a
Tamarin Prover script
LLM
Yahalom protocol Input Output Formal spec.
(from Wikipedia) — — of Yahalom
A
Input o
C Examples
(not given)
Copyright 2024 NTTCORPORATION 7
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Output of Experiment 1-1 O NTT

theory Yahalom begin

/I Definitions of free variables —
free variables

AB S : agent // Alice, Bob, and the Server

Kas Kbs Kab : symmetric_key // Symmetric keys

Na Nb : nonce // Nonces
Mixture of formal spec.

/I Function symbols ™ for Proverif and Tamarin tools
Functions

/I Encryption and decryption ‘

senc/2: pubkey * message -> message

sdec/2: pubkey * message -> message
/I Hashing (or other processing) functions can be defined as needed

Not usable for verification, but
suggesting GPT-40 has some

W RS ifor [reliTe Sitzps knowledge for the tools’ language
/| Step 1: A->B : A, Na
rule Alice_Send_Message:

[ Fr(~Na) ]

-[ Send(A, B, Na) ]-> [ State_A(A, B, ~Na) ]

Copyright 2024 NTT CORPORATION 8

Experiment 1-2: Yahalom, with example @) ~tT

Translation of NSSK protocol given as an example

Prompt :

The following are the descriptions of the Yahalom protocol, the Needham-Schroeder
symmetric-key authentication protocol written in natural language, and the script for
the Needham-Schroeder symmetric-key authentication protocol for Tamarin Prover .
Write a script for the Tamarin Prover for the Yahalom protocol, ---

LLM

Yahalom protocol Input Output Formal spec.
(from Wikipedia) — — of Yahalom

Translation examples

NSSK protocol Formal spec. of
in natural language .~ NSSK protocol

Copyright 2024 NTT CORPORATION 9
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Output of Experiment 1-2 O ~TT

theory Yahalom

Begin +  Grammatically almost correct.
builtins: symmetric-encryption «  With some wellformedness error
)/”Aand B already share a long-term symmetric key with S (Decryptlng a Clpher that cannot
rule Init_A: be decrypted)

[ Fr(~kas) ] --[ KeyGen($A) 1-> [ ILongtermKey(~kas,$A) ] « Semantically, the messages sent
and received are correct, but the
/1.A=>B:A Na descrip_tiqn of the participant’s
rule A_to_B: states is incorrect.

[ Fr(~na) ] --[]-> [ Out(<'1", $A, ~na>) , StateA1($A, ~na) ]

/12.B->S: {A, Na, NbjKbs ‘
rule B_to_S: .

let msg = senc(<'2', $A, ~na, ~nb>, ~kbs) in Although containing errors,

[In(<'?", $A, ~na>) , lLongtermKey(~kbs, $B) , Fr(~nb) ] grammatical errors are correctable

.-[|-> . e . .

[ Out(msg) , StateB1(3B, $A, ~kbs, ~na, ~nb)] with additional instructions.

Can it be used as a starting
point for a description?

Copyright 2024 NTT CORPORATION 10

Experment 2: Kerberos V protocol O NrT

Prompt :

Below, I provide both the description of the Needham-Schroeder secret-key authentication
protocol and the Tamarin Prover script for the Needham-Schroeder secret-key
authentication protocol. Based on the Tamarin Prover script written from the description of
the Needham-Schroeder secret-key authentication protocol, write a Tamarin Prover script
for the Kerberos V protocol, as described in the attached text file.

LLM

Kerberos V protocol Input Output Formal spec.
(RFC4210, 138 pages) = == — of Kerberos V

Translation examples

NSSK protocol Formal spec. of
in natural language NSSK protocol

Copyright 2024 NTT CORPORATION 11
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Output of Experiment 2 O NTT

«  Grammar errors and wellformedness errors are the same as in
Experiments 1-2.

« Messages generally followed the Kerberos V protocol, but some parts
that should have been sent in plain text were encrypted; in the RFC,
the description of this part is ambiguous in the natural language
description, and the description of messages in the latter half of the
RFC (in ASN.1) is plain text ‘

- It is thought that GPT-40 attempts to convert faithfully to the input to
some extent (?). but, (of course) the correctness of the result needs
to be scrutinized.

Copyright 2024 NTT CORPORATION 12

Future Work @ NTT

+ Since protocols in this work are well-known (many references,)
GPT-40 has knowledge about the target protocol
= What about a completely unknown protocol?

+ How can I get more accurate output?
= rather than directly outputting Tamarin Prover scripts,
better to output to an intermediate language suitable for
conversion in LLM?

« How to check the correctness of the output?
Grammar errors can be detected by Tamarin Prover.
Based on the output, give instructions to correct it?

Copyright 2024 NTT CORPORATION 13
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A Formalization of Prokhorov's Theorem in

Isabelle/HOL

Michikazu Hirata

Institute of Science Tokyo

TPP2024,
November 26, 2024

Today's Talk

A Formalization of the Lévy-Prokhorov Metric in Isabelle/HOL, ITP2024.

The Lévy-Prokhorov Metric
= A metric between finite measures on a metric space.

@ Lévy-Prokhorov metric
@ Prokhorov's theorem

@ The space of all finite measures is a Polish and standard Borel space

Today’s Talk

Prokhorov's Theorem
(I did not talk the detail in the presentation at ITP2024)

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024
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What is Prokhorov's theorem?

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024

Measure

A measure ;o on X

“LLSEX*)[0,00]‘

X: set, Tx C2X: o-algebra on X.
Intuitively, u(A) = the size of A
(finite measure <= u(X) < o)

Ex.
The Lebesgue measure v on R™ v ((a;, b;]™) = (b; — a;)™

infinite measure (v(R™) = o0)

A probability measure P(E) = probability E happens
finite measure (P(sample space) = 1)

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024
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Weak Convergence

Let P(X) = {all finite measures on X }.
= power set

Topology of Weak Convergence

OWC(X) on 'P(X)
Owc(x) = the coarsest topology making (Au. [ fdu) continuous Vf € Cp,(X).

Co(X)={f:X — R, fis bounded continuous}

Ap. [ fdp):P(X) — R
w w

pooo= o [ fdu

Fact. X is separable metrizable = So is P(X)
X is Polish = So is P(X)

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024

Weak Convergence

Weak Convergence

Vo =2 [ & fn, — pin P(X

o e pt = Yf € (X /fdun—>/fdu

Ex. The central limit theorem

X, -+ i.id. samples,
P, - - the distribution of normalized sample mean of Xy,..., X,

Under appropriate conditions, P,, = . Normal(0, 1)

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024
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Prokhorov's Theorem

Pr(X)=P(X)N{u. w(X) < r} for some r < co

Prokhorov's Theorem

X : a Polish space,
I'C P.(X)

T is compact in P(X) <= T is tight: i.e.,
Ve > 0.3K : compactin X, stVu el u(X —K) <e

Fact For a metrizable space X and A C X,
Ais compact <= Y{p}tnen € A. Ing. Jx € A st zy,, — @

Obtain a weak converging subsequence!

If X is separable and metrizable, {j, }nen € Pr(X),
and {pn nen is tight.

Then, 3{n, tren: subsequence and g s.t. fin, = we [

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024

Prokhorov's Theorem

Pr(X)=P(X)N{u. w(X) <r} for some r < oo

Prokhorov's Theorem

X : a Polish space,
I' C P.(X)

T is compact in P(X) <= T is tight: i.e.,
Ve > 0.3K : compactin X, stVu el u(X — K) <e

Used for

@ Completeness of the Lévy-Prokhorov metric

@ Central limit theorem

@ Sanov's theorem in large deviation theory

@ Existence of optimal coupling in transportation theory
depending on

@ Riesz representation theorem

o Alaoglu's theorem

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024
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Formalization in Isabelle/HOL
@ Prokhorov's theorem
@ Riesz representation theorem (Tough! 2.1k— LOC)

o (A special case of) Alaoglu's theorem

Archive of formal proofs

@ The Lévy-Prokhorov Metric, June 2024 (6.6K lines)

o the special case of Alaoglu’s theorem
e Prokhorov's theorem

@ The Riesz representation theorem, June 2024 (4.4K lines)

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024

Prokhorov's Theorem

A key lemma for the proof of Prokhorov's Theorem

If X is a compact metric space, then P,.(X) is compact. J

Idea: P, (X) = (a compact space)

T:P.(X) — RN {p. pis positive linear A (1) <7} (=: ®)
W W
1 — (/\f ffd,u)

Linearity T(u)(f +9) = [ f+gdp= [ fdu+ [gdp=T(u)(f) +T(r)(g)

@ Inverse function?
= The Riesz representation theorem

@ Compactness of ®7?
= Alaoglu’s theorem

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024 10/17
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Riesz Representation Theorem

Riesz
The < Riesz-Markov representation theorem.
Riesz-Markov-Kakutani

Riesz Representation Theorem

X, a locally compact Hausdorff space
Cc(X), the set of continuous functions which have closed compact supports

¢ : Cc(X) — R, a positive linear functional
e, plaf + Bg) = ap(f) + Pp(g) and ¢(f) = 0if f > 0.
Then, there exists M D ¢[Ox] and a unique measure i on M s.t.

Ve Co(X). o(f) = /fd,u + 5 conditions

Rudin’s book

@ 9 pages including lemmas (e.g. Urysohns' lemma)
Formal proof

@ 2.1k+ lines

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024 11/17

Set-Based Vector Space

p: Cc(X) — R, a positive linear functional

Cc(X): a vector space

Vector space in Isabelle/HOL
o Type-based (class) by [HolzI+, ITP2013]

o carrier sets must be UN/V (all elements of the type)
Ex. Vector spaces on

O c
® Ce(X)

@ Set-based (locale, typedef)

e any carrier sets
e has only basic definitions ([Lee, AFP2014])

My choice

@ do not use vector space library
@ write down conditions directly

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024

196



Riesz Representation Theorem in Isabelle/HOL

¢ : Cc(X) — R, a positive linear functional

definition positive-linear-functional-on-CX ::
'a topology = (('a = 'b :: {ring, order, topological-space}) = 'b) = bool

where positive-linear-functional-on-CX X ¢ =
(V f. continuous-map X euclidean f — f has-compact-support-on X
— (Vx€topspace X. fx > 0) — ¢ (AxEtopspace X. fx) > 0) A
+ linearity
e 'b:: {ring, order, topological-space}
for real and complex

f if t X
o (Axetopspace X. fx) y = Y i 'y € topspace
undefined o.w.

‘a

\

‘b

ged

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024 13/17

Alaoglu’s Theorem

Y : a normed vector space
Y *: the dual space
weak* topology on Y™ : the coarsest topology making all (Af. f(y)) : Y — R continuous

Alaoglu's Theorem

Let B* ={p € Y| |l¢|| < r}, then B* is compact in Y™ w.r.t. weak* topology.

Set-based vector spaces have neither dual space nor norm.

My choice Prove the spacial case for Prokhorov’s theorem

Special Case of Alaoglu's Theorem

If X is compact, then RX) 0 {. ¢ is positive linear A ¢(1) < 7} is compact.

llell = ©(1) if ¢ is positive linear.

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/Ht TPP2024, November 26, 2024 14 /17
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Alaoglu’'s Theorem in Isabelle/HOL

Special Case of Alaoglu's Theorem

If X is compact, then RE(X) 0 {. ¢ is positive linear A ¢(1) < 7} is compact.

theorem Alaoglu-theorem-real-functional:
fixes X :: 'a topology and r :: real
defines prod-space = RCX)
defines B = {@€topspace prod-space.
¢ (Axetopspace X. 1) < r A positive-linear-functional-on-CX X ¢}
assumes compact-space X and topspace X # {}
shows compactin prod-space B

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024 15 /17

Related k

In Isabelle/HOL by Avigad et al. (2017)
A special case of Prokhorov's theorem for the central limit theorem
@ The special case
= a simpler proof
o General case

= needs Riesz representation, Alaoglu’s theorem

In Lean

RieszMarkovKakutani.lean

This file will prove different versions of the Riesz-Markov-Kakutani
representation theorem. ...

| could not find the final statements. It seems still ongoing.

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024 16 /17
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Conclusion

Formalization in Isabelle/HOL
@ Prokhorov's theorem
@ The Riesz representation theorem

@ A special case of Alaoglu’s theorem

Reference
@ Prokhorov's theorem

Onno van Gaans, Probability measures on metric spaces,
https://www.math.leidenuniv.nl/~vangaans/jancoll.pdf

@ The Riesz representation theorem
Rudin, Walter, Real and Complex Analysis, 3rd Ed, 1987

@ Alaoglu's theorem

Christopher E. Heil, Alaoglu’s Theorem,
https://heil.math.gatech.edu/6338/summer08/section9f . pdf

Michikazu Hirata (Institute of Science Tokyo) A Formalization of Prokhorov's Theorem in Isabelle/H! TPP2024, November 26, 2024 17 /17
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Monadic equational reasoning for general recursive function
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Implementation of Delay monad in
monae

Monad and side effect

» Monad
e The type class which has operators return and bind.
e Monads are used to express side effect, such as 1/O, exception, stateful computation and so on.

» Monadic structure of Exception monad.

A B : Type
Definition option := fun A : Type => unit + A.
Instance Exception : Monad option :={

ret := inr ;

>>= := fun (m : option A) (f : A -> option B) => match m with

|inl z => inl z
linr b => £ b end}.
» We can define " division with error ".

Definition safedivide(n m: nat): option nat := match m with

|0 => inl tt (* error *)
[S m' => ret (n./m)
end.

» The monadic structure allows us to combine functions which might get an error.
Definition safedivide3 (n ml m2 m3: nat): option nat :=

(safedivide n m1) >>= (fun x => safedivide x m2) >>= (fun x => safedivide x m3).
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Monae: Monadic equational reasoning in COQ [ANS19]

» Monadic equational reasoning [GH11]:Equational theory for monadic programs.
» |nterfaces for equational reasoning and models for soundness.

» It already supports state monad,probability monad,typed-store monad and so on.

interface for exception monad
A B: Type

» Operators for exception monad.

fail : M A
catch : MA->MA ->MA

» Laws for catch and fail.

catchfailm : forall h, catch fail h = h

catchmfail : forall m, catch m fail = fail

catchmfail : forall m, catch m fail = fail

catchA : forall m h k, catch m (catch h k) = (catch (catch m h) k)
catchret : forall x, catch (ret x) h = ret x

Monadic equational reasoning

» Equational reasoning for fast product.

Let fail A : M A:= inl tt.

Let catch A (mm': M A):M A :=m >>= (fun _ => m').

Let work A (1: list nat) : M nat := if O in 1 then fail else ret (product 1).
Let fastproduct A (1: list nat) : M nat := catch (work 1) (ret 0).

fastproduct s
{ definition of fastproduct )
= catch (work s) (ret 0)
{ definition of work )
= catch (if O in s then fail else ret (product s))
{ equations for if then else )
= if 0 in s then catch fail (ret 0) else catch (ret (product s)) (ret 0)
{ catchfailm )
= if 0 in s then ret O else catch (ret (product s)) (ret 0)
< catchret >
= if 0 in s then ret O else ret (product s)
{0 in s => product s =0 )
= if 0 in s then ret (product s) else ret (product s)
{ equations for if then else )

= ret (product s)
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i

» Limitation of Coq:
To protect consistency, we cannot define a function without proof of the termination.

Fixpoint collatz (n:nat): bool :=

if n == 1 then true o
rror:
else if (n %%2 == 0) j Cr o d . t of fi
then collatz (a./2) annot guess decreasing argument o ix.

else collatz (3*n + 1).

» Supporting general recursive functions in essential to make monae practical.

» General recursive functions are expressed by Delay Monad [Cap05].

Goal
» Implementing the Delay monad in monae.

» Reasoning the properties of general recursive functions based on the equational theory.

Delay Monad

» Delay monad consists of Delay: (A:Type) — (cofixpoint of X = A + X ).

CoInductive Delay (A : Type) : Type :=
|[DNow : A -> Delay A
|DLater : Delay A -> Delay A.

» The data of Delay A consisits of

e DNow a
e DLater (DLater (DLater --- (DNow a)))
e --- (DLater (DNow a))))

» The DLater constructor expresses a step of computation.

» Monadic structure

Let ret (a:A) := DNow a
CoFixpoint bind (m: Delay A) (f: A -> Delay B ) :=
match m with
[DNow a => f a
|[DLater d => DLater (bind d f)
end.
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Weak bisimilarity

CoFixpoint while (body: A -> M(B + A)) :A -> M B :=
fun a => (body a >>= (fun ab => match ab with
|inr a => DLater (while body a)
[inl b => DNow b end) ).
Let countup := while (fun n => if n < 5
then DNow (inr (n+1))
else DNow (inl n)).

» We want to judge the equality of computations.

» This relation is a weak bisimulation =~ on Delay A using Coinductive type.

Error :countup O = DLater(DLater (DLater (DLater (DLater (DNow 5))))) # DNow 5

Ok :countup O =~ DNow 5

interface for delay monad

Definition sum_rect (f: A -> C) (g: B -> C) :=
fun ab => match ab with |inl a => f a |inr b => g b end.
» Operators for delay monad

while : (A -> M (B + A)) -> A ->M B;

» weak bisimulation is a equivalence relation

~: MA ->MA -> bool;

wBisim_refl:forall a, a =~ a;

wBisim_sym: forall (al a2: A) al ~ a2 -> a2 =~ al;

wBisim_trans: forall (al a2 a3: A) al ~ a2 -> a2 ~ a3 -> al ~ a3;

» Laws for operator while, analogy to equations of Complete elgot monad [AMV10]

fixpointE: forall (f: A -> M (B + A)) (a: A),
while f a ~ (f a) >>= (sum_rect (Cret M B) (while f))

naturalityE: forall (f: A -> M (B + A)) (g: B -> M C) (a: A),
(while f a) >>=g
~ while (fun y => (f y) >>= (sum_rect (M # inl o g) (M # inr o (Gret M A )) ) )

codiagonalE:forall (f: A -> M ((B + A) + A)) (a: A),
while ((M # ((sum_rect idfun inr))) o f ) a ~ while (while f)

bindmwB: (f: A -> M B)(dl1 d2: M A), wBisim d1 d2 -> wBisim (d1 >>= f) (d2 >>= f)

bindfwB: (f g: A -> M B)(d: M A),
(forall a, wBisim (f a) (g a)) -> wBisim (d >>= £) (d >>= g)

whilewB: forall (A B : UUO) (f g: A -> M ((B + A))) (a: A),
(forall a, wBisim (f a) (g a)) -> wBisim (while f a) (while g a);
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Example

McCarthy 91 function

» McCarthy 91 returns 91 for all integer argument n < 101, which is defined as follows.

let rec mc91 n = if 100 < n then n-10 else mc91 (mc91 (n+11))

» The complex recursion causes it difficult to define the function in Coq.

mc91(98)

= mc91(mc91(109))
= mc91(99)

= mc91(mc91(110))
= mc91(100)

= mc91(mc91(111))
= mc91(101)

= 91

» we defined the function using while operator and proved n < 101 = mc91(n) = 91.

206



Definition of mc91 i onae

» n : the depth of the continuation, m:value

int mc91 (int n ,int m) { Let mc91_body nm :=
while (n !'= 0) { match nm with (n, m) =>
if (m > 100) { if n==0
n -= 1; then ret (inl m)
m -= 10; j else if m > 100
} else { then ret (inr(n.-1,m-10))
n += 1; else ret (inr(n.+1,m+11))
m += 11; end.
}
b Let mc91 n m := while mc91_body (n.+1,m).
return m;}

The proof in Monae

» we proved if 90 < m < 100, then mc91 m = mc91 (m+1).
» mc91 n = 91 is proven from the lemma, mc91 101 = 91, and induction on kK =90 — m.

Goal: forall nm, 90 <=m < 101 -> mc91 n m ~ mc91 n (m.+1).
mc91 n m
{ definition of mc91 )
~ while (fun nm : nat * nat =>
let (n0, mO) := nm in if nO == O then Ret (inl mO)
else if 100 < mO

then Ret (inr (n0.-1, mO0 - 10))

else Ret (inr (n0.+1, mO + 11))) (n.+1, m)
<< fixpointE >>
(if 100 < m then Ret (inr (n, m - 10))

Q2

else Ret (inr (n.+2, m + 11))) >>= sum_rect (fun=> M nat) Ret (while mc91_body)

~

m < 101 )
~ Ret (inr (n.+2, m + 11)) >>= sum_rect (fun=> M nat) Ret (while mc91_body)
{ Monad law: Ret a >>= f = f a )
~ while mc91_body (n.+2, m + 1)
{ definition of mc91,fixpointE )
~ (if 100 < m + 11
then Ret (inr (n.+1, m + 11 - 10))
else Ret (inr (n.+3, m + 11 + 11))) >>= sum_rect (fun=> M nat) Ret (while mc91_body)
€90 <m = 100 < m+ 11, Monad law )
~ while mc91_body (n.+1, m + 11 - 10) = mc91 n (m+1)
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Combination with other monads via
monad transformer

Monad transformer

Monad transformer MT

MT consists of 4 transformer set (T, return™, bind T, liftT) such that for any monad M

(TM, return™ (ret, bind), bind T (return, bind)) is a monad

e lift" (return, bind) is a monad morphism from M to TM

» We can create new monad keeping original monad structure.

» Monae already supports monad transformers [AN21].
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Combination via state monad transformer stateT

stateT
» It combines side effects about state.
Definition MS := fun M: Monad => fun A : Type => S > M (A * S).
Instance stateM : Monad (MS M):={
retS := fun a => Ret (a, s)
bindS :=
fun (m : MS A) (f : A -> MS B) =>
fun (s: S) =>m s >>= (fun (a: A) => f a s) }

B

» | proves the following definition is a instance of Delay monad in Coq based on [PG13].

M:delayMonad
Definition distl {X Y} (s:Sx(Y + X)) :(SxY) + (S%X) :=
let (yx, s) := s in match yx with |inl y => inl (y,s) | inr x => inr (x,s) end.
Definition DS := MS M
Definition whileDS {X Y} (body: X -> DS (Y + X)) :=
curry (while (M # distl o uncurry body)).

Definition wBisimDS {A} (ds1 ds2:DS A): Prop :=
forall s:S, wBisim (dsl s) (ds2 s).

Combination via except monad transformer exceptT

exceptT
» It combines side effects about exception.
Definition MX := fun M:Monad => fun X : Type => M (unit + X).
Instance exceptM : Monad (MX M) :={
retX := fun x => Ret (inr x)
bindX :=
fun (¢t : MX X) (f: X -> MX Y) =>

t >>= fun ¢ => match c with inl z => Ret (inl z) | inr x => f x end}

3

» We prove the following definition is a instance of Delay monad in Coq.

M: delayMonad

Definition DE := MX unit M.

Definition DEA {A B} :DE (A + B) -> M ((unit + A) + B ) :=

M # (fun uab => match uab with

|[inl u => inl (inl uw)

|inr ab => match ab with inl a => inl (inr a) |inr b => inr b end

end) .

Definition whileDE {A B} (body: A -> DE (B + A)): DE B := while (DEA o body)
Definition wBisimDE {A} (d1 d2: DE A) := wBisim d1 42.
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Combination via typed store monad transformer

» Monae supports it in [AGS23] to express ML reference.

» For example, it can express linked list.

typed store monad transformer
» It is defined by composition of stateT and exceptT.
» List of records which have type and value, seq binding, expresses typed store.
» It has basic operators cnew, cget and cput for reference.

Record binding :=
mkbind { bind_type : ml_type; bind_val : coq_type bind_type }.

Definition DTS : UUO -> UUO := MS (seq binding) (MX unit MO).

» It keeps the delay monad structure from the results of exceptT and stateT.

» Programs which have iterations and references are expressed using delaytypedStoreMonad.

Definition factdts (n: nat):=

do r <- cnew ml_int 1;

do 1 <- cnew ml_int 1;
do _ <-
while (fun ( _:unit) =>

let fact n =
let r = ref 1 in

let 1 = ref 1 in
do v <- cget r;

while !1 <= n do .
r :=!r % I1; i do i <= cget L;
if i <= n then do _ <- cput r (i*v);

1 :=11+1; -
do _ <- cput 1 (i.+1);

Ret (inr tt )
else Ret (inl v)) tt;
do v <- cget r; Ret v.

done;
'r
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Related work

Related work

» Interaction tree [XZH™"19]is also constructed to model general recursive function using
coinductive type

e It also treats various effects as events.

e The equivalence of interaction trees is defined by generalized form of bisimulation.
» Pirég and Gibbon [PG13], and Sergey, Christoph, and Lutz [GSRJ18] shows the class of
Elgot monads is stable under some transformations.

e [PG13] shows Elgot monad structure is preserved under guarded coinductive generalized
resumption transformer.

e [GSRJ18] removed the guard condition of [PG13]
» Simpson and Plotkin [SP00] have studied complete laws for recursion in algebraic theory.

e [SP00] have proved the completeness of axioms for iteration theory in [BE93].
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ON REPRESENTABILITY OF MULTIPLE-VALUED FUNCTIONS
BY LINEAR LAMBDA TERMS TYPED WITH SECOND-ORDER
POLYMORPHIC TYPE SYSTEM

SATOSHI MATSUOKA

ABsTRACT. We show that any multiple-valued function can be represented by a linear
lambda term that is typed in a second-order polymorphic type system.

1. INTRODUCTION

In [Matl6] besides the main result of the paper, the author showed that any two-
valued function with any number of arguments can be represented by a linear lambda
term that is typed with second polymorphic type system, where the base type is T, =
V'a.(’a->’a)->(’a->"a)->("a->"a). In this article, extending that result, we show
that any multiple-valued function with any number of arguments can be represented, where
the base type is

r

T, =V'a.(Ca->’a)->---->Ca->"a) ->("a->’a)

when r is the number of arguments of a given multiple-valued function.

2. SECOND-ORDER PoLyMoRrPHIC LINEAR TYPE SYSTEM

In this section we present a second-order polymorphic linear type system. This system
is the linear type system in [Mat16] augmented with second-order quantifier.
Untyped terms we consider are as follows:

to=x|tt|fnx=>t] (t,t) | letval (X,y)=t in t end

Such a term is not necessarily a linear term which we want to discuss: we only consider
linear terms that are typed in the second-order polymorphic linear type system described
in the following.

The definition of types is as follows:

Az="a | A*A | A->A | YV’ a.A->A

where ’a is an atomic type.

A typing environment denoted by I' or A is a list of pairs of a term variable and a type,
x1:Al,...,xn: An, where n > 0.

A typing judgement is a triple of typing environment, term t and type A denoted by
I'-t:A

The set of free type variables in type A denoted by FTV(A) is defined inductively:

FTV(’a) = {’a}
FTV(A1*A2) = FTV(Al->A2) = FTV(Al) UFTV(A2)
FTV(V’a.A) = FTV(A)\{’a}
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2 SATOSHI MATSUOKA

The set of free type variables in typing environment I is also defined:

FTV() 0
FTV(x:AT) FTV(A) UFTV(I)
Our second-order linear type system is as follows:
I'x:A,y:B,A+ t:C
X:AF X:A I'y:B,x:A, A+ t:C
x:AI'F1t:B 'rt:A->B Ars:A
'+ fn x=>t:A->B I'Arts:B
I'rs:A Art:B I'Fs:A*B x:A,y:B,A+ t:C
I'CA+ (s,t):A*B I'A+ let val (x,y)=s in t end:C
I'Fs:V’'a.A I'+s:A
I'+s:A[B/’a] I'Fs:V’a.A
In the next section, we only consider linear terms s where typed with the form

(*a ¢ FTV(I))

Fs:A

in our type system. Such a term is usually called a combinator.
Since we only consider of typability of linear lambda terms in this paper, we omit
equality and reduction rules on terms.

3. REPRESENTATION OF r-VALUED FUNCTIONS WITH ANY NUMBER OF ARGUMENTS
In the following, the notation
fun£fx; - x, =9
means a term
fn x;=>---=> fn x,=> ¢
named by f.

The base type for our representation is the following polymorphic type:

r

T, =V’a.(Ca->’a)->---->(C"a->"a) ->("a->"a)
The number of normal terms of T; is !. But any choice of r normal terms from T, may fail
for a correct representation. Although other choices are possible, we choose the following
r terms which are considered as r powers of a cyclic permutation with length r:
funv 0 £,y £, 5---fo x fo(£1(-- (£r-1 %) --+))
funv.1lf, £ 5---fox = £1(f2(---(f0 %))

funvr-1£ £ 5---fox = £ (fo(---(f,2%)--+))
We need a few auxiliary terms. The following term is the standard I combinator:
funI x=x
The following term is a specialized version of the identity term:
funidhf, | £, ,---fox=hf,_| £ ,---f x

The following term represents a one variable constant function:

r

—_—
funconstihf,_| £, o---fo x=£(£f0 (- (fi-y (W I---1 x))---))
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ON REPRESENTABILITY OF MULTIPLE-VALUED FUNCTIONS 3

The following term represents a higher order function that receives function F :
{0,...,r =1} — {0,...,r — 1} and a value v € {0,...,r — 1} and always returns a
fixed value i € {0,...,r — 1}:

k k
— —_—
fun const £ i Fhfi_| £ fo x=£i(fi1(--- (£iy (WI---I(FVvO I---I x)))---))

Using some of these r higher-order functions we can represent any one variable function
g:{0,1,....,r—1} - {0,1,...,r— 1}

fun gh=h const_f gy_; const_f gz, --- const_f gy id v_®

This term g can be typed with T,->T,.
Thus for each i,p (0 < i,p < r — 1), the folloiwng one variable function Cl.p :

{0,1,...,r =1} - {0, 1,...,r — 1} can be represented:

_lp =0
Cip(")‘{o (x # 1)

Let the corresponding combinator with type T,->T; be Cf7 .

Next we consider representation of two variable functions M : {0,1,...,r — 1}2 —
{0, 1,...,r — 1}, which can be considered as a square matrix with order r.

For the preparation, we define the following auxiliary term, which represents the higher-
order function that receives a function F : {0,...,r — 1} — {0,...,r — 1} and a value
j €{0,...,r — 1} and returns the value M (i, j) € {0,...,r — 1}:

funrow i Fh = h const fM;;_jconst_ f M, ---const_fM;(id (F v_Q)
Then we can realize M as follows:
funMh = hrowk—-1rowk-2 --- row® id
The combinator M can be typed with B.->B.->B;.
Thus we can represent the following r-valued conjunction x&y and disjunction x Ll y as

combinators:

x&y = min{x,y}

xUy max{x, y}
We can easily see that n variable versions of conjunction and disjunction can be

realized as combinators. Let the generalized conjunction and disjunction with type
n

e e
T,—>--- ->T; ->T; be &, and L, respectively.

In our type system, a duplication function like x — (x, x) can not be represented without
any constraint. Nevertheless, such a duplication function can be represented in a restricted
manner.

For this purpose, we need a term for function application of tensor products:

fun tp.app h z = let val (f,g) =h in let val (x,y) =z in (f x,g y) end end
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4 SATOSHI MATSUOKA

Then we can represent the function returning (v_i,v_i) when receiving v_i for each
i0<i<r-1)

fun copy v =
let val (x,y) =
v (tp-app (const 0, const.0))--- (tp_app (const k — 1, const k — 1))
(v0,v_0)
in (x,y) end

The combinator copy can be typed with T,->(T;, T;). Moreover we can easily define the
n

—_——
generaized version of copy with type T,->(Ty, - -, T;), which we call copy,,.

Based on the preparations, using the method described in[Eps93], which is a general-

ization of disjunctive normal form of boolean functions, we can represent any n-variable
n

—_——
r-valued function as a combinator with type T;->- - ->T, ->T;.

Concretely we suppose we are given a n variable r-valued functionf : {0, 1,...,r — 1}"* —
{0,1,...,r=1}. Foreach (uy,...,u,) € {0,1,...,r — 1}"*, whenwehavev = f(uy,...,u,),
we construct the following monomial term:

&n(czlxl) e (Cznxn)

Next we combine these " monomials with Li,». Then using copy,», we can unify the

same variable occurrences. We can easily see that the resulting combinator has type
n

——
Te=>-- =>T ->T}.
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NN oy e
- TL—=REMTFvOavE/—RICED. BREEMAZERY Z 7,
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A TEFE D RlEn] Be 1t EI A
KULTAB'ﬁFﬁEE (The Reachability Problem)

AT —F v Imyh oY —F I mIlELER R
fZ oo avOBRINDGFEET DH?

(ex) my = (2,1,1,0),m = (0,0,0,1)D & =

P1 tl D2 ts II’ p1 f t P2 ts
p3 tz p4 p3 tz p4

4 TERE D R E Rl RE 14 A

2. Y 7=2—%> JBERBEMEREIRE (The Submarking Reachability Problem)

- WEAT —F 2 T myh S EEATEE ety s o
A OYTY—F > Imck A 55(3'5 wz:;:fiig]
Y—F Y IMIEET B0 ? W e

— 2 B

INTWBIT—F 7,
(ex) my = (2,1,1,0), mc = (—,0,0,1)D & &= o

?
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A TEFE D) ZE R B2t A
3. ¥ORLERTEEMERIRE (The Zero Reachability Problem)

CHHET—F 2 T meh b, BETDTL =D k=7 VED
O Thsrta~v—F v FICEZERTRED ?

(ex) my=(2,1,1,0)D & =

P1 tl D2 t3 I I » P1 f tl D2 t3
Ps3 t, ; Ep4 Ps t, Pa

A FEFE DR ER] B REIE
4 . Single-Placet AZE R sE 4 REIRE

(The Single-Place Zero Reachability Problem)
CBZoNTTL—ZRpD =0 VEA0OTHD L%
=% Imil, YT —F 2 Tmyh o EEREN ?

(ex) my=(2,1,1,0), p=p, D & &

b1 t;, P2 ts II’ b1 f t, P2 ts
p3 t, D4 Ps t, P4
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AFEFEOF)ZE e RIZE DB DR

”w [Hack 1976]
RP, SRP, ZRP, SPZRPIZE W & T A BE(reducible),

SRPAVRTE FIBE
l
RPAHVRTE R] BE

RP#A'SRP(Z&ETTAIBE

A FEFE ORI E R 8EE M DR DR

[ Theorem 4.1 RP, SRP, ZRP, SPZRPI+ B L\ (=B AT4E (reducible) ]

RP & SPZRPIZSRPIZ. ZRPIZRPIZETTAIAE, @

EITS NS MBILETHEDORED

AYRZYRNZIE2TWD, @ @

HOv—F oL
(ex) ZRPMRM:% PR EL Db ]
RP : mo# il B AT A D

ZRP: moh ot a~—F > JICEEREN
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4@%@ ZERTREME A LAY, [ 20w wrsisy

BEICE A

. FERTREM
Definition reachable (m@ m : marking) : Prop := = s, m@ ={ s }> m.
2. Y7e—%> yEiERLEN

Definition submreachable (m@ : marking) (mc : markingc) : Prop :=
= m, reachable m@ m A\ V p, if mc p is Some n then n = m p else True.

3. FRELERTEEY

Definition zeroreachable (m@ : marking) : Prop := reachable m@ [ffun=> 0].

4 . Single-Place¥ O FLERTEEM

Definition spzreachable (m@ : marking) (p : place) : Prop :=
-1 m, reachable m@m A mp =0

2EAR =ICA WA
[ Theorem 4.1 RP, SRP, ZRP, SPZRP I+ F L\ /=&t AT (reducible).
f

N

J

£5A,BCS NI LT, AHBIZEI—iET(Mmany-one reductlon)\
IND L, HAHFTERBEREK f: N> NATFEL T,

neA < f(n)€EB (

[? f(n) € B]HVRTE AT EE
— [? n € A|PRTERIBE

Zmlcd I ETH D,

< L ms

Definition mreducible {T1 T2 : Type}

(P : T1 > Prop) (Q : T2 » Prop) : Type :=
{f | V x : T1, P x < Q (f x)}.

N
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Rz 1ED

[ Theorem 4.1 RP, SRP, ZRP. SPZRPI4 B L 1=38 T AT (reducible) ]

Lemma SPZRP_red_SRP : " The
mreducible (fun '(me, p) =| ABREDIERGEMLEDE

Chun tlmO_med |—r‘eachable mo m /A P x mJ D THREBDT
x : FEEBD/XT XX =D -] CimmN  CEDLHICh>TWD,

ACPAT- I RV T VYD

Lemma mreducible_Preachable (T1 T2 : Type) (f : T1 > T2)
(P : T1 > marking » Prop) (Q : T2 - marking
(V (x : T1) (m : marking), P x m ¢ Q (f x) m)
> mreducible (fun '(m@, x) => 3 m : marking, reachable m@ m /A P x m)
(fun "(m@, y) => I m : marking, reachable m@ m A Q y m).

SPZRPIZSRPIZIEITRIGE T 5,

[Theorem4.1 RP, SRP, ZRP, SPZRPI3 FH L\ |- BT ATE (redumble)}

Lemma SPZRP_red_SRP :
mreducible (fun '(m@, p) => spzreachable mo p)
(fun '(m@, mc) => submreachable m@ mc).

Proof. <:§EEEE:>
: (@mreducible_Preachable _ _

(fun p : place => [ffun p' => if p == p' then Some @ else None])).

move=> p m; ; last by move/(_ p); ffunE eq_refl.
by move=> h p'; ffunkE; : ifP => //; move/egqP=> <-.
Qed.
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FIEOF LW Ry bOY—F A2 TEE

LIZFHFLWR MY Ry bDOY—F v 72X TEMAETERT S,

N2D 7L — A DAY

[ poZtrue, mifalse&d 3, i

FIEOF LWL R 2y b ETFEE

#FL<Bmaniz
FovYTave
Some p (i #0)
None (i =0)
TEY,
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FIEQF N A ESA ICBEd 2 4E % AL
FZ oo a vt TRANTDIZOICHERSH
P1 : ¢ :Pz

Lemma N2m_leq ml ml' m2 m2' bl b2:
(N2_m m1 ml1' bl < N2 mm2 m2' b2) = [& ml £ m2, ml' £ m2' & bl == b2].

NOR—F 7D || NOX—F>2 7D IR AE 0y — B
k/J\J:tE j(/J\HS@)LQ %Jﬁﬂ'lj(n_,\ :tk

FNE@FE N AIgESAICBE T S % AR

h—2o>%
W< DR LT H

f—2o %
WL DR M

FENBIOD~Y—F 7

Lemm m_marking ml1 ml' m2 m2' b2 m3 m3"'

m2 M1 > m2' < ml' > bY/= b2 »
N2_m ml m1' bl :-: N2_m m2 m2' b2 :+: N2_m m3 m3' b3
=N2_m (ml :-: m2 :+: m3) (ml' :-: m2"' :+: m3') b3.

[%K&@v—#?ﬁ%:@&it%ﬁ5}
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FIEQLIRA T v 7 BB A O T 5

Variant N2_step : marking pn - marking pn' = bool » marking pn

- marking pn' - bool - transition N2 - Prop :=
| N2_pn me me' t m1 :

mo =1{ t }> ml >

N2_step m@ m@' true ml m@' true (inl (inl t))
| N2_pn' m@ m@' t mi1’

mo' =1{ t }> ml' -

N2_step m@ mo@' true mo ml' true (inl (inr t))
| N2_bl me me'

N2_step m@ m@' true m@ m@' false (inr None)
| N2_b2 t (m1 : marking pn) (m1' : marking pn') :

N2_step (m1 :+: [ffun p => t == p])

(m1' :+: [ffun p => f t == p]) false
ml ml' false (inr (Some t)).

FIEOHEIRRE C & ORNEZMZ ER

Inductive N2_invariant

fSvovaventEES
| N2_inv_F m1 m1' (md : marking pn') :

N2_invariant me@ me'
(m1 :+: [ffun p => md (f p)]) (m1' :+: md) true

R AE po, D
T=F N
falseD & =

- N2_invariant m@ m@' ml ml' false.
4

232




e~ —F > [ ~—F*>7(0,..,0,1)

Lemma CMP_iff RP : marking pn) (m@' : marking pn') :
reachable (N2_m@ mo@ mo') (N2_m [ffun=> @] [ffun=> @] false)
< 4 m : marking pn',

reachable m@' m /\ reachable m@ [ffun p =>m (f p)].

N,N'HE—~—F > 7 ICEER8E J

4 FEHESHBOESE
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Axiomatic real numbers
for verified exact real-number computation
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November 25-26, 2024
Kyushu University, IMI, Kyushu, Japan

0/13

Axiomatic real numbers
for verified exact real-number computation

= Part I: (1) Introduce exact real-number computation

(2) and axiomatic reals in constructive type theory whose
interpretation corresponds to exact real-number computation
( cAERN in Coq: https://github.com/holgerthies/coq-aern)

B Michal Konedny, SP, Holger Thies : Extracting efficient exact real number
computation from proofs in constructive type theory (2024), JLC

= Part Il: Recent progress in formalization of (1) continuity
principle, (2) various subsets of general spaces and polish
spaces, and (3) hyperspace computations over those

B .. Formalizing Hyperspaces for Extracting Efficient Exact Real
Computation. Mathematical Foundations of Computer Science (MFCS 2023)
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Part |

Computable Analysis - Exact Real Computation

= Infinite representations for real numbers
E.g., rationals g1, g2, - - - expresses x < Vi. [x — gi| <27/
exact computations by type-2 machines
E.g., x + y is realized by (,D,'),‘, (q,-),- — (p,-+1 + q,-+1),-
= Hide representation-specific details
~ Abstract data type for exact real numbers:
>>> print(pi, 10) # print =1 approximation of =
3.14159 £ 2710
>>> print(pi, 100)
3.14159265358979323846 - - - - 271 # for high-precision result

>>> pi + sqrt(2) # evaluates exactly to m + V2
>>> print(pi + sqrt(2), p) # prints 277 approx. to m+ /2

= Expectation: intuitive reasoning with reals as in textbooks
= Semantics of an arithmetical expression e is simply e, without

a rounding error 2/13
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Naive Reals in Constructive Type Theory

= Constructive dependent type theory:

A+ B is valid = deciding A or B is computable
Y (x : A). B(x) is valid = finding x : A s.t. B(x) is computable
= Certified program extraction:
M(x:A). X(y : B). R(x,y)
yields a program P : A — B s.t. V(x : A). R(x,P(x))
= Classical axiomatization of reals is invalid:
Trichotomy : M(x : R). (x < 0) 4+ (x =0) + (x > 0)

The sign test of reals is not computable
= Axiomatization of exact reals s.t.

proofs = programs in ERC framework (viz. AERN in Haskell)
= cAERN project in Coq, certified AERN program extraction

_ 3/13
from analysis proofs

Constructive Axiomatic Reals

= Real numbers R : Type
Non-determinism M : Type — Type monad
= Comparison is a classical proposition x < y : Prop
where we make Prop classical by adding LEM in Prop
= Field arithmetic and proper completeness
= Order theory by
N(x,y,e:R).e>0—= M((x<y+e)+(y <x+e))
realized by testing x < y + € and y < x + € in parallel

N(x,y :R). (x <y)+ (x=y)+(y <x))
N(x,y,e:R).e>0— ((x<y+e)+(y <x+e))
are invalid!!

= Extraction mechanism to AERN (Haskell)

f:MN(x:R). MX(y : R). P(x,y) extracts to

4/13
a non-deterministic AERN function CReal — CReal /
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Nice Example

Define isMax(m, x,y) =(x >y =>m=x)A(y >x —>m=y)
as a classical predicate and prove:

M(x,y : R). X(m: R). isMax(m, x, y)

Proof.

limit as n — oo:
assume M((x <y +2"")+(y <x+27")) <« axiom
assume (x <y +27")+ (y <x+27")
case 1: x < y + 27", y approximates the max by 27"
case 2: y < x + 27", x approximates the max by by 27"
Y (m : R). m approximates the max by 27"
MX(m : R). m approximates the max by 27" < M-lift

¥(m: R). isMax(m, x,y) < completeness

extracts to the maximum function in AERN

5/13

Code Extraction Example

6/13

238



Assemblies

= Assembly X = (|X|,IFx) is a pair of a set |X]| and a binary
relation IFxC N¢ x | X| that is surjective:

V(x € |X]). (¢ € N*). p lFx x

» f:|X| —|Y|is computable if there is a type-2 machine
7:C N¥ — N¥ that tracks f:
Xty
x| -y

Ne —T s N
V(x € |X]).- V(¢ € N°). ¢ IFx x = 7(¢) IFy f(x)

= Category of assemblies & computable functions Asm(N“)
forms LCCC modeling Dependent Type Theory

What holds in Asm(N“), let it be in cAERN! 7/13

Validity of the Axiomatization

= Standard Cauchy assembly |R| = R:
¢ lFr x = (n) encodes q, € Q. |g, — x| < 27" forall n
= Nondeterminism monad M : Asm(N“) — Asm(N“)
IMX| ={AC|X||A#£0} ¢lltmx A <= 3F(xeA).plxx
= Sierpinski assembly |S| = {1, T} :
¢lks L <= V(i € N). p(i) =0
¢lks T <= 3(i € N). (i) #0
= classifies opens/semi-decidable subsets:
f:R— S <= f characterize a semi-decidable S C R
= The axiom saying x < y is semi-decidable is valid:
M(x,y:R). X(s:S).s=T < x<y

= The set of axioms are valid and universal [Hertling99] 8/13
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Part Il

Choice and Continuity

= In Asm(N“), when N is nno, N — N admits choice:
MF:(N—=N)—= M X).
MXE(f:(N—-N)—X).MNx:N—=-N).fxeFx
= Continuity Principle: (N — X) — S for any X is open
nif: (N — X)—=S). N(x: (N — X)).
fx=T—=>MEn:N).My:(N=>X)).X =y >Ffy=T

= The axioms are enough to prove that
all S-valued functions from reals are continuously continuous:

For all f : R — S, there nondeterministically is pn : R — M N
= that is a modulus of continuity of 7
M(x:R). N(n:N). [x—y| <27 X" 4 |f x— fy|<27"

= and is again continuous. 9/13
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Classical subsets of X : Type is P(X) := X — Prop
Open subsets
OX)=X(U:P(X).Z(x: X—=S).Mx:X).xeU+<xx=T
Compact subsets
K(X) = Z(K : P(X)). Z(f : O(X) = 9).
NU:O(X)). (FU)=T « KCU.
l.e., a subset K :C X is compact iff P : X — Prop being
semi-decidable implies V(x € K). P x is also semi-decidable.
Overt subsets
V(X) =X(V:P(X)). Z(f: O(X) = 9).
MU:OX).(FU)=T < VNU#D
l.e., a subset V :C X is overt iff P : X — Prop being

semi-decidable implies 3(x € V). P x is also semi-decidable.
10/13

Polish Spaces

Polish space is complete, separable metric space
including any discrete spaces, R, Euclidean spaces, . ..
A subset B is Bishop-compact if it is totally-bounded and
complete;
i.e., if B can be drawn exactly: for all n, there are finite boxes
B; such that

= each box has size less than 27"

= each box intersects S

= S is covered by the boxes

We can prove, in a polish space, a subset is Bishop-compact
iff it is compact and overt; cf.

[Coquand, T., Palmgren, E., Spitters, B. (2009)]
Formalizing the various subsets and results so far,

given a compact and overt subset, we obtain a program that

correctly draws the set up to arbitrary resolution. 11/13

241



Completeness and Fractals

= Bishop-compact subsets is complete for the Hausdorff distance
= Define the sequence of Bishop-compact subsets in R?:

= So = T where T is an arbitrary triangle in the unit cube
= 5= (05 : 5,) @] (05 - S+ (05, 0)) U (05 -Si+ (0,05))

m lim;_ o S; is the Sierpinski Triangle and is constructible via
the completeness theorem in cAERN

12/13

Completeness and Fractals

= Bishop-compact subsets is complete for.the Hausdorff distance

= Define the sequence of Bishop-compact subsets in R?:
= So = T where T is an arbitrary triangle in the unit cube
= S =(05%S5)U(0.5%S;+(0.50))U(0.5xS;+(0,0.5))
= |im S; is the Sierpinski Triangle and is constructible via the
completeness theorem in cAERN

12/13
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Conclusion

In this talk, the followings were presented:
= Axiomatization of computable analysis in constructive
dependent type theory and the cAERN project in Coq
= Recent formalization of various classes of subsets and those in
Polish space and its application in exact drawing of fractals

Future work includes:

s Other applications e.g., extending the ODE solving:

B SP and Holger Thies: A Coq Formalization of Taylor Models and Power
Series for Solving Ordinary Differential Equations. /TP 2024

= Formalizing and verifying program extraction using meta-level
programming and reasoning using e.g. MetaCoq

= Relating ours to other famous classical formalization e.g.
mathcomp-analysis (transfer principle, type-theoretic
generalization of the double-negation translation)

= Classical reasoning (of computational content) in cAERN can

be done relying on those rich libraries 13/13
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Introduction

Define and prove cost bounds of programs in type theory —

execution time, memory usage, etc. Discussed in the abstract
for this talk.

1. Type theory is a theory of functions, e.g. isort = msort.
Nonstarter to model algorithms as (plain) functions.

2. Nonetheless purely behavioral/mathematical reasoning of
algorithms qua functions is indispensable for not only

correctness but also cost. Example: worst case cost bound
of isort.

Must integrate cost structure in a way that preserves the
view/aspect of programs as functions.

3/27

A cost-aware logical framework

This talk outlines a cost-sensitive type theory dubbed calf (a
cost-aware logical framework) [Niu+22].

Implemented in Agda by means of computational
postulates [CTW21].

https://github.com/jonsterling/agda-calf

4/27
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Outline

Three key ingredients of calf.

1. Cost structure as an abstract effect
(call-by-push-value [Lev03]).

2. Functional/behavior aspect of programs as a phase
distinction.

3. Cost analysis in terms of program inequalities (decalf —
directed, effectful calf).

5/27

Cost as an abstract effect

6/27
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Cost structure as an abstract effect

Only expose the interface of the writer monad.
postulate

F : Set — Set

ret : A— FA

bind : FA — (A — FB) — FB

charge: Cx FA — FA
Implement FA = C x A under the hood, but not revealed to
the user.

8/27

Example: isort

insert : A — list(nat) — F(list(nat))

insert(x, nil) = ret([x])

insert(x, y :: () = charge; bind(It(x, y), Ab.
bind(insert(x, (), Ar.ret(y :: r))

case b of )

ret(x ;1 y i1 ()

isort : list(nat) — F(list(nat))

isort(nil) = nil

isort(x :: 1) = bind(isort((), Al'. insert(x, "))

9/27

248




Example: isort

Equational reasoning by means of computational postulates.

postulate
bind(ret(a), f) = f(a)
bind(charge(e), f) = charge(bind(e, f))
For example we can derive the usual cost bound on insertion

sort.
isort(() = charge!"” (ret(sort(()))

Here sort : list(nat) — list(nat) is the sorting function.

10/27

The function-cost phase distinction

1/27
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Algorithms vs. functions

We may distinguish algorithms in the presence of the cost
effect, e.g. msort and isort may exhibit distinct cost bounds.

isort(() = charge'!” (ret(sort(()))
msort(l) = charge’!11"°91 (ret(sort(()))

Not immediate that purely functional/mathematical

properties respects the functional equality isort = msort. How
to redact cost information?

12/27

The phase distinction

Cost-sensitive data is redacted/trivialized in the functional
phase (cf. phase distinctions in program modules [SH21]).

postulate

1 : Prop
redact : § — charge(e) = e

13/27
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The phase distinction

Cost-sensitive data is redacted/trivialized in the functional
phase (cf. phase distinctions in program modules [SH21]).

postulate
1 : Prop
redact : § — charge(e) = e

Any context containing the assumption 9| validates ordinary
functional/mathematical reasoning, e.g. | I isort = msort.

13/27

Introducing other effects

14/27
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Coping with computational effects

In calf cost bounds are defined in terms of normal forms —
e : FA bounded by c when e = charge(ret(a)) for some a : A.

Breaks down in the presence of nontrivial computational
effects (those aside from cost).

Suppose we want to add a probabilistic effect
flip: X = X — X.

Expect flip(e, €) is bounded by c if e is bounded by c. But this is
false when e is probabilistic — there may not be a single value
a : A witnessing the cost bound flip(e, €) = charge(ret(a))!

15/27

Directed, effectful calf

decalf: introduce an intrinsic inequality relation Ey at all
types [Gro+24].

Instead of equational cost bounds, work in terms of program
inequalities. Moral: cost bounds are just (simpler) programs.

Example: flip(e1, e2) E ewhen ey, e; E e by flip(e,e) = e
and monotonicity.

Bonus: inequality at all types makes it convenient to state cost
bounds for higher-order functions.

16/27
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Models

calf: internal type theory of the category of presheaves over
the interval poset {0 E 1}. Phase proposition § is the
intermediate proposition given by (1) = L and 1(0) = T.

decalf: internal type theory of the category of (augmented)

simplicial sets, e.g. presheaves over the nonempty ordinals A.
Also provides a synthetic (partially discrete) poset theory.

17/27

Other projects in calf

1. Verifying correctness and cost of data structures: Li,
Grodin, and Harper [LGH23].

2. Coinductive algorithms and amortized analysis: Grodin
and Harper [GH23].

3. Recursion and adequacy: Niu and Harper [NH23] and Niu,
Sterling, and Harper [NSH24].

18/27
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Call for ideas and collaborations

Computational adequacy and definability.

1. One can justify equational cost bounds on operational
grounds by means of internal versions of computational
adequacy in the sense of Plotkin [Plo77]. Refined to track
cost in Niu, Sterling, and Harper [NSH24].

2. Good closure properties of operationally definable
cost-sensitive programs — cf. lambda definability.

3. Internal cost-preserving program extraction.

4. Connection to automated type systems for resource
analysis (e.g. [Hof11])?

20/27

Call for ideas and collaborations

Please help us extend the theory and practice of cost-sensitive
verification in calf or suggest new directions for research!

Q) agda-calf

¥ yuesforest.com

21/27
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Mathlib.Analysis.ODE.Gronwall
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ODE_solution_unique
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4 FA—b7+—2F74€—2aVIC&DER

LLMZRAWT, BASETEI N HFRERZHEATEICEBRTSZIL
&Y, FET-LEERTIHE

HREHI
MUSTARD LLM & Lean Proverz &M L, 5866MMDMBEEMEBRAT Y 7T LDRELZEL T —&
(Huang et al, 2024) v b EEE

DeepSeek-Prover (2024) BRSFBOEK, KFELNNOBFORMEZLeand|ZEHL T, 869,659 DAHIK
BT—2ty FZEE

Lean Workbook MiniF2F, ProofNet7s EDBAREEDHFEREE Lean 221k L T57,23175(17.5%) D
(Ying et al, 2024) F—Rty hEEE
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3.IREFE 9

EHREBZYEEHAL T, ¥E5—42%2H8%”K
W= R=Z2OMLWERFEE LT, EHRBEA*¥ERE ICERT S

EHFEE%RALEBE:

o SHREDEEMA L, BHFREOFEERICL>T
BonsmBERIIETERELS

o SHFRENEEMN G, EHREOEERICL->T
EROEFAD)EENEIND

4. BHEBEO7ZILIY X L 10

—EiRFEREICH T 5 SR

EHREO7ILITY XL

1. RELEROBEZRI—L LKL T, BEZERICEL, HESZBE
HEEDPLEWCEELEI Y T 7L A2F 220D %#1E%R
DFZICE—T7LITY) X LZBERBL, VT ILEH—
H— L7V 77 L28HBA%ES LICHIBRL, ZYVDUTZILTH L WETZERK
SR LB EEESISEML, ERROMNEERYRY
FREO)APERSNNIE, TOEESITFTEREE

s LvP,~l lv ~al
wpEg). LRV e 200
oP Vv aQ T

EEORBEHESICEKIL, SHARNEZR)RLERTSILT
FEZEBEHT.

oo R wN
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4. BHFEEOF7ILIY X LA 11

SHIREDERFH £ D1
[ & EROTES 2 I~ L ALL T, EEEEMCEL, HEA%ERE

t
TEOREZEY, ZZhoFFEERT

RE L EH BES

RE:

1.(Vx) (P()—(S() ARKX))) (V) (~P() V S()) Ci = ~P()VSK)
(Vx)(~P(x) VR(x)) C, = ~P(x) VR(x)

2. (30 (P() A QX)) - P(a) » Cs = P(a)

i e pm= | Qa) Cs=Q(a)

3 A - WA

(3(Q0) ARG) FPHER (430~ v ~R() Ca = ~Q() V~R()

4. BHEBEEO7/ILITY X LA 12

EHFREDERHF D2

e FREO) ST oAATT
Ci=~P(x) VS
C., = NP(X) \ R(X)
Cs = P(a) [C.= ~PovR) ]| Cs =P@) | [ci = Q@ ][ Cs = ~Qwv~Re ]
Cs= Q(a)

Cs = ~Q(x) V ~R(x)

SHRA

LvP,~l"VvQ olVv ~al
——— 0 where
gP Vo0 T
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5. BHEFEOMEERICDOWNT

IREFIEDBI
@ BHFIRIC L > TABESD SIRE L 5D EBE LR
@ FEEHAEANLT, b5 —HOREEER

®

= [£5]
EE (P(x) ARX)) V (~P(@)) v (Q(x) A (R(X)) Vv (~Q(a)) R S I 51878

. HAEHhE TERBZERK
® @REANLT, 20 DREEER ]‘ B

RNIE, FE

| ~PO)VS(X) | Froovvw | [P ]| [[Fawv-re | [Q@ ]
é_ELa) ______ : Y .

NE).
@ ~QXV~REX) @ [rRa ] @
AR R@)

LvP,~l'vQ n olV ~al'
WO’ whnere T

13

5. BHFREOHEEAICDOWT

14

@ RELIEREANLT, bI—ADREZERK

RELA,) &EERC) D BIRE2(A) %2 BT S

[A=PoovQ@) VR | | A, ]

=P

PoOVQ@ VRX) | | A:=P(a) v ~Qv~R()VR(b)

=P(a)V R(b)

Ay, A,
C=P(a)VR(b)

C = oA,V A,
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5. EHREOWEEAICOWT 15

B&Hl2-a. IRFE: A, = P(x) VQ(a) V R(x), #&3&: C = P(a) VR(D)

FIEL REA D SFERCABRARBY T INDORT EZOEREZINET S
oLy ‘g_:_o) U] 7‘-5»%23#*15?#!:&#& L&y,

RTE: A = P(X) VQ(G.)V R(.X') r—21. {P(X) P(a)} o, = {X — a}
Grza. o _ P(a) ” R(b) P —2R2.{R(x),R(b)}, 0y, ={x— b}

FIE2. FELITEONEY FSLORTICEENZCOYTFILEAL D
OEZXAIZLEDY) TFF7 IV EFEIRT 3. AL =XVY
ZZTlE, T—X1DOP(a)=HEINT 5. Ay =XV ~YVZ

C =XV Z
:V R(b) 0, = {x - a}
5. EH/FEEDOYEEAICDOWT 16

FIE3. A, . CDVTFFNVEEREX Y, ZICHEIT B, 7-7L, FIE2TEIRL -

=XVvVY
=XVvV-~YVZ
=XV Z

VDTroNzextd s,
X Y Z ﬁi
A1 =|P(x) MQ(a) V R(x) @
C = |P(a) V(R (b)

FlE4. BE—LICE>TFIE2TERLIEZV T INIC—HT B LI
AUCBT BV TINEMGUEIRET B,

A1:
A2:
=

P(x)
P(a)
P(a)

MQ(a)V R(x)

o={x—-a}

VIR (b)
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. EHEEOMEAICDOWT

17

FIES. EfiozFIAL T, REAZHBRT 5.

Y, ZICBAL T, olck3BHAZITo-HBOEN—HTIHERNTEIRT 3.

X Y Z
A; =| P(x) |VIQ(a) V R(x) A, =XVY
A, =|P(@) VFQ(x) V~R()|VIR(D)|o ={x—>a} |4, =XV ~Y V Z
c=|rP@ vIR(p) C =XV =

5. BHFREOHEEAICDOWT

18

B&BID-b. (RE: A; = P(f(x)) vV P(x) v P(y), ¥&&: C = P(f(»)) V P(f(@))

FIELAREA D S FERCABIRAGER) TIIVDRT EZDEBREZINET S
7=72L, COUTFIN%EZMIIBERIIFRELAEL,
=21 AP(f(0)), P(f)} o1 = {x > ¥}
A1 =P(f()VP(X)VPY) 7—R2A{P(f(),P(f(@)}, 0, = {x - a}
=23 {P(), P(f»)} o5 = {x > f)}

/‘ o =24 (PO PUF@)} s = (x> f@)
O RA e P e e = by — Tl
C=PUONVPE@) e e onm iy ey

> CDYTINHNEEHEDLSDTNG
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5. BHEFEOMEERICDOWNT

19

FE2. FIEITEONIVTIANDRTICEEFNZCOY T FTLEEDLD
O X7z IZ1EDY 77 W% EIRT 3.
TITlH, T—RIOP(f(y)ERIRT 5.

C=PUM|VPU(@) o ={x->y}

FE3. A, & CDYVFINVEREX Y, ZIZHET B, =1L, FIE2TEIRLT-

V7T 0xtd 3,
X Y Z
_ A, =XVY
A; =|P(f(x) MP(x) V P(y Ai w0 7
C=|1PFY) VIP(f (@) C =XV 7
5. EHFREOUERICOWT 20
Flg4. B—bLICX>TFIE2TREIRLEVTFINIC—EHT B LS (IS
AACBT BV TINEMEUEIRET B,
X Y Z
A =|P(fF(0)MPX)VP(y A, =XVY
A, HP(f()) o={x-y} [A2=XV~YVZ
= PG VIP(f (@) C =XV z

FIES. EfiozFIAL T, REAZBRT 5.

Y, ZIZEEL TlE,

Ay =[P(f(x))MP(x)VP()

Ay A PFOIN ~P ) ¥=~PoHpHP (f (a))
c=|PF») vV P(f(a))

oI L BBRZIT > BDEN—T 2EHENTHERT 5.
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5. BHEFEOMEERICDOWNT

21

3. fam e AN LT, 22DIRE % £

faam (C) D L IREL(A,) EIRE2(4,) & BT 5

[4, | 41 =P@)VQ@VS@afo) |
7 ] | A2=P(O) VR®) V~S(z f(x)) |
- o=x{y—-x,z>a}
Ay, A,
C= ot ok,
| c=P@)VvQ@) VR | [c=P0)vo@ VR@) |  sen. noms
5. BHFEBEOFEERICOWNT 22
B{fFI3-a. #ER:C =P(x)VvVQ(a)VR(®X)
FIEL. ¥EimC & RNEBH OHEE, B, EBZNET 3.
[ ] P:Hﬂﬁﬁ Lf:ﬂl%g@%{f\l A =XVY \V W
. - s r— A 1
o F:NELBAMEEROES Ay= XV ZV~W
P={P,Q,R S} F={fa}t 9%, C =XVvYvz

FIF2. cOVTFI7NVEEDLUEXEB1EDY 77 V2R RT S,

ZZTIEP(X) & EIRT B,

¢ =P@vew@vre

FIE3. COVTINER%EX,Y,ZICHENT S, =L, FIR2TRERLE

DFZIRXICEDHDRHEDET S,
X Y Z

¢ =fp@|Ve@IVRH]
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. EHEEOMEAICDOWT

23

B{&fl(3-a. fiE&: C = P(x) vV Q(a) VR(x)

FlE4-a. B—LICK > TFIE2TERLEVTINI—HTH LI

m,m§E¢5U?5»am@%mE¢6.

Y Z
B A, =XVY VW
A; =fP(x) o={y-x} A, =XV Z Vv ~W
A, =PP(y) C =XVYVZ
C =PX@)|V|Q(a)VR(x Ay, A,
C = U'A1 VO'AZ

FH5-a. EftcZFIAL T, REA, A, ZBHT 5.

Y, ZICBAL T, oll&2BHRZITo7-BOIEN—HT 2HBENTERT 2.

A, =|P(x)VQ(a
4, =PV R (x)

C =PX)|V|Q(a)JR(x

5. BHFREOHEEAICDOWT

24

B&HFIR-b. $®: C = P(x)VQ(a) VR(X)
FIEL. fE3RC L A SWMEE, B, EHRENET 3.

o P:NEL-REOES
o F:NEL/-BEHEEHNES

P={P,Q,R,S},F={f,a}& ¥ 5.

A, =XVY VvV W
Ay=XV  ZV~W
C =XVYVZ

FIF2. COVTFI7NVEEDLUEXEB1EDY 77 VEERT S,

T TIEERLA W,
C =P(x)vQ(a)VR(x)

FIE3. COVTFINEE%EX Y, ZIZHET B, =1L,

DFZIRXICEDHDRHEDET S,
X Y Z

¢ =lpelvfe@]vr(x)

FIE2TEIRL 7=
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. EHREOMEAICDOWT 25

BERFIR-b. $iH: C = P(x) vQ(a) VR(X)

FIEL-b.BE—LICE>THHHELET LI LA, AAET S Y T 70 Emgu
%59&);';1"'3'6.1/ tﬁZL’ COYTINEEERMIAIERIIFELEL,

W
A = S(a, f(y)) Ay =X VY v W
B A,=XV ZV~W
A2 = 3 1) C =XVvYvZ
C 5 P(x)|V|Q(a)VR(x A,

c={y—->x2z- a}

FIE5-b. BiftoZFIAL T, REA,LAZERKT 3. C= oA, Vad,
X, Y,ZICBBLTIE, olc&2BEEITo/-ROELN T 2EHENTREIRNT 5.

Ay =[P ¥ [Q(a)V S(a, f(»)
A, HP(y)V ROV ~S(z, f(x)
C 3 P(x)|V|Q(a) VIR (x
6. & ® 26
5% R

o EHFEDFEEADT7IIY A LiEER
o Lit%#FRAL T, ¥EAT—4%ty b &R
o T—2ty FORBZNT 24HEADIRE
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Coq EEFAX IR RICEL 5
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I

NINKZE FORFHT
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EP/N

1.1 DNA
12 DNAOvEa—F4>v

21 DNAKFZ/

22 MEHEE

23 AFAVH—YRATL

24 F—brR b ERT Ay H—YRT LOBER

3.1 SSReflect/finType
3.2 CoqTOhE#E

£ SHORE
BE M
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1.1 DNA

« I|EEY)IC & Ui?ﬁﬁ%ﬁ%f%%i%%ﬁ
s ZARDOEEBRIRDNABE IIKEZREEICLY) —ESHABER LD
#Aviéﬁz@tmiﬁb%%tfzu\ﬁ IZIGETE %

-4 >
o o
>
=
® O
® O
o o
- >
>
o ®
® O
-4 >
® O
o - ©
>

>

1.2 DNAa>Y¥Eax1—FT4>7

DNA@E%EE’?‘%X%?' B e LTk, BE. Ui B8
EDRTEYFIRFICLYEFAEZIT S,

19944 (CAdlemans’/y 2L b EARRREIE % DNADIE & 1/E TR
W LY FEBEBNEE ST,

PCRIZK 2ERNA G CHINEICENT WS (T H. SSD@1071%
FEDEWEREE 7 & mwwhoﬁ&a@“ T+ /=
//VE%W:/I:J—&/\@FGH%#HH INTW3
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21 DNAKZI/

- DNA O ZF#BEE SE T L TR I N T
- PREH TIRBIIIEA T D AL Wi %ELKH%X
URINRANS

W= (9@, w0 (9R). -

D,(V)=L,(V) UR,(V) ULR,(V)

V.77 7Ry b v¥ ooy —XEa(+I1E3kER)
Al EBXEF p SV xV:BEIXSER

22 FEER

*DNA K 2/ OMEBEREHEBIBERICHS LS, FI/RALT

mad 2
wOXD->DU{l}
mo (@ [Z]p CO-(L)1E,) - ece),
* DNADFOYEBHIEE S ». BEER LR Z 77,

"x,y,2 € 1>,  u(ou(,2) = pu( ), 2)
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23 RTAYN—YRT L

AT Ay =Y AT Ly =(V,p,S,D)
V:EZS50ERES pSVXV
S c LR,(V)(FR&ES DS D,(V) xD,(V)(HRES)

ATFAYH—Y AT LADERKEE
sz{WEW[x]EMNSmEN
p
up(X) = {u(l,,u(x,r))|x eX,(L,r) € D}

2T 4y H— 2T L(#H)
V= {A, T,G, C}
p={(4T),(T,A),(G,C),(G)}

s={21()
o={((-OEO)(D-DE)

y=,p,S D)

S u(s, D) w(u(S,D),D)

L(y) = {AT(GT)"C|n € N}
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24 F— b VSARTAYVYH—VRT L

(AEANRT 4 v h—Y AT LFTEFREED RN R FTE CERSGE L[
CARBEENEF>Z Mo TWD,
REG = RSL (REG:1EBJEFE RSL: AR T4 v h—DEKRSE

S, A= b b EBRBRTERT A v D=V RTLERBRT S LT
REG S RSLZ RIS L 7=,
Theorem REG RSL{state symbol:finType} (M: automaton state symbol) (5:seq symbol) :

5 <> nil -»> exists n:inat ,forall m:nat, n <= m ->
accept M s = (s\in(ss_language prime m (Rut to Stk M))).

F—hr< b

BRA—r~ b M=(K,V,s0F,6)

KIRREOBRES VT T 7Ry R
S:KXV K BBEM  so€ KATHIREE F c K:SHIRRE

F— b b DREEE LM) = (V6" (s, V") € F}

ab

0
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3.1 Coq/SSReflect/finType

EROEZRDHN 5 H
eqType,countTypeF Dz 5| =k LTV S
enumiZ &Y EEDLFZEMNA[EEL 125
(#7)enum bool_finType = [::true;false]

F=r bV ORT 4y H—=P AT LTRIXF, X7 %
ascii,string®fXH Y (ZfinTypeb ZD U A T BT T KV
BERTERD AL S,

F— b~ b %Coq tTELE

BRA—F~r> M=(K,V,s0,F,05)
KARREEDHIRES, V:TIL7 7Ry F(XFOERESR)
8:K XV - K: BB sy, € KOHEIIKRE, F © KZIRIREE

Structure automaton{state symbol:finType}:= RAutomaton {
init : state;
final : {set state};
delta : state -> symbol -> state

}.
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F— b~ b %Coq ETELE

5:(K,V) - K: BBEK
%K X V* » KB OB KA
F— b2 b OZBYE:5 (s, w) EForg F (weVY)

Fixpoint dstar{state symbol:finType} (delta:state->symbol->state)
(g:state) (str:seqg symbol) :state :=
match str with

|nil => g
|h::str' => dstar delta (delta g h) str'
end.

Definition accept{state symbol:finType} (M:@automaton state symbol)
(str:seq symbol) :bool := dstar (delta M) (init M) str\in final M.

DNAF 2 / #Coq k=2

RO KL & RipD —AEFBE L NENEFRL, TDHEAE
HhETHRALG NI/ ORRERIRT S

Inductive domino{symbol:finType}{rho:Rho symbol}:=

|null : domino

|Simplex : @stickyend symbol -> domino

|WE : @wk symbol rho -> domino

|L : @stickyend symbol -> Bwk symbol rho -> domino

|R : @wk symbol rho -> @stickyend symbol -> domino

|LR : @stickyend symbol -> Qwk symbol rho -> @stickyend symbol -> domino.
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2T 4 v H—RT LARCoqE TER

ATFAYh—Y AT L y=(,p,S, D)
ViTIL77Ry b (RBEOBERESR) pSVxV
S ARHEHEEFE ORI/ DERES D: R/ HNOBRES

sStructure sticker{symbol : finType}{rho : seg(symbol*symbol)}} :={
start : seq (Bdomino symbol rho);
extend : seq ((@domino symbol rho)* (@domino symbol rho))

}.

REG C RSLOT T EFEA

#280017 A 72 2L HAEADEX
FFEADIE L X (ECoqhMRAET 5 728
FEITHEDN O D HE L

RIS OVWTIEUTOR=YTRALTWET,
https://github.com/KyushuUniversityMathematics/CoqSticker

Theorem REG RSL{state symbol:finType} (M: @automaton state symbol) (s:seq symbol) :
5 <> nil -> exists n:nat ,forall m:nat, n <=m ->
accept M s = (s\in(ss_language prime m (Rut to Stk M))).
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* & ESBORE

SE. (FANVZAT 4 v h— AT LAHDPERISGEU FDEREED %
BDoZ &HCoqTHREARICKRILL 7=,
DNASTE ET/LITMICH ZEHEFEL. PICITRMNMESSE =
ERRFIBEER LD HLIFET 5,

s (MEANZA T4 v h—Y 2T L

s TRy Iy s F -k R

« A - HIBRY X T L

c AT TAT VTV RT A

cBRATSSA VIV RT L
S, INODETIICET AL TWLE/L,

DG
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T84 — b~ k> DRIR

—hrY b RET S
S 6*(sg,x) EF

LK<
Fk</) F— b v b iixEERE ik
5* (80, x) & #h 75 Kim TFIR

—r~ b DB BIRREsH HXITLY

% - 1
DEEAXH2 B L7 IRBES™ (s, x) & S R TX IR

F2/) F— k< kB BIREEs
x&ZET D 5 (s,x) EF

FA— b= k> ORELH

8 (67 (s0,x1),X2) = 6" (S0, %1 + X3)
F—h7 b OBEIIEAEHN
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FieA— b~ > OB

FA— b= k> ORELH

X

P ™ ™ i

0" (6 (5 (6 (SO xl) xz) x3) X4) EF =6 (SO X1 +x2 +x3 +x4)
S §*(spx) EF & xiFF— b btk ZEINS

FEOXFEINIDEIL-BRROXEING T A K /D
HAEHE CHIBHEAH T RE
>FH— T b OFBHEERT 4 v H—TCEMTZE S
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Developing Practical Lemmas
for Real Analysis in COQ
(Coq 12 & % TR D 7= D E RN 7 FEDBIF)

Yoshihiro Ishiguro !

Graduate School of Mathematics, Nagoya University,
Digital Architecture Research Center, AIST

November 26, 2024

1 Joint work with Reynald Affeldt, Digital Architecture Research Center,
AIST

The main topic: calculation of integrals in C0OQ

m integrals over bounded intervals

m integrals over unbounded intervals by limit of integration area
(improper intergal, JLFEFE )

m example: Gaussian integral

S5

[ et -
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Motivation and Approach

e Motivation:

m probability theory

m varification of the semantics of probabilistic programs
e Approach

m use and extend MATHCOMP- ANALYSIS

m The library of CoQ mainly about analysis
m add and generalize lemmas for real analysis
m milestone: Gaussian integral

— focus on calculation of integrals
— formalize lemmas for continuous function
— generalize some lemmas if needed (bounded — unbounded)

remark: FTC for continuous function

Fundamental Theorem of Calculus(FTC, #5718 53 % D EAE M)
contatins two part of statement
in this slide, these are written as:

m |FTC1| For continuous function f and a € R,

an antiderivative of f can be obtain as
the function that x maps to the integral of f over [a, x|

(/ F(£)(d t))/ ~ ().

m |FTC2| For any continuous function f and a, b € R,
the integral of f over [a, b] is equal to
the change of any antiderivative from a to b

| fax = Fe) - F)
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background: about MATHCOMP-ANALYSIS

m MATHCOMP-ANALYSIS is a library of COQ for analysis.

m derivation (| derive.v]), measure theory ([measure.v]),

lebesgue_integral (‘ lebesgue_integral.v ‘)
m Lemmas about integrals for real function

GitHub: https://github.com/math-comp/analysis

results before gauss integral

In MATHCOMP-ANALYSIS, there are already some important
lemma for integration:

m lebesgue differentiation theorem
m FTCL

— but not enough.
So we formalize theorems for derivation and integrals
for continuous function, over bounded interval, such as:

m FTC2

m integration by parts(&{77FE77)

m integration by substitution(f&77 D Z A H#R)
— make easier to deal with evaluation of integration
— also to deal with semantics of probabilistic programs
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Example of normalizing a proba-
bilistic program in Coq
m each steps are evaluation by
calculation of integrals

m distributions
uniform(-,-),binomial (-,-),
beta(-,-)

m using Radon-Nikodym
theorem, integration by
parts, etc.

highlight: FTC2 for bounded interval

For a real function f(x), F(x) over [a, b],
if £ is derivation of F, then

/ f(x)(dx) = F(b) — F(a)

m allow to calculate integrals via derivation

m for elementary function, the relation F'(x) = f(x) is almost
automatically evaluate with tactic rewrite derive_val, or
applying small number of lemmas in MATHCOMP-ANALYSIS
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FTC2 in CoQ (bounded)

1 Theorem Rintegral_continuous_FTC2 {R: realType}
2 (f F:R->R) (ab : R)

s (a<Db)JR —>

4 {within °
5 derivable_oo_continuous_bnd F a b ->

¢ {in “Ja, b[, F7°O =1 £} —>

7 (\int[lebesgue_measure] (x in ~[a, b]) (f x)
8 = (Fb) - (Fa)iR.

[a, b]l, continuous f} ->

‘derivable_oo_continuous_bnd F a b‘isa notation

for derivability in ]a, b],
and right continuity at a and left continuity at b.

FTC2 in CoQ (unbounded)

2 {R :
3 (forall
4 F x Q[x
5 {within
6 (forall

7 F x 0[x

1 Lemma geO_

within_pinfty_continuous_FTC2
realType} (£ F : R -> R) a (1 : R)
x, (a <= x)%R -> 0 <= f x)%R —>

-=> +0o%R] -—> 1 —>

“[a, +oo[, continuous f} ->

x, (a < x)JR -> derivable F x 1) ->
-—>a™'+] ——>F a —>

8 {in “Ja, +oo[, F7° O =1 f} ->

9 (\int [lebesgue_measure] _(x in ~[a, +oo[) (f x)

10 =1 - (F a))’R.

Vx,0 < f(x) is sufficient to exists integral over unbounded interval
also needed convergence of limit to 400
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highlight 2: differentiation under integral

a measurable set A C R, and an open interval | C R
For continuous functions f(x, y) : | x A — R satisfies following
conditions:

m any x € /, the function y — f(x, y) is integrable on A
m f(x,y) is derivable forany x € I,y € A

m there exists a integrable function G(y) which satisfies
Forall x e l,y € A |f(x,y)| < G(y)

then, F: x — [, f(x,y)(dy) is derivable for all x, and satisfies

dF of
=, a(X,Y)(dY)

outline of proof of gaussian integral

Consider the following functions

100 = [ en(-2)ay)
u(x,y) = exp(—=(y* + 1) x x*)/(y* + 1)
g0 = [ o y)(dy)
h(x) = g(x) + (f(x))?
By calculation, h(0) = 7/2 and
H(x)=g'(x)+({F()}) = (—{F()}) +({2% F(x) « F(x)}) =0

Then, we can obtain

(Gaussian integral) = XETOO f(x) = +/h(0) =/ lim h(x)=+/7/2

X——+00
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Future work: Leibniz rule

Generalization of differentiation under integrals: The case of the
boundries of integration area depends on x

b(x) !
( / f(x,y)(dy)> -
a(x)

(f(x, b(x)) * b'(x)) = (F(x, a(x)) * b'(x)) +/ X y)(dy)

a(x)

This lemma also implies FTC1

Future work: FTC2 for absolute continuous
function

more general version of FTC2 is work in progress:

For an absolute continuous function F over [a, b],

there is a function f(x) which is defined at almost every where
and satisfies

|l = F(e) - 2

— this infers that such f is unique up to difference at almost
everywhere

— convenience of evaluation of derivation

303




Conclusion
We formalize useful theorems for integrals and differentiation
for continuous functions such as

m FTC
m integration by substitution
m differentiation under integrals

and formalize Gaussian integral as an application
Future work
Formalize more general lemmas, such as

m Leibniz rule
m FTC2 for absolute continuous functions

Formalize other evaluation probability distribution function, such as
m Gamma distribution
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TPPmark2024 : Permutation Sort

Jacques Garrigue

Graduate School of Mathematics, Nagoya University

TPP 2024, Kyushu University, November 26, 2024

1/7

The problem

We want to sort a list in place, using a minimal number of exchanges. We do not
count the time needed to decide the sequence of exchanges (but it should probably be
tractable.)
1. Define a function which, given a permutation, returns the a minimal sequence of
exchanges which realizes it.
2. Prove that this function is correct, and that the number of exchanges is minimal.
3. Define a function which, given a list of natural numbers without repetition, returns
a minimal sequence of exchanges which sorts it. Prove it correct and minimal.
4. Define a function which, given a list of natural numbers possibly with repetitions,
returns a minimal sequence of exchanges which sorts it. Prove it correct and
minimal.

2/7
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Permutations

You have probably learnt in you linear algebra course that, considering a finite set of n
elements, there exists a group S,, the symmetric group, containing all the
permutations.

In particular

1.

any permutation p has a unique decomposition into cycles (permutations defined
by a list of elements (a1 a2...am) such p(a;) = aj+1 and p(am) = a1). All these
cycles have disjoint supports, so they commute.

A cycle of length m can be realized by the composition of m — 1 exchanges
(permutations that only exchange two elements).

(a1 a2...am)= (a1 am) -~ (a1 a3) - (a1 a2)

Any a; is first exchanged with aj, but in the step it is exchanged back to ajy1.

3/7

=

Expected solution

Define a function doing the above decomposition.

Prove that it is optimal.

Use it to provide optimal sorting without duplicates.

Problem 4 is actually NP-hard: (citation from Yamamoto-sensei)
Amihood Amir, Tzvika Hartman, Oren Kapah, Avivit Levy, and Ely Porat.

On the cost of interchange rearrangement in strings.
SIAM Journal on Computing, 39(4):1444-1461, 2010.

4/7
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Alternative solution

Without hours of publishing the problem, Yamamoto-sensei sent me his solution.

1. Any permutation has a decompostion into exchanges (the proof is available in
MaTHCOMP/fingroup), so just use argmin to return the shortest sequence.

2. Problem 3 and 4 can use the same solution: by definition a sorting function can
only permute its input, so just return the shortest sequence.

Of course, while this is in theory computable, you will probably have to wait a while for
the answer. . ..

5/7
The solutions
e Mitsuharu Yamamoto (both argmin and direct decomposition,
MaTtaCoMP/fingroup)
® Takefumi Saikawa (argmin approach, MATHCOMP /fingroup)
e Kenta Inoue (standard approach?, MATHCOMP /fingroup)
e Myself (standard approach, MATHCOMP /ssreflect)
6/7
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Main lemma

The idea of the proof of minimality is that

® the identity permutation has n cycles
(if we see x such that p(x) = x as a cycle of length 1)

® when composing a permutation p with an exchange t, the number of cycles may
not decrease by more than 1

® as a result one cannot do better than n — m exchanges (which is the number of
exchanges in the standard decomposition)

We can indeed prove the following lemma.
Lemma
If p has m cycles, then p - t has either m — 1 or m+ 1 cycles.

Actually, this lemma is available in MATHCOMP /fingroup/perm.v,
but nobody seems to have used it :)

7/7
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