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1. Introduction

@ Liquid crystals are in a state between solid and liquid.

@ Nematic liquid cryatals can flow like a liquid but its molecules are oriented in
a common direction as in solid.

@ The flow of nematic liquid crystals is represented by coupling Navier-Stokes
equation with direction equation based on Oseen-Frank energy density
functional governing the motion of orientation of rod-like particles.
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Simplified Ericksen-Leslie system:

Op+div(pu) = 0,
O(pu) +div(pu®@u) = divSe,
O (pf) + div (pbu) — k*A0 = S¢ : Vu,
od+u-Vd = 1*(Ad+ |Vd|*d).

o u="(ul(z,t),u®(z,t),u(z,t)): velocity, p = p(x,t): density,
0 = 6(x,t): temperature and d = d(z,t): director field for the averaged
macroscopic molecular orientations (unknowns), |d| = 1.

eS¢ =Sy —n*(Vd® Vd — |Vd|*I) — PI,
Sy = u(Vu + (Vu) ") + ¢/ (divau)l,
P = P(p,0): pressure,
n*, w, u*, K*, 7*: constants.

o (u®u); =uv!, (Vdo Vd);; = 0,;,d-0,,d, Sc: Vu = D
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x3=h; 0 =07

1'3:0;6‘:6‘8

oz = (,x3)

e Boundary condition:
od

u|:v3:O,h = %hg:o,h = 07

0|5E3:0 = 987 elwgzh = 9;
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2. Known Results

e Ericksen, Leslie (1950s — 1960s): continuum theory of liquid crystals

e Lin (1989): isothermal simplified model

e Lin, Liu (1995): global weak solutions for small initial data (|d| # 1)

e Lin, Lin, Wang (2010): global weak solutions on bounded domain (|d| = 1)

e Wang (2011): global well-posedness for small initial data in BM O~ x BMO
on R"
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non-isothermal model

e Hieber, Priiss (2016): thermodinamically consistent modeling

e Feireisl, Frémond, Rocca, Schimperna (2012): global weak solutions for large
initial data in bounded domain (|d| # 1)

e Guo, Xi, Xie (2017): global well-posedness in R?,
initial data close to steady state

To study the liquid crystals flow with thermal effect in infinite layer. \
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3. Main Results

Non dimensionalized form:
(*)
Op +div(pu) = 0,

O (pu) +div(pu@u) = div(w(Vu+ (Vu)") + v/ (divu)l
—n(Vd ® Vd — 3|Vd|?I) — PI),
i (pf) + div (pbu) — kA = B{v(Vu+ (Vu) ") + v/ (diva)l
-n(Vd ® Vd — 3|Vd|’T) — PI} : Vu,
hd—u-Vd = 7(Ad+|Vd|*d),

U|py=0,1 = 0,

0*

0‘3@3:0 = 17 0|1‘3=1 == 9717
0

od
%|z3:0,1 =0,

p—ps (|2 = o0).
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If a:= g% — 1 is sufficiently small, then (*) has a stationary solution
1

Us = (Ps, U, O, ds):
us =0,

0s = 0s(x3) = axs + 1,
D = palas) = 1+ 60, z3),

oo, z3) = —"—a(rs — %) +0(a?) (a—0),

d, = d* (constant)
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e perturbation ¢ = p—p,, 0 =0 —0,, d=d — d*

O+ div(pou) = f.

(55 ou—vAu — (v+ 1 )Vdivu+V0+ Vo = g,
0t — KAO + B(P(ps,0s)divu) = h,
ohd—71Ad = k,

where f, g, h, k are nonlinear terms.
e Boundary conditions:

od
Ulgy—0,1 = 0|z5—=0,1 =0, 871"703:0’1 =0.

e Initial value:
u(0,2) = uo = (¢o, o, bo, do).
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Suppose ||ps - 1||H6 < 351, ||p305 — ].”HG < 352, ||0$ — 1HH6 < 353 If UuQ
satisfies some compatibility conditions and ||ug||(z3ysx g+ < 1, then there exists a
global unique solution u(t) of (**) which satisfies

lw(®)|l(as)sx s < Clluoll (zr3ys x me-
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In addition to the assumption of Theorem 1, we assume that ug € (L'(£2))%, then
the solution u(t) satisfies the following estimates:

(i)
/ _1_ 1
0L, 0L u(t) L2y < C(L+ )72~ = |luol a2 )i ()
for 0 <1, |I'| < 1. Furthermore,

18, 0% (u, ) (1)l L2 () < C(1 + )~ Yuoll w3 ynrt (@)

|V
= |Juol| a3 (@)nz ()

8L, 8%, d(t)]| 2y < C(1+1)73~
for0<1[, |lI'| <1,14+|I'| <1
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(ii)

u(t) = Go(t)llL2(0) = o(t™2) ast— oo,

where

5—0( ) = T(élow(t)a 07 Oa &low (t))7
Brow(t) = a0Go(2', 1), diow = T(B1G1(2,1), B2Ga2(', 1), BaGa(a’ 1)),

o= ([ 0) gy = o [ [ oo

E

Gj(t) = (dmk;t)"te” ™t (j=0,1,2,3, k; > 0).

Remark
Since |G, (2/,1)]| 1> = Ct~ 2, the estimate in (ii) is meaningful.
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4. Qutline of Proof

Decay estimates

The Fourier transform of (**) in 2’ variable is written as
Dt + Leti = F(u).

Le: is the linearized operator which has the form

Le=Lo+ 3 L7+ 37 g6l

Jj=12 4,k=1,2
where
0 o Oy (ps+) 0 To
0 —p{agsfz 0 0 O
LO - p%aws (PP) TO _?11%833 p%axs (PG) TO 5
T BP K T
0 0 o Oz + ¢ —Eagg 0
0 O 0 0 —70%. I3
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0 ips' € 0 0o 'o
. P, v+ Py s T
- i€ . /OT fz”ps” €50z, zp—:ej —|—0
— VTV /
0 iZETe! 0 0o To
0 0 0 (0]
and
0 o 0 0 o
0 0 pls jklg + y;:, e;Te% 0 0 0]
LY =10 To Lo 0 To
0 To 0 Sy 0
0 0] 0 0 T(Sjkjg
Yuka Teramoto (Ehime University) nematic liquid crystal June 13, 2025 14 /33




Proposition 1

There exist positive constants ¢y and ¢; such that

p(=Lo) > \{0},

where ¥ = {\ € C; Re A > —¢;|Im \|? — &}. The eigenspace for eigenvalue 0 are
spanned by T(m,O,O,O,O) and 7(0,0,0,0,e;), 7 =1,2,3.

We set the eigenprojection for eigenvalue 0 of —Lg as 1100 = f[go) + ﬂéo) with

3
-0 SO A0
Y =30, 1 = (d)

Jj=1

7 =123

o O O o
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Proposition 2

There exists positive number ro = (o, ¢1) such that for |¢'| < 7o,
o(—Le) N{A € C; [N < G} ={Xo(€)} U{-TI¢')}.
Here X\o(&’) is a simple eigenvalue of —Lg :

b
M(€) = —S|e + O(€) as €] - 0,

where b = fol(:c§ — 13)ps(23) drs and —7|¢’|? is a semisimple eigenvalue. The
eigenprojection f[l(f’) for Ag(&’) is given by

i (¢) = " + 11V (),

where |ﬂ§1)(€/)U|Hk < Cylulpe for k=0,1,2,--- . The eigenprojection IT,(¢’) for

—7|¢’|? is given by

Tz (¢) = 113
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A~

Decompose 0,1 + ﬁgﬂ = F'(u) into high-frequency part and low-frequency part
by using

{ xo(€) =1 (|¢'| < R),
xo(€) =0 ([¢'] > R),
Xoo(gl) =1- XO(SI)

for some positive constant R < rg.

Let I1(¢) be the total eigenprojection associated with eigenvalues A\o(¢’) and
—7]¢'|? which is given by TI(¢') = I, (¢) + Iy (€').
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8tUO+L§’UO—PO ( )s
8tU0<>o+L§'U0c>o= 0

Proposition 3

We have the following estimate for high frequency part.
1Use@llzrz < CQ+ ) ([Uoo (0) |5 + | Voo (0)]ar3).-
Here Uso(t) = F =1 (Up,00(t) + Uso(t))-

Yuka Teramoto (Ehime University) nematic liquid crystal June 13, 2025 18/33



]50 - part

Decompose Uo(t) into eigenspace of eigenvalue 0 of —L and its complementary
space.

Uo(t) = do(t) + Ui (t),
where 64 = 1O, = 1) (y,I1(¢')a) and
Uy = (I =TTy = (I —T1O)(xoII(¢')a). We set
oy = ‘/—_-710¢07 U, = .7'-71(71.
We also define ¢, and djoy, by
00 = T((blowa 0,0, dlow)-

The following estimates hold for multi index [; and I}:

165365, Ul < Ciy Cilld2Tsll> (0 < 15 <15),

1Uolloo < [|Uolle2 < C{lld1owll2 + l|diowll2}
185, 0%, Ut llso < €8 00]l2-
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We set

1
1.1 ’
My(t) = sup D (L+8)272 [0 oo(s)] 12,
0<s<t l]=0
Muo(t) = sup (14 7)||Uso(7) |z
0<r<t
and
M(t) = M;(t) + Mo (t).
We also set

Py =F 'ByF, Pyoo = F 1Py oo F, Poo = F ' Py F.
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Proposition 5

For the eigenspace of eigenvelue 0 of —Lg we have the following decay estimate:

’ ’ 14 1
1050%,00(B)ll2 < Cll% a0 ()]l < C(1+1)~7 = [loo(0) 1.

Proof We prove for dj,.,.

8t(?llou) + T|£/‘2&low - < >
dlow|t 0 — X0<& >

From this we see that

diow (€',1) = e I 0 (do) (€') + / e Ty (k) (€ 5) ds
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105 F 115 = 11(€") eI e xo (do) I3

2
SC/ /[P =21t g’ sup [(do)(€))]
[¢'|1<R

1€ 1<R

2
< C(rt)""171 sup [(do) (&)
[¢'|I<R
< C(rt) Moo (0) 13-
So we have "
100, F " 2 < C(rt) ™7 =7 |00 (0) 1.
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On the other hand,

Hai’/]_-fll—lng < 0/2 XO|§/‘2|l'\ef2TX0|€’|2t dfl ( sup |<a0>(£
R

[€|<R

<C R2IVo=2mx0l¢" |t d¢’|| o (0)||2
[&'|<R

< Crlloo(0)]17.
Therefore we get

1]
2

105 F illa < C(L+1) "7 ~2op(0)]1-
In a similar manner, we have

1]

t
oLF ], < [t k(o) ds.
0
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Nonlinear term k is written as
k=—u-Vd+7|Vd*(d+d")
= —(P()U + Poou) . V(Pod + Pood)
+7|V(Pod + Pwod)*(Pod + Pod + d°)
= —Pyu - VPyd + 7|VPyd|*(Pod + d*) + Koo

Here K is nonlinear terms which include Py u or P d. Then

Iklls < CLIULI2l[VUollz + VU5 (1Tl 22 + |d"]) + [[KCocl1}
< C|0wr00][3 + 119003 ([loo]l2 + 1) + [ KCool1}-

Here we use Lemma 4.
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Hence
||a§c/’dlow(t)||2
_1_ 1
SCM+1)72 7 |log(0)]|y

l

+C/ L4t —s) 2% (1+5)"2ds M(t)?
<O+ P op(0) 1 + C(1 + )~ E M),

so we have

(1+ 0= |0 diou (1)]]2 < C(lloo(0)]]1 + M (1)?).
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Asymptotic behavior

It suffices to derive the asymptotic leading part of ¢y (t) and djoy (t). We here
consider djoy, (1).

t
diow (€,1) = e P iyg(do) (€) + /0 e TP\ (k) (€, 5) ds.

Since fooo fQ ko (u, d)(y, s) dyds = fooo@j)((), s)ds, we investigate
dj,, (€', 1) - (<d{;>(0) + /0 Oo<i%j>(o, 5) ds) e TIE Pt
= Xo({d)(€) = (d)(0))e™E T + (x — 1)(d7)(0)e T

b [ e ) ) ds - e T [ ) 0,5)ds
0 O
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= Xo(d} (&) — d(0))e™ T + (xo — 1)(d7)(0)e 71
_ e—T|§/|2t /°°<]%j>(0, s)ds

2

o+

|+

b [T - e ) 0,5) ds
0

+ ‘/2 e_T\f/IZ(t—s)(XO<]A€j>(§/7S) _ <]A€]>(0,S)) ds
0

t
+/ e*r|§’|2(tfs)X0<kj>(§/’S)ds

t

2

= lo+ L+ L+ 13+ 1+ Is
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We can see that

102 = / (@) (0)2e 27 "t de’
[¢'|>R
< e 2R gy 2.

It is proved that ||k(s)|l1 < C(1+ s)~2 in proof of Proposition 5, hence we have

oo

Izl < e [ 1G9} (0.5) s

t
2

< fle TP / 189 (-, )12 ds

t
2

/ (1+s)"2ds

=

<C(+1t)"

<C(+1)7%.
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For I3, it can be seen that
el ems) _ rlePe_ [ D el ety g
e —e = ?(e )d7
0 T
1
— T|§/|23/ e~ TIE P (t=78) gz
0
Therefore, we have
1 rg S .
< [ [ rsllg e e g ()]s dsar
o Jo
1 pt 5
SC/ / (1+t—7s)"2(1+s) ' dsd?

<C’1—|—t7%// (I1+s)” L dsdr

< C(L+1t)" 7 log(1 +¢).
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By changing variables /7(t — )¢’ =1, we see
([ 2|2

wolh) (28] = (B0,
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2
< Ce kI ()3 € L

xmm<,é[$»)4ﬁmﬁ>

and
2

=0 (t = 00),

XMﬂ<¢éL@ﬁ><Wma>

by the dominated convergence theorem we have Ji(s) — 0 as t — 0 for every s.

Furthermore, since

m@sc/eﬁwﬁww@ﬁ
R2

<C(l+s)?ell

for all ¢, we can apply the dominated convergence theorem again to have

/2 Ju(s)ds — 0 (t — o0),
0

hence )
t2||I4]la = 0 (t = o).
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Similarly, we can estimate I, to see that ¢2 || Iy(t)||z2 — 0 as t — oo. Finally we

obtain that

t
2 —7lE" 2 (t—s j
IIIsllzé/t le™ = 2 [&7 (s)]]1 ds
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3
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Thank you for your kind attention!
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