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Why logical features in rewriting logic?

Why rewriting logic?

@ Models and formal specification are easily written in Maude (simplicity, expressiveness,
and performance)

® Rewriting modulo associativity, commutativity and identity
© Differentiation between concurrent and functional fragments of a model
@ Order-sorted and parameterized specifications

@ Infrastructure for formal analysis and verification (including search command, LTL model
checker, theorem prover, etc.)
@ Reflection (meta-modeling, symbolic execution, building tools)
@ Application areas:
® Models of computation (A-caleuli, 7t-calculus, petri nets, CCS),
® Programming languages (C, Java, Haskell, Prolog),
® Distributed algorithms and systems (security protocols, real-time, probabilistic),
® Biological systems
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Why logical features in rewriting logic?

Why adding Symbolic capabilities to Maude?

@ Logical features were included in preliminary designs of the language (80's) but never
implemented in Maude

@® Automated reasoning capabilities by adding logical variables

© Differentiation between concurrent and functional fragments of a model are lifted to
differentiation between symbolic models and equational reasoning.

® Equational unification and narrowing modulo combinations of A,C,U and variant equations
@ Infrastructure for formal analysis and verification lifted:

® from equational reduction to equational unification,

from search to symbolic reachability,

from LTL model checker to logical LTL model checker,
from theorem proving to narrowing-based theorem proving,
from SMT solving to variant-based SMT solving.
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Why logical features in rewriting logic?

What have we donel!!

Maude 2.4 (2009) Built-in AC Unification and Narrowing-based search (rule & axioms)
Maude 2.6 (2011) Built-in ACU Unification. Variant Unification. Narrowing search (eqs)
Maude 2.7 (2015) A+C+U Unification. Built-in Variant unification. Narrowing search
Maude 2.7.1 (2016) Built-in Bounded Associativity

Maude 3.0 (2019) Built-in Narrowing-based search

Maude 3.2 (2022) Minimal Unification for axioms, for variants, for narrowing

Maude 3.3 (2023) Improved Folding Narrowing-based search

Maude 3.4 (2024) Folding Narrowing-based search, Meta-interpreters, Object notation,
External Processes.

Maude 3.5 (2025) Improved performance, disjunctive patterns
Valencia: narrowing with constraints, anti-unification, homeomorphic embedding, security
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Rewriting logic in a nutshell

Outline

® Rewriting logic in a nutshell
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Rewriting logic in a nutshell

Rewriting logic in a nutshell

A rewrite theory is
R = (X, AxWE,R), with:

® (X, R) a set of rewrite rules of the form t — s
(i.e., system transitions)

® (X, AxWE) a set of equational properties of the form t = s
(i.e., E are equations and Ax are axioms such as ACU)

Intuitively, R specifies a concurrent system, whose states are elements of the initial algebra
Ts(axwE) specified by (X, Ax W E), and whose concurrent transitions are specified by the rules
R.
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Rewriting logic in a nutshell
mod VENDING-MACHINE is

sorts Coin Item Marking Money State .
subsort Coin < Money .

op empty : -> Money .

op __ : Money Money -> Money [assoc comm id: empty]
subsort Money Item < Marking .

op _- : Marking Marking -> Marking [assoc comm id: empty]
op <> : Marking -> State .

ops $q : -> Coin .

ops cookie cap : -> Item .

var M : Marking .

rl [add-$] : <M > => <M $ > [narrowing]
rl [add-q] < M>=><Mq > [narrowing]
rl [buy-c] <M $ >=><Mcap > [narrowing]
rl [buy-a]l] : <M § > => < M cookie q > [narrowing]
eq [change]l: q q q q = $ [variant]
endm
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Rewriting logic in a nutshell

Narrowing modulo

Rewriting logic in a nutshell

Rewriting logic in a nutshell

Maude> search <$ g q g> =>! <cookie cap St:State> .
Solution 1 (state 3)

states: 6 rewrites: 5 in Oms cpu (Oms real)
St:State --> null

No more solutions.

states: 6 rewrites: 5 in Oms cpu (lms real)
Maude> show path 3 .

state 0, State: < $qqq >

===[ rl St $ => St cookie q . J===>

state 2, State: < § cookie >

===[ rl St § => St cap . J===>

state 3, State: < cap cookie >
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Rewriting logic in a nutshell

Rewriting modulo

Rewriting is
Given (X, AxWE,R), t =g (ayur) S if there is
® a non-variable position p € Pos(t);
® arulel > rinR;
® a matching o (E-normalized and modulo Ax) such that t[p =(4.E) (1), and s = t{o(r)]p.

Ex:< $qgqgq>—<$ cookie >
using “rl < M $ > => < M cookie q > .
modulo AC of symbol “_"
Exx<qqqq>—<cap >
using ‘rl <M $§ > => < M cap > .
modulo simplification with q q q q = $ and AC of symbol “_"
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Narrowing is

Given (X, AxWE,R), t ~ g (axw) S if there is
® a non-variable position p € Pos(t);
® qrulel - rinR;

® a unifier o (E-normalized and modulo Ax) such that o'(t|,) =(axuE) (1), and
s = o (t[r]p)-

Ex:< X qq >~ < $ cookie >
using “rl <M $ > => < M cookie q > ."”
using substitution {X — $ g} modulo AC of symbol “_"
Ex:< X qq >~ < cap >
using 'rl <M $§ > => < M cap > .
using substitution {X — q q}
modulo simplification with g q q q = $ and AC of symbol “_"
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Unification modulo axioms

Unification modulo axioms

Unification modulo axioms

Unification Command in Maude

Unification modulo axioms

Outline

© Unification modulo axioms
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Definition
Given equational theory (X, Ax), an Ax-unification problem is

?

t=1+
An Ax-unifier is an order-sorted substitution o s.t.

o(t) =ae o(t)

Decidability

at most one mgu (syntactic unification, i.e., empty theory)

a finite number (associativity-commutativity)

an infinite number (associativity)
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Maude provides a Ax-unification command of the form:
unify [ n 1 in (Modld)
(Term-1) =7 (Term’-1) /\ ... /\ (Term-k)
irredundant unify [ n ] in (ModId)
(Term-1) =7 (Term’-1) /\ ... /\ {(Term-k)

® Modld is the name of the module

® 1 is a bound on the number of unifiers

® new variables are created as #n:Sort

® Implemented at the core level of Maude (C++)
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Unification modu

AC-Unification in Maude

Maude> unify [100] in NAT :
X:Nat + X:Nat + Y:Nat =7 A:Nat + B:Nat + C:Nat

Solution 1

X:Nat --> #1:Nat + #2:Nat + #3:Nat + #5:Nat + #6:Nat + #8:Nat
Y:Nat —--> #4:Nat + #7:Nat + #9:Nat

A:Nat --> #1:Nat + #1:Nat + #2:Nat + #3:Nat + #4:Nat

B:Nat --> #2:Nat + #5:Nat + #5:Nat + #6:Nat + #7:Nat

C:Nat --> #3:Nat + #6:Nat + #8:Nat + #8:Nat + #9:Nat

Solution 100

X:Nat --> #1:Nat + #2:Nat + #3:Nat + #4:Nat
Y:Nat --> #5:Nat

A:Nat --> #1:Nat + #1:Nat + #2:Nat

B:Nat --> #2:Nat + #3:Nat

C:Nat --> #3:Nat + #4:Nat + #4:Nat + #5:Nat
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ACU-Unification in Maude
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Irredundant Unification in Maude
Maude> unify in UNIF-VENDING-MACHINE :
< q q X:Marking > =? < $ Y:Marking > .
Unifier 1
X:Marking --> $
Y:Marking --> q q
Unifier 2
X:Marking --> $ #1:Marking
Y:Marking --> q q #1:Marking
Maude> irredundant unify in UNIF-VENDING-MACHINE :
< q q X:Marking > =7 < § Y:Marking > .

Unifier 1
X:Marking --> $ #1:Marking
Y:Marking --> q q #1:Marking

Santiago Escobar (UPV) 2nd Workshop on Logic, Algebra and Category Theory (LAC2025) September 30, 2025 18/55
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Identity Unification in Maude

mod LEFTID-UNIFICATION-EX is

sorts Magma Elem . subsorts Elem < Magma
op _— : Magma Magma -> Magma [left id: el
ops a b cde : -> Elenm

endm

Maude> unify in LEFTID-UNIFICATION-EX : X:Magma a =7 (Y:Magma a) a .

Solution 1 Solution 2
X:Magma --> a X:Magma --> #1:Magma a
Y:Magma --> e Y:Magma --> #1:Magma

Maude> unify in LEFTID-UNIFICATION-EX : a X:Magma =7 (a a) Y:Magma .
No unifier.

mod COMM-ID-UNIFICATION-EX is

sorts Magma Elem . subsorts Elem < Magma
op — : Magma Magma -> Magma [comm id: e]
ops a b cde : -> Elem

endm

Maude> unify in COMM-ID-UNIFICATION-EX : X:Magma a =? (Y:Magma a) a .

Solution 1 Solution 2 Solution 3
X:Magma --> a X:Magma --> a #1:Magma X:Magma --> a
Y:Magma --> e Y:Magma --> #1:Magma Y:Magma --> e
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A-Unification in Maude
Maude> unify in UNIFICATION-EX4 : X:NList : Y:NList : Z:NList =7 P:NList : Q:NList .
Solution 1
X:NList --> #1:NList : #2:NList
Y:NList --> #3:
Z:NList --> #4:NList
P:NList --> #
Q:NList --> #2:NList : #3:NList : #4:NList Unifier 4
Solution 2 X:NList --> #1:NList
ELine s # YilList --> #2:NList
Y:NList --> # : #3:NList Z:NList --> #3:NList
Z:NList > # P:NList --> #1:NList : #2:NList
P:NList --> # : #2:NList Q:NList --> #3:NList
Q:NList --> #3:NList : #4:NList
) Unifier 5
i"‘ll:?:“ 3) tiLiss X:NList --> #1:NList
iNList --> #1:NLis fiet s wonrs
YilList --> #2:NList YilList --> #2:NList
Z:NList --> #3: : #4:NList Z:NList --> #3:NList
P:NList —-> : #2:NList : #3:NList P:NList --> #1:NList
Q:NList —-> #4:NList Q:NList --> #2:NList : #3:NList
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Incomplete A-Unification in Maude
Possible warnings and situations:
o Associative unification using cycle detection.
e Associative unification algorithm detected an infinite family of unifiers.
e Associative unification using depth bound of 5.
e Associative unification algorithm hit depth bound.
Example:
Maude> unify in UNIFICATION-EX4 : O : X:NList =7 X:NList : O
Warning: Unification modulo the theory of operator _:_ has encountered
an instance for which it may not be complete.
Solution 1
X:NList --> 0
Warning: Some unifiers may have been missed due to incomplete
unification algorithm(s).
Santiago Escobar (UPV) 2nd Workshop on Logic, Algebra and Category Theory (LAC2025) September 30, 2025 21/55
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Unification modulo

AU-Unification in Maude

Maude> irredundant unify in UNIFICATION-EX5 :
X:NList : Y:NList : Z:NList =? P:NList : Q:NList .
Decision time: 2ms cpu (2ms real)

Unifier 1

X:NList --> #3:NList : #4:NList

Y:NList --> #1:NList

Z:NList --> #2:NList

P:NList --> #3:NList

Q:NList --> #4:NList : #1:NList : #2:NList

Unifier 2

X:NList --> #1:NList
Y:NList --> #3:NList : #4:NList
Z:NList --> #2:NList
P:NList --> #1:NList :
Q:NList --> #4:NList :

Unifier 3

X:NList --> #1:NList

Y:NList --> #2:NList

Z:NList --> #4:NList : #3:NList

P:NList --> #1:NList : #2:NList : #4:NList
Q:NList --> #3:NList

Santiago Escobar (UPV) 2nd Workshop on Logic, Algebra and Category Theory (LAC2025)
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Unification modulo axioms

fmod BOOL-FVP is protecting TRUTH-VALUE .
op _and_ : Bool Bool -> Bool [assoc comm]
op _xor_ Bool Bool -> Bool [assoc comm]
op not_ : Bool -> Bool .
op _or_ : Bool Bool -> Bool .
op _<=>_ : Bool Bool -> Bool
vars X Y Z W : Bool .

eq X and true = X [variant] .
eq X and false = false [variant] .
eq X and X = X [variant] .
eq X and X and Y = X and Y [variant] . **% AC extension
eq X xor false = X [variant] .
eq X xor X = false [variant] .
X xor X xor Y = Y [variant] . ##% AC extension
eq not X = X xor true [variant] .
eq Xor Y = (X and Y) xor X xor Y [variant] .
eq X <=> Y = true xor X xor Y [variant] .
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Unification modulo axioms

Unification modulo axioms w/o minimality

unify in BOOL-FVP : X and not Y and not Z =7 W and Y and not X .
Decision time: Oms cpu (Oms real)

Unifier 1

X --> #2:Bool and not #1:Bool
Z --> #1:Bool

Y --> #2:Bool and not #1:Bool
W --> not #1:Bool

Unifier 5

X --> not #1:Bool
Z --> #1:Bool

Y --> not #1:Bool
W --> not #1:Bool

irredundant unify in BOOL-FVP : X and not Y and not Z =? W and Y and not X .
Decision time: Oms cpu (Oms real)

Unifier 1

X --> #1:Bool and #2:Bool

Z --> #1:Bool and #2:Bool

Y --> #1:Bool

W --> #2:Bool and not #1:Bool

Unifier 2

X --> #2:Bool

Z --> #1:Bool

Y --> #2:Bool

W --> not #1:Bool
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Outline

® Variants in Maude
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Variants in Maude

From equational reduction to variants (1/4)

E,Ax-variant

Given a term t and an equational theory AxWE, (#,0) is an E,Ax-variant of ¢ if
0(t) g oy =ax ' [Comon-Delaune-RTAOQ5]

Exclusive Or
X®0 - X Xa(YoZ) =XaY)aZ
XX —0 XeY=Y®X
XoX®Y =Y (axioms: Ax)

Computed Variants
For X® X: (0,id), (0,{X s a}), (0, {X — a@®b}),...
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Variants in Maude

From equational reduction to variants (2/4)

Finite and complete set of E,Ax-variants

A preorder relation of generalization between variants provides a notion of most general variant.
J

Computed Variants
For X @Y there are 7 most general E,Ax-variants

1 (XY,id) 2. (0,{X — U, Y — U})
3. (Z{X—0,Y— Z}) 4 (ZAX—=ZaUYw— U})
5. (Z{X— Z,Y — 0}) 6. (Z{X— UY— ZoUY})
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Variants in Maude

From equational reduction to variants (3/4)

Finite Variant Property

Theory has FVP if finite number of most general variants for every term.

Common

® Cryptographic Security Protocols: Public or shared encryption, Exclusive Or, Abelian
groups, Diffie-Hellman

® Satisfiability Modulo Theories Natural Presburger Arithmetic, Integer Presburger
Arithmetic, Lists, Sets

Used in application areas

Equational Unification, Logical Model Checking, Cyber-Physical systems, Partial evaluation,
Confluence tools, Termination tools, Theorem provers
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Variants in Maude

From equational reduction to variants (4/4)

Test for FVP

Whether a theory has FVP is undecidable in general, though there are approximations
techniques.

Computing most general variants

Given a theory that has FVP, it is possible to compute all the most general variants by using
the Folding Variant Narrowing Strategy (Escobar et al. 2012)
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E,Ax-variants - Example

Xe0—X

XeX—=0

XeXaeY =Y
(cancellation rules: E)
® For X @ X only E,Ax-variant is: (0,id)

® For X@® Y there are 7 most general E,Ax-variants
C(X@Y,id) 2. (0,{X — U,Y U}

1
3. (Z{X—0,Y— Z}) 4 (Z{X = ZOUY s U})
5 (Z{X+— Z, Y 0}) 6. (Z{X—UY— ZaoU)})
7 (Zh1eZp (X = UsZ,Y = UaZ})

Xo(Yoz)=XaoY)dZ
XeY=YeX
(axioms: Ax)
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Variants in Maude

Variant Command in Maude

Maude provides variant generation:

get variants [ n 1 in (Modld) : (Term) .
get irredundant variants [ m ] in (Modld) : (Term) .

® Modld is the name of the module

® 1 is a bound on the number of variants

® new variables are created as #n:Sort and %n:Sort
® Implemented at the core level of Maude (C++)

® Folding variant narrowing strategy is used internally
® Terminating if Finite Variant Property

® |ncremental output if not Finite Variant Property

® |rredundant version only if Finite Variant Property
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Exclusive-or Variants
fmod EXCLUSIVE-OR is
sorts Nat NatSet . subsort Nat < NatSet
op 0 : -> Nat
op s : Nat -> Nat
op mt : -> NatSet
op _*_ : NatSet NatSet -> NatSet [assoc comm]
vars X Z : [NatSet]
eq [idem] : X * X = mt [variant]
eq [idem-Coh] : X * X * Z = Z [variant]
eq [id] : X *mt =X [variant]
endfm
Maude> get variants in EXCLUSIVE-OR : X * Y .
Variant 1 Variant 7
[NatSet]: #1:[NatSet] * #2:[NatSetl ......... [NatSet]: %1:[NatSet]
X --> #1:[NatSet] X -=> %1:[NatSet]
Y --> #2:[NatSet] Y --> mt
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Abelian Group Variants
fmod ABELIAN-GROUP is
sorts Elem .
op _+_ : Elem Elem -> Elem [comm assoc] .
op -_ : Elem -> Elem .
op 0 : => Elem .
vars X Y Z : Elem
eq X + 0 = X [variant]
eq X + (- X) = 0 [variant]
eq X + (- X) + Y =Y [variant]
eq - (- X) = X [variant]
eq - 0 = 0 [variant]
eq (- X) + (- Y) = -(X +Y) [variant]
eq -(X + Y) + Y = - X [variant]
eq -(- X +Y) =X+ (- Y) [variant]
eq (-X) + (-Y) +Z =-(X+Y) + Z [variant]
eq ~(X +Y) +Y + Z=(-X) + Z [variant]
endfm
Maude> get variants in ABELIAN-GROUP : X + Y .
Variant 1 Variant 47
Elem: #1:Elem + #2:Elem  ................. Elem: - (%2:Elem + %3:Elem)
X -=> #1:Elem X --> %4:Elem + - (%1:Elem + %2:Elem)
Y --> #2:Elem Y --> %1:Elem + - ()3:Elem + %4:Elem)
Santiago Escobar (UPV) 2nd Workshop on Logic, Algebra and Category Theory (LAC2025) September 30, 2025 33/55
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Variants in Maude

Incremental Variant Generation

fmod NAT-VARIANT is
sort Nat
op 0 : —> Nat [ctor]
op s : Nat -> Nat [ctor]
op _+_ : Nat Nat -> Nat
vars X Y : Nat
eq [base] : 0 + Y = Y [variant]
eq [ind] : s(X) + Y = s(X + Y) [variant]

endfm
Maude> get variants in NAT-VARIANT : s(0) + X .
Variant 1

Nat: s(#1:Nat)
X --> #1:Nat

Maude> get variants [10] in NAT-VARIANT : X + s(0)

Variant 1 Variant 10
Nat: #1:Nat + 5(0)  ..oiiuiintitii i Nat: s(s(s(s(s(0)))))
X —-> #1:Nat X == s(s(s(500))  pfinitel !l
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Variants in Maude

Variant Generation in Incomplete Theories (due to assoc)

Maude> get variants in VARIANT-UNIFICATION-ASSOC :
duplicate(prefix(L) : tail(L))

Variant 1
[Bool]: duplicate(prefix(#1:NList) : tail(#1:NList))
fmod VARIANT-UNIFICATION-ASSOC is L --> #1:NList
protecting NAT . Variant 2
sort NList . [Bool]: duplicate(’t:NList : tail(A1:NList : %2:Nat))

N L --> %1:NList : %2:Nat
subsort Nat < NList . n "

Variant 3

. . . [Bool]: duplicate(prefix(%1:Nat : %2:NList) : %2:NList)
op _:_ : NList NList -> NList [assoc ctor] . L —-> %1:Nat : %2:NList
Variant &
var E : Nat . [Booll: duplicate(#1:Nat : #2:NList : #2:NList : #3:Nat)
var L : NList L o> #lillat : #2:NList : #3:Nat
Variant 5

[Bool]: duplicate(#1:Nat : #2:lat)

ops tail prefix : NList ~> NList . L —-> #1:Nat : #2:Nat

ops head last : NList > Nat .

eq head(E : 1) = E [variant] . tming e i e e o e s i
eq tail(E : L) = L [variant] . Variant 6
oq prefix(L : £) = L [variant] . et
eq last(L : E) = E [variant] .
Variant 7
Bool: true
op duplicate : NList "> Bool . L =-> %l:Nat : %1:Nat
eq duplicate(L : L) = true [variant] . Mo more variants
endfm Varning: Some variants may have been missed due to incomplete unification algorith(s)
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Finite Variant Property

® Theory has FVP if there is a finite number of most general E,Ax-variants for every term.

® |f finite number of unifiers from ¢, E,Ax-narrowing must compute them, though infinite
redundant E,Ax-narrowing sequences may exist

® [Comon-Delaune-RTA05] An equational theory has the finite variant property if there is a
bound 7 in the number of steps for each term

<
VE I Vo st (0l ) () e ax 0(D) g ax
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Finite Variant Property

@ [Comon-Delaune-RTA05]
Exclusive Or (max. bound 1)
@® [Comon-Delaune-RTA05]
Abelian group (max. bound 2)
© [Comon-Delaune-RTAQ5]
Diffie-Hellman (max. bound 4)
® [Comon-Delaune-RTAQ5]
Homomorphism (NOT)
© [Escobar-Meseguer-Sasse-RTA08]
Sufficient & necessary conditions for FVP
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Folding Variant-Narrowing

@ Complete narrowing strategy modulo axioms Ax with smaller search space than
unrestricted Ax-narrowing.

® Terminating when FVP (i.e., decidable narrowing-based As W E-unification procedure)
© Optimally terminating (no other possible narrowing strategy terminates for more
equational theories)

® Based on E,Ax-variant, folding variant narrowing strategy:

@ it only uses substitutions in normal form
@ if a variant is an instance of a more general variant computed previously, stop narrowing path
©® complete under very general assumptions on Ax and E
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Outline

@ Variant-based Equational Unification
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Admissible Theories

Maude Erovides order-sorted Ax W E-unification algorithm for all order-sorted theories
(%, Ax,E) s.t.

@ Maude has an Ax-unification algorithm,

® E equations specified with the eq and variant keywords.

® E is unconditional, convergent, sort-decreasing and coherent modulo Ax.

® The owise feature is not allowed.
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Equational Unification Command in Maude
Maude provides a (Ax W E)-unification command of the form:
variant unify [ n ] in (Modld) :
(Term-1) =7 (Term’-1) /\ ... /\ (Term-k) =7 (Term’-k) .
filtered variant unify [ n ] in (Modld) :
(Term-1) =7 (Term’™ 1) /\ ... /\ (Term-k) =7 (Term’-k) .

® Modld is the name of the module

® 1 is a bound on the number of unifiers

® new variables are created as #n:Sort and %n:Sort

® Implemented at the core level of Maude (C++)

® Terminating if Finite Variant Property

® [ncremental output if not Finite Variant Property
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d Equational Unification
Variant Unification modulo axioms w/o minimality
variant unify in BOOL-FVP : (X or Y) <=> Z =7 true .
Unifier 1
rewrites: 489 in 1828ms cpu (2110ms real) (267 rewrites/second)
X --> true
Y --> #1:Bool
275 true
Unifier 12
rewrites: 2934 in 9927ms cpu (11571ms real) (295 rewrites/second)
X --> %1:Bool and %2:Bool
Y --> %1:Bool and %3:Bool
Z --> (%1:Bool and %2:Bool) xor (%1:Bool and %3:Bool) xor %1:Bool and %2:Bool and %3:Bool
No more unifiers.
rewrites: 3006 in 9998ms cpu (11657ms real) (300 rewrites/second)
filtered variant unify in BOOL-FVP : (X or Y) <=> Z =7 true .
rewrites: 3224 in 10161ms cpu (11957ms real) (317 rewrites/second)
Unifier 1
X --> #1:Bool xor #2:Bool
Y --> #1:Bool
Z --> #2:Bool xor #1:Bool and #1:Bool xor #2:Bool
No more unifiers.
Advisory: Filtering was complete.
September 30, 2025 42 /55
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y Analysis

Outline

@ Narrowing-based Symbolic Reachability Analysis
Constrained Horn Clauses for Program Verification TPLP 2022
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g-based Symbolic Reachability Analysis

Narrowing-based Symbolic Reachability Analysis

® Model checking techniques effective in verification of concurrent systems
® However, standard techniques only work for:

® specific initial state (or finite set of initial states)

® the set of states reachable from the initial state is finite

® abstraction techniques

® Various model checking techniques for infinite-state systems exist, but they are less
developed

® Stronger limitations on the kind of systems and/or the properties that can be model checked
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Narrowing-based Symbolic Reachability A

Narrowing Search Command in Maude

Narrowing-based search command of the form:

vu-narrow [ n, m 1 in (ModId) : (Term-1) (SearchArrow) {(Term-2)

® 1 is the bound on the desired reachability solutions

® m is the maximum depth of the narrowing tree

® Term-1 is not a variable but may contain variables

® Term-2 is a pattern to be reached

® SearchArrow is either =>1, =>+, =>%, =>1

® =>! denotes strongly irreducible terms or rigid normal forms.
® Implemented at the core level of Maude (C++)

e “{fold} vu-narrow {filter,delay}” is the most general version (new things to come)
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Narrowing-based Symboli CIBWEIEEN  Constrained Horn Clauses for Program Verification TPLP 2022

Outline

@ Narrowing-based Symbolic Reachability Analysis
Constrained Horn Clauses for Program Verification TPLP 2022
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SIS ISR SRR W UEEEN  Constrained Horn Clauses for Program Verification TPLP 2022

Ex1 - Constrained Horn Clauses for Program Verification TPLP 2022

int sum_upto(int x) {
intr =0 ;

while (x > 0) {
r=r+x; x=x-1; }
return r;

3

This imperative program is translated into a logic program and the Hoare triple

{m > 0}sum = sum_upto(m){sum > m}

is satisfied only if the corresponding logic program is satisfiable.
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sed Symbolic R y Constrained Horn Clauses for Program Verification TPLP 2022

Ex1 - Constrained Horn Clauses for Program Verification TPLP 2022

mod CHC is protecting NAT-FVP * (op _+_ to _++_, op _>_ to _>>_)

eq (nat V) ; P

| M=P | MV ->0) . --- New Variable
eq (V=E) ; PIM=E; (V={}) ;P | M . --- Assignment
eqN; W={D;;P|M =P | (M (V->N) . --- Cont’d
eqV; P| M (V->N)=N;P| ™M (V->N). --- Variable
eq (E1 >E2) ; P| M=El ; E2 ;> ;P | M. --- Comparison
eq N;E2;>;P|M=E2;N;>;P| M. --- Cont’d
eq N2 ; N1 ;> ;P | M= (N1>N2) ;P | M. --- Cont’d
eq (E1 +E2) ; P| M =E1;E2;+ ;P | M. --- Addition
eq N ;E2;+;P|M=E2;N;+;P| M. --- Cont’d
eq N2 ; N1 ; + ;P | M= N1++N2) ;P | M. --- Cont’d
eqE-1;P|M =E; -;P| M . --- Predecessor
eqN; -;P | M = pred(N) ; P | M . --- Cont’d
eq while E {B} ; P | M =E ; while E {B} ; P | M . --- While

rl true ; while E {B} ; P | M => B ; while E {B} ; P | M [narrowing]
rl false ; while E {B} ; P | M => P | M [narrowing]
endm
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Ex1 - Constrained Horn Clauses for Program Verification TPLP 2022

X++2)> 0 ; ... | (@ >R ++ X ++2) (x -> X ++ Z)

e < truel

X ++Z2)>0; ... | (@ >1++1++ X ++ X + R ++ 2 ++2’) x >X" ++2")

false

skip | (x -> 8) (r -> R")

Maude> {fold} vu-narrow {delay, filter}
while x>0) {r=r+x;x=x-1} | x ->X++2Z) (r -> R)
=>%
skip | x > W) (& > X)

No solution.
rewrites: 79 in 16ms cpu (19ms real) (4725 rewrites/second)
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SIS ISR SRR W UEEEN  Constrained Horn Clauses for Program Verification TPLP 2022

Ex2 - Constrained Horn Clauses for Program Verification TPLP 2022

type tree = Leaf | Node of int * tree * tree ;;
let min x y = if x < y then x else y ;;
let rec min-leafdepth t = match t with
| Leaf -> 0
| Node(x,1l,r) -> l+min(min-leafdepth(l),min-leafdepth(r)) ;;
let rec left-drop n t = match t with
| Leaf -> Leaf
| Node(x,1,r) -> if n <= @ then Node(x,1,r) else left-drop (n-1) 1 ;;
}

the Tree-Processing program, written in OCaml syntax is translated into a logic program and
the property

Vn,t:n >0 = min-leafdepth(left-drop(n,t)) + n) > min-leafdepth(t) (1)

is satisfied only if the corresponding logic program is satisfiable.
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Constrained Horn Clauses for Program Verification TPLP 2022

Ex2 - Constrained Horn Clauses for Program Verification TPLP 2022

mod TREE is protecting NAT-FVP .
sort Tree .
op Leaf : -> Tree .
op Node : Nat Tree Tree -> Tree .
vars N M : Nat . vars T L R : Tree .

op minlD : Tree -> Nat .

eq minLD(Leaf) = 0 .

eq minLD(Node(N,L,R)) = 1 + min(minLD(L),minLD(R))

rl minLD(Leaf) => 0 [narrowing]

rl minLD(Node(N,L,R)) => 1 + min(minLD(L),minLD(R)) [narrowing]

op leftDrop : Nat Tree -> Tree .

eq leftDrop(N,Leaf) = Leaf .

eq leftDrop(®,Node(M,L,R)) = Node(M,L,R) .

eq leftDrop(N + 1,Node(M,L,R)) = leftDrop(N,L) .

rl leftDrop(N,Leaf) => Leaf [narrowing]

rl leftDrop(®,Node(},L,R)) => Node(M,L,R) [narrowing]

rl leftDrop(N + 1,Node(M,L,R)) => leftDrop(N,L) [narrowing]
endm

Q9

Santiago Escobar (UPV) 2nd Workshop on Logic, Algebra and Category Theory (LAC2025) September 30, 2025 51/55

187



Narrowing-based Symboli CIBWEIEEN  Constrained Horn Clauses for Program Verification TPLP 2022

Ex2 - Constrained Horn Clauses for Program Verification TPLP 2022

true xor minlLD(T) > minLD(leftDrop(N,T)) + N
T»—)Leaf¢

true

N—N’ + 1,T—Node(M,L;

Maude> {fold} vu-narrow {delay, filter}
not (minLeafDepth(T) > (minLD(leftDrop(N,T)) + N)) =>* false .

No solution.
rewrites: 19 in Ims cpu (lms real) (12541 rewrites/second)
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true xor minlLD(T’) >\l + minLD(leftDrop(l, T’))

D(T’) > N’ + minLD(leftDrop(N’, T’))
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Outline

@ Applications
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Applications

® Variant-based unification itself

® Formal reasoning tools :
® Relying on unification capabilities:
® termination proofs
® proofs of local confluence and coherence

® Relying on narrowing capabilities:
® narrowing-based theorem proving
® testing

® Logical model checking (model checking with logical variables)
® Cryptographic protocol analysis:

® the Maude-NPA tool (narrowing + unification in Maude)
® the Tamarin and AKISS protocol analyzers also use Maude capabilities

® Program transformation: partial evaluation, slicing
® SMT based on narrowing or by variant generation.
® Narrowing-based Theorem Prover NulTP

® Deductive Model Checking DMCheck
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Thank you!

More information in the Maude webpage.

2nd Workshop on Logic, Algebra and Category Theory (LAC2025)
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NulTP: An Inductive Theorem

Prover for Maude

F. Duran’, S. Escobars?, J. Meseguer?, J. Sapifia®
Universidad de Malaga
2University of Illinois at Urbana-Champaign
SUniversitat Politécnica de Valéncia

2nd Workshop on Logic, Algebra and Category Theory: LAC 2025
Fukuoka, September 29 — October 3, 2025

Outline

1. Introduction

2. Examples

3. Gilbreath’s card trick
4. Inference rules

5. Conclusions

Introduction

* Inductive theorem proving for equational programs has two problems:

* Expressiveness. Types and subtypes, conditional equations, and rewriting
modulo associativity and/or commutativity and/or identity axioms.

» Scalability. The theorem prover should scale up to large proofs. Tactics,
auxiliary lemmas, automatic reasoning.

* Maude has been endowed with new symbolic equational reasoning
techniques during the last 15 years that tackle expressiveness but also
scalability.

* Equality predicates, order-sorted conditional narrowing, variant narrowing,
variant unification, variant satisfiability, and order-sorted congruence
closure.

* NulTP is a next-generation inductive theorem prover based on inductive order-
sorted first-order logic. Theoretical foundations in [Meseguer-JLAMP2025].
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Features

* Equational Theories in Maude (Q, By, @) € (£4, B4, E1) € (Z,B,E)

* B any combination of associativity (A), commutativity (C) and identity (U)

* E a set of convergent conditional equations

* Constructor subtheory (€, By, ®) and Finite Variant subtheory (Z,, By, E,)

* Formulas (w1 =w] A...Awp=wy) >
(u}:v%V“.VuLI=0#JAAHA(uf=va“.Vuﬁk=v§0

* Reduction path ordering (RPO) given by user via annotations

* Generator sets over constructors

* Proof tactics given by user

* Internalization of previously proved auxiliary lemmas

* Automatic Equality Predicate Simplification

Peano

fmod PEANO+ADD-NO-ORDER is
sorts Nat NzNat .
subsorts NzNat < Nat .

op 0 : -> Nat ,
op s_ : Nat -> NzNat .

op _+_ : Nat Nat -> Nat [ assoc comm ]

eq N:Nat + O = N:Nat .

eq N:Nat + s M:Nat = s(N:Nat + M:Nat)
endfm

Peano

fmod PEANO+ADD-NO-ORDER is
sorts Nat NzNat .
subsorts NzNat < Nat .

op 0 : -> Nat [ ctor ]
op s_ : Nat -> NzNat [ ctor ]

op _+_ : Nat Nat -> Nat [ assoc comm ]

eq N:Nat + O = N:Nat .

eq N:Nat + s M:Nat = s(N:Nat + M:Nat)
endfm
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Peano

fmod PEANQO+ADD-WITH-ORDER is
sorts Nat NzNat
subsorts NzNat < Nat

op 0 : -> Nat [ ctor metadata "1" ]
op s_ : Nat -> NzNat [ ctor metadata "2" ]

op _+_ : Nat Nat -> Nat [ assoc comm metadata "3" ]
eq N:Nat + 0 = N:Nat
eq N:Nat + s M:Nat = s(N:Nat + M:Nat)

endfm

Peano: associativity of addition

NuITP> set goal X:Nat + (Y:Nat + Z:Nat) = (X:Nat + Y:Nat) + Z:Nat .

Initial goal set.

Goal Id: O

Skolem Ops:
None

Executable Hypotheses:
None

Non-Executable Hypotheses:
None

Goal:

($1:Nat + ($2:Nat + $3:Nat)) = (($1:Nat + $2:Nat) + $3:Nat)

Peano: associativity of addition

NuITP> apply gsi to O on $3 with O ;; s(K:Nat) .

Generator Set Induction (GSI) applied to goal 0.

Goal Id: 0.1

Skolem Ops:
None

Executable Hypotheses:
None

Non-Executable Hypotheses:
None

Goal:

($1:Nat + ($2:Nat + 0)) = (($1:Nat + $2:Nat) + 0)

Goal Id: 0.2
Skolem Ops:
$4.Nat
Executable Hypotheses:
(($1:Nat + $2:Nat) + $4) => ($1:Nat +($2:Nat + $4))
Non-Executable Hypotheses:
None
Goal:
($1:Nat + ($2:Nat + s $4)) = (($1:Nat + $2:Nat) + s $4)
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Peano: associativity of addition

BITPs apply wpe to 0.1
Bguality Predicate Sisplification (E) spplied to goal 0.1
Goal C.1.1 Jan been proved
Oxpooved goals

Geal I4: 0.2
Stolem Ope
4
Faacutable Wy -
(CB3:Mat » $2:8at) » $4) »> (B1iNat « (92:Nat + $4))
oo -Ezecutadle liypothases:
Nooe
Goal:
(B0 » (20t » 0 B)) = ({31 = B2 I8a8) = 0 )

Total ssproved goals: 1

Peano: associativity of addition

SuITF> apply o= 0 0.2
Egeality Predicate Rlaglification (BP5) medisd to geal 0.2

Coal 0.2.1 2as bean proved

qed
Peano: associativity of addition

= [=]
=]
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Peano: commutativity of addition, a new proof

NuITP> apply gsi! to O on $3 with 0 ;; s(K:Nat) .

Generator Set Induction with Equality Predicate Simplification (GSI!)
applied to goal 0.

Goals 0.1.1 and 0.2.1 have been proved.

qed

Peano: commutativity of addition

NuITP> set goal (X:Nat + Y:Nat = Y:Nat + X:Nat) .

Initial goal set.

Goal Id: O

Skolem Ops:
None

Executable Hypotheses:
None

Non-Executable Hypotheses:
None

Goal:

($1:Nat + $2:Nat) =($2:Nat + $1:Nat)

Peano: commutativity of addition

NuITP> apply gsi! to O on $1 with O ;; s K:Nat .

Generator Set Induction with Equality Predicate Simplification (GSI!)
applied to goal 0.

Goal Id: 0.1.1

Skolem Ops:
None

Executable Hypotheses:
None

Non-Executable Hypotheses:
None

Goal:
$2:Nat =(0 + $2:Nat)

Goal Id: 0.2.1
Skolem Ops:
$3.Nat
Executable Hypotheses:
None
Non-Executable Hypotheses:
($3 + $2:Nat) = ($2:Nat + $3)
Goal:
piS2:%s » 530 =~ s 9 » 82:8)
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Peano: commutativity of addition

BITP> spply gpd) 12 0.5.1 0 $2 with O ; » K:Nae

Cecezator Dot Indectios with Equality Predicete Sisplificetion {(G311)
pplind to goal 0.1.10.

Goals 0.3.0.3.1 and 0.3.1.2.1 have Deen groved
Unpeoved goals

GCoal I4: 0,21
Terlen Oyw
0.0t
Kxecutadle Nypothesea:
Sooe
Ko Exvecotadle Hypotheses
(52 « 82 8s) «(f1nax « )
Gaal:
2(52:Nat » §)) ~(2 53 » 52:Nat)

Total unproved poals; 1

Peano: commutativity of addition

NuITP> apply gsi! to 0.2.1 on $2 with O ;; s K:Nat .

Generator Set Induction with Equality Predicate Simplification (GSI!)
applied to goal 0.2.1.

Goals 0.2.1.1.1 and 0.2.1.2.1 have been proved.

qed

Commutativity and associativity of addition in one shot

BedTI pemset GEN-NAT for Set iz 0 ;; = N:Mat .

foneratar cot GEX SAT for sars Mot added

GEN-MAT (defmult)
0
= N:dat
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Commutativity and associativity of addition in one shot

BalTF> sot poal CHiBat « YNt = Yolat « To8an) /\ R0 008 » (1 Bat + 2 8en) = (388 = Ydaen) « Z2im
INIRAAL poal

Coal 41 O
Cenarated By Init
Tacien Ope
None
Executable Wypothases
Nore
¥oo-Lrecutatle Mypotheses
¥oce
Gl
((02:Nat » BA:Bat) = (B4:Bat + B2:5a2)) N
($1: %0t » (B3:Mat » $5:Nat)) = (CBL:Nat » B:Nat) ¢ $5:5at)

Commutativity and associativity of addition in one shot

BT mply ol 0 0

GCenaratar Set Induction (G5I) with Eguality Predicete Sisplification spplied to geal 0.

Coals O.0.1, 0.10.1, 0101, €.02.1, 0101, . M4.1, 0.15.1, 0.04.0, 0.17.1, QAR
0.19.3, ©.2.1, 0.20.1, 0.39.5, 0.22.1, 0.20.1, 0.04.1, 0.27.1, 0. 005, 0.29.1,
0.3.3, 2.30.5, 0.31.1, 0.23.5, 0.5.1, 0.6.1, 0.7.% and 0.0.1 have bema

pereved

e

Lists: associativity of concatenation

fmod LIST-APPEND is
sorts Nat List .

op 0 : -> Nat [ ctor metadata "1" ] .
op s : Nat -> Nat [ ctor metadata "2" ] .

op nil : -> List [ ctor metadata "3" ] .
op _;_ : Nat List -> List [ ctor metadata "4" ] .

op _@_ : List List -> List [ metadata "5" ] .
eq nil @ L:List = L:List .
eq (N:Nat ; L:List) @ Q:List = N:Nat ; (L:List @ Q:List) .

endfm

NuITP> set goal (L:List @ P:List) @ Q:List = L:List @ (P:List @ Q:List) .

NuITP> apply gsi! to O on $1 with nil ;; (m:Nat ; R:List) .

Generator Set Induction with Equality Predicate Simplification (GSI!) applied to
goal 0.

Goals 0.1.1 and 0.2.1 have been proved.

qed

197



Some example open problems on decidability of representability

+ The finite representability problem for {;,-} (Bredikhin and Schein 1978)
* {;,+} (Andreka 1990s)

« {;,~} (Schein 1974)

- {;,<,1'} (Hirsch, 2005)

Theorem from Schein 1974
The free involuted semigroup is representable as binary relations

These either involve — but don’t seem amenable to the tiling method, or avoid —
but seem incapable of fully encoding the the partial group embedding problem. All
are nontrivial

Partial group embedding problem

Trevor Evans 1953

The uniform word problem in a class is Turing equivalent to the problem of
deciding if partial algebras complete to full algebras in the class
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Partial group embedding problem

Trevor Evans 1953

The uniform word problem in a class is Turing equivalent to the problem of
deciding if partial algebras complete to full algebras in the class

Groups

The uniform word problem for groups is undecidable (Novikov 1955, Boone

1958). The uniform word problem for finite groups is undecidable (SlobodskoTl
1982)

In the particular case of groups, we may interpret “complete to full algebras” in a
very flexible way
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That 7-element example with 12 coloured squares is from Dietrich and Wanless
2018, after a 10-element example with 26 coloured squares in Hirsch and J (2012)
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Square partial groups

Square partial group A
There is e € A and a subset v/A C A with ‘ VA

1. e-x=x-e=xforxe VA
2. x-yifandonlyif x,y € VAoree {x,y} VA A
3. for each x € V/Athere is x’ with xx’ = e = x'x

4. VA-VA=A
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Square partial groups

Square partial group A
There is e € A and a subset v/A C A with ‘ VA

1. e-x=x-e=xforxe VA
2. x-yifandonlyif x,y € VAor e e {x,y}
3. for each x € V/Athere is x’ with xx’ = e = X'x

4. VA- VA=A

Theorem: the following are undecidable
Input: a square partial group A

» does A embed into a group?
» does A embed into a finite group?

Square partial groups

‘ o

Square partial group A
There is e € A and a subset v/A C A with ‘ VA

1. e-x=x-e=xforxe VA
2. x-yifandonlyif x,y € VAor e e {x,y}
3. for each x € V/Athere is x’ with xx’ = e = x'x

4, VA VA=A

Theorem: the following are recursively inseparable
« finite square partial groups A that do not embed into a group
« finite square partial groups A that embed into finite groups

Green’s relations

‘ o

Definition: £ (with R defined dually)
a <; bif 3x xb = a. Define the binary relation £ by

alb < a<g;bandb<;a

Definition: H
H=LNR
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Split systems

Given a square partial group A
Split system A

{aip|ac VA} U{axn |ac VA}U{a;z|ac Al U{aj|a=e}
with multiplication aj; - ax = aix

Theorem (Sapir, 1997)

It is undecidable to determine, given a split system A, if there is a semigroup
embedding A in which {a; | a € A} lie within an J( class for each /,j € {1,2,3}

Split system as a semigroup

| o]

Split system A
{aip|ac VA} U{ax |ac VAyU{aiz|ac A}U{aj|a=e}

with multiplication aj; - ax = aix

Note that if A is an actual group, then v/A = A and we could define a1, ass, as as
well and obtain a Brandt groupoid Bs(A) with inverses: (g;)~ = aj71

Split system as a semigroup

l‘ ©

Split system A

{aip|ac VA} U{axn |ac VA}U{a;zs|ac AlU{aj|a=e}

with multiplication aj - ax = ajx

Note that if A is an actual group, then v/A = A and we could define a1, asp, as as

well and obtain a Brandt groupoid Bs(A) with inverses: (g;)~ = ajﬂ

As a semigroup S(A)
Add a 0 and let all undefined products be 0. Note that a; <, ¢; and a; <x €;;
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becomes

e a by e a b e a3 bs
(3] 0 0 0 e a3 b3 0 0 0
ai 0 0 0 a3 b3 es 0 0 0
by 0 0 0 b3 es ¢c3 O 0 0

As binary relations

20

21
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As binary relations
(2)

a
a
b
e

becomes

a b
a b
b e
e a

becomes

b
b
e
a

becomes

TSR,

ai as

21
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As binary relations
(2)

becomes

becomes

b
b
e
a

a
a
b
e

becomes

21
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As binary relations

becomes

21

As binary relations

becomes

21

As binary relations

becomes

21
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As binary relations
(2)

becomes

becomes

becomes

21
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Critical observation for some elements e, a
If e;a=ethene <; a.

If e;1 = a;1 and e, a are known to represent as injective partial functions, then
el a

22

Critical observation for some elements e, a
If e;a= ethene <, a.

If ;1 = a;1 and e, a are known to represent as injective partial functions, then
el a

Only “injective partial functions” is not abstract. This focusses on methods to force
certain elements to be representable as injective partial functions
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Critical observation for some elements ¢, a

If e;a=ethene <, a.

If e;1 = a;1 and e, a are known to represent as injective partial functions, then
el a

Only “injective partial functions” is not abstract. This focusses on methods to force
certain elements to be representable as injective partial functions

Tricks for defining a as an “injective partial functions”

« g;a~ <1 and a—;a< 1/ (too obvious to be a trick!)

22
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Critical observation for some elements e, a
If e;a= ethene <, a.

If ;1 = a;1 and e, a are known to represent as injective partial functions, then
el a

Only “injective partial functions” is not abstract. This focusses on methods to force
certain elements to be representable as injective partial functions

Tricks for defining a as an “injective partial functions”
« g,a~ <1 and a—;a< 1/ (too obvious to be a trick!)
* ((a;0)-a=0 & (0’;a)-a=0) (Hirsch and Jackson, 2011)

s ((—(a;=1));1;(-(—1;a)=1) & 1;1=1& —1;-1=—-1 & ...
(new trick for Hirsch, J and Semrl 2025)

22

Generalised kernels

Consider the relation algebraic terms K| ,(x) := (x; x )" and Kg p := (x~; x)"

23
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Generalised kernels

Consider the relation algebraic terms K (x) := (x; x7)" and Kg p := (X~ ; x)"

Observation
The operations K| , and Kr , do have an obvious definition in S(A), even if ~
itself does not:

Kin(aj) = ej and Kgn(aj) = e

23

Generalised kernels

Consider the relation algebraic terms K (x) := (x; x7)" and Kg p := (X ; x)"

Observation
The operations K| , and Kr , do have an obvious definition in S(A), even if —
itself does not:

Kin(aj) = ej and Kg n(aj) = e

Idea: if (a;)~ were to equal (a');, then aj; (a;)~ = aj; (a~ ") = (aa~ )i = e

23

Generalised kernels

Consider the relation algebraic terms K| ,(x) := (x; x )" and Kg p := (x~; x)"
Observation
The operations K| , and Kr ; do have an obvious definition in S(A), even if ~

itself does not:
Kin(aj) = ejj and Kg n(aj) = €

An J{-embedding

If S(A) is isomorphic to a system of binary relations respecting K , and Kg p,
then A embeds into a group (an undecidable problem)

Proof: we know that e; >4 aj; from before.

23
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Generalised kernels

Consider the relation algebraic terms K (x) := (x; x7)" and Kg p := (X~ ; x)"
Observation
The operations K| , and Kr ; do have an obvious definition in S(A), even if ~

itself does not:
Kin(aj) = ei and Kg n(aj) = €

An H-embedding
If S(A) is isomorphic to a system of binary relations respecting K, , and Kg ,
then A embeds into a group (an undecidable problem)

Proof: we know that e; >4 a; from before. But e; = (aj ; (a;) )" shows that

aj > ej also.
23

Generalised kernels

Consider the relation algebraic terms K (x) := (x; x7)" and Kg p := (X ; x)"
Observation
The operations K , and Kg , do have an obvious definition in S(A), even if ~

itself does not:
KLy,,(a,-,-) = €jj and K,:;y,,(a,—,-) = e,-,-

An H-embedding
If S(A) is isomorphic to a system of binary relations respecting K , and Kz,
then A embeds into a group (an undecidable problem)

Proof: we know that e; >4 a; from before. But e; = (aj; (a;) )" shows that

aj >x ej also. Similarly for £ wrt e; and therefore a; H bj (for all a, b) -

If and only if

An H-embedding (from previous slide)
If S(A) is isomorphic to a system of binary relations respecting K., and Kz,
then A embeds into a group

24
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If and only if

An H-embedding (from previous slide)

If S(A) is isomorphic to a system of binary relations respecting K; , and Kz,
then A embeds into a group

Converse direction

S(A) is isomorphic to a system of binary relations respecting K , and Kg p, if A
embeds into a group

Proof: this is just because if A completes to G, then S(A) embeds in the Brandt
semigroup Bs(G) which is representable, even as injective partial functions

24

Weaker and weaker sighatures

Obviously {Kj on+1, Kg on+1,;} are term functions in {Kj 2n, Kr2n, ;}, 0 we have an
infinite descending chain of weaker (?) and weaker signatures having
undecidability of representability

25

Weaker and weaker signatures

Theorem

The only terms expressible in {K on, Kg 2n,;} for all n are those that are
expressible in {;} (that is, semigroups)

25
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Weaker and weaker sighatures

Theorem
The only terms expressible in {Kj on, Kg 20, ;} for all n are those that are
expressible in {;} (that is, semigroups)

Proof. Every term t(x1,...,Xn) in {K 20, Kgon,;} isatermin {;, ~} so can be
expressed as a semigroup word in the alphabet {x1,..., x5, x;7, ..., x; }.
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Weaker and weaker sighatures

Theorem
The only terms expressible in {K o1, Kg 20, ;} for all n are those that are
expressible in {;} (that is, semigroups)

Proof. Every term t(x1,...,Xn) in {Ki2n, Kgon,:} is atermin {;, ~} so can be
expressed as a semigroup word in the alphabet {x1,..., X0, x;7, ..., X, }.

By Schein’s Theorem (free involuted semigroup is representable), such a
representation is unique.

25

Weaker and weaker signatures

Theorem
The only terms expressible in {K on, Kg 2n,;} for all n are those that are
expressible in {;} (that is, semigroups)

Proof. Every term t(x1,..., Xp) in {Ky 20, Kg2n,;} is @atermin {;, ~} so can be
expressed as a semigroup word in the alphabet {x1,..., X5, Xx;7,..., x5 }.

By Schein’s Theorem (free involuted semigroup is representable), such a
representation is unique.

The length of any term involving K, or Kg p, is at least 2m under this “norm”.

25
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Weaker and weaker sighatures

Theorem
The only terms expressible in {Kj on, Kg 20, ;} for all n are those that are
expressible in {;} (that is, semigroups)

Proof. Every term t(x1,...,Xn) in {K 20, Kgon,;} isatermin {;, ~} so can be
expressed as a semigroup word in the alphabet {x1,..., x5, x;7, ..., x; }.

By Schein’s Theorem (free involuted semigroup is representable), such a
representation is unique.

The length of any term involving K, or Kg n is at least 2m under this “norm”.
So a term expressible in {K} o1, Kgon,;} for all n must involve ; only

25
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Strategies, qualitative and quantitative
model checking in Maude

Narciso Marti-Oliet, Rubén Rubio

Universidad Complutense de Madrid

LAC 2025 — October 2, 2025, Fukuoka, Japan

NTECEEEEREEETERT L/

— Welcome to Maude —

FANRRRR AR RN NAAAY
https://maude.cs.illinois.edu

Maude is a high-level language and high-performance system.

It supports both equational and rewriting logic computation.

Itis a flexible and general semantic framework for giving semantics
to a wide range of languages and models of concurrency.

Itis also a good logical framework, i.e., a metalogic in which many
other logics can be naturally represented and implemented.
Moreover, it is reflective allowing many advanced metaprogramming
and metalanguage applications.

Anatomy of a Maude specification

Rewriting rules

Terms and equations
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Anatomy of a Maude specification

Rewriting strategies

Rewriting rules

Terms and equations

Anatomy of a Maude specification

» Order-sorted signature Q = (K, %, S).
« Equations and membership axioms

’

t=t
VX if i=ViA\u s
w0 /i\ze i /i\, j

« Operator axioms, like commutativity, associativity, and
identity.

Anatomy of a Maude specification

o Arewrite theory # = (3, EU A, R) adds rewrite rules R on top
of the equational theory.

« Rules do not need to be either confluent or terminating.

VX)) t=t if /\ul-zvi/\/\uj:sj/\/\ukﬂvk
i J k

242



rlier strategy languages and reflectio 1993-

E’.fﬂH E Stratego  Tom pLog

2009

1993 2001

Porgy

Earlier strategy languages and reflectio 1993-

E Stratego  Tom pLog
E..fﬂi' H

1993 2001

Porgy

Reflection and Strategies in Rewriting Logic

Manuel Clavel and José Meseguer

Computer Science Laboratory
SRI International

® 1996 Elsevier Science B. V

Design and first prototype

Towards a Strategy Language for Maude*

Narciso Marti-Oliet*, José Meseguer®, and Alberto Verdejo*

* Facultad de

* Department of Co

/ 2006

Deduction, Strategies, and Rewriting

Steven Eker®, Narciso Marti-Oliet”, Jos¢ Meseguer®, and
Alberto Verdejo”

 Computer Science Laboratory, SRI International, Menlo Park, CA, USA

utad de Informitic reidad Complutense de Madrid, Spain

© Department of Computer Science, University of inois at Urbana-Champaign, 1L, USA

243



The strategy language in Core Maude 2020

MoudE3

maude.cs.illinois.edu

Journal of Logica and Algebraic Methods in Programming 110 (2020) 100497
Programming and symbolic computation in Maude

Francisco Duran?, Steven Eker", Santiago Escobar ¢, Narciso Marti-Oliet ¢-*,
José Meseguer ¢, Rubén Rubio, Carolyn Talcott”

2 Universidad de Mdlaga, Spain € Universitat Politécnica de Valéncia, Spain © University of llinois at Urbana-Champaign, IL, USA
© SRI International, CA, USA 4 Universidad Complutense de Madrid, Spain

Examples with the Maude strategy la

age

maude.ucm.es/strategies

Language semantics Algorithms & deduction

« M-calculus « Equational completion

« Prolog (negation and cut) « SAT solving

« Eden « Simplex algorithm

. CCS + Sudoku solver
Concurrency problems Computational models

« Lamport’s bakery « Membrane systems

« Dining philosophers « Population protocols

Plan of the talk

The language
Examples
Model checking

Probabilistic extension

® ® ® © 0

Probabilistic and statistical model checking
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The Maude strategy language

Introductory example — Crossing the river

Example — Crossing the river

fmod RIVER is
sort River Side Group .
subsort Side < Group .

ops left right : -> Side [ctor] .
ops shepherd wolf goat cabbage : -> Group [ctor] .

ops __ : Group Group -> Group [ctor assoc comm prec 40] .
op _|_: Group Group -> River [ctor comm] .

op initial : -> River .
eq initial = left shepherd wolf goat cabbage | right .
endfm
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Example — Crossing the river

fmod RIVER is
sort River Side Group .
subsort Side < Group .

ops left right : -> Side [ctor] .
ops shepherd wolf goat cabbage : -> Group [ctor] .

ops __ : Group Group -> Group [ctor assoc comm prec 40] .
op _|_ : Group Group -> River [ctor comm] .

op initial : -> River .
eq initial = left shepherd wolf goat cabbage | right .
endfm

Example — Crossing the river

fmod RIVER is
sort River Side Group .
subsort Side < Group .

ops left right : -> Side [ctor] .
ops shepherd wolf goat cabbage : -> Group [ctor] .

ops __ : Group Group —> Group [ctor assoc comm prec 40] .
op _|_: Group Group -> River [ctor comm] .

op initial : -> River .
eq initial = left shepherd wolf goat cabbage | right .
endfm

Example — Crossing the river

fmod RIVER is
sort River Side Group .
subsort Side < Group .

ops left right : -> Side [ctor] .
ops shepherd wolf goat cabbage : -> Group [ctor] .

ops __ : Group Group -> Group [ctor assoc comm prec 40] .
op _|_: Group Group -> River [ctor comm] .

op initial : -> River .
eq initial = left shepherd wolf goat cabbage | right .
endfm
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Example — Crossing the river

mod RIVER-CROSSING is
protecting RIVER .

vars G G' : Group .

rl1 [wolf-eats] : goat wolf G | shepherd G' =
wolf G | shepherd G' .
rl [goat-eats] : cabbage goat G | shepherd G' =
goat G | shepherd G' .

rl [alone] : shepherd G | G' = G | shepherd G'
rl [wolf] 9 shepherd wolf G | G' = G | shepherd wolf G' .
rl [goat] g shepherd goat G | G' = G | shepherd goat G' .
rl [cabbage] : shepherd cabbage G | G'
= G | shepherd cabbage G' .
endm

Example — Crossing the river

mod RIVER-CROSSING is
protecting RIVER .

vars G G' : Group .

rl [wolf-eats] : goat wolf G | shepherd G' =
wolf G | shepherd G' .
rl [goat-eats] : cabbage goat G | shepherd G' =
goat G | shepherd G' .

rl [alone] : shepherd G | G' = G | shepherd G'
rl [wolf] : shepherd wolf G | G' = G | shepherd wolf G'
rl [goat] g shepherd goat G | G' = G | shepherd goat G' .
rl [cabbage] : shepherd cabbage G | G'
= G | shepherd cabbage G' .
endm

Example — Crossing the river

mod RIVER-CROSSING is
protecting RIVER .

vars G G' : Group .

rl [wolf-eats] : goat wolf G | shepherd G' =
wolf G | shepherd G' .
rl [goat-eats] : cabbage goat G | shepherd G' =
goat G | shepherd G' .

rl [alone] : shepherd G | G' = G | shepherd G'
rl [wolf] : shepherd wolf G | G' = G | shepherd wolf G' .
rl [goat] g shepherd goat G | G' = G | shepherd goat G' .
rl [cabbage] : shepherd cabbage G | G'
= G | shepherd cabbage G' .
endm
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Rule application

label

Rule application

label

Maude> srewrite shepherd left | shepherd right using alone .

Solution 1
result River: shepherd shepherd left | right

Solution 2
result River: left | shepherd shepherd right

No more solutions.

Rule application

label

Maude> srew shepherd left | shepherd right using alone .

« shepherd shepherd left | right
« left | shepherd shepherd right

248



Rule application

all

Maude> srew shepherd wolf left | right using all .

« wolf left | shepherd right
« left | shepherd wolf right

Rule application

all

Maude> srew shepherd wolf left | right using all .

« wolf left | shepherd right r1 [alone]
«+ left | shepherd wolf right r1 [wolf]

Rule application

label [x; < t;,...,%, < t,]

Maude> srew shepherd left | shepherd right
using alone[G < left] .

« left | shepherd shepherd right rl shepherd left | ...
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Rule application

label [x; <ty ..., %, < t,]

Maude> srew shepherd left | shepherd right
using alone[G < right] .

« shepherd shepherd left | right rl shepherd right | ...

Rule application

label [x; <ty ..., %, < t,]

crl [(x) = r(x,y) if C(x,y) [nonexec] .

Rule application

label [x; < t;,...,%, < t,]

crl [(x) = r(x,y) if C(x,y) [nonexec] .

rl [replace] : G = G' [nonexec] .
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Rule application

label [x; <ty ..., %, < t,]

crl I(x) = r(x,y) if C(x,y) [nonexec] .

rl [replace] : G = G' [nonexec] .

Maude> srew goat wolf using replace[G' < cabbage] .
« cabbage
« goat cabbage
« cabbage wolf

Rule application

top(p)

Maude> srew goat wolf using top(replace[G' < cabbage]) .

« cabbage

Rule application

label [x; < t1y..., %, < ty oy, a}

crli=>rifCANL=>nNC .
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match P s.t. C

match P s.t. C

Maude> srew left | right using match G | G' s.t. G # G' .

« left | right

match P s.t. C

Maude> srew goat | goat using match G | G' s.t. G 5= G' .

No solution.
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xmatch P s.t. C

Maude> srew wolf goat cabbage using xmatch wolf cabbage .

« wolf goat cabbage

amatch P s.t. C

Maude> srew left wolf | right using amatch wolf .

« left wolf | right

Concatenation

a; B
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Concatenation

a; B

Maude> srew shepherd left | wolf right using alone .

« left | shepherd wolf right

Concatenation

a; p

Maude> srew shepherd left | wolf right using alone ; wolf .

« shepherd wolf left | right

one(a)

Maude> srew shepherd left | shepherd right using one(alone)

« left | shepherd shepherd right
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al p

Maude> srew shepherd wolf goat left | right
using wolf | goat .

« goat left | shepherd wolf right
« wolf left | shepherd goat right

Regular expressions

a* idle fail

Maude> srew wolf goat goat | shepherd using wolf-eats * .

« wolf goat goat | shepherd
« wolf goat | shepherd
« wolf | shepherd

Regular expressions

a* idle fail

Maude> srew wolf goat goat | shepherd using wolf-eats + .

» wolf-goat—goat—|—shepherd
« wolf goat | shepherd
« wolf | shepherd

255



Regular expressions

a* idle fail

Maude> srew wolf goat goat | shepherd using wolf-eats ! .

« wolf goat goat | shepherd
« wolf-goat—|shepherd
« wolf | shepherd

Regular expressions

a* idle fail

Maude> srew shepherd using idle .

« shepherd

Regular expressions

a* idle fail

Maude> srew shepherd using fail .

No solution.
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Conditionals

a? iy

Maude> srew wolf goat left | shepherd right
using wolf-eats ? idle : alone .

« wolf left | shepherd right

Conditionals

a? iy

Maude> srew wolf goat shepherd left | right
using wolf-eats ? idle : alone .

« wolf goat left | shepherd right

Conditionals

a?f oy
a or-else f = a ? idle : 8
try(a) = a ? idle : idle
not(a) = a ? fail : idle
test(a) = not(not(a))
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Rewriting of subterms

matchrew P s.t. C by x; using o, ..., @, using x,

flooo gCeer) o) =» f(... g(ll) .ol)
matching \ / substitution

gloitius...) > g(...t/.s’..)
g a;  rewriting

Rewriting of subterms

matchrew P s.t. C by x; using o, ..., @, using x,

Maude> srew wolf left | goat using matchrew G left | G' by G
using replace[G' < cabbage] .

. cabbage left | goat

Rewriting of subterms

matchrew P s.t. C by x; using a;, ..., @, using x,

Maude> srew wolf left | goat using matchrew G left | G' by G
using replace[G' < G'] .

« goat left | goat
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Overview of the strategy language

labellx; < t1, .y %, < ey, -y o}
match P s.t. C idle fail
a; p alp a* a?fy

matchrew P s.t. C by x; using ay, ..., x, using o,

Strategy calls

slabel (t;, ..., t,)

Maude> srew wolf goat goat goat goat | shepherd
using repeat(2, 3) .

« wolf goat goat
« wolf goat

Strategy modules

W Rewrite theory System module

Equational theory Functional module
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Strategy modules

Oss” Rewrite strategy Strategy module
@ Rewrite theory System module
@ Equational theory Functional module

Strategy modules

Declarations

strat slabel : s; s, @ s .

Definitions

sd slabel (t;, ..., t,) = a .

csd slabel (t;, ..., t,) = « if C .

Arecursive strategy

strat repeat : Nat Nat @ Word .
vars N M : Nat .
sd repeat(0, N) := idle .

sd repeat(0, s N) := wolf-eats ; repeat(@, N) .
sd repeat(s M, s N) := wolf-eats ; repeat(M, N) .
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Arecursive strategy

smod RIVER-REPEAT is
protecting RIVER-CROSSING .

strat repeat : Nat Nat @ Word .
vars N M : Nat .
sd repeat(s M, s N) := wolf-eats ; repeat(M, N) .

sd repeat(0, s N) := idle | wolf-eats ; repeat(®, N) .
endsm

Reflection of the strategy language

op _[_I{_} : Qid Substitution StrategyList -> RuleApplication .
op match_s.t._ : Term EqCondition -> Strategy .

op sd_:=_[_]. : CallStrategy Strategy AttrSet -> StratDefinition .
op smod_is_sorts_. endsm : +-- -> StratModule .

op metaSrewrite : Module Term Strategy -+ ~> ResultPair? .
B R.Rubio, N. Marti-Oliet, I. Pita, and A. Verdejo. Metalevel

transformation of strategies. J. Log. Algebr. Methods Program.,
124, 2022

Search controlled by a strategy
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Crossing the river

Maude> search initial =% left | right shepherd wolf goat cabbage .

Solution 1 (state 32)
empty substitution

No more solutions.

Crossing the river

Maude> search initial =% left | right shepherd wolf goat cabbage .
Maude> show path 32 .

state 0, River: left shepherd wolf goat cabbage | right
== wolf ]=

state 2, River: left goat cabbage | right shepherd wolf
=[ alone |—

state 8, River: left shepherd goat cabbage | right wolf
==[ goat ]=—=

state 16, River: left cabbage | right shepherd wolf goat
= alone ]=—=

state 24, River: left shepherd cabbage | right wolf goat
==[ cabbage ]=—=

state 32, River: left | right shepherd wolf goat cabbage

Crossing the river

Maude> search initial =% left | right shepherd wolf goat cabbage .
Maude> show path 32 .

state 0, River: left shepherd wolf goat cabbage | right
=[ wolf |=—

=[ alone ]|=—=

state 8, River: left shepherd goat cabbage | right wolf
== goat ]=—=

state 16, River: left cabbage | right shepherd wolf goat
==[ alone ]=—=

state 24, River: left shepherd cabbage | right wolf goat
=—=[ cabbage ]—

state 32, River: left | right shepherd wolf goat cabbage
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Crossing the river

smod RIVER-CROSSING-STRAT is
protecting RIVER-CROSSING .

strats eagerEating oneCrossing eating @ River .
var G : Group .

sd eagerEating := match left | G cabbage goat ? idle
: ((eating or-else oneCrossing) ; eagerEating) .

sd oneCrossing := alone | wolf | goat | cabbage .
sd eating := wolf-eats | goat-eats
endsm

Crossing the river

smod RIVER-CROSSING-STRAT is
protecting RIVER-CROSSING .

strats eagerEating oneCrossing eating @ River .
var G : Group .

sd eagerEating := match left | G cabbage goat ? idle
: ((eating or-else oneCrossing) ; eagerEating) .

sd oneCrossing := alone | wolf | goat | cabbage .
sd eating := wolf-eats | goat-eats
endsm

Crossing the river

smod RIVER-CROSSING-STRAT is
protecting RIVER-CROSSING .

strats eagerEating oneCrossing eating @ River .
var G : Group .

sd eagerEating := match left | G cabbage goat ? idle
: ((eating or-else oneCrossing) ; eagerEating) .

sd oneCrossing := alone | wolf | goat | cabbage .
sd eating := wolf-eats | goat-eats
endsm
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Crossing the river

smod RIVER-CROSSING-STRAT is
protecting RIVER-CROSSING .

strats eagerEating oneCrossing eating @ River .
var G : Group .

sd eagerEating := match left | G cabbage goat ? idle
: ((eating or-else oneCrossing) ; eagerEating) .

sd oneCrossing := alone | wolf | goat | cabbage .
sd eating := wolf-eats | goat-eats
endsm

Crossing the river

smod RIVER-CROSSING-STRAT is
protecting RIVER-CROSSING .

strats eagerEating oneCrossing eating @ River .
var G : Group .

sd eagerEating := match left | G cabbage goat ? idle
: ((eating or-else oneCrossing ) ; eagerEating) .

sd oneCrossing := alone | wolf | goat | cabbage .
sd eating := wolf-eats | goat-eats
endsm

Crossing the river with eagerEating

Maude> search initial =% left | right shepherd wolf goat cabbage
using eagerfating .

Solution 1 (state 30)
empty substitution

No more solutions.
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Crossing the river with eagerEating

Maude> show path 30 .

state 0, River: left shepherd wolf goat cabbage | right
=[ goat ]=—

state 23, River: left wolf cabbage | right shepherd goat
=[ alone |—

state 24, River: left shepherd wolf cabbage | right goat
=[ wolf |=—

state 25, River: left cabbage | right shepherd wolf goat
=[ goat ]=—=

state 27, River: left shepherd goat cabbage | right wolf
==[ cabbage ]=—

state 28, River: left goat | right shepherd wolf cabbage
==[ alone ]=—=

state 29, River: left shepherd goat | right wolf cabbage
=[ goat ]=

state 30, River: left | right shepherd wolf goat cabbage

Strategic failure

sd safe := (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

Strategic failure

sd safe := (match left | G)
? idle
: (oneCrossing ; (eating ? fail : idle) ; safe) .
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Strategic failure

sd safe := (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

Maude> search initial =>* R s.t. risky(R) using safe .

No solution.

Strategic failure

sd safe := (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

OIS |

Strategic failure

sd safe := (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

Tt |
—~— 7
alone
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Strategic failure

sd safe := (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

0| WA | O il
—_ > —
alone eating

Strategic failure

sd safe := (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

o3| |
—_ > —
alone eating

Strategic failure

sd safe := (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

OGS |
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Strategic failure

sd safe := (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

OIS | VP O
\_t/7
goa

Model checking with strategies

Model checking

Model (Kripke structure) Temporal property

K =(S,—,1,AP,¢)
€S PAP) Par

Model checking K=
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Model checking

Model (Kripke structure) |

K =(S,—,1,AP,¢)
t:S— PAP)

Model checking

(TZ/E» _)112.’ 15 AP, f)

Temporal property

Pap

K e

for a rewriting theory % = (3, E, R)

Abstract strategies

o =(S,—) Ta
Abstract strategies
o = (S, 4>) EC I“A
OO N
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Model checking with strategies — linear-time case

Standard & & @ iff () = ¢ for every execution 7 in %

Model checking with strategies — linear-time case

Standard X E @ iff ¢(r) E ¢ for every execution 7 in &

Strategy  (#,E) E ¢iff t(n) = ¢ for every execution = € E

Model checking with strategies — linear-time case

Standard % E ¢ iff ¢(r) E ¢ for every execution 7 in &

Strategy  (#,E) E ¢iff t(n) = ¢ for every execution 7 € E

In practice: to reuse standard algorithms, find an ARS whose traces
coincide with E.
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Model checking with Maude strategies — linear-time case

Small-step non-deterministic operational semantics

« Execution states 'S term + strategy progress.

« Control — and system — transitions (rule rewrites).

_ *
» = [ 0>

E(a,]) ={term(x) : t@a » xp » =+ » x; » -, t €1}

Model checking with Maude strategies — linear-time case

Small-step non-deterministic operational semantics

« Execution states 'S term + strategy progress.

« Control — and system — transitions (rule rewrites).

— *
» = >0 0 D

E(a,]) ={term(x) : t@a » xp » - » x; » -, t €1}

(HE(@,D)EFo — (XS,»{t@aler,toterm)Eg

Model checking with strategies — branching-time case

And for branching time?

Initial idea: use the equivalent ARS of the linear-time case.
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Model checking with strategies (branching-time case)

The branching structure of the executions is not preserved.

//b@r3 cC@e
a@rl;r3|"2;r4\
b@r, d@c ©
cterm
/cg
a b——"_
do

Model checking with strategies — branching-time case

However, this can be solved by merging states.

N

T ded ©

fa@ry;r3|ry;ral

cterm

Model checking CTL* properties

Eep << VneE peiln)
ErAp & Vrn€E E;n=¢
E-E¢ < 3In€E E;,n=¢

ErEe® — EE®
EnrEod = Epn.7[l.]E¢
Ene(g¢ = 3An20 Ey,.72n]ed
Ere=U¢ = Vn>0 Ey,.7[n]E¢

Eq a[n]eEd A
EneqUP, < In>0 wl.n] #in-1 = ¢

Vo<k<n E”[__k],ﬂ[k..] = ¢

Epm, = My + my - mymy € E}
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Model checking in Maude

The Maude model checker for strategy-controlled systems

SATISFACTION M-PREDS
STRATEGY-MODEL-CHECKER SM-CHECK

-

B R.Rubio, N. Marti-Oliet, I. Pita, and A. Verdejo. Model checking
strategy-controlled systems in rewriting logic. Automat. Softw.
Eng., 29(1), 2022.

The Maude model checker for strategy-controlled systems

o
\

SATISFACTION

STRATEGY-MODEL-CHECKER

SM-CHECK
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The Maude model checker for strategy-controlled systems

/

SM-CHECK

STRATEGY-MODEL-CHECKER

fmod SATISFACTION is

sort State Prop .

op _|=_ : State Prop -> Bool .
endfm

The Maude model checker for strategy-controlled systems

STRATEGY-MODEL-CHECKER SM-CHECK

fmod SATISFACTION is

sort State Prop .

op _|=_ : State Prop -> Bool .
endfm

The Maude model checker for strategy-controlled systems

LTL

STRATEGY-MODEL-CHECKER SM-CHECK

op modelCheck : State Formula Qid QidList
-> ModelCheckResult .
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Model checking — Crossing the river

Maude> reduce modelCheck(initial,
[1 (risky = < death),
'eagerEating) .
rewrites: 129
result Bool: true

Model checking — Crossing the river

Maude> reduce modelCheck(initial,
[1 (risky = < death),
‘eagerEating) .
rewrites: 44
result ModelCheckerResult: counterexample(..., ...)

Model checking — Crossing the river

Maude> reduce modelCheck(initial,

< goal,

'eagerEating) .
rewrites: 24
result ModelCheckerResult: counterexample(..., ...)
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External model checkers for branching-time logics

Unified model-checking interface (umaudemc)

Custom
NusMV | pyMC | Spot |~
Maude o impl.
trLme | oM
maude Python library
Internal Maude rewrite graph
github.com/fadoss/umaudemc - pip install umaudemc

Supported logics

LTL CTL CTL* p-calculus

Extended Maude v

LTSmin v v v v
pyModelChecking v v v
NusMv v v
Spot vV
Builtin v v

B R.Rubio, N. Marti-Oliet, I. Pita, and A. Verdejo. Strategies,
model checking and branching-time properties in Maude. J.
Log. Algebr. Methods Program., 123, 2021.

Model checking — Crossing the river

$ umaudemc check river.maude initial 'A [] E < goal' safe
The property is satisfied in the initial state
(11 system states, 44 rewrites, holds in 11/11 states)
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Model checking — Crossing the river

$ umaudemc check river.maude initial 'A [] E < goal' eagerEating
The property is not satisfied in the initial state

(35 system states, 106 rewrites)

| left shepherd wolf goat cabbage | right

V rl G' | shepherd G = G | shepherd G' [label alone] .

0 left wolf goat cabbage | right shepherd

Quantitative specification and
verification

Probability assignment
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Probability assignment

12 31
@K‘zw
A 2% A A
_>€1 3
1/a

o H
oo

Probability assignment

Probability assignment methods

uniform

uaction(ry=wy, ..., ry=wy)

term(e)

metadata

pmaude (scheck only)

strategy
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Probabilistic extension of the strategy language

all |an

matchrew P s.t. C by

Probabilistic extension of the strategy language

choice(w; : oy ... , W, : @,)

matchrew P s.t. C with weight w by

Probabilistic extension of the strategy language

choice(w, : o, ... , w, : @)

matchrew P s.t. C with weight w by

sample X := n(t, ..., t,) in «
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Quantitative specification and verification

Probabilistic model checking Statistical model checking
(PRISM, Storm) (scheck)

AN 7

Probability specification

Maude specification
(strategy-controlled or not)

B R.Rubio, N. Marti-Oliet, I. Pita, and A. Verdejo. QMaude:
quantitative specification and verification in rewriting logic.
In FM 2023, volume 14000 of LNCS. Springer, 2023.

Quantitative verification

« Probabilistic model checking

Probability of LTL or PCTL formulas

Steady-state analysis

Transient-state analysis

Expected values of rewards

With any assignment method except continuous distributions
For models without unquantified nondeterminism (DTMC) or
even some well-ordered nondeterminism (MDP)

« Statistical model checking
« Monte Carlo estimation of QuaTEx formulas
« Parameterized queries
« Multithreaded or distributed

Quantitative model checking — Example

$ umaudemc pcheck river initial '< goal' --assign uniform
eagerEating

Result: 0.806211 (relative error 6.366e-06)
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Quantitative model checking — Example

$ umaudemc pcheck river initial '< goal' --assign uniform
safe

Result: 1.0

titative model checking — Example

$ umaudemc pcheck river initial '< goal' --assign uniform
safe --steps

Result: 54.9975 (relative error 9.778e-06)

$ umaudemc scheck river initial eaten.quatex --assign step

"choice(1 : alone, 2 : wolf, 1 : goat, 1 : cabbage)'

Number of simulations = 7470
p = 2.6088353413 ¢ = 4.40767926235 r = 0.0999696468

Statistical model checking — QuaTEx formulas

Eaten(n) = if s.rval("S:State |= bad") then
n
else
# Eaten(n + 1) // next operator
fi;

eval E[Eaten(0)];
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Statistical model checking — Parallelism

Monte Carlo simulations can be easily parallelized

Process-level parallelism

« scheck supports it with -=jobs nor-j n

Machine-level parallelism
C umaudemc sworker  Zumaudemc sworker - umaudemc sworker
- I -

& umaudemc scheck --distributed ["192.168.0.1/1234", {...}]
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MongoDB
Specification in
Maude

MongoDB

s CIRES

Why specify MongoDB?

= I SeorTinati-s e Mo-S0L wnaee
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ReplicaSet
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