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Why logical features in rewriting logic?

What have we done!!

• Maude 2.4 (2009) Built-in AC Unification and Narrowing-based search (rule & axioms)

• Maude 2.6 (2011) Built-in ACU Unification. Variant Unification. Narrowing search (eqs)

• Maude 2.7 (2015) A+C+U Unification. Built-in Variant unification. Narrowing search

• Maude 2.7.1 (2016) Built-in Bounded Associativity

• Maude 3.0 (2019) Built-in Narrowing-based search

• Maude 3.2 (2022) Minimal Unification for axioms, for variants, for narrowing

• Maude 3.3 (2023) Improved Folding Narrowing-based search

• Maude 3.4 (2024) Folding Narrowing-based search, Meta-interpreters, Object notation,
External Processes.

• Maude 3.5 (2025) Improved performance, disjunctive patterns

Valencia: narrowing with constraints, anti-unification, homeomorphic embedding, security
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Why logical features in rewriting logic?

Why adding Symbolic capabilities to Maude?

1 Logical features were included in preliminary designs of the language (80’s) but never
implemented in Maude

2 Automated reasoning capabilities by adding logical variables

3 Differentiation between concurrent and functional fragments of a model are lifted to
differentiation between symbolic models and equational reasoning.

4 Equational unification and narrowing modulo combinations of A,C,U and variant equations

5 Infrastructure for formal analysis and verification lifted:
• from equational reduction to equational unification,
• from search to symbolic reachability,
• from LTL model checker to logical LTL model checker,
• from theorem proving to narrowing-based theorem proving,
• from SMT solving to variant-based SMT solving.

...
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Why logical features in rewriting logic?

Why rewriting logic?

1 Models and formal specification are easily written in Maude (simplicity, expressiveness,
and performance)

2 Rewriting modulo associativity, commutativity and identity

3 Differentiation between concurrent and functional fragments of a model

4 Order-sorted and parameterized specifications

5 Infrastructure for formal analysis and verification (including search command, LTL model
checker, theorem prover, etc.)

6 Reflection (meta-modeling, symbolic execution, building tools)

7 Application areas:
• Models of computation (λ-calculi, π-calculus, petri nets, CCS),
• Programming languages (C, Java, Haskell, Prolog),
• Distributed algorithms and systems (security protocols, real-time, probabilistic),
• Biological systems
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Rewriting logic in a nutshell

Rewriting logic in a nutshell

mod VENDING-MACHINE is

sorts Coin Item Marking Money State .

subsort Coin < Money .

op empty : -> Money .

op : Money Money -> Money [assoc comm id: empty] .

subsort Money Item < Marking .

op : Marking Marking -> Marking [assoc comm id: empty] .

op < > : Marking -> State .

ops $ q : -> Coin .

ops cookie cap : -> Item .

var M : Marking .

rl [add-$] : < M > => < M $ > [narrowing] .
rl [add-q] : < M > => < M q > [narrowing] .

rl [buy-c] : < M $ > => < M cap > [narrowing] .
rl [buy-a] : < M $ > => < M cookie q > [narrowing] .
eq [change]: q q q q = $ [variant] .

endm
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Rewriting logic in a nutshell

Rewriting logic in a nutshell

A rewrite theory is

R = (Σ, Ax ⊎ E, R), with:
1 (Σ, R) a set of rewrite rules of the form t → s
(i.e., system transitions)

2 (Σ, Ax ⊎ E) a set of equational properties of the form t = s
(i.e., E are equations and Ax are axioms such as ACU)

Intuitively, R specifies a concurrent system, whose states are elements of the initial algebra
TΣ/(Ax⊎E) specified by (Σ, Ax ⊎ E), and whose concurrent transitions are specified by the rules
R.
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Rewriting logic in a nutshell

Narrowing modulo

Narrowing is

Given (Σ, Ax ⊎ E, R), t �σ,R,(Ax⊎E) s if there is

• a non-variable position p ∈ Pos(t);
• a rule l → r in R;
• a unifier σ (E-normalized and modulo Ax) such that σ(t|p) =(Ax⊎E) σ(l), and

s = σ(t[r]p).

Ex: < X q q > � < $ cookie >
using “rl < M $ > => < M cookie q > .”
using substitution {X → $ q} modulo AC of symbol “ ”

Ex: < X q q > � < cap >
using “rl < M $ > => < M cap > .”
using substitution {X → q q}
modulo simplification with q q q q = $ and AC of symbol “ ”
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Rewriting logic in a nutshell

Rewriting modulo

Rewriting is

Given (Σ, Ax ⊎ E, R), t →R,(Ax⊎E) s if there is

• a non-variable position p ∈ Pos(t);
• a rule l → r in R;
• a matching σ (E-normalized and modulo Ax) such that t|p =(Ax⊎E) σ(l), and s = t[σ(r)]p.

Ex: < $ q q q > → < $ cookie >
using “rl < M $ > => < M cookie q > .”
modulo AC of symbol “ ”

Ex: < q q q q > → < cap >

using “rl < M $ > => < M cap > .”
modulo simplification with q q q q = $ and AC of symbol “ ”
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Rewriting logic in a nutshell

Rewriting logic in a nutshell

Maude> search <$ q q q> =>! <cookie cap St:State> .
Solution 1 (state 3)

states: 6 rewrites: 5 in 0ms cpu (0ms real)

St:State --> null

No more solutions.

states: 6 rewrites: 5 in 0ms cpu (1ms real)

Maude> show path 3 .

state 0, State: < $ q q q >
===[ rl St $ => St cookie q . ]===>

state 2, State: < $ cookie >
===[ rl St $ => St cap . ]===>

state 3, State: < cap cookie >
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Unification modulo axioms

Unification Command in Maude

Maude provides a Ax-unification command of the form:

13.4. THE UNIFY COMMAND 323

Furthermore, the functional module fmod (⌃, E [M [ Ax [ Ax0) endfm (or the analogous
functional theory or system module or theory) may import predefined modules such as BOOL
or NAT, so that function symbols in such predefined modules can also be used in unification
problems.

13.4 The unify command

Given a functional module or theory, or a system module or theory, hModId i, the user can give
to Maude a unification command of the following two forms:

unify [ n ] in hModIdi :

hTerm-1 i =? hTerm’-1 i /\ ... /\ hTerm-ki =? hTerm’-ki .

irredundant unify [ n ] in hModIdi :

hTerm-1 i =? hTerm’-1 i /\ ... /\ hTerm-ki =? hTerm’-ki .

where k � 1; n is an optional argument providing a bound on the number of unifiers requested,
so that if the cardinality of the set of unifiers is greater than the specified bound, the unifiers
beyond that bound are omitted; and hModId i can be any module or theory declared in the
current Maude session (as usual, if no module is mentioned, the current module is used). The
second command generates all the unifiers and, then, filters them against each other in order
to return a minimal set of most general unifiers modulo the axioms.

For a simple example of syntactic order-sorted unification problem illustrating:

• the use of the unify command;

• the use of the predefined operator _^_ in the NAT module, representing exponentiation on
natural numbers; and

• the, in general, non-unitary nature of order-sorted unification,

we can define the module

fmod UNIFICATION-EX1 is

protecting NAT .

op f : Nat Nat -> Nat .

op f : NzNat Nat -> NzNat .

op f : Nat NzNat -> NzNat .

endfm

and then give to Maude the following command:

Maude> unify f(X:Nat, Y:Nat) ^ B:NzNat =? A:NzNat ^ f(Y:Nat, Z:Nat) .

Unifier 1

X:Nat --> #1:Nat

Y:Nat --> #2:NzNat

B:NzNat --> f(#2:NzNat, #3:Nat)

A:NzNat --> f(#1:Nat, #2:NzNat)

Z:Nat --> #3:Nat

Unifier 2

X:Nat --> #1:NzNat

Y:Nat --> #2:Nat

B:NzNat --> f(#2:Nat, #3:NzNat)

A:NzNat --> f(#1:NzNat, #2:Nat)

Z:Nat --> #3:NzNat

• ModId is the name of the module

• n is a bound on the number of unifiers

• new variables are created as #n:Sort

• Implemented at the core level of Maude (C++)
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Unification modulo axioms

Unification modulo axioms

Definition

Given equational theory (Σ, Ax), an Ax-unification problem is

t ?
= t′

An Ax-unifier is an order-sorted substitution σ s.t.

σ(t) =Ax σ(t′)

Decidability
• at most one mgu (syntactic unification, i.e., empty theory)

• a finite number (associativity–commutativity)

• an infinite number (associativity)
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Unification modulo axioms

Irredundant Unification in Maude

328 CHAPTER 13. UNIFICATION

sorts Coin Item Marking Money State .

subsort Coin < Money .

op empty : -> Money .

op __ : Money Money -> Money [assoc comm id: empty] .

subsort Money Item < Marking .

op __ : Marking Marking -> Marking [assoc comm id: empty] .

op <_> : Marking -> State .

ops $ q : -> Coin .

ops a c : -> Item .

var M : Marking .

rl [buy-c] : < M $ > => < M c > .

rl [buy-a] : < M $ > => < M a q > .

eq [change]: q q q q = $ .

endm

We can ask whether there is an equational unifier of two configurations, one containing at
least two quarters, and another containing at least one dollar.

Maude> unify in UNIF-VENDING-MACHINE :

< q q X:Marking > =? < $ Y:Marking > .

Unifier 1

X:Marking --> $
Y:Marking --> q q

Unifier 2

X:Marking --> $ #1:Marking

Y:Marking --> q q #1:Marking

Notice that the computed set of unifiers is not minimal, because the first solution is the instance
of the second obtained by substituting the variable #1:Marking with the constant empty.

Maude> irredundant unify in UNIF-VENDING-MACHINE :

< q q X:Marking > =? < $ Y:Marking > .

Unifier 1

X:Marking --> $ #1:Marking

Y:Marking --> q q #1:Marking

Recall that memberships are discarded completely. For instance, if we modify the previous
example to include a membership definition for a new sort Quarter, any unification call with
that sort may not succeed.

mod UNIF-VENDING-MACHINE-MB is

sorts Coin Item Marking Money State .

subsort Coin < Money .

op empty : -> Money .

op __ : Money Money -> Money [assoc comm id: empty] .

subsort Money Item < Marking .

op __ : Marking Marking -> Marking [assoc comm id: empty] .

op <_> : Marking -> State .

ops $ q : -> Coin .

ops a c : -> Item .

sort Quarter .

subsort Quarter < Coin .

328 CHAPTER 13. UNIFICATION

sorts Coin Item Marking Money State .

subsort Coin < Money .

op empty : -> Money .

op __ : Money Money -> Money [assoc comm id: empty] .

subsort Money Item < Marking .

op __ : Marking Marking -> Marking [assoc comm id: empty] .

op <_> : Marking -> State .

ops $ q : -> Coin .

ops a c : -> Item .

var M : Marking .

rl [buy-c] : < M $ > => < M c > .

rl [buy-a] : < M $ > => < M a q > .

eq [change]: q q q q = $ .

endm

We can ask whether there is an equational unifier of two configurations, one containing at
least two quarters, and another containing at least one dollar.

Maude> unify in UNIF-VENDING-MACHINE :

< q q X:Marking > =? < $ Y:Marking > .

Unifier 1

X:Marking --> $
Y:Marking --> q q

Unifier 2

X:Marking --> $ #1:Marking

Y:Marking --> q q #1:Marking

Notice that the computed set of unifiers is not minimal, because the first solution is the instance
of the second obtained by substituting the variable #1:Marking with the constant empty.

Maude> irredundant unify in UNIF-VENDING-MACHINE :

< q q X:Marking > =? < $ Y:Marking > .

Unifier 1

X:Marking --> $ #1:Marking

Y:Marking --> q q #1:Marking

Recall that memberships are discarded completely. For instance, if we modify the previous
example to include a membership definition for a new sort Quarter, any unification call with
that sort may not succeed.

mod UNIF-VENDING-MACHINE-MB is

sorts Coin Item Marking Money State .

subsort Coin < Money .

op empty : -> Money .

op __ : Money Money -> Money [assoc comm id: empty] .

subsort Money Item < Marking .

op __ : Marking Marking -> Marking [assoc comm id: empty] .

op <_> : Marking -> State .

ops $ q : -> Coin .

ops a c : -> Item .

sort Quarter .

subsort Quarter < Coin .
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Unification modulo axioms

ACU-Unification in Maude
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Unification modulo axioms

AC-Unification in Maude

304 CHAPTER 12. UNIFICATION

always fresh variables of the form #n:Sort. The user is required not to use variables of this
form in the submitted unification problem. A warning is printed if this requirement is violated:

Maude> unify in NAT : X:Nat ^ #1:Nat =? #2:Nat .

Warning: unsafe variable name #1:Nat in unification problem.

The use of a bound on the number of unifiers, as well as the use of the associative-
commutative (AC) operator + in the predefined NAT module (see Section 7.2), plus the fact
that even small AC-unification problems can generate a large number of unifiers are all illus-
trated by the following command:

Maude> unify [100] in NAT :

X:Nat + X:Nat + Y:Nat =? A:Nat + B:Nat + C:Nat .

Solution 1

X:Nat --> #1:Nat + #2:Nat + #3:Nat + #5:Nat + #6:Nat + #8:Nat

Y:Nat --> #4:Nat + #7:Nat + #9:Nat

A:Nat --> #1:Nat + #1:Nat + #2:Nat + #3:Nat + #4:Nat

B:Nat --> #2:Nat + #5:Nat + #5:Nat + #6:Nat + #7:Nat

C:Nat --> #3:Nat + #6:Nat + #8:Nat + #8:Nat + #9:Nat

...

Solution 100

X:Nat --> #1:Nat + #2:Nat + #3:Nat + #4:Nat

Y:Nat --> #5:Nat

A:Nat --> #1:Nat + #1:Nat + #2:Nat

B:Nat --> #2:Nat + #3:Nat

C:Nat --> #3:Nat + #4:Nat + #4:Nat + #5:Nat

The following unification command in the predefined CONVERSION module (see Section 7.9)
illustrates a further point on the handling of built-in constants and functions. Built-in constants,
even though infinite in number (all strings, all quoted identifiers, all natural numbers, and so
on), are handled and can be used in unification problems. But built-in functions are not
considered built-in for unification purposes; therefore, built-in evaluation of such functions is
not performed during the unification.

Maude> unify in CONVERSION :

X:String < "foo" + Y:Char =?

Z:String + string(pi) < "foo" + Z:String .

Solution 1

X:String --> #1:Char + string(pi)

Y:Char --> #1:Char

Z:String --> #1:Char

The handling of unification problems in modules with operators whose equational axioms
are excluded from the current unification algorithm can be illustrated by means of the following
module:

fmod UNIFICATION-EX3 is

protecting NAT .

op f : Nat Nat -> Nat [assoc] .

endfm
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Unification modulo axioms

Incomplete A-Unification in Maude

Possible warnings and situations:

316 CHAPTER 12. UNIFICATION AND VARIANT GENERATION

X:NList --> #1:NList : #1:NList

Y:NList --> #1:NList

Z:NList --> #1:NList : #1:NList : #1:NList

Warning: Some unifiers may have been missed due to incomplete

unification algorithm(s).

If the verbose mode is activated (see Section 18.13), Maude will print di↵erent internal
messages associated to the situations above:

• Associative unification using cycle detection.

• Associative unification algorithm detected an infinite family of unifiers.

• Associative unification using depth bound of 5.

• Associative unification algorithm hit depth bound.

12.5 Unification at the metalevel: metaUnify and
metaDisjointUnify

Following the general Maude philosophy, all Maude functionality is as much as possible moved
up to the metalevel, so that it becomes available by reflection (see Chapter 11). This is partic-
ularly important for unification for two reasons:

1. Many of the formal reasoning applications of unification do require access to unification
functions at the metalevel. Consider, for example, the computation of critical pairs to
determine if a functional module is locally confluent. This will be done by a function
that takes the metarepresentation of the given functional module as data, and then this
function will have to invoke the unification function at the metalevel as part of its critical
pair subcomputations.

2. The unification algorithm is theory-dependent, since a di↵erent order-sorted unification
algorithm is derived for each di↵erent signature ⌃ and combination of axioms Ax. There-
fore, unification as a function, instead of as a user command, must necessarily be at the
metalevel, since it must take the given theory (⌃, Ax) as a parameter.

Thus, the unification command is reflected in the META-LEVEL module (see Section 11.5) by
two descent functions:

op metaUnify :

Module UnificationProblem Nat Nat ~> UnificationPair?

[special (...)] .

op metaDisjointUnify :

Module UnificationProblem Nat Nat ~> UnificationTriple?

[special (...)] .

These two metalevel functions work on unification problems constructed by means of the fol-
lowing signature:

sorts UnificandPair UnificationProblem .

subsort UnificandPair < UnificationProblem .

op _=?_ : Term Term -> UnificandPair [ctor prec 71] .

op _/\_ : UnificationProblem UnificationProblem -> UnificationProblem

[ctor assoc comm prec 73] .

Example:

12.4. THE UNIFY COMMAND 315

1. There is a cycle, but no risk of an infinite set of most general unifiers. For example,
because there is no solution.

Maude> unify in UNIFICATION-EX4 : 0 : Q:NList =? Q:NList : 1 .

No unifier.

Or there is a finite number of solutions

Maude> unify in UNIFICATION-EX4 : P:NList : P:NList =? 1 : Q:NList : 2 .

Solution 1

P:NList --> 1 : #1:NList : 2

Q:NList --> #1:NList : 2 : 1 : #1:NList

Solution 2

P:NList --> 1 : 2

Q:NList --> 2 : 1

2. There is a cycle with risk of an infinite set of most general unifiers. In this case, a warning
will be printed and the acyclic solutions are returned.

Maude> unify in UNIFICATION-EX4 : 0 : X:NList =? X:NList : 0 .

Warning: Unification modulo the theory of operator _:_ has encountered

an instance for which it may not be complete.

Solution 1

X:NList --> 0

Warning: Some unifiers may have been missed due to incomplete

unification algorithm(s).

Note that the unification problem 0 : X =? X : 0 has an infinite family of most general
unifiers {X 7! 0n} for 0n being a list of n consecutive 0 elements.

3. There is a cycle but Maude cannot tell whether there is an infinite set of most general
unifiers. In this case, a depth bound is imposed and solutions are enumerated down to
that depth. If the depth bound is hit, a warning of incompleteness as the one shown
above will be printed.

Maude> unify in UNIFICATION-EX4 :

X:NList : X:NList : X:NList =? Y:NList : Y:NList : Z:NList : Y:NList .

Warning: Unification modulo the theory of operator _:_ has encountered

an instance for which it may not be complete.

Solution 1

X:NList --> #1:NList : #1:NList : #1:NList : #1:NList

Y:NList --> #1:NList : #1:NList : #1:NList

Z:NList --> #1:NList : #1:NList : #1:NList

Solution 2

X:NList --> #1:NList : #1:NList : #1:NList

Y:NList --> #1:NList : #1:NList

Z:NList --> #1:NList : #1:NList : #1:NList

Solution 3
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Unification modulo axioms

A-Unification in Maude

314 CHAPTER 12. UNIFICATION AND VARIANT GENERATION

sort NList .

subsort Nat < NList .

op _:_ : NList NList -> NList [assoc] .

endfm

A unification problem using such an associative function symbol returns five unifiers without
any problem because the unification problem is linear.

Maude> unify in UNIFICATION-EX4 : X:NList : Y:NList : Z:NList =? P:NList : Q:NList .

Solution 1

X:NList --> #1:NList : #2:NList

Y:NList --> #3:NList

Z:NList --> #4:NList

P:NList --> #1:NList

Q:NList --> #2:NList : #3:NList : #4:NList

Solution 2

X:NList --> #1:NList

Y:NList --> #2:NList : #3:NList

Z:NList --> #4:NList

P:NList --> #1:NList : #2:NList

Q:NList --> #3:NList : #4:NList

Solution 3

X:NList --> #1:NList

Y:NList --> #2:NList

Z:NList --> #3:NList : #4:NList

P:NList --> #1:NList : #2:NList : #3:NList

Q:NList --> #4:NList

Solution 4

X:NList --> #1:NList

Y:NList --> #2:NList

Z:NList --> #3:NList

P:NList --> #1:NList : #2:NList

Q:NList --> #3:NList

Solution 5

X:NList --> #1:NList

Y:NList --> #2:NList

Z:NList --> #3:NList

P:NList --> #1:NList

Q:NList --> #2:NList : #3:NList

The unification problem may not be linear but it may be easy to detect that there is
no unifier, e.g. it is impossible to unify a list X concatenated with itself with another list Y

concatenated also with itself but with a natural number, e.g. 1, in between.

Maude> unify in UNIFICATION-EX4 : X:NList : X:NList =? Y:NList : 1 : Y:NList .

No unifier.

When associative variables are non-linear, Maude has implemented a cycle detection that
may have di↵erent outcomes:

332 CHAPTER 13. UNIFICATION

Consider a very simple module with a binary associative function symbol:

fmod UNIFICATION-EX4 is

protecting NAT .

sort NList .

subsort Nat < NList .

op _:_ : NList NList -> NList [assoc] .

endfm

A unification problem using such an associative function symbol returns five unifiers without
any problem because the unification problem is linear.

Maude> unify in UNIFICATION-EX4 : X:NList : Y:NList : Z:NList =? P:NList : Q:NList .

Unifier 1

X:NList --> #1:NList : #2:NList

Y:NList --> #3:NList

Z:NList --> #4:NList

P:NList --> #1:NList

Q:NList --> #2:NList : #3:NList : #4:NList

Unifier 2

X:NList --> #1:NList

Y:NList --> #2:NList : #3:NList

Z:NList --> #4:NList

P:NList --> #1:NList : #2:NList

Q:NList --> #3:NList : #4:NList

Unifier 3

X:NList --> #1:NList

Y:NList --> #2:NList

Z:NList --> #3:NList : #4:NList

P:NList --> #1:NList : #2:NList : #3:NList

Q:NList --> #4:NList

Unifier 4

X:NList --> #1:NList

Y:NList --> #2:NList

Z:NList --> #3:NList

P:NList --> #1:NList : #2:NList

Q:NList --> #3:NList

Unifier 5

X:NList --> #1:NList

Y:NList --> #2:NList

Z:NList --> #3:NList

P:NList --> #1:NList

Q:NList --> #2:NList : #3:NList

The unification problem may not be linear but it may be easy to detect that there is
no unifier, e.g. it is impossible to unify a list X concatenated with itself with another list Y

concatenated also with itself but with a natural number, e.g. 1, in between.

Maude> unify in UNIFICATION-EX4 : X:NList : X:NList =? Y:NList : 1 : Y:NList .

No unifier.
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Unification modulo axioms

Identity Unification in Maude
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Let us show some examples of unification with an identity attribute, which
is the new feature available in Maude 2.7. Let us consider first a module using
the left id attribute.

mod LEFTID -UNIFICATION -EX is
sorts Magma Elem . subsorts Elem < Magma .
op : Magma Magma -> Magma [left id: e] .
ops a b c d e : -> Elem .

endm

Then the following two unification problems have a different meaning, where
we have swapped the position of the variables. First, when we unify two terms
where variables of sort Magma are at the left of the terms, we have both a syn-
tactic unifier and a unifier modulo identity; note that unification may require
the introduction of new variables in the modulo case and they are indicated in
Maude using the notation #n:Sort, where new variables start with number 1.

Maude> unify in LEFTID-UNIFICATION-EX : X:Magma a =? (Y:Magma a) a .
Solution 1 Solution 2
X:Magma --> a X:Magma --> #1:Magma a
Y:Magma --> e Y:Magma --> #1:Magma

When the variables are instead at the right side of the terms of sort Magma ,
there is clearly no unifier.

Maude> unify in LEFTID-UNIFICATION-EX : a X:Magma =? (a a) Y:Magma .
No unifier.

Symmetric results could be obtained for a module with right identity (right
id: e ) instead of left identity. And similar results could be obtained for a module
with an identity symbol (id: e) instead of left or right identity. A different result
is obtained when we add commutativity.

mod COMM -ID -UNIFICATION -EX is
sorts Magma Elem . subsorts Elem < Magma .
op : Magma Magma -> Magma [comm id: e] .
ops a b c d e : -> Elem .

endm

When we unify two terms where variables of sort Magma are at the left of the
terms, we have both a syntactic unifier (Solution 2) and a unifier modulo identity
and commutativity (Solution 1), but the latter is duplicated (Solution 3) because
most general unifiers may not always be returned.

Maude> unify in COMM-ID-UNIFICATION-EX : X:Magma a =? (Y:Magma a) a .
Solution 1 Solution 2 Solution 3
X:Magma --> a X:Magma --> a #1:Magma X:Magma --> a
Y:Magma --> e Y:Magma --> #1:Magma Y:Magma --> e

3 Built-in Variant Generation

Given an equational theory (Σ, E ∪Ax) where
−→
E is a set of convergent oriented

equations modulo the axioms Ax, the (E,Ax)-variants [6,12] of a term t are the
set of all pairs consisting, each one, of a substitution σ and the (E,Ax)-canonical
form of tσ. A preorder relation of generalization that holds between such pairs
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Unification modulo axioms

Unification modulo axioms w/o minimality
==========================================

unify in BOOL-FVP : X and not Y and not Z =? W and Y and not X .

Decision time: 0ms cpu (0ms real)

Unifier 1

X --> #2:Bool and not #1:Bool

Z --> #1:Bool

Y --> #2:Bool and not #1:Bool

W --> not #1:Bool

.....

Unifier 5

X --> not #1:Bool

Z --> #1:Bool

Y --> not #1:Bool

W --> not #1:Bool

==========================================

irredundant unify in BOOL-FVP : X and not Y and not Z =? W and Y and not X .

Decision time: 0ms cpu (0ms real)

Unifier 1

X --> #1:Bool and #2:Bool

Z --> #1:Bool and #2:Bool

Y --> #1:Bool

W --> #2:Bool and not #1:Bool

Unifier 2

X --> #2:Bool

Z --> #1:Bool

Y --> #2:Bool

W --> not #1:Bool
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Unification modulo axioms

Axiomatization of Booleans in Maude using axioms and variant equations

fmod BOOL-FVP is protecting TRUTH-VALUE .

op _and_ : Bool Bool -> Bool [assoc comm] .

op _xor_ : Bool Bool -> Bool [assoc comm] .

op not_ : Bool -> Bool .

op _or_ : Bool Bool -> Bool .

op _<=>_ : Bool Bool -> Bool .

vars X Y Z W : Bool .

eq X and true = X [variant] .

eq X and false = false [variant] .

eq X and X = X [variant] .

eq X and X and Y = X and Y [variant] . *** AC extension

eq X xor false = X [variant] .

eq X xor X = false [variant] .

eq X xor X xor Y = Y [variant] . *** AC extension

eq not X = X xor true [variant] .

eq X or Y = (X and Y) xor X xor Y [variant] .

eq X <=> Y = true xor X xor Y [variant] .

endfm
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Unification modulo axioms

AU-Unification in Maude

334 CHAPTER 13. UNIFICATION

Y:NList --> #1:NList

Z:NList --> #1:NList : #1:NList : #1:NList

Warning: Some unifiers may have been missed due to incomplete

unification algorithm(s).

If the verbose mode is activated (see Section 23.15), Maude will print di↵erent internal
messages associated to the situations above:

• Associative unification using cycle detection.

• Associative unification algorithm detected an infinite family of unifiers.

• Associative unification using depth bound of 5.

• Associative unification algorithm hit depth bound.

13.4.7 Associative with identity (AU ) unification examples

Unification modulo associativity and identity was the missing case for associativity without
commutativity. It has been implemented in Maude 3.1. Unification modulo associativity but
with left identity or right identity is still missing and will be available in the future. However,
it is currently supported in a di↵erent way, namely, by variant-based unification using an
explicit equation (see Section 14.8). Note that unification modulo associativity and identity
is, in general, not finitary, as in the case of only associativity, and the same conventions and
warnings apply (see Section 13.4.6). Let us illustrate the use of the unification command in the
presence of AU symbols using previous examples.

Consider a very simple module, adapting the previous theory UNIFICATION-EX4, with a
binary associative symbol with an identity symbol for the empty list:

fmod UNIFICATION-EX5 is

protecting NAT .

sort NList .

op nil : -> NList .

subsort Nat < NList .

op _:_ : NList NList -> NList [assoc id: nil] .

endfm

The unification problem below, using an associative symbol with identity, returns 32 unifiers
using the unify command. Instead, the minimal set contains only 3, obtained by using the
irredundant unify command.

Maude> irredundant unify in UNIFICATION-EX5 :

X:NList : Y:NList : Z:NList =? P:NList : Q:NList .

Decision time: 2ms cpu (2ms real)

Unifier 1

X:NList --> #3:NList : #4:NList

Y:NList --> #1:NList

Z:NList --> #2:NList

P:NList --> #3:NList

Q:NList --> #4:NList : #1:NList : #2:NList

Unifier 2

X:NList --> #1:NList

13.5. SOME APPLICATIONS OF UNIFICATION 335

Y:NList --> #3:NList : #4:NList

Z:NList --> #2:NList

P:NList --> #1:NList : #3:NList

Q:NList --> #4:NList : #2:NList

Unifier 3

X:NList --> #1:NList

Y:NList --> #2:NList

Z:NList --> #4:NList : #3:NList

P:NList --> #1:NList : #2:NList : #4:NList

Q:NList --> #3:NList

This is an example where associativity-identity has fewer most general unifiers than associativ-
ity; see the unification command for theory UNIFICATION-EX4 in page 332 above with 5 most
general unifiers (both the unify and irredundant unify commands return 5 although only
the former is shown).

The reader may be aware that the algorithm for associative-identity unification produces
many redundant unifiers due to its collapse nature and how the order-sorted information is
actually treated. Therefore, the use of the irredundant unify command is advised.

13.5 Some applications of unification

In this section we review briefly some applications that can be developed using a unification
infrastructure like the one described in this chapter. We begin in Section 13.5.1 by discussing
narrowing and narrowing-based unification algorithms. These algorithms are actually imple-
mented in Core Maude’s C++ and described in Chapter 14. We then explain in Section 13.5.2
how narrowing modulo an equational theory can be used for reachability analysis of concur-
rent systems described by rewrite theories, and, more generally, for symbolic temporal logic
model checking of such systems. This narrowing-based reachability analysis is implemented in
Core Maude’s C++ and described in Chapter 15. Finally, we discuss briefly other automated
deduction applications, including theorem proving ones.

13.5.1 Narrowing-based unification

If we have a dedicated algorithm (as the one supported by Maude) to solve unification problems
in an order-sorted theory (⌃, Ax), then we can use it as a component to obtain a unification
algorithm for theories of the form (⌃, E [ Ax), provided the equations E are unconditional,
coherent, confluent and terminating modulo Ax [85].

The technique used under such conditions to obtain an E [ Ax-unification algorithm from
an Ax-unification algorithm is called narrowing, and is the obvious generalization of term
rewriting to handle logical variables and perform a kind of symbolic execution. In ordinary
term rewriting, if we want to apply a rewrite rule, say l ! r, to a term t at position p, the
subterm t|p must be an instance of the lefthand side l, that is, there must be a substitution
σ such that t|p = σ(l). Instead, in narrowing we can apply the rule l ! r at a non-variable
position p in t, provided the unification problem t|p =? l (where the variables of l and t are
assumed disjoint) has a nonempty set of unifiers. For any such unifier ✓ we then narrow the
original term t to the substitution instance under ✓ of t[r]p. We then write

t ; ✓(t[r]p)

for such a narrowing step. For example, in the standard, unsorted specification of the natural
numbers, we can use the equation x + s(y) = s(x + y) as a rewrite rule to narrow the term

AU fewer unifiers than A (5 vs 3) & unify returns many more than irredundant unify (32 vs 3)
Santiago Escobar (UPV) 2nd Workshop on Logic, Algebra and Category Theory (LAC2025) September 30, 2025 22 / 55



179

Variants in Maude

From equational reduction to variants (2/4)

Finite and complete set of E,Ax-variants
A preorder relation of generalization between variants provides a notion of most general variant.

Computed Variants

For X ⊕ Y there are 7 most general E,Ax-variants
1. (X ⊕ Y, id)
3. (Z, {X → 0, Y → Z})
5. (Z, {X → Z, Y → 0})

2. (0, {X → U, Y → U})
4. (Z, {X → Z ⊕ U, Y → U})
6. (Z, {X → U, Y → Z ⊕ U})
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Variants in Maude

From equational reduction to variants (1/4)

E,Ax-variant
Given a term t and an equational theory Ax ⊎ E, (t′, θ) is an E,Ax-variant of t if
θ(t)↓E,Ax =Ax t′ [Comon-Delaune-RTA05]

Exclusive Or

X ⊕ 0 → X
X ⊕ X → 0

X ⊕ X ⊕ Y → Y

X ⊕ (Y ⊕ Z) = (X ⊕ Y)⊕ Z
X ⊕ Y = Y ⊕ X
(axioms: Ax)

Computed Variants

For X ⊕ X: (0, id), (0, {X → a}), (0, {X → a ⊕ b}), . . .
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Variants in Maude

Outline

1 Why logical features in rewriting logic?

2 Rewriting logic in a nutshell

3 Unification modulo axioms

4 Variants in Maude

5 Variant-based Equational Unification

6 Narrowing-based Symbolic Reachability Analysis
Constrained Horn Clauses for Program Verification TPLP 2022

7 Applications
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Variants in Maude

E,Ax-variants - Example

X ⊕ 0 → X
X ⊕ X → 0

X ⊕ X ⊕ Y → Y
(cancellation rules: E)

X ⊕ (Y ⊕ Z) = (X ⊕ Y)⊕ Z
X ⊕ Y = Y ⊕ X
(axioms: Ax)

• For X ⊕ X only E,Ax-variant is: (0, id)
• For X ⊕ Y there are 7 most general E,Ax-variants

1. (X ⊕ Y, id)

3. (Z, {X → 0, Y → Z})
5. (Z, {X → Z, Y → 0})

2. (0, {X → U, Y → U})
4. (Z, {X → Z ⊕ U, Y → U})
6. (Z, {X → U, Y → Z ⊕ U})

7. (Z1 ⊕ Z2, {X → U ⊕ Z1, Y → U ⊕ Z2})
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Variants in Maude

From equational reduction to variants (4/4)

Test for FVP
Whether a theory has FVP is undecidable in general, though there are approximations
techniques.

Computing most general variants

Given a theory that has FVP, it is possible to compute all the most general variants by using
the Folding Variant Narrowing Strategy (Escobar et al. 2012)
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Variants in Maude

From equational reduction to variants (3/4)

Finite Variant Property

Theory has FVP if finite number of most general variants for every term.

Common
• Cryptographic Security Protocols: Public or shared encryption, Exclusive Or, Abelian

groups, Diffie-Hellman

• Satisfiability Modulo Theories Natural Presburger Arithmetic, Integer Presburger
Arithmetic, Lists, Sets

Used in application areas

Equational Unification, Logical Model Checking, Cyber-Physical systems, Partial evaluation,
Confluence tools, Termination tools, Theorem provers
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Variants in Maude

Abelian Group Variants

Built-in Variant Generation and Unification, and Their Applications 187

Maude> get variants in EXCLUSIVE-OR : X * Y .
Variant 1 Variant 7
[NatSet]: #1:[NatSet] * #2:[NatSet] ......... [NatSet]: %1:[NatSet]
X --> #1:[NatSet] X --> %1:[NatSet]
Y --> #2:[NatSet] Y --> mt

The above output illustrates a difference between unifiers returned by the
built-in unification modulo axioms and substitutions (or unifiers) returned by
variant generation or variant-based unification: two forms of fresh variables, the
former #n:Sort and the new %n:Sort . Note that the two forms have different
counters.

We can consider a more complex equational theory such as the one of Abelian
groups specified in the following module; this theory could not be handled by
Maude 2.6 because it is not strongly right irreducible.

fmod ABELIAN-GROUP is
sorts Elem .
op _+_ : Elem Elem -> Elem [comm assoc] .
op -_ : Elem -> Elem .
op 0 : -> Elem .
vars X Y Z : Elem .
eq X + 0 = X [variant] .
eq X + (- X) = 0 [variant] .
eq X + (- X) + Y = Y [variant] .
eq - (- X) = X [variant] .
eq - 0 = 0 [variant] .
eq (- X) + (- Y) = -(X + Y) [variant] .
eq -(X + Y) + Y = - X [variant] .
eq -(- X + Y) = X + (- Y) [variant] .
eq (- X) + (- Y) + Z = -(X + Y) + Z [variant] .
eq -(X + Y) + Y + Z = (- X) + Z [variant] .

endfm

The generation of the variants for the addition symbol provides 47 variants:

Maude> get variants in ABELIAN-GROUP : X + Y .
Variant 1 Variant 47
Elem: #1:Elem + #2:Elem ................. Elem: - (%2:Elem + %3:Elem)
X --> #1:Elem X --> %4:Elem + - (%1:Elem + %2:Elem)
Y --> #2:Elem Y --> %1:Elem + - (%3:Elem + %4:Elem)

And the minus sign symbol has four variants:

Maude> get variants in ABELIAN-GROUP : - X .
Variant 1 Variant 2 Variant 3 Variant 4
Elem: - #1:Elem Elem: %1:Elem Elem: 0 Elem: %1:Elem + - %2:Elem
X --> #1:Elem X --> - %1:Elem X --> 0 X --> %2:Elem + - %1:Elem

Another interesting feature is that variant generation is incremental. In this
way we are able to support general convergent equational theories modulo axioms
that need not have the finite variant property. Let us consider the following
functional module for addition NAT-VARIANT that does not have the finite variant
property.

fmod NAT-VARIANT is
sort Nat .
op 0 : -> Nat .
op s : Nat -> Nat .
op _+_ : Nat Nat -> Nat .
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Maude> get variants in EXCLUSIVE-OR : X * Y .
Variant 1 Variant 7
[NatSet]: #1:[NatSet] * #2:[NatSet] ......... [NatSet]: %1:[NatSet]
X --> #1:[NatSet] X --> %1:[NatSet]
Y --> #2:[NatSet] Y --> mt

The above output illustrates a difference between unifiers returned by the
built-in unification modulo axioms and substitutions (or unifiers) returned by
variant generation or variant-based unification: two forms of fresh variables, the
former #n:Sort and the new %n:Sort . Note that the two forms have different
counters.

We can consider a more complex equational theory such as the one of Abelian
groups specified in the following module; this theory could not be handled by
Maude 2.6 because it is not strongly right irreducible.

fmod ABELIAN-GROUP is
sorts Elem .
op _+_ : Elem Elem -> Elem [comm assoc] .
op -_ : Elem -> Elem .
op 0 : -> Elem .
vars X Y Z : Elem .
eq X + 0 = X [variant] .
eq X + (- X) = 0 [variant] .
eq X + (- X) + Y = Y [variant] .
eq - (- X) = X [variant] .
eq - 0 = 0 [variant] .
eq (- X) + (- Y) = -(X + Y) [variant] .
eq -(X + Y) + Y = - X [variant] .
eq -(- X + Y) = X + (- Y) [variant] .
eq (- X) + (- Y) + Z = -(X + Y) + Z [variant] .
eq -(X + Y) + Y + Z = (- X) + Z [variant] .

endfm

The generation of the variants for the addition symbol provides 47 variants:

Maude> get variants in ABELIAN-GROUP : X + Y .
Variant 1 Variant 47
Elem: #1:Elem + #2:Elem ................. Elem: - (%2:Elem + %3:Elem)
X --> #1:Elem X --> %4:Elem + - (%1:Elem + %2:Elem)
Y --> #2:Elem Y --> %1:Elem + - (%3:Elem + %4:Elem)

And the minus sign symbol has four variants:

Maude> get variants in ABELIAN-GROUP : - X .
Variant 1 Variant 2 Variant 3 Variant 4
Elem: - #1:Elem Elem: %1:Elem Elem: 0 Elem: %1:Elem + - %2:Elem
X --> #1:Elem X --> - %1:Elem X --> 0 X --> %2:Elem + - %1:Elem

Another interesting feature is that variant generation is incremental. In this
way we are able to support general convergent equational theories modulo axioms
that need not have the finite variant property. Let us consider the following
functional module for addition NAT-VARIANT that does not have the finite variant
property.

fmod NAT-VARIANT is
sort Nat .
op 0 : -> Nat .
op s : Nat -> Nat .
op _+_ : Nat Nat -> Nat .
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provides a notion of most general variants and also of completeness of a set of
variants. An equational theory has the finite variant property (or it is called a
finite variant theory) iff there is a finite and complete set of most general variants
for each term. Whether an equational theory has the finite variant property is
undecidable [2] but a technique based on the dependency pair framework has
been developed in [12] and a semi-decision procedure that works well in practice
was introduced in [3].

At a practical level, variants are generated using a narrowing strategy. Nar-
rowing with oriented equations E (with or without modulo Ax) enjoys well-
known completeness results. But narrowing can be quite inefficient, generating a
huge search space, and different narrowing strategies have been devised to reduce
the search space while remaining complete. The folding variant narrowing strat-
egy is proved in [12] to be complete for variants and it is able to terminate for
all inputs if the theory has the finite variant property.

The equational theories that are admissible for variant generation are as
follows. Let fmod (Σ, E∪Ax) endfm be an order-sorted functional module where
E is a set of equations specified with the eq keyword and the attribute variant,
and Ax is a set of axioms such that the axioms satisfy the restrictions explained in
Sect. 2. Furthermore, the equationsE must be unconditional, not using the owise
attribute, and confluent, terminating, sort-decreasing, and coherent modulo Ax
(we then call the equational theory convergent).

Any system module mod (Σ, G ∪ E ∪ Ax,R) endm where G is an additional
set of equations and R is a set of rules, is also considered admissible for variant
generation if the equational part (Σ, E ∪ Ax) satisfies the conditions described
above. Note that Maude requires that the equationsE used for variant generation
(and variant-based unification) should be clearly distinguished from the standard
equations G in Maude by using the attribute variant (both E and G are used
for term simplification but R not).

Maude provides a variant generation command of the form:

get variants [ n ] in ⟨ModId ⟩ : ⟨Term ⟩ .

where n is an optional argument providing a bound on the number of variants
requested, so that if the cardinality of the set of variants is greater than the
specified bound, the variants beyond that bound are omitted; and ModId is the
module where the command takes place.

For example, consider the following equational theory for exclusive or.

fmod EXCLUSIVE-OR is
sorts Nat NatSet . subsort Nat < NatSet .
op 0 : -> Nat .
op s : Nat -> Nat .
op mt : -> NatSet .
op _*_ : NatSet NatSet -> NatSet [assoc comm] .
vars X Z : [NatSet] .
eq [idem] : X * X = mt [variant] .
eq [idem-Coh] : X * X * Z = Z [variant] .
eq [id] : X * mt = X [variant] .

endfm

We can check that the EXCLUSIVE-OR module above has the finite variant prop-
erty by simply generating the variants for the exclusive-or symbol ∗.
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Maude> get variants in EXCLUSIVE-OR : X * Y .
Variant 1 Variant 7
[NatSet]: #1:[NatSet] * #2:[NatSet] ......... [NatSet]: %1:[NatSet]
X --> #1:[NatSet] X --> %1:[NatSet]
Y --> #2:[NatSet] Y --> mt

The above output illustrates a difference between unifiers returned by the
built-in unification modulo axioms and substitutions (or unifiers) returned by
variant generation or variant-based unification: two forms of fresh variables, the
former #n:Sort and the new %n:Sort . Note that the two forms have different
counters.

We can consider a more complex equational theory such as the one of Abelian
groups specified in the following module; this theory could not be handled by
Maude 2.6 because it is not strongly right irreducible.

fmod ABELIAN-GROUP is
sorts Elem .
op _+_ : Elem Elem -> Elem [comm assoc] .
op -_ : Elem -> Elem .
op 0 : -> Elem .
vars X Y Z : Elem .
eq X + 0 = X [variant] .
eq X + (- X) = 0 [variant] .
eq X + (- X) + Y = Y [variant] .
eq - (- X) = X [variant] .
eq - 0 = 0 [variant] .
eq (- X) + (- Y) = -(X + Y) [variant] .
eq -(X + Y) + Y = - X [variant] .
eq -(- X + Y) = X + (- Y) [variant] .
eq (- X) + (- Y) + Z = -(X + Y) + Z [variant] .
eq -(X + Y) + Y + Z = (- X) + Z [variant] .

endfm

The generation of the variants for the addition symbol provides 47 variants:

Maude> get variants in ABELIAN-GROUP : X + Y .
Variant 1 Variant 47
Elem: #1:Elem + #2:Elem ................. Elem: - (%2:Elem + %3:Elem)
X --> #1:Elem X --> %4:Elem + - (%1:Elem + %2:Elem)
Y --> #2:Elem Y --> %1:Elem + - (%3:Elem + %4:Elem)

And the minus sign symbol has four variants:

Maude> get variants in ABELIAN-GROUP : - X .
Variant 1 Variant 2 Variant 3 Variant 4
Elem: - #1:Elem Elem: %1:Elem Elem: 0 Elem: %1:Elem + - %2:Elem
X --> #1:Elem X --> - %1:Elem X --> 0 X --> %2:Elem + - %1:Elem

Another interesting feature is that variant generation is incremental. In this
way we are able to support general convergent equational theories modulo axioms
that need not have the finite variant property. Let us consider the following
functional module for addition NAT-VARIANT that does not have the finite variant
property.

fmod NAT-VARIANT is
sort Nat .
op 0 : -> Nat .
op s : Nat -> Nat .
op _+_ : Nat Nat -> Nat .
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Any system module mod (⌃, G [ E [Ax,R) endm (or system theory th (⌃, G [ E [Ax,R)
endth), where G is an additional set of equations (without the variant attribute!) and R is a
set of rules, is also considered admissible for variant generation if the equational part (⌃, E[Ax)
satisfies the conditions described above. Note that when an equational theory (⌃, G[E [Ax)
is entered into Maude, each equation in E (used for variant computation) must include the
variant attribute. Note that equations in G do not have any restriction, i.e., they can be
conditional equations, with the owise attribute, etc.

14.4 The get variants command

Given a module hModId i, Maude provides two variant generation commands of the form:

get variants [ n ] in hModIdi : hTermi .

get irredundant variants [ n ] in hModIdi : hTermi .

where n is an optional argument providing a bound on the number of variants requested, so
that if the cardinality of the set of variants is greater than the specified bound, the variants
beyond that bound are omitted; and, as usual, if no module is mentioned, the current module
is used.

Maude allows an incremental generation of variants, as described in Section 14.6 below.
When a theory does not have the finite variant property, an incremental generation of the
(possibly infinite) set of most general variants would be returned by the first command get

variants. However, the second command, get irredundant variants, is useful for theories
that do have the finite variant property, since it will provide the set of most general variants of
a term, which is the basis for variant-based unification in Section 14.8.

For example, we can check that the EXCLUSIVE-OR module above has the finite variant
property by simply generating the variants for the exclusive-or symbol ⇤.
Maude> get irredundant variants in EXCLUSIVE-OR : X * Y .

Variant 1

[NatSet]: #1:[NatSet] * #2:[NatSet]

X --> #1:[NatSet]

Y --> #2:[NatSet]

Variant 2

NatSet: mt

X --> %1:[NatSet]

Y --> %1:[NatSet]

Variant 3

[NatSet]: %1:[NatSet] * %3:[NatSet]

X --> %1:[NatSet] * %2:[NatSet]

Y --> %2:[NatSet] * %3:[NatSet]

Variant 4

[NatSet]: %1:[NatSet]

X --> %1:[NatSet] * %2:[NatSet]

Y --> %2:[NatSet]

Variant 5

[NatSet]: %2:[NatSet]

X --> %1:[NatSet]

• ModId is the name of the module

• n is a bound on the number of variants

• new variables are created as #n:Sort and %n:Sort

• Implemented at the core level of Maude (C++)

• Folding variant narrowing strategy is used internally

• Terminating if Finite Variant Property

• Incremental output if not Finite Variant Property

• Irredundant version only if Finite Variant Property
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Variants in Maude

Finite Variant Property

• Theory has FVP if there is a finite number of most general E,Ax-variants for every term.

• If finite number of unifiers from t, E,Ax-narrowing must compute them, though infinite
redundant E,Ax-narrowing sequences may exist

• [Comon-Delaune-RTA05] An equational theory has the finite variant property if there is a
bound n in the number of steps for each term

∀t, ∃n, ∀σ s.t. (σ↓E,Ax)(t)
≤n−→E,Ax σ(t)↓E,Ax
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Variant Generation in Incomplete Theories (due to assoc)
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This incremental variant generation may be useful in applications where obtaining a com-
plete set of variants when possible is important. If we do not know a priori whether a term
has a finite number of most general variants, we can incrementally increase the bound and if
we obtain a number of variants smaller than the bound, we know for sure that it had a finite
number of most general variants.

When an equational theory satisfies the requirements in Section 14.3 and does not have the
finite variant property, it is because there are terms with an infinite set of most general variants.
Of course, if the user does not provide a bound, Maude does not stop because it always returns
a complete set of variants. However, when the user provides such a bound, the process will
always terminate with Maude returning a finite set of variants. As said above, the number of
returned variants can be smaller than the given bound when the term has indeed a finite set
of variants, but it will coincide with the bound otherwise.

14.7 Variant generation in incomplete unification exam-
ples

The unification infrastructure now supports the notion of incomplete unification algorithms
(see Section 13.4.6) and variant generation and variant unification have been updated.

Let us consider an equational theory combining variant equations and associativity.

fmod VARIANT-UNIFICATION-ASSOC is

protecting NAT .

sort NList .

subsort Nat < NList .

op _:_ : NList NList -> NList [assoc ctor] .

var E : Nat .

var L : NList .

ops tail prefix : NList ~> NList .

ops head last : NList ~> Nat .

eq head(E : L) = E [variant] .

eq tail(E : L) = L [variant] .

eq prefix(L : E) = L [variant] .

eq last(L : E) = E [variant] .

op duplicate : NList ~> Bool .

eq duplicate(L : L) = true [variant] .

endfm

Some terms have a finite set of most general variants modulo associativity.

Maude> get variants in VARIANT-UNIFICATION-ASSOC : head(prefix(tail(L))) .

Variant 1

Nat: head(prefix(tail(#1:NList)))

L --> #1:NList

Variant 2

Nat: head(prefix(%2:NList))

L --> %1:Nat : %2:NList
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Variant 3

Nat: head(#2:NList)

L --> #1:Nat : #2:NList : #3:Nat

Variant 4

Nat: %3:Nat

L --> %1:Nat : %3:Nat : %4:NList : %2:Nat

No more variants.

However, some terms may hit incomplete associative unification calls (see Section 13.4.6), and
an incompleteness warning for associative unification will be printed.

Maude> get variants in VARIANT-UNIFICATION-ASSOC :

duplicate(prefix(L) : tail(L)) .

Variant 1

[Bool]: duplicate(prefix(#1:NList) : tail(#1:NList))

L --> #1:NList

Variant 2

[Bool]: duplicate(%1:NList : tail(%1:NList : %2:Nat))

L --> %1:NList : %2:Nat

Variant 3

[Bool]: duplicate(prefix(%1:Nat : %2:NList) : %2:NList)

L --> %1:Nat : %2:NList

Variant 4

[Bool]: duplicate(#1:Nat : #2:NList : #2:NList : #3:Nat)

L --> #1:Nat : #2:NList : #3:Nat

Variant 5

[Bool]: duplicate(#1:Nat : #2:Nat)

L --> #1:Nat : #2:Nat

Warning: Unification modulo the theory of operator _:_ has encountered

an instance for which it may not be complete.

Variant 6

Bool: true

L --> %1:Nat : %1:Nat : %1:Nat

Variant 7

Bool: true

L --> %1:Nat : %1:Nat

No more variants.

Warning: Some variants may have been missed due to incomplete unification algorithm(s).

Note that the term duplicate(prefix(L) : tail(L)) has an infinite set of most general vari-
ants for the case of returning the variant term true, i.e., the family of substitutions {L:NList 7!
N:Nat : · · · : N:Nat}. This is due to the associative unification call (N:Nat : L:NList) =?

(L:NList : N:Nat) invoked internally by the variant generation process (see Section 13.4.6 for
a similar associative unification problem with an infinite set of most general unifiers).
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distinguished from standard equations in Maude. For this purpose we have defined a new
attribute for equations: the word variant. This implies that if the user wants to use an
equation t = t’ both for variant generation and for simplification, it should be duplicated:
eq t = t’ . and eq t = t’ [variant] . No equation with the variant attribute can have
the owise attribute. Note that what this allows is a greater flexibility at the operational level
when combining variant generation and simplification: by the above method, an equation can
be used for either purpose (declared only once in the appropriate way), or for both, by a double
declaration.

For example, consider the following functional module defining the addition function _+_

on natural numbers built from 0 and s:

fmod NAT-VARIANT is

sort Nat .

op 0 : -> Nat [ctor] .

op s : Nat -> Nat [ctor] .

op _+_ : Nat Nat -> Nat .

vars X Y : Nat .

eq [base] : 0 + Y = Y [variant] .

eq [ind] : s(X) + Y = s(X + Y) [variant] .

endfm

The term X + s(0) has an infinite number of variants w.r.t. those equations, i.e.,

• (s(0), {X 7! 0}),

• (s(s(Y)), {X 7! s(Y)}),

• (s(s(0)), {X 7! s(0)}),

• (s(s(s(Y))), {X 7! s(s(Y))}),

• (s(s(s(0))), {X 7! s(s(0))}), . . .

Indeed, there is no finite, complete, most general set of variants for that term. However, the
term 0 + X has a finite number of most general variants w.r.t. those equations, i.e., (X, id).
Obviously, there are many more variants, such as (0, {X 7! 0}), but they are all instances of
the most general one.

An equational theory E [Ax has the finite variant property i↵ there is a finite complete set
of most general variants for each term. This property also ensures the existence of a generic
finitary E [Ax-unification algorithm based on computing variants, as shown in Section 12.10.

Consider the following equational theory for exclusive or.

fmod EXCLUSIVE-OR is

sorts Nat NatSet .

op 0 : -> Nat [ctor] .

op s : Nat -> Nat [ctor] .

subsort Nat < NatSet .

op mt : -> NatSet [ctor] .

op _*_ : NatSet NatSet -> NatSet [ctor assoc comm] .

vars X Y Z : [NatSet] .

eq [idem] : X * X = mt [variant] .

eq [idem-Coh] : X * X * Z = Z [variant] .

eq [id] : X * mt = X [variant] .

endfm
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vars X Y : Nat .
eq [base] : 0 + Y = Y [variant] .
eq [ind] : s(X) + Y = s(X + Y) [variant] .

endfm

On the one hand, it is possible to have a term with a finite number of most
general variants although the theory does not have the finite variant property.
For instance, the term s(0) + X has the single variant s(X).

Maude> get variants in NAT-VARIANT : s(0) + X .
Variant 1
Nat: s(#1:Nat)
X --> #1:Nat

On the other hand, we can incrementally generate the variants of a term that we
suspect does not have a finite number of most general variants. For instance, the
term X + s(0) has an infinite number of most general variants. In such a case,
Maude can either output all the variants to the screen (and the user can stop
the process whenever she wants), or generate the first n variants by including a
bound n in the command.

Maude> get variants [10] in NAT-VARIANT : X + s(0) .
Variant 1 Variant 10
Nat: #1:Nat + s(0) ....................................... Nat: s(s(s(s(s(0)))))
X --> #1:Nat X --> s(s(s(s(0))))

Note that a third approach is to incrementally increase the bound and, if we
obtain a number of variants smaller than the bound, then we know for sure that
it had a finite number of most general variants.

4 Built-in Variant-Based Unification

The most natural application of variant generation is unification in an equational
theory (Σ, E ∪Ax) where the equations E can be oriented into convergent rules
−→
E modulo Ax. Intuitively, when we extend such an equational theory (Σ, E∪Ax)
with a new equation eq(x,x) = true, two terms t and t′ unify with substitution
α modulo the equational theory if and only if (true, α) is a variant of the term
eq(t, t′). The key distinction is one between dedicated unification algorithms for a
limited set of axioms Ax (as in Sect. 2) and generic unification algorithms which
can be applied to a much wider range of user-definable theories (namely conver-
gent theories modulo axioms) and can even deal with incremental generation of
infinite sets of unifiers.

Given a module ModId satisfying the requirements of Sect. 3 and being a
finite variant theory, Maude provides a command for equational unification:

variant unify [ n ] in ⟨ModId ⟩ :

⟨Term-1 ⟩ =? ⟨Term’-1 ⟩ /\ ... /\ ⟨Term-k ⟩ =? ⟨Term’-k ⟩ .

where k ≥ 1 and n is an optional argument providing a bound on the number of
unifiers requested, so that if the cardinality of the set of unifiers is greater than
the specified bound, the unifiers beyond that bound are omitted.
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vars X Y : Nat .
eq [base] : 0 + Y = Y [variant] .
eq [ind] : s(X) + Y = s(X + Y) [variant] .

endfm

On the one hand, it is possible to have a term with a finite number of most
general variants although the theory does not have the finite variant property.
For instance, the term s(0) + X has the single variant s(X).

Maude> get variants in NAT-VARIANT : s(0) + X .
Variant 1
Nat: s(#1:Nat)
X --> #1:Nat

On the other hand, we can incrementally generate the variants of a term that we
suspect does not have a finite number of most general variants. For instance, the
term X + s(0) has an infinite number of most general variants. In such a case,
Maude can either output all the variants to the screen (and the user can stop
the process whenever she wants), or generate the first n variants by including a
bound n in the command.

Maude> get variants [10] in NAT-VARIANT : X + s(0) .
Variant 1 Variant 10
Nat: #1:Nat + s(0) ....................................... Nat: s(s(s(s(s(0)))))
X --> #1:Nat X --> s(s(s(s(0))))

Note that a third approach is to incrementally increase the bound and, if we
obtain a number of variants smaller than the bound, then we know for sure that
it had a finite number of most general variants.

4 Built-in Variant-Based Unification

The most natural application of variant generation is unification in an equational
theory (Σ, E ∪Ax) where the equations E can be oriented into convergent rules
−→
E modulo Ax. Intuitively, when we extend such an equational theory (Σ, E∪Ax)
with a new equation eq(x,x) = true, two terms t and t′ unify with substitution
α modulo the equational theory if and only if (true, α) is a variant of the term
eq(t, t′). The key distinction is one between dedicated unification algorithms for a
limited set of axioms Ax (as in Sect. 2) and generic unification algorithms which
can be applied to a much wider range of user-definable theories (namely conver-
gent theories modulo axioms) and can even deal with incremental generation of
infinite sets of unifiers.

Given a module ModId satisfying the requirements of Sect. 3 and being a
finite variant theory, Maude provides a command for equational unification:

variant unify [ n ] in ⟨ModId ⟩ :

⟨Term-1 ⟩ =? ⟨Term’-1 ⟩ /\ ... /\ ⟨Term-k ⟩ =? ⟨Term’-k ⟩ .

where k ≥ 1 and n is an optional argument providing a bound on the number of
unifiers requested, so that if the cardinality of the set of unifiers is greater than
the specified bound, the unifiers beyond that bound are omitted.

Infinite!!!
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Variant-based Equational Unification

Outline

1 Why logical features in rewriting logic?

2 Rewriting logic in a nutshell

3 Unification modulo axioms

4 Variants in Maude

5 Variant-based Equational Unification

6 Narrowing-based Symbolic Reachability Analysis
Constrained Horn Clauses for Program Verification TPLP 2022

7 Applications
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Variants in Maude

Folding Variant-Narrowing

1 Complete narrowing strategy modulo axioms Ax with smaller search space than
unrestricted Ax-narrowing.

2 Terminating when FVP (i.e., decidable narrowing-based As ⊎ E-unification procedure)

3 Optimally terminating (no other possible narrowing strategy terminates for more
equational theories)

• Based on E,Ax-variant, folding variant narrowing strategy:

1 it only uses substitutions in normal form
2 if a variant is an instance of a more general variant computed previously, stop narrowing path
3 complete under very general assumptions on Ax and E
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Variants in Maude

Finite Variant Property

1 [Comon-Delaune-RTA05]
Exclusive Or (max. bound 1)

2 [Comon-Delaune-RTA05]
Abelian group (max. bound 2)

3 [Comon-Delaune-RTA05]
Diffie-Hellman (max. bound 4)

4 [Comon-Delaune-RTA05]
Homomorphism (NOT)

5 [Escobar-Meseguer-Sasse-RTA08]
Sufficient & necessary conditions for FVP
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Variant-based Equational Unification

Variant Unification modulo axioms w/o minimality

==========================================

variant unify in BOOL-FVP : (X or Y) <=> Z =? true .

Unifier 1

rewrites: 489 in 1828ms cpu (2110ms real) (267 rewrites/second)

X --> true

Y --> #1:Bool

Z --> true

...

Unifier 12

rewrites: 2934 in 9927ms cpu (11571ms real) (295 rewrites/second)

X --> %1:Bool and %2:Bool

Y --> %1:Bool and %3:Bool

Z --> (%1:Bool and %2:Bool) xor (%1:Bool and %3:Bool) xor %1:Bool and %2:Bool and %3:Bool

No more unifiers.

rewrites: 3006 in 9998ms cpu (11657ms real) (300 rewrites/second)

==========================================

filtered variant unify in BOOL-FVP : (X or Y) <=> Z =? true .

rewrites: 3224 in 10161ms cpu (11957ms real) (317 rewrites/second)

Unifier 1

X --> #1:Bool xor #2:Bool

Y --> #1:Bool

Z --> #2:Bool xor #1:Bool and #1:Bool xor #2:Bool

No more unifiers.

Advisory: Filtering was complete.
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Equational Unification Command in Maude

Maude provides a (Ax ⊎ E)-unification command of the form:

14.9. THE VARIANT UNIFY COMMAND 357

14.9 The variant unify command

Given a module hModId i, of the general form mod (⌃, G [ E [Ax,R) endm where (⌃, E [Ax)
satisfies the requirements of Section 14.3 and satisfies also the finite variant property, Maude
provides a command for E [ Ax-equational unification based on variant generation of the
following two forms:

variant unify [ n ] in hModIdi :

hTerm-1 i =? hTerm’-1 i /\ ... /\ hTerm-ki =? hTerm’-ki .

filtered variant unify [ n ] in hModIdi :

hTerm-1 i =? hTerm’-1 i /\ ... /\ hTerm-ki =? hTerm’-ki .

where k ≥ 1; n is an optional argument providing a bound on the number of unifiers requested,
so that if the cardinality of the set of unifiers is greater than the specified bound, the unifiers
beyond that bound are omitted; and, as usual, if no module is mentioned, the current module
is used. The second command

Consider again the module VARIANT-VENDING-MACHINE introduced in Section 14.4. We can
ask whether there is an E [Ax-equational unifier of two configurations, one containing at least
two quarters, and another containing at least one dollar, by invoking the following command:

Maude> variant unify in VARIANT-VENDING-MACHINE :

< q q X:Marking > =? < $ Y:Marking > .

Unifier 1

X:Marking --> $ %1:Marking

Y:Marking --> q q %1:Marking

Unifier 2

X:Marking --> q q #1:Marking

Y:Marking --> #1:Marking

It may not be obvious that this is not the minimal set of most general unifiers, but the filtered
version returns only one unifier.

Maude> filtered variant unify in VARIANT-VENDING-MACHINE :

< q q X:Marking > =? < $ Y:Marking > .

Unifier 1

X:Marking --> q q #1:Marking

Y:Marking --> #1:Marking

The first unifier is an instance of the second unifier by applying #1:Marking --> q q and
simplifying q q q q into $. Instead, the second unifier is not an instance of the first unifier
because the $ in normal form disables any possibility.

Note that there are equational theories where two unifiers are comparable in both directions,
i.e. unifier �1 is an instance of unifier �2 modulo the equational theory and viceversa. In such
a case, Maude arbitrarily returns one of them. For instance, it is well-known that unification in
the exclusive-or theory is unitary [86] and, for the following unification problem, the variant

unify command returns 57 unifiers whereas the filtered variant unify command returns
just one, but several could be appropriate candidates for most general unifier.

Maude> filtered variant unify in EXCLUSIVE-OR : X * Y =? Z * W .

Unifier 1

X --> %1:[NatSet] * %3:[NatSet]

• ModId is the name of the module

• n is a bound on the number of unifiers

• new variables are created as #n:Sort and %n:Sort

• Implemented at the core level of Maude (C++)

• Terminating if Finite Variant Property

• Incremental output if not Finite Variant Property
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Admissible Theories

Maude provides order-sorted Ax ⊎ E-unification algorithm for all order-sorted theories
(Σ, Ax, E⃗) s.t.

1 Maude has an Ax-unification algorithm,

2 E equations specified with the eq and variant keywords.

3 E is unconditional, convergent, sort-decreasing and coherent modulo Ax.
4 The owise feature is not allowed.
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Narrowing-based Symbolic Reachability Analysis

Narrowing Search Command in Maude

Narrowing-based search command of the form:

366 CHAPTER 15. NARROWING

15.6 The vu-narrow command

Given a system module hModId i, the user can give to Maude a narrowing-based search command
of the form (the prefix vu denotes that uses variant-based unification at each step):

vu-narrow [ n, m ] in hModIdi : hTerm-1 i hSearchArrowi hTerm-2 i .

where

• n is an optional argument providing a bound on the number of desired solutions;

• m is another optional argument stating the maximum depth of the search;

• the module hModId i where the search takes place can be omitted;

• hTerm-1 i is the starting term, which typically will contain variables;

• hTerm-2 i is the pattern that has to be reached, which may share variables with the
starting term (note that terms in the narrowing sequence will be unified with this target
pattern, in contrast to the search command of Section 5.4.3);

• hSearchArrow i is an arrow indicating the form of the rewriting proof from hTerm-1 i until
hTerm-2 i:

– =>1 means a rewriting proof consisting of exactly one step,

– =>+ means a rewriting proof consisting of one or more steps,

– =>* means a proof consisting of none, one, or more steps, and

– =>! indicates that only narrowing sequences ending in terms describing sets of final
states are allowed. Such terms describing sets of final states are called strongly
irreducible in the sense that they cannot be further narrowed; note that this is
stronger than requiring states that cannot be rewritten as in the search command
of Section 5.4.3.

The one step arrow =>1 is an abbreviation of the one-or-more steps arrow =>+ with the
depth bound m set to 1.

Consider, for example, the following new version of the vending machine to buy apples (a)
or cakes (c) with dollars ($) and/or quarters (q). The reader can check that the only di↵erence
with the VARIANT-VENDING-MACHINE module in Section 14.4 is the addition of the narrowing

attribute to the rules.

mod NARROWING-VENDING-MACHINE is

sorts Coin Item Marking Money State .

subsort Coin < Money .

op empty : -> Money .

op __ : Money Money -> Money [assoc comm id: empty] .

subsort Money Item < Marking .

op __ : Marking Marking -> Marking [assoc comm id: empty] .

op <_> : Marking -> State .

ops $ q : -> Coin .

ops a c : -> Item .

var M : Marking .

rl [buy-c] : < M $ > => < M c > [narrowing] .

rl [buy-a] : < M $ > => < M a q > [narrowing] .

eq [change] : q q q q M = $ M [variant] .

endm

• n is the bound on the desired reachability solutions

• m is the maximum depth of the narrowing tree

• Term-1 is not a variable but may contain variables

• Term-2 is a pattern to be reached

• SearchArrow is either =>1, =>+, =>*, =>!
• =>! denotes strongly irreducible terms or rigid normal forms.

• Implemented at the core level of Maude (C++)

• “{fold} vu-narrow {filter,delay}” is the most general version (new things to come)
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Narrowing-based Symbolic Reachability Analysis

• Model checking techniques effective in verification of concurrent systems

• However, standard techniques only work for:
• specific initial state (or finite set of initial states)
• the set of states reachable from the initial state is finite
• abstraction techniques

• Various model checking techniques for infinite-state systems exist, but they are less
developed

• Stronger limitations on the kind of systems and/or the properties that can be model checked
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Narrowing-based Symbolic Reachability Analysis

Outline

1 Why logical features in rewriting logic?

2 Rewriting logic in a nutshell

3 Unification modulo axioms

4 Variants in Maude

5 Variant-based Equational Unification

6 Narrowing-based Symbolic Reachability Analysis
Constrained Horn Clauses for Program Verification TPLP 2022

7 Applications
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Narrowing-based Symbolic Reachability Analysis Constrained Horn Clauses for Program Verification TPLP 2022

Ex1 - Constrained Horn Clauses for Program Verification TPLP 2022

mod CHC is protecting NAT-FVP * (op _+_ to _++_, op _>_ to _>>_) .

...

eq (nat V) ; P | M = P | (M (V -> 0)) . --- New Variable

eq (V = E) ; P | M = E ; (V = {}) ; P | M . --- Assignment

eq N ; (V = {}) ; P | M = P | (M (V -> N)) . --- Cont’d

eq V ; P | (M (V -> N)) = N ; P | (M (V -> N)) . --- Variable

eq (E1 > E2) ; P | M = E1 ; E2 ; > ; P | M . --- Comparison

eq N ; E2 ; > ; P | M = E2 ; N ; > ; P | M . --- Cont’d

eq N2 ; N1 ; > ; P | M = (N1 >> N2) ; P | M . --- Cont’d

eq (E1 + E2) ; P | M = E1 ; E2 ; + ; P | M . --- Addition

eq N ; E2 ; + ; P | M = E2 ; N ; + ; P | M . --- Cont’d

eq N2 ; N1 ; + ; P | M = (N1 ++ N2) ; P | M . --- Cont’d

eq E - 1 ; P | M = E ; - ; P | M . --- Predecessor

eq N ; - ; P | M = pred(N) ; P | M . --- Cont’d

eq while E {B} ; P | M = E ; while E {B} ; P | M . --- While

rl true ; while E {B} ; P | M => B ; while E {B} ; P | M [narrowing] .

rl false ; while E {B} ; P | M => P | M [narrowing] .

endm

}
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Ex1 - Constrained Horn Clauses for Program Verification TPLP 2022

int sum_upto(int x) {

int r = 0 ;

while (x > 0) {

r = r + x; x = x - 1; }

return r;

}

This imperative program is translated into a logic program and the Hoare triple

{m ≥ 0}sum = sum upto(m){sum ≥ m}

is satisfied only if the corresponding logic program is satisfiable.
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Outline

6 Narrowing-based Symbolic Reachability Analysis
Constrained Horn Clauses for Program Verification TPLP 2022
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Narrowing-based Symbolic Reachability Analysis Constrained Horn Clauses for Program Verification TPLP 2022

Ex2 - Constrained Horn Clauses for Program Verification TPLP 2022
mod TREE is protecting NAT-FVP .

sort Tree .

op Leaf : -> Tree .

op Node : Nat Tree Tree -> Tree .

vars N M : Nat . vars T L R : Tree .

op minLD : Tree -> Nat .

eq minLD(Leaf) = 0 .

eq minLD(Node(N,L,R)) = 1 + min(minLD(L),minLD(R)) .

rl minLD(Leaf) => 0 [narrowing] .

rl minLD(Node(N,L,R)) => 1 + min(minLD(L),minLD(R)) [narrowing] .

op leftDrop : Nat Tree -> Tree .

eq leftDrop(N,Leaf) = Leaf .

eq leftDrop(0,Node(M,L,R)) = Node(M,L,R) .

eq leftDrop(N + 1,Node(M,L,R)) = leftDrop(N,L) .

rl leftDrop(N,Leaf) => Leaf [narrowing] .

rl leftDrop(0,Node(M,L,R)) => Node(M,L,R) [narrowing] .

rl leftDrop(N + 1,Node(M,L,R)) => leftDrop(N,L) [narrowing] .

endm

}
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Ex2 - Constrained Horn Clauses for Program Verification TPLP 2022

type tree = Leaf | Node of int * tree * tree ;;

let min x y = if x < y then x else y ;;

let rec min-leafdepth t = match t with

| Leaf -> 0

| Node(x,l,r) -> 1+min(min-leafdepth(l),min-leafdepth(r)) ;;

let rec left-drop n t = match t with

| Leaf -> Leaf

| Node(x,l,r) -> if n <= 0 then Node(x,l,r) else left-drop (n-1) l ;;

}

the Tree-Processing program, written in OCaml syntax is translated into a logic program and
the property

∀n, t : n ≥ 0 =⇒ min-leafdepth(left-drop(n, t)) + n) ≥ min-leafdepth(t) (1)

is satisfied only if the corresponding logic program is satisfiable.
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Ex1 - Constrained Horn Clauses for Program Verification TPLP 2022

(X ++ Z) >> 0 ; ... | (r -> R ++ X ++ Z) (x -> X ++ Z)

false

��

true

��
(X’ ++ Z’) >> 0 ; ... | (r -> 1 ++ 1 ++ X’ ++ X’ ++ R’ ++ Z’ ++ Z’) (x -> X’ ++ Z’)

≼E

��

skip | (x -> 0) (r -> R’)

Maude> {fold} vu-narrow {delay, filter}

while (x > 0) {r = r + x ; x = x - 1} | (x -> X ++ Z) (r -> R)

=>*

skip | (x -> W) (r -> X) .

No solution.

rewrites: 79 in 16ms cpu (19ms real) (4725 rewrites/second)
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Applications

Applications
• Variant-based unification itself

• Formal reasoning tools :
• Relying on unification capabilities:

• termination proofs
• proofs of local confluence and coherence

• Relying on narrowing capabilities:
• narrowing-based theorem proving
• testing

• Logical model checking (model checking with logical variables)

• Cryptographic protocol analysis:
• the Maude-NPA tool (narrowing + unification in Maude)
• the Tamarin and AKISS protocol analyzers also use Maude capabilities

• Program transformation: partial evaluation, slicing

• SMT based on narrowing or by variant generation.

• Narrowing-based Theorem Prover NuITP

• Deductive Model Checking DMCheck
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Ex2 - Constrained Horn Clauses for Program Verification TPLP 2022

true xor minLD(T) > minLD(leftDrop(N,T)) + N

T →Leaf ��

N →0,T →Node(M,L,R)

��

N →N’ + 1,T →Node(M,L,R)

��

true true xor minLD(T’) > 1 + minLD(leftDrop(1, T’))

≼E
��

true xor minLD(T’) > N’ + minLD(leftDrop(N’, T’))

≼E

��

Maude> {fold} vu-narrow {delay, filter}

not (minLeafDepth(T) > (minLD(leftDrop(N,T)) + N)) =>* false .

No solution.

rewrites: 19 in 1ms cpu (1ms real) (12541 rewrites/second)
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Thanks

Thank you!

More information in the Maude webpage.
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Introduction
• Inductive theorem proving for equational programs has two problems: 
• Expressiveness. Types and subtypes, conditional equations, and rewriting 

modulo associativity and/or commutativity and/or identity axioms. 
• Scalability. The theorem prover should scale up to large proofs. Tactics, 

auxiliary lemmas, automatic reasoning.
• Maude has been endowed with new symbolic equational reasoning 

techniques during the last 15 years that tackle expressiveness but also 
scalability. 
• Equality predicates, order-sorted conditional narrowing, variant narrowing, 

variant unification, variant satisfiability, and order-sorted congruence 
closure. 

• NuITP is a next-generation inductive theorem prover based on inductive order-
sorted first-order logic. Theoretical foundations in [Meseguer-JLAMP2025].

Outline

1. Introduction
2. Examples
3. Gilbreath’s card trick
4. Inference rules
5. Conclusions

NuITP: An Inductive Theorem 
Prover for Maude

F. Durán1, S. Escobar3, J. Meseguer2, J. Sapiña3
1Universidad de Málaga

2University of Illinois at Urbana-Champaign
3Universitat Politècnica de València
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Peano

order modulo axioms that is total on function symbols by ordering the signature of the input theory
by means of a tagging of each of its operators with a natural number using the metadata attribute
of Maude (see examples in Section 4.5.2 of [2]), so that, say, operator f is bigger than operator g i!
f ’s number is bigger than g’s number. This should be done so that all subsort-oveloaded version of
each operators are annotated with the same number, and di!erent operator symbols are annotated
with di!erent numbers. The way to do this is illustrated in the following example.

Consider the following equational theory in which no RPO order has been specified:

fmod PEANO+ADD-NO-ORDER is

sorts Nat NzNat .

subsorts NzNat < Nat .

op 0 : -> Nat [ ctor ] .

op s_ : Nat -> NzNat [ ctor ] .

op _+_ : Nat Nat -> Nat [ assoc comm ] .

eq N:Nat + 0 = N:Nat .

eq N:Nat + s M:Nat = s(N:Nat + M:Nat) .

endfm

where 0 and s_ are constructor symbols and _+_ is a defined function symbol (defined by recursive
equations). Then, a suitable RPO order for this theory making it terminating is 0 → s_ → _+_.
Thus, to declare this RPO order, starting by the smaller symbol in this order, operators must be
tagged as follows:

fmod PEANO+ADD-WITH-ORDER is

sorts Nat NzNat .

subsorts NzNat < Nat .

op 0 : -> Nat [ ctor metadata "1" ] .

op s_ : Nat -> NzNat [ ctor metadata "2" ] .

op _+_ : Nat Nat -> Nat [ assoc comm metadata "3" ] .

eq N:Nat + 0 = N:Nat .

eq N:Nat + s M:Nat = s(N:Nat + M:Nat) .

endfm

Since we want to specify an RPO order to ensure termination of the equations defining the
module’s functions, any constructor symbol should be annotated with a smaller number than that
of any defined symbol. Furthermore, to ensure that the RPO order is total on B-equivalence classes
of ground terms (which is needed for some NuITP commands), it should never be the case that
two syntactically di!erent (not subsort-overloaded) operators are specified with the same metadata
number declaring their RPO priority. Finally, in the above example we have used 1 as the starting
index, but there is actually no restriction on the choice of the smallest value, provided that it is a
natural number and that the intended order between symbols is preserved.

1.4 Running NuITP

NuITP runs with the latest version of the Maude System (version 3.4),4 which can be downloaded
from the Maude’s website at http://maude.cs.illinois.edu.

The current version of NuITP is distributed as a Maude file, named NuITP.maude. To run the
tool simply load the NuITP.maude file by providing it as an argument when starting the Maude
System or by loading it manually by means of Maude’s load command. Once loaded, the tool
will automatically start. To be able to read from and write into files, Maude requires to be run
with the allow-files or trust flags on (see the Maude manual [2, Chapter 9]). After loading the
NuITP.maude file you should see the tool’s prompt:

4Note that NuITP makes use of some functions declared in the file.maude, so you need to have the MAUDE LIB

environment variable declared and pointing to the folder where that file, together with the prelude and the rest
of the default Maude System files, are located. Alternatively, you can have these files where the Maude binary is
located, or load it manually like any other Maude file.
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Features

• Equational Theories in Maude Ω, 𝐵𝐵Ω, ∅ ⊆ (Σ1, 𝐵𝐵1, 𝐸𝐸1) ⊆ (Σ, 𝐵𝐵, 𝐸𝐸)
• B any combination of associativity (A), commutativity (C) and identity (U)
• E a set of convergent conditional equations
• Constructor subtheory Ω, 𝐵𝐵Ω, ∅ and Finite Variant subtheory Σ1, 𝐵𝐵1, 𝐸𝐸1
• Formulas

• Reduction path ordering (RPO) given by user via annotations
• Generator sets over constructors
• Proof tactics given by user
• Internalization of previously proved auxiliary lemmas
• Automatic Equality Predicate Simplification

PPDP ’24, September 10-11, 2024, Milano, Italy Durán et al.

(⌦, ⌫⌦, ;) is the constructor subtheory and (⌃1, ⌫1, ⇢1) is a con-
vergent modulo ⌫1 subtheory whose equations are unconditional
and have the Finite Variant Property (FVP) [12, 16]. These two
subtheories are, respectively, speci�ed by means of Maude’s ctor
declarations and variant equation attributes (see example in §2.4).
(⌃, ⌫, ⇢) is assumed su�ciently complete with respect to the con-
structor subsignature ⌦ and constructors are assumed free modulo
⌫⌦ . The equations in ⇢ \⇢1 can be conditional, but their conditions
should not have any extra variables in either their righthand side
or condition. No Maude built-in features such as the == equality
predicate or the owise attribute are allowed (please, see [8] for
details).

The formulas allowed in NuITP goals are called multiclauses,
which are formulas of the form:
(F1 = F 0

1 ^ . . . ^F= = F 0
=) !

(D11 = E11_ . . ._D1<1 = E1<1 ) ^ . . .^ (D:1 = E:1 _ . . ._D:<:
= E:<:

)
that condense into a single formula : clauses having the same
condition.

2.1 RPO termination order
The equations ⇢ of an input module fmod (⌃, ⇢ [ ⌫) endfm are
assumed ground convergent and therefore terminating modulo ⌫.
In the process of developing an inductive proof of some property
about such a module, new induction hypotheses 𝐻 are often added
to the module. By making explicit a suitable reduction path or-
der (RPO) ≺ [1] under which the module’s original equations ⇢
are terminating (modulo the axioms ⌫), NuITP can use this RPO
order to automatically identify and orient a subset of executable
hypotheses Æ𝐻exec that are also RPO-terminating under the same
order. Furthermore, by making ≺ a total order on function sym-
bols, two ground terms that are di�erent modulo ⌫ can always be
compared under the ≺ order [43], which is very useful for some
of NuITP’s inference rules. NuITP requires the user to specify an
RPO order by de�ning a total order on the function symbols of
the input module by means of a tagging of each of its operators
with a natural number using the metadata attribute of Maude (see
example in §2.4), so that, say, operator 5 is bigger than operator
6 i� 5 ’s number is bigger than 6’s number. NuITP can then check
the theory’s RPO-termination modulo its axioms for the speci�ed
order using its check rpo command.

2.2 The inductive inference system behind
NuITP

NuITP is based on the inductive inference system developed in [40].
The inference rules of this system transform inductive goals of
the form [-, E, 𝐻 ] � Γ ! ⇤ into sets of goals of the same form,
where [-, E, 𝐻 ] is an inductive theory with E = (⌃, ⇢[⌫) a ground
convergent and su�ciently complete equational theory (the pro-
gram to verify), 𝐻 the current induction hypotheses, and - a set
of Skolem constants used in 𝐻 and Γ ! ⇤; and where Γ ! ⇤
is a ⌃(- )-multiclause, with ⌃(- ) =def ⌃ ] - . An initial goal is
represented as [;, E, ;] � Γ ! ⇤, with Γ ! ⇤ a ⌃-multiclause.

A proof tree is a tree of goals, with the initial goal that we want
to prove at the root of the tree, and where the children of each node
in the tree have been obtained by applying an inference rule in the

usual bottom-up proof search fashion. Goals in the leaves are called
the pending goals. A proof tree is closed if it has no pending goals, i.e.,
if all its leaves are marked with >. The soundness of the inference
system, proved in [40], means that if the goal [-, E, 𝐻 ] � q is
the root of a closed proof tree, then q is valid in the inductive
theory [-, E, 𝐻 ]. To increase its e�ectiveness, the inference system
maintains the invariant that the induction hypotheses 𝐻 in all
inductive theories will always be in simpli�ed form.

The tool provides basic functionality for managing the proof
tree, including commands to show speci�c goals, the open goals,
etc., to apply the inference rules, and for undoing part of the proof.
The tool can also generate �les including the log of the proof or the
state of the prover, which can then be re-entered to redo the proof
or to recover the state, respectively. The tool can also generate
LATEX and HTML �les documenting the state of the prover. As
part of this documentation proof trees are generated, which are
helpful to get a better idea of our proofs. See, e.g., Figures 1-2 as
examples of the generated tree representations. The documentation
generated by the tool for the running example can be found at
https://nuitp.webs.upv.es.

2.3 Generator sets
With the generator set induction inference rule (§3.4), we can in-
duct on a variable of sort B using not only the constructors of sort B
(the so-called structural induction), but also any set of constructor
terms generating B . For ⌦ an order-sorted signature of constructors
satisfying axioms ⌫, decomposable as ⌫ = ⌫0 ]* for * the iden-
tity axioms, a ⌫0-generator set for sort B is a �nite set of ⌦-terms
{D1, . . . , D: } of sort B or less such that for any ground ⌦-term E of
sort B there is an 8 , 1  8  : , and a ground substitution d such the
E =⌫0 D8d .

For example, structural induction on the Peano natural numbers
is achieved by the generator set {0, B (# )} for sort Nat, but the
alternative generator set {0, B (0), B (B (# ))} may be better suited for
verifying some functions. This generator set is speci�ed as “0 ;; s(0)
;; s(s(N:Nat))”.

Generator sets are very useful for constructors that satisfy struc-
tural axioms such as associativity or associativity-commutativity.
For example, assume an equational theory E de�ning multisets
(bags) with sorts Elt < NeMSet < MSet such that the construc-
tor for NeMSet, of non-empty multisets, is the union operator
_[_ : NeMSet NeMSet ! NeMSet, and the constructor for MSet is
the constant empty, with _[_ declared associative, commutative
and with unit element empty. There is also a (non-constructor) over-
loaded operator _[_ : MSet MSet ! MSet with the same attributes.
The generator set empty ;; X:Nat ;; S1:NeMSet U S2:NeMSet sup-
ports structural induction; but empty ;; X:Nat ;; X:Nat U S:NeMSet
is a generator set for sort MSet better suited for many functions.

Onemay use several generator sets for the same sort B , depending
on the various functions that one wishes to reason inductively
about. In NuITP, several generator sets can be de�ned for each
sort, and the user can choose the one best suited for each inference
step. A simple method to check the correctness of generator sets is
explained in [40, §2.9]. The �rst set given for each type is considered
as its default one. Although commands allow the explicit use of any
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NuITP>

Then, we set the module as the current active one.

NuITP> set module PEANO+R .

Module PEANO+R is now active.

Then, we set the goal corresponding to the associativity of the _+_ operator.

NuITP> set goal X:Nat + (Y:Nat + Z:Nat) = (X:Nat + Y:Nat) + Z:Nat .

Initial goal set.

Goal Id: 0

Skolem Ops:

None

Executable Hypotheses:

None

Non-Executable Hypotheses:

None

Goal:

($1:Nat + ($2:Nat + $3:Nat)) = (($1:Nat + $2:Nat) + $3:Nat)

One first observation on the set goal command is that variables are internally renamed.
Commands acting on specific variables must refer to them using their new names.

Once the top goal has been set, with identifier 0, we can start our proof. In this case, the thing
to do is to apply generator-set induction (GSI) on one of the variables. For example, we can apply
it on the variable $3:Nat, using the generator set given by (i) 0 and (ii) s N for N a natural value.
Note that the generator terms in such a set are separated by ;;. Note also that the generator set
0 ;; s(K:Nat) corresponds to the standard induction on the natural numbers.7

NuITP> apply gsi to 0 on $3 with 0 ;; s(K:Nat) .

Generator Set Induction (GSI) applied to goal 0.

Goal Id: 0.1

Skolem Ops:

None

Executable Hypotheses:

None

Non-Executable Hypotheses:

None

Goal:

($1:Nat + ($2:Nat + 0)) = (($1:Nat + $2:Nat) + 0)

Goal Id: 0.2

Skolem Ops:

$4.Nat

Executable Hypotheses:

(($1:Nat + $2:Nat) + $4) => ($1:Nat +($2:Nat + $4))

Non-Executable Hypotheses:

None

Goal:

($1:Nat + ($2:Nat + s $4)) = (($1:Nat + $2:Nat) + s $4)

7Generator sets do not need to be explicitly given in every command requiring one. See Section 2.2 for information
on how to define and use generator sets for the di!erent sorts in your specifications.
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order modulo axioms that is total on function symbols by ordering the signature of the input theory
by means of a tagging of each of its operators with a natural number using the metadata attribute
of Maude (see examples in Section 4.5.2 of [2]), so that, say, operator f is bigger than operator g i!
f ’s number is bigger than g’s number. This should be done so that all subsort-oveloaded version of
each operators are annotated with the same number, and di!erent operator symbols are annotated
with di!erent numbers. The way to do this is illustrated in the following example.

Consider the following equational theory in which no RPO order has been specified:

fmod PEANO+ADD-NO-ORDER is

sorts Nat NzNat .

subsorts NzNat < Nat .

op 0 : -> Nat [ ctor ] .

op s_ : Nat -> NzNat [ ctor ] .

op _+_ : Nat Nat -> Nat [ assoc comm ] .

eq N:Nat + 0 = N:Nat .

eq N:Nat + s M:Nat = s(N:Nat + M:Nat) .

endfm

where 0 and s_ are constructor symbols and _+_ is a defined function symbol (defined by recursive
equations). Then, a suitable RPO order for this theory making it terminating is 0 → s_ → _+_.
Thus, to declare this RPO order, starting by the smaller symbol in this order, operators must be
tagged as follows:

fmod PEANO+ADD-WITH-ORDER is

sorts Nat NzNat .

subsorts NzNat < Nat .

op 0 : -> Nat [ ctor metadata "1" ] .

op s_ : Nat -> NzNat [ ctor metadata "2" ] .

op _+_ : Nat Nat -> Nat [ assoc comm metadata "3" ] .

eq N:Nat + 0 = N:Nat .

eq N:Nat + s M:Nat = s(N:Nat + M:Nat) .

endfm

Since we want to specify an RPO order to ensure termination of the equations defining the
module’s functions, any constructor symbol should be annotated with a smaller number than that
of any defined symbol. Furthermore, to ensure that the RPO order is total on B-equivalence classes
of ground terms (which is needed for some NuITP commands), it should never be the case that
two syntactically di!erent (not subsort-overloaded) operators are specified with the same metadata
number declaring their RPO priority. Finally, in the above example we have used 1 as the starting
index, but there is actually no restriction on the choice of the smallest value, provided that it is a
natural number and that the intended order between symbols is preserved.

1.4 Running NuITP

NuITP runs with the latest version of the Maude System (version 3.4),4 which can be downloaded
from the Maude’s website at http://maude.cs.illinois.edu.

The current version of NuITP is distributed as a Maude file, named NuITP.maude. To run the
tool simply load the NuITP.maude file by providing it as an argument when starting the Maude
System or by loading it manually by means of Maude’s load command. Once loaded, the tool
will automatically start. To be able to read from and write into files, Maude requires to be run
with the allow-files or trust flags on (see the Maude manual [2, Chapter 9]). After loading the
NuITP.maude file you should see the tool’s prompt:

4Note that NuITP makes use of some functions declared in the file.maude, so you need to have the MAUDE LIB

environment variable declared and pointing to the folder where that file, together with the prelude and the rest
of the default Maude System files, are located. Alternatively, you can have these files where the Maude binary is
located, or load it manually like any other Maude file.

7
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NuITP> apply gsi! to 0 on $3 with 0 ;; s(K:Nat) .

Generator Set Induction with Equality Predicate Simplification (GSI!)

applied to goal 0.

Goals 0.1.1 and 0.2.1 have been proved.

qed

Notice that the message indicates that goals 0.1.1 and 0.2.1 have been proved. The applica-
tion of the GSI rule generates goals 0.1 and 0.2. Then, their simplification using EPS produces
these other goals which get proven. We can see all the goals internally generated by using the
show goals . command.

1.7 Proving commutativity of addition

In this section, we present a proof of the commutativity of addition as defined in the PEANO+R

module. We can begin by setting the module as the active one, and then setting the goal to prove.

NuITP> set module PEANO+R .

Module PEANO+R is now active.

NuITP> set goal (X:Nat + Y:Nat = Y:Nat + X:Nat) .

Initial goal set.

Goal Id: 0

Skolem Ops:

None

Executable Hypotheses:

None

Non-Executable Hypotheses:

None

Goal:

($1:Nat + $2:Nat) =($2:Nat + $1:Nat)

Given this goal, we may begin by attempting to apply generator-set induction on one of the
variables, say $1:Nat, using the generator set we have already used in previous proofs.

NuITP> apply gsi! to 0 on $1 with 0 ;; s K:Nat .

Generator Set Induction with Equality Predicate Simplification (GSI!)

applied to goal 0.

Goal Id: 0.1.1

Skolem Ops:

None

Executable Hypotheses:

None

Non-Executable Hypotheses:

None

Goal:

$2:Nat =(0 + $2:Nat)

Goal Id: 0.2.1

Skolem Ops:

$3.Nat

Executable Hypotheses:

None

Non-Executable Hypotheses:

($3 + $2:Nat) = ($2:Nat + $3)

Goal:
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s($2:Nat + $3) = (s $3 + $2:Nat)

In this case, the goals produced by the GSI rule are not proven after their simplification, and
we are left with goals 0.1.1 and 0.2.1. We can try to solve them by using induction again. Let
us begin with Goal 0.1.1.

NuITP> apply gsi! to 0.1.1 on $2 with 0 ;; s K:Nat .

Generator Set Induction with Equality Predicate Simplification (GSI!)

applied to goal 0.1.1.

Goals 0.1.1.1.1 and 0.1.1.2.1 have been proved.

Unproved goals:

Goal Id: 0.2.1

Skolem Ops:

$3.Nat

Executable Hypotheses:

None

Non-Executable Hypotheses:

($3 + $2:Nat) =($2:Nat + $3)

Goal:

s($2:Nat + $3) =(s $3 + $2:Nat)

Total unproved goals: 1

Goal 0.1.1 has been automatically discharged, and we are left with Goal 0.2.1.

NuITP> apply gsi! to 0.2.1 on $2 with 0 ;; s K:Nat .

Generator Set Induction with Equality Predicate Simplification (GSI!)

applied to goal 0.2.1.

Goals 0.2.1.1.1 and 0.2.1.2.1 have been proved.

qed

An interesting thing about this proof is that the goals are discharged thanks to the application
of non-executable hypotheses handled by a form of ordered rewriting that orients them using the
given RPO (see [7]). Again, we can ask the tool to print all internal goals with the show goals .

or show goal <goal-id> . commands.

1.8 Proving program equivalence

Using NuITP, we can prove that the PEARNO+R module presented in Section 1.5 and the module
PEANO+L below are equivalent, that is, that they compute the same addition function. We can do
so by proving in PEARNO+R the axioms in PEANO+L and vice versa.8

set include BOOL off .

fmod PEANO+L is

sorts Nat NzNat .

subsorts NzNat < Nat .

op 0 : -> Nat [ ctor metadata "1" ] .

op s_ : Nat -> NzNat [ ctor metadata "2" ] .

op _+_ : Nat Nat -> Nat [ metadata "3" ] .

8For a general notion of equivalence between equational programs and a justification of the proof method see:
J. Meseguer, Lecture 14, Lectures Notes for CS 476, Fall 2022, University of Illinois at Urbana-Champaign, available
at https://courses.grainger.illinois.edu/CS476/fa2022/#lecture-14-11th-oct.
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(0 = $2:Nat) /\ s($2:Nat) = $1:Nat * $1:Nat

-> ($1:Nat = $1:Nat * $1:Nat) /\ s($2:Nat + $1:Nat) = $1:Nat + $1:Nat * $1:Nat

The execution of this command ends with the generation of a new goal, result of the simplifi-
cation of the previous one.

Note that, just by equality predicate simplification, the prover was able to find out that, for the
equality in the condition to be true, the variable Y:Nat ($2:Nat) must be equal to 0 (0 = $2:Nat).
The rule has simplified a complex clause that used multiplication, addition, power, and ordered
and unordered pairs into a much simpler multiclause that only uses addition and multiplication
operations.

4.2 Associativity of list concatenation

Consider the following module that specifies the natural numbers in Peano notation, a constructor
symbol _;_ that builds lists of numbers (with nil representing the empty list), and a symbol _@_
for list concatenation.

fmod LIST-APPEND is

sorts Nat List .

op 0 : -> Nat [ ctor metadata "1" ] .

op s : Nat -> Nat [ ctor metadata "2" ] .

op nil : -> List [ ctor metadata "3" ] .

op _;_ : Nat List -> List [ ctor metadata "4" ] .

op _@_ : List List -> List [ metadata "5" ] .

eq nil @ L:List = L:List .

eq (N:Nat ; L:List) @ Q:List = N:Nat ; (L:List @ Q:List) .

endfm

As usual, first we set our module as the active module:

NuITP> set module LIST-APPEND .

We want to prove that list concatenation is associative, that is, that the _@_ operator is asso-
ciative. We first set the following goal as the initial goal:

NuITP> set goal (L:List @ P:List) @ Q:List = L:List @ (P:List @ Q:List) .

Initial goal set.

Goal Id: 0

Skolem Ops:

None

Executable Hypotheses:

None

Non-Executable Hypotheses:

None

Goal:

($1:List @ ($2:List @ $3:List)) = (($1:List @ $2:List) @ $3:List)

For the application of the GSI rule, we need to decide on which variable of the initial goal’a
clause we are going to apply the GSI induction principle. Let us apply it on variable L:List.
We also need to think about a suitable generator set for that variable, which is of the List sort.
For this example, we can use nil ;; (m:Nat ; R:List) as our generator set, since any ground
constructor term instantiating L:List must be either the empty list or a list consisting of a natural
number as the head and another list as the tail. Note that the di!erent alternatives in our generator
set are separated by using a double semicolon.

We are now ready to apply the GSI rule as follows:
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(0 = $2:Nat) /\ s($2:Nat) = $1:Nat * $1:Nat

-> ($1:Nat = $1:Nat * $1:Nat) /\ s($2:Nat + $1:Nat) = $1:Nat + $1:Nat * $1:Nat

The execution of this command ends with the generation of a new goal, result of the simplifi-
cation of the previous one.

Note that, just by equality predicate simplification, the prover was able to find out that, for the
equality in the condition to be true, the variable Y:Nat ($2:Nat) must be equal to 0 (0 = $2:Nat).
The rule has simplified a complex clause that used multiplication, addition, power, and ordered
and unordered pairs into a much simpler multiclause that only uses addition and multiplication
operations.

4.2 Associativity of list concatenation

Consider the following module that specifies the natural numbers in Peano notation, a constructor
symbol _;_ that builds lists of numbers (with nil representing the empty list), and a symbol _@_
for list concatenation.

fmod LIST-APPEND is

sorts Nat List .

op 0 : -> Nat [ ctor metadata "1" ] .

op s : Nat -> Nat [ ctor metadata "2" ] .

op nil : -> List [ ctor metadata "3" ] .

op _;_ : Nat List -> List [ ctor metadata "4" ] .

op _@_ : List List -> List [ metadata "5" ] .

eq nil @ L:List = L:List .

eq (N:Nat ; L:List) @ Q:List = N:Nat ; (L:List @ Q:List) .

endfm

As usual, first we set our module as the active module:

NuITP> set module LIST-APPEND .

We want to prove that list concatenation is associative, that is, that the _@_ operator is asso-
ciative. We first set the following goal as the initial goal:

NuITP> set goal (L:List @ P:List) @ Q:List = L:List @ (P:List @ Q:List) .

Initial goal set.

Goal Id: 0

Skolem Ops:

None

Executable Hypotheses:

None

Non-Executable Hypotheses:

None

Goal:

($1:List @ ($2:List @ $3:List)) = (($1:List @ $2:List) @ $3:List)

For the application of the GSI rule, we need to decide on which variable of the initial goal’a
clause we are going to apply the GSI induction principle. Let us apply it on variable L:List.
We also need to think about a suitable generator set for that variable, which is of the List sort.
For this example, we can use nil ;; (m:Nat ; R:List) as our generator set, since any ground
constructor term instantiating L:List must be either the empty list or a list consisting of a natural
number as the head and another list as the tail. Note that the di!erent alternatives in our generator
set are separated by using a double semicolon.

We are now ready to apply the GSI rule as follows:
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By displaying the qed acronym (quod erat demonstrandum) the prover indicates that the proof
has been completed, since both subgoals have been proved and no more goals remain unproved.

Note that, instead of applying the GSI rule and then the EPS one to each subgoal after setting
our initial goal, we could have applied the GSI! rule, which automatically simplifies the resulting
goals by using the EPS rule:

NuITP> apply gsi! to 0 on $1 with nil ;; (m:Nat ; R:List) .

Generator Set Induction with Equality Predicate Simplification (GSI!) applied to

goal 0.

Goals 0.1.1 and 0.2.1 have been proved.

qed

As we have shown, the GSI rule is a powerful induction rule that can help prove certain goals
easily. However, its correctness heavily relies on the correctness of the provided generator set,
meaning that a faulty or incomplete one that does not cover all possible values for our chosen
variable will result in a faulty or incomplete proof.

4.3 Reversing (non-empty) lists

In this example, we will show how to combine rules EPS and GSI with the narrowing induction
rule NI.

Consider the following equational theory encoding an associative constructor symbol __ for
non-empty lists of elements, and a predicate rev that reverses such lists.

fmod REVERSING-LISTS is

sorts Elt List .

subsort Elt < List .

op __ : List List -> List [ ctor assoc metadata "1" ] .

op rev : List -> List [ metadata "2" ] .

eq rev(X:Elt) = X:Elt .

eq rev(X:Elt L:List) = rev(L:List) X:Elt .

endfm

We begin by setting our functional module as the active module:

NuITP> set module REVERSING-LISTS .

We want to prove that the reverse of a list of the form Q:List Y:Elt is equal to the element
Y:Elt concatenated with the reverse of the list Q:List. For that we set our goal as follows:

NuITP> set goal rev(Q:List Y:Elt) = Y:Elt rev(Q:List) .

Initial goal set.

Goal Id: 0

Skolem Ops:

None

Executable Hypotheses:

None

Non-Executable Hypotheses:

None

Goal:

rev($1:List $2:Elt) = $2:Elt rev($1:List)

We could try using the GSI rule, but instead we use narrowing induction by applying the NI

rule on the subterm rev($1:List $2:Elt) of the clause:
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Commutativity and associativity of addition in one shot

Commutativity and associativity of addition in one shot
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Partial group embedding problem

Trevor Evans 1953

The uniform word problem in a class is Turing equivalent to the problem of
deciding if partial algebras complete to full algebras in the class

Groups

The uniform word problem for groups is undecidable (Novikov 1955, Boone
1958). The uniform word problem for finite groups is undecidable (Slobodskoı̆
1982)

In the particular case of groups, we may interpret “complete to full algebras” in a
very flexible way

12

Methods

11

Some example open problems on decidability of representability

• The finite representability problem for {;, ·} (Bredikhin and Schein 1978)

• {;,+} (Andreka 1990s)

• {;,⌣} (Schein 1974)

• {;,≤, 1′} (Hirsch, 2005)

Theorem from Schein 1974

The free involuted semigroup is representable as binary relations

These either involve ⌣ but don’t seem amenable to the tiling method, or avoid ⌣

but seem incapable of fully encoding the the partial group embedding problem. All
are nontrivial

10
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13

13

Partial group embedding problem

Trevor Evans 1953

The uniform word problem in a class is Turing equivalent to the problem of
deciding if partial algebras complete to full algebras in the class

Groups

The uniform word problem for groups is undecidable (Novikov 1955, Boone
1958). The uniform word problem for finite groups is undecidable (Slobodskoı̆
1982)

In the particular case of groups, we may interpret “complete to full algebras” in a
very flexible way

12
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15

15

That 7-element example with 12 coloured squares is from Dietrich and Wanless
2018, after a 10-element example with 26 coloured squares in Hirsch and J (2012)

14
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Square partial groups

Square partial group A

There is e ∈ A and a subset
√

A ⊆ A with

1. e · x = x · e = x for x ∈
√

A

2. x · y if and only if x , y ∈
√

A or e ∈ {x , y}
3. for each x ∈

√
A there is x ′ with xx ′ = e = x ′x

4.
√

A ·
√

A = A

√
A

√
A A

16

15

15
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Green’s relations

Definition: L (with R defined dually)

a ≤L b if ∃x xb = a. Define the binary relation L by

a L b ⇐⇒ a ≤L b and b ≤L a

Definition: H

H = L ∩ R

17

Square partial groups

Square partial group A

There is e ∈ A and a subset
√

A ⊆ A with

1. e · x = x · e = x for x ∈
√

A

2. x · y if and only if x , y ∈
√

A or e ∈ {x , y}
3. for each x ∈

√
A there is x ′ with xx ′ = e = x ′x

4.
√

A ·
√

A = A

√
A

√
A A

Theorem: the following are recursively inseparable

• finite square partial groups A that do not embed into a group

• finite square partial groups A that embed into finite groups

16

Square partial groups

Square partial group A

There is e ∈ A and a subset
√

A ⊆ A with

1. e · x = x · e = x for x ∈
√

A

2. x · y if and only if x , y ∈
√

A or e ∈ {x , y}
3. for each x ∈

√
A there is x ′ with xx ′ = e = x ′x

4.
√

A ·
√

A = A

√
A

√
A A

Theorem: the following are undecidable

Input: a square partial group A

• does A embed into a group?

• does A embed into a finite group?
16
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Split system as a semigroup

Split system A

{a12 | a ∈
√

A} ∪ {a23 | a ∈
√

A} ∪ {a13 | a ∈ A} ∪ {aii | a = e}

with multiplication aij · ajk = aik

Note that if A is an actual group, then
√

A = A and we could define a21, a32, a31 as
well and obtain a Brandt groupoid B3(A) with inverses: (aij)

⌣ = a−1
ji

As a semigroup S(A)

Add a 0 and let all undefined products be 0. Note that aij ≤L ejj and aij ≤R eii

19

Split system as a semigroup

Split system A

{a12 | a ∈
√

A} ∪ {a23 | a ∈
√
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with multiplication aij · ajk = aik
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√

A = A and we could define a21, a32, a31 as
well and obtain a Brandt groupoid B3(A) with inverses: (aij)

⌣ = a−1
ji

19

Split systems

Given a square partial group A

Split system A

{a12 | a ∈
√

A} ∪ {a23 | a ∈
√

A} ∪ {a13 | a ∈ A} ∪ {aii | a = e}

with multiplication aij · ajk = aik

Theorem (Sapir, 1997)

It is undecidable to determine, given a split system A, if there is a semigroup
embedding A in which {aij | a ∈ A} lie within an H class for each i , j ∈ {1, 2, 3}

18
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As binary relations

0 1

2

a

· e a b
e e a b
a a b e
b b e a

21

Example

· e a b
e e a b
a a b e
b b e a

becomes

· e1 a1 b1 e2 a2 b2 e3 a3 b3

e1 0 0 0 e3 a3 b3 0 0 0
a1 0 0 0 a3 b3 e3 0 0 0
b1 0 0 0 b3 e3 c3 0 0 0

20

Example

· e a b
e e a b
a a b e
b b e a

20
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As binary relations

0 1
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As binary relations

0 1

2

a
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e e a b
a a b e
b b e a
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2
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e e a b
a a b e
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As binary relations
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As binary relations

0 1

2

a

· e a b
e e a b
a a b e
b b e a

becomes

01 11

21

02

12

22

03

13

23

a1 a2 21

As binary relations

0 1

2

a

· e a b
e e a b
a a b e
b b e a

becomes

01
11

21

02

12

22

03

13

23

a1 a2 21

As binary relations

0 1

2

a

· e a b
e e a b
a a b e
b b e a

becomes

01

11

21

02

12

22

03

13

23

a1 a2 21



233

Critical observation for some elements e, a

If e; a = e then e ≤L a.
If e; 1 = a; 1 and e, a are known to represent as injective partial functions, then
e L a

Only “injective partial functions” is not abstract. This focusses on methods to force
certain elements to be representable as injective partial functions

Tricks for defining a as an “injective partial functions”

• a; a⌣ ≤ 1′ and a⌣; a ≤ 1′ (too obvious to be a trick!)

• ((a ; 0′) · a = 0 & (0′ ; a) · a = 0) (Hirsch and Jackson, 2011)

• ((−(a ;−1′)) ; 1 ; (−(−1′ ; a)) = 1) & 1 ; 1 = 1 & −1 ;−1 = −1 & . . .

(new trick for Hirsch, J and Šemrl 2025)
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Generalised kernels

Consider the relation algebraic terms KL,n(x) := (x ; x⌣)n and KR,n := (x⌣ ; x)n
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Generalised kernels

Consider the relation algebraic terms KL,n(x) := (x ; x⌣)n and KR,n := (x⌣ ; x)n

Observation

The operations KL,n and KR,n do have an obvious definition in S(A), even if ⌣

itself does not:
KL,n(aij) = eii and KR,n(aij) = ejj

An H-embedding

If S(A) is isomorphic to a system of binary relations respecting KL,n and KR,n,
then A embeds into a group (an undecidable problem)

Proof: we know that eii ≥R aij from before.
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Generalised kernels

Consider the relation algebraic terms KL,n(x) := (x ; x⌣)n and KR,n := (x⌣ ; x)n

Observation

The operations KL,n and KR,n do have an obvious definition in S(A), even if ⌣

itself does not:
KL,n(aij) = eii and KR,n(aij) = ejj

Idea: if (aij)
⌣ were to equal (a−1)ji , then aij ; (aij)

⌣ = aij ; (a−1)ji = (aa−1)ii = eii
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If and only if

An H-embedding (from previous slide)

If S(A) is isomorphic to a system of binary relations respecting KL,n and KR,n,
then A embeds into a group

Converse direction

S(A) is isomorphic to a system of binary relations respecting KL,n and KR,n, if A
embeds into a group

Proof: this is just because if A completes to G, then S(A) embeds in the Brandt
semigroup B3(G) which is representable, even as injective partial functions

24

Generalised kernels

Consider the relation algebraic terms KL,n(x) := (x ; x⌣)n and KR,n := (x⌣ ; x)n

Observation

The operations KL,n and KR,n do have an obvious definition in S(A), even if ⌣

itself does not:
KL,n(aij) = eii and KR,n(aij) = ejj

An H-embedding

If S(A) is isomorphic to a system of binary relations respecting KL,n and KR,n,
then A embeds into a group (an undecidable problem)

Proof: we know that eii ≥R aij from before. But eii = (aij ; (aij)
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Weaker and weaker signatures

Theorem

The only terms expressible in {KL,2n ,KR,2n , ;} for all n are those that are
expressible in {;} (that is, semigroups)

25

Weaker and weaker signatures

Obviously {KL,2n+1 ,KR,2n+1 , ;} are term functions in {KL,2n ,KR,2n , ;}, so we have an
infinite descending chain of weaker (?) and weaker signatures having
undecidability of representability
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Weaker and weaker signatures

Theorem

The only terms expressible in {KL,2n ,KR,2n , ;} for all n are those that are
expressible in {;} (that is, semigroups)

Proof. Every term t(x1, . . . , xn) in {KL,2n ,KR,2n , ;} is a term in {;,⌣} so can be
expressed as a semigroup word in the alphabet {x1, . . . , xn, x⌣

1 , . . . , x⌣
n }.

By Schein’s Theorem (free involuted semigroup is representable), such a
representation is unique.
The length of any term involving KL,m or KR,m is at least 2m under this “norm”.
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Weaker and weaker signatures

Theorem

The only terms expressible in {KL,2n ,KR,2n , ;} for all n are those that are
expressible in {;} (that is, semigroups)

Proof. Every term t(x1, . . . , xn) in {KL,2n ,KR,2n , ;} is a term in {;,⌣} so can be
expressed as a semigroup word in the alphabet {x1, . . . , xn, x⌣

1 , . . . , x⌣
n }.

By Schein’s Theorem (free involuted semigroup is representable), such a
representation is unique.
The length of any term involving KL,m or KR,m is at least 2m under this “norm”.
So a term expressible in {KL,2n ,KR,2n , ;} for all n must involve ; only

25
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Anatomy of a Maude specification

Terms and equations

Rewriting rules

Rewriting strategies

Maude

�������������������/
��� �elcome to Maude ���
/�������������������

https://maude.cs.illinois.edu

• Maude is a high‑level language and high‑performance system.

• It supports both equational and rewriting logic computation.

• It is a flexible and general semantic framework for giving semantics
to a wide range of languages andmodels of concurrency.

• It is also a good logical framework, i.e., a metalogic in which many
other logics can be naturally represented and implemented.

• Moreover, it is reflective allowing many advancedmetaprogramming
andmetalanguage applications.

Strategies, qualitative and quantitative
model checking in Maude

Narciso Martí‑Oliet, Rubén Rubio

Universidad Complutense de Madrid

LAC 2025 — October 2, 2025, Fukuoka, Japan
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Anatomy of a Maude specification

• A rewrite theoryℛ = (Σ, 𝐸𝐸 𝐸 𝐸𝐸𝐸 𝐸𝐸𝐸 adds rewrite rules 𝑅𝑅 on top
of the equational theory.

• Rules do not need to be either confluent or terminating.

(∀𝑋𝑋𝑋 𝑋𝑋 𝑋 𝑋𝑋′ if ⋀
𝑖𝑖
𝑢𝑢𝑖𝑖 = 𝑣𝑣𝑖𝑖 ∧⋀

𝑗𝑗
𝑢𝑢𝑗𝑗 ∶ 𝑠𝑠𝑗𝑗 ∧⋀

𝑘𝑘
𝑢𝑢𝑘𝑘 ⇒ 𝑣𝑣𝑘𝑘

Anatomy of a Maude specification

• Order‑sorted signatureΩ = (𝐾𝐾𝐾 𝐾𝐾 𝐾𝐾𝐾.
• Equations andmembership axioms

(∀𝑋𝑋𝑋 𝑡𝑡 𝑡 𝑡𝑡′
𝑡𝑡 𝑡 𝑡𝑡 if ⋀

𝑖𝑖
𝑢𝑢𝑖𝑖 = 𝑣𝑣𝑖𝑖 ∧⋀

𝑗𝑗
𝑢𝑢𝑗𝑗 ∶𝑠𝑠 𝑗𝑗

• Operator axioms, like commutativity, associativity, and
identity.

Anatomy of a Maude specification

Terms and equations

Rewriting rules

Rewriting strategies
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Design and first prototype 2004‑2006

Towards a Strategy Language for Maude ⋆

Narciso Mart́ı-Olieta, José Meseguerb, and Alberto Verdejoa

a Facultad de Informática, UCM, Madrid, Spain

b Department of Computer Science, UIUC, Urbana-Champaign, USA

Deduction, Strategies, and Rewriting

Steven Ekera, Narciso Mart́ı-Olietb, José Meseguerc, and

Alberto Verdejob

a Computer Science Laboratory, SRI International, Menlo Park, CA, USA

b Facultad de Informática, Universidad Complutense de Madrid, Spain
c Department of Computer Science, University of Illinois at Urbana-Champaign, IL, USA

2004

2006

Earlier strategy languages and reflection 1993‑

Stratego Tom ρLog

Porgy
1993 2001

2009

Reeection and Strategies in Rewriting Logic �

Manuel Clavel and Jos�e Meseguer

Computer Science Laboratory

SRI International

c� ���� E�lrsir� v�ire�r �c �c

Earlier strategy languages and reflection 1993‑

Stratego Tom ρLog

Porgy
1993 2001

2009

Reeection and Strategies in Rewriting Logic �

Manuel Clavel and Jos�e Meseguer

Computer Science Laboratory

SRI International

c� ���� E�lrsir� v�ire�r �c �c
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Plan of the talk

① The language

② Examples

③ Model checking

④ Probabilistic extension

⑤ Probabilistic and statistical model checking

Examples with the Maude strategy language

maude.ucm.es/strategies

Language semantics

• λ‑calculus
• Prolog (negation and cut)
• Eden
• CCS

Concurrency problems

• Lamport’s bakery
• Dining philosophers

Algorithms & deduction

• Equational completion
• SAT solving
• Simplex algorithm
• Sudoku solver

Computational models

• Membrane systems
• Population protocols

The strategy language in Core Maude 2020

ıMoudE E
maude.cs.illinois.edu

Journal of Logical and Algebraic Methods in Programming 110 (2020) 100497

Programming and symbolic computation in Maude

Francisco Durán a, Steven Eker b, Santiago Escobar c, Narciso Martí-Oliet d,∗, 
José Meseguer e, Rubén Rubio d, Carolyn Talcott b

a Universidad de Málaga, Spain
b SRI International, CA, USA

c Universitat Politècnica de València, Spain
d Universidad

 
Complutense

 
de

 
Madrid,

 
Spain

e University of Illinois at Urbana-Champaign, IL, USA
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Example — Crossing the river

fmod RIVER is
sort River Side Group .
subsort Side < Group .

ops left right : -> Side [ctor] .
ops shepherd wolf goat cabbage : -> Group [ctor] .

ops __ : Group Group -> Group [ctor assoc comm prec 40] .
op _|_ : Group Group -> River [ctor comm] .

op initial : -> River .
eq initial = left shepherd wolf goat cabbage | right .

endfm

Introductory example — Crossing the river

The Maude strategy language
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Example — Crossing the river

fmod RIVER is
sort River Side Group .
subsort Side < Group .

ops left right : -> Side [ctor] .
ops shepherd wolf goat cabbage : -> Group [ctor] .

ops __ : Group Group -> Group [ctor assoc comm prec 40] .
op _|_ : Group Group -> River [ctor comm] .

op initial : -> River .
eq initial = left shepherd wolf goat cabbage | right .

endfm

Example — Crossing the river

fmod RIVER is
sort River Side Group .
subsort Side < Group .

ops left right : -> Side [ctor] .
ops shepherd wolf goat cabbage : -> Group [ctor] .

ops __ : Group Group -> Group [ctor assoc comm prec 40] .
op _|_ : Group Group -> River [ctor comm] .

op initial : -> River .
eq initial = left shepherd wolf goat cabbage | right .

endfm

Example — Crossing the river

fmod RIVER is
sort River Side Group .
subsort Side < Group .

ops left right : -> Side [ctor] .
ops shepherd wolf goat cabbage : -> Group [ctor] .

ops __ : Group Group -> Group [ctor assoc comm prec 40] .
op _|_ : Group Group -> River [ctor comm] .

op initial : -> River .
eq initial = left shepherd wolf goat cabbage | right .

endfm
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Example — Crossing the river

mod RIVER-CROSSING is
protecting RIVER .

vars G G' : Group .

rl [wolf-eats] : goat wolf G | shepherd G' ��
wolf G | shepherd G' .

rl [goat-eats] : cabbage goat G | shepherd G' ��
goat G | shepherd G' .

rl [alone] : shepherd G | G' �� G | shepherd G' .
rl [wolf] : shepherd wolf G | G' �� G | shepherd wolf G' .
rl [goat] : shepherd goat G | G' �� G | shepherd goat G' .
rl [cabbage] : shepherd cabbage G | G'

�� G | shepherd cabbage G' .
endm

Example — Crossing the river

mod RIVER-CROSSING is
protecting RIVER .

vars G G' : Group .

rl [wolf-eats] : goat wolf G | shepherd G' ��
wolf G | shepherd G' .

rl [goat-eats] : cabbage goat G | shepherd G' ��
goat G | shepherd G' .

rl [alone] : shepherd G | G' �� G | shepherd G' .
rl [wolf] : shepherd wolf G | G' �� G | shepherd wolf G' .
rl [goat] : shepherd goat G | G' �� G | shepherd goat G' .
rl [cabbage] : shepherd cabbage G | G'

�� G | shepherd cabbage G' .
endm

Example — Crossing the river

mod RIVER-CROSSING is
protecting RIVER .

vars G G' : Group .

rl [wolf-eats] : goat wolf G | shepherd G' ��
wolf G | shepherd G' .

rl [goat-eats] : cabbage goat G | shepherd G' ��
goat G | shepherd G' .

rl [alone] : shepherd G | G' �� G | shepherd G' .
rl [wolf] : shepherd wolf G | G' �� G | shepherd wolf G' .
rl [goat] : shepherd goat G | G' �� G | shepherd goat G' .
rl [cabbage] : shepherd cabbage G | G'

�� G | shepherd cabbage G' .
endm
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Rule application

label

Maude> srew shepherd left | shepherd right using alone .

• shepherd shepherd left | right
• left | shepherd shepherd right

Rule application

label

Maude> srewrite shepherd left | shepherd right using alone .

Solution 1
result River: shepherd shepherd left | right

Solution 2
result River: left | shepherd shepherd right

No more solutions.

Rule application

label
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Rule application

label [𝑥𝑥1 �� 𝑡𝑡1,…,𝑥𝑥𝑛𝑛 �� 𝑡𝑡𝑛𝑛]

Maude> srew shepherd left | shepherd right
using al�ne[� �� left] .

• left | shepherd shepherd right rl shepherd left | ���

Rule application

all

Maude> srew shepherd wolf left | right using all .

• wolf left | shepherd right rl [alone]
• left | shepherd wolf right rl [wolf]

Rule application

all

Maude> srew shepherd wolf left | right using all .

• wolf left | shepherd right
• left | shepherd wolf right



250

Rule application

label [𝑥𝑥1 �� 𝑡𝑡1,…,𝑥𝑥𝑛𝑛 �� 𝑡𝑡𝑛𝑛]

crl 𝑙𝑙 𝑙𝑥𝑥𝑥 �� 𝑟𝑟 𝑟𝑥𝑥𝑥 𝑦𝑦𝑦 if 𝐶𝐶𝐶𝑥𝑥𝑥 𝑦𝑦𝑦 [nonexec] .

rl [replace] : G �� G' [nonexec] .

Maude> srew goat wolf using replace[G' �� cabbage] .
• cabbage

• goat cabbage
• cabbage wolf

Rule application

label [𝑥𝑥1 �� 𝑡𝑡1,…,𝑥𝑥𝑛𝑛 �� 𝑡𝑡𝑛𝑛]

crl 𝑙𝑙 𝑙𝑥𝑥𝑥 �� 𝑟𝑟 𝑟𝑥𝑥𝑥 𝑦𝑦𝑦 if 𝐶𝐶𝐶𝑥𝑥𝑥 𝑦𝑦𝑦 [nonexec] .

rl [replace] : G �� G' [nonexec] .

Maude> srew goat wolf using replace[G' �� cabbage] .
• cabbage

• goat cabbage
• cabbage wolf

Rule application

label [𝑥𝑥1 �� 𝑡𝑡1,…,𝑥𝑥𝑛𝑛 �� 𝑡𝑡𝑛𝑛]

Maude> srew shepherd left | shepherd right
using al�ne[� �� right] .

• shepherd shepherd left | right rl shepherd right | ���
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Rule application

label [𝑥𝑥1 �� 𝑡𝑡1,…,𝑥𝑥𝑛𝑛 �� 𝑡𝑡𝑛𝑛]{𝛼𝛼1,…, 𝛼𝛼𝑚𝑚}

crl 𝑙𝑙 �� 𝑟𝑟 if 𝐶𝐶 ⋀ 𝑙𝑙1 �� 𝑟𝑟1 ⋀ 𝐶𝐶′ .

Rule application

top(𝛽𝛽)

crl 𝑙𝑙 𝑙𝑥𝑥𝑥 �� 𝑟𝑟 𝑟𝑥𝑥𝑥 𝑦𝑦𝑦 if 𝐶𝐶𝐶𝑥𝑥𝑥 𝑦𝑦𝑦 [nonexec] .

rl [replace] : G �� G' [nonexec] .

Maude> srew goat wolf using top(replace[G' �� cabbage]) .
• cabbage

• goat cabbage
• cabbage wolf

Rule application

label [𝑥𝑥1 �� 𝑡𝑡1,…,𝑥𝑥𝑛𝑛 �� 𝑡𝑡𝑛𝑛]

crl 𝑙𝑙 𝑙𝑥𝑥𝑥 �� 𝑟𝑟 𝑟𝑥𝑥𝑥 𝑦𝑦𝑦 if 𝐶𝐶𝐶𝑥𝑥𝑥 𝑦𝑦𝑦 [nonexec] .

rl [replace] : G �� G' [nonexec] .

Maude> srew goat wolf using replace[G' �� cabbage] .
• cabbage
• goat cabbage
• cabbage wolf
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Tests

match 𝑃𝑃 s.t. 𝐶𝐶

Maude> srew goat | goat using �at�� � | �� s.t. � �� �� .

No solution.

Tests

match 𝑃𝑃 s.t. 𝐶𝐶

Maude> srew left | right using �at�h � | �� s.t. � �� �� .

• left | right

Tests

match 𝑃𝑃 s.t. 𝐶𝐶

Maude>
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Concatenation

𝛼𝛼 ; 𝛽𝛽

Tests

amatch 𝑃𝑃 s.t. 𝐶𝐶

Maude> srew left wolf | right using amatch wolf .

• left wolf | right

Tests

xmatch 𝑃𝑃 s.t. 𝐶𝐶

Maude> srew wolf goat cabbage using xmatch wolf cabbage .

• wolf goat cabbage
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One solution

one(𝛼𝛼)

Maude> srew shepherd left | shepherd right using one(alone)
.

• left | shepherd shepherd right

Concatenation

𝛼𝛼 ; 𝛽𝛽

Maude> srew shepherd left | wolf right using alone ; wolf .

• shepherd wolf left | right

Concatenation

𝛼𝛼 ; 𝛽𝛽

Maude> srew shepherd left | wolf right using alone .

• left | shepherd wolf right
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Regular expressions

𝛼𝛼 * idle fail

Maude> srew wolf goat goat | shepherd using wolf-eats + .

• wolf goat goat | shepherd
• wolf goat | shepherd
• wolf | shepherd

Regular expressions

𝛼𝛼 * idle fail

Maude> srew wolf goat goat | shepherd using wolf-eats * .

• wolf goat goat | shepherd
• wolf goat | shepherd
• wolf | shepherd

Disjunction

𝛼𝛼 | 𝛽𝛽

Maude> srew shepherd wolf goat left | right
using wolf | goat .

• goat left | shepherd wolf right
• wolf left | shepherd goat right
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Regular expressions

𝛼𝛼 * idle fail

Maude> srew shepherd using fail .

No solution.

Regular expressions

𝛼𝛼 * idle fail

Maude> srew shepherd using idle .

• shepherd

Regular expressions

𝛼𝛼 * idle fail

Maude> srew wolf goat goat | shepherd using wolf-eats ! .

• wolf goat goat | shepherd
• wolf goat | shepherd
• wolf | shepherd
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Conditionals

𝛼𝛼 ? 𝛽𝛽 : 𝛾𝛾

𝛼𝛼 or-else 𝛽𝛽 𝛽 𝛽𝛽 ? idle : 𝛽𝛽
try(𝛼𝛼) ≡ 𝛼𝛼 ? idle : idle
not(𝛼𝛼) ≡ 𝛼𝛼 ? fail : idle
test(𝛼𝛼) ≡ not(not(𝛼𝛼))

Conditionals

𝛼𝛼 ? 𝛽𝛽 : 𝛾𝛾

Maude> srew wolf goat shepherd left | right
using wolf-eats ? idle : alone .

• wolf goat left | shepherd right

Conditionals

𝛼𝛼 ? 𝛽𝛽 : 𝛾𝛾

Maude> srew wolf goat left | shepherd right
using wolf-eats ? idle : alone .

• wolf left | shepherd right
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Rewriting of subterms

matchrew 𝑃𝑃 s.t. 𝐶𝐶 by 𝑥𝑥1 using 𝛼𝛼1 , … , 𝛼𝛼𝑛𝑛 using 𝑥𝑥𝑛𝑛

Maude> srew wolf left | goat using matchrew G left | G' by G
using re�lace�G' �� G'� .

• goat left | goat

Rewriting of subterms

matchrew 𝑃𝑃 s.t. 𝐶𝐶 by 𝑥𝑥1 using 𝛼𝛼1 , … , 𝛼𝛼𝑛𝑛 using 𝑥𝑥𝑛𝑛

Maude> srew wolf left | goat using matchrew G left | G' by G
using re�lace�G' �� cabbage� .

• cabbage left | goat

Rewriting of subterms

matchrew 𝑃𝑃 s.t. 𝐶𝐶 by 𝑥𝑥1 using 𝛼𝛼1 , … , 𝛼𝛼𝑛𝑛 using 𝑥𝑥𝑛𝑛

����� ������ ���� → ����� ������ ����

�����𝑡𝑡���𝑠𝑠���� → �����𝑡𝑡′���𝑠𝑠′����
matching substitution

rewriting𝛼𝛼𝑖𝑖 𝛼𝛼𝑗𝑗
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Strategy modules

🖼🖼

📽📽

Equational theory

Rewrite theory

Functional module

System module

🎮🎮 Strategy moduleRewrite strategy

Strategy calls

slabel (𝑡𝑡1, …, 𝑡𝑡𝑛𝑛)

Maude> srew wolf goat goat goat goat | shepherd
using repeat(2, 3) .

• wolf goat goat
• wolf goat

Overview of the strategy language

label[𝑥𝑥1 �� 𝑡𝑡1, …, 𝑥𝑥𝑛𝑛 �� 𝑡𝑡𝑛𝑛]{𝛼𝛼1, …, 𝛼𝛼𝑚𝑚}

match 𝑃𝑃 s.t. 𝐶𝐶 idle fail

𝛼𝛼 ; 𝛽𝛽 𝛼𝛼 | 𝛽𝛽 𝛼𝛼* 𝛼𝛼 ? 𝛽𝛽 : 𝛾𝛾

matchrew 𝑃𝑃 s.t. 𝐶𝐶 by 𝑥𝑥1 using 𝛼𝛼1, …, 𝑥𝑥𝑛𝑛 using 𝛼𝛼𝑛𝑛
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A recursive strategy

strat repeat : Nat Nat @ Word .

vars N M : Nat .

sd repeat(0, N) �� idle .
sd repeat(0, s N) �� wolf-eats ; repeat(0, N) .
sd repeat(s M, s N) �� wolf-eats ; repeat(M, N) .

Strategy modules

Declarations

strat slabel : 𝑠𝑠1 ⋯ 𝑠𝑠𝑛𝑛 @ 𝑠𝑠 .

Definitions

sd slabel (𝑡𝑡1, …, 𝑡𝑡𝑛𝑛� �� 𝛼𝛼 .

csd slabel (𝑡𝑡1, …, 𝑡𝑡𝑛𝑛� �� 𝛼𝛼 if 𝐶𝐶 .

Strategy modules

🖼🖼

📽📽

Equational theory

Rewrite theory

Functional module

System module

🎮🎮 Strategy moduleRewrite strategy
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Search controlled by a strategy

Reflection of the strategy language

op _[_]{_} : Qid Substitution StrategyList -> RuleApplication .
op match_s.t._ : Term EqCondition -> Strategy .

op sd_��_[_]. : CallStrategy Strategy AttrSet -> StratDefinition .
op smod_is_sorts_.�������endsm : ⋯ -> StratModule .

op metaSrewrite : Module Term Strategy ⋯ �� ResultPair? .

R. Rubio, N. Martí‑Oliet, I. Pita, and A. Verdejo.Metalevel
transformation of strategies. J. Log. Algebr. Methods Program.,
124, 2022.

A recursive strategy

smod RIVER-REPEAT is
protecting RIVER-CROSSING .

strat repeat : Nat Nat @ Word .

vars N M : Nat .

sd repeat(s M, s N) �� wolf-eats ; repeat(M, N) .
sd repeat(0, s N) �� idle | wolf-eats ; repeat(0, N) .

endsm
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Crossing the river

Maude> search i�itial ��� left | right shepherd wolf goat cabbage .
Maude> show path 32 .
state 0, River: left shepherd wolf goat cabbage | right
���� wolf �����
state 2, River: left goat cabbage | right shepherd wolf
���� alo�e �����
state 8, River: left shepherd goat cabbage | right wolf
���� goat �����
state 16, River: left cabbage | right shepherd wolf goat
���� alo�e �����
state 24, River: left shepherd cabbage | right wolf goat
���� cabbage �����
state 32, River: left | right shepherd wolf goat cabbage

Crossing the river

Maude> search i�itial ��� left | right shepherd wolf goat cabbage .
Maude> show path 32 .
state 0, River: left shepherd wolf goat cabbage | right
���� wolf �����
state 2, River: left goat cabbage | right shepherd wolf
���� alo�e �����
state 8, River: left shepherd goat cabbage | right wolf
���� goat �����
state 16, River: left cabbage | right shepherd wolf goat
���� alo�e �����
state 24, River: left shepherd cabbage | right wolf goat
���� cabbage �����
state 32, River: left | right shepherd wolf goat cabbage

Crossing the river

Maude> search initial ��� left | right shepherd wolf goat cabbage .

Solution 1 (state 32)
empty substitution

No more solutions.

Maude> show path 32 .
state 0, River: left shepherd wolf goat cabbage | right
���� wolf �����
state 2, River: left goat cabbage | right shepherd wolf
���� alone �����
state 8, River: left shepherd goat cabbage | right wolf
���� goat �����
state 16, River: left cabbage | right shepherd wolf goat
���� alone �����
state 24, River: left shepherd cabbage | right wolf goat
���� cabbage �����
state 32, River: left | right shepherd wolf goat cabbage
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Crossing the river

smod RIVER-CROSSING-STRAT is
protecting RIVER-CROSSING .

strats eagerEating oneCrossing eating @ River .

var G : Group .

sd eagerEating �� match left | G cabbage goat ? idle
: ((eating or-else oneCrossing) ; eagerEating) .

sd oneCrossing �� alone | wolf | goat | cabbage .
sd eating �� wolf-eats | goat-eats .

endsm

Crossing the river

smod RIVER-CROSSING-STRAT is
protecting RIVER-CROSSING .

strats eagerEating oneCrossing eating @ River .

var G : Group .

sd eagerEating �� match left | G cabbage goat ? idle
: ((eating or-else oneCrossing) ; eagerEating) .

sd oneCrossing �� alone | wolf | goat | cabbage .
sd eating �� wolf-eats | goat-eats .

endsm

Crossing the river

smod RIVER-CROSSING-STRAT is
protecting RIVER-CROSSING .

strats eagerEating oneCrossing eating @ River .

var G : Group .

sd eagerEating �� match left | G cabbage goat ? idle
: ((eating or-else oneCrossing) ; eagerEating) .

sd oneCrossing �� alone | wolf | goat | cabbage .
sd eating �� wolf-eats | goat-eats .

endsm



264

Crossing the river with eagerEating

Maude> search initial ��� left | right shepherd wolf goat cabbage
�����
using

����������
eagerEating .

Solution 1 (state 30)
empty substitution
No more solutions.

Maude> show path 30 .
state 0, River: left shepherd wolf goat cabbage | right
���� goat �����
state 23, River: left wolf cabbage | right shepherd goat
���� alone �����
state 24, River: left shepherd wolf cabbage | right goat
���� wolf �����
state 25, River: left cabbage | right shepherd wolf goat
���� goat �����
state 27, River: left shepherd goat cabbage | right wolf
���� cabbage �����
state 28, River: left goat | right shepherd wolf cabbage
���� alone �����
state 29, River: left shepherd goat | right wolf cabbage
���� goat �����
state 30, River: left | right shepherd wolf goat cabbage

Crossing the river

smod RIVER-CROSSING-STRAT is
protecting RIVER-CROSSING .

strats eagerEating oneCrossing eating @ River .

var G : Group .

sd eagerEating �� match left | G cabbage goat ? idle
: ((eating or-else oneCrossing ) ; eagerEating) .

sd oneCrossing �� alone | wolf | goat | cabbage .
sd eating �� wolf-eats | goat-eats .

endsm

Crossing the river

smod RIVER-CROSSING-STRAT is
protecting RIVER-CROSSING .

strats eagerEating oneCrossing eating @ River .

var G : Group .

sd eagerEating �� match left | G cabbage goat ? idle
: (( eating or-else oneCrossing) ; eagerEating) .

sd oneCrossing �� alone | wolf | goat | cabbage .
sd eating �� wolf-eats | goat-eats .

endsm
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Strategic failure

sd safe �� (match left | G)
? idle
: (oneCrossing ; (eating ? fail : idle) ; safe) .

Strategic failure

sd safe �� (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

Crossing the river with eagerEating

Maude> show path 30 .
state 0, River: left shepherd wolf goat cabbage | right
���� goat �����
state 23, River: left wolf cabbage | right shepherd goat
���� alo�e �����
state 24, River: left shepherd wolf cabbage | right goat
���� wolf �����
state 25, River: left cabbage | right shepherd wolf goat
���� goat �����
state 27, River: left shepherd goat cabbage | right wolf
���� cabbage �����
state 28, River: left goat | right shepherd wolf cabbage
���� alo�e �����
state 29, River: left shepherd goat | right wolf cabbage
���� goat �����
state 30, River: left | right shepherd wolf goat cabbage
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Strategic failure

sd safe �� (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

👩👩👩👩👩👩👩👩 | 🐐🐐🐐🐐🐐🐐 |👩👩
alone

🐺🐺🐺🐺 |👩👩

eating
🐺🐺🐺🐺 |👩👩👩👩

goat

Strategic failure

sd safe �� (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

👩👩👩👩👩👩👩👩 |

🐐🐐🐐🐐🐐🐐 |👩👩
alone

🐺🐺🐺🐺 |👩👩

eating
🐺🐺🐺🐺 |👩👩👩👩

goat

Strategic failure

sd safe �� (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

Maude> sear�� initial ��� � s.t. ris��(�) using safe .

No solution.
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Strategic failure

sd safe �� (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

👩👩👩👩👩👩👩👩 | 🐐🐐🐐🐐🐐🐐 |👩👩
alone

🐺🐺🐺🐺 |👩👩

eating
🐺🐺🐺🐺 |👩👩👩👩

goat

Strategic failure

sd safe �� (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

👩👩👩👩👩👩👩👩 | 🐐🐐🐐🐐🐐🐐 |👩👩
alone

🐺🐺🐺🐺 |👩👩

eating

🐺🐺🐺🐺 |👩👩👩👩
goat

Strategic failure

sd safe �� (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

👩👩👩👩👩👩👩👩 | 🐐🐐🐐🐐🐐🐐 |👩👩
alone

🐺🐺🐺🐺 |👩👩

eating

🐺🐺🐺🐺 |👩👩👩👩
goat
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Model checking

Model (Kripke structure) Temporal property

𝒦𝒦 𝒦 𝒦𝒦𝒦𝒦𝒦𝒦 𝒦𝒦 𝒦 𝒦𝒦𝒦𝒦𝒦 𝒦𝒦
ℓ ∶ 𝑆𝑆𝑆  𝑆𝑆 𝑆𝑆𝑆𝑆𝑆𝑆 𝜑𝜑𝐴𝐴𝐴𝐴

Model checking 𝒦𝒦 𝒦 𝒦𝒦

(𝑇𝑇Σ/𝐸𝐸,→1.𝑅𝑅 ,𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼     for a rewriting theoryℛ =( Σ, 𝐸𝐸𝐸𝐸𝐸𝐸

Model checking with strategies

Strategic failure

sd safe �� (match left | G)
? idle
: (oneCrossing ; not(eating) ; safe) .

👩👩👩👩👩👩👩👩 |

🐐🐐🐐🐐🐐🐐 |👩👩
alone

🐺🐺🐺🐺 |👩👩

eating

🐺🐺🐺🐺 |👩👩👩👩
goat
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Abstract strategies

𝒜𝒜 𝒜 𝒜𝒜𝒜𝒜𝒜𝒜 𝐸𝐸 𝐸 Γ𝐴𝐴

s0

s1

s2

s3

Abstract strategies

𝒜𝒜 𝒜 𝒜𝒜𝒜𝒜𝒜𝒜

𝐸𝐸 𝐸

Γ𝐴𝐴

s0

s1

s2

s3

Model checking

Model (Kripke structure) Temporal property

𝒦𝒦 𝒦 𝒦𝒦𝒦𝒦𝒦𝒦 𝒦𝒦 𝒦 𝒦𝒦𝒦𝒦𝒦 𝒦𝒦
ℓ ∶ 𝑆𝑆𝑆  𝑆𝑆 𝑆𝑆𝑆𝑆𝑆𝑆 𝜑𝜑𝐴𝐴𝐴𝐴

Model checking 𝒦𝒦 𝒦 𝒦𝒦

(𝑇𝑇Σ/𝐸𝐸,→1.𝑅𝑅 ,𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼     for a rewriting theoryℛ =( Σ, 𝐸𝐸𝐸𝐸𝐸𝐸
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Model checking with strategies — linear‑time case

Standard 𝒦𝒦 𝒦 𝒦𝒦 iff ℓ(𝜋𝜋𝜋 𝜋𝜋𝜋  for every execution 𝜋𝜋 in𝒦𝒦

Strategy (𝒦𝒦𝒦 𝒦𝒦𝒦 𝒦 𝒦𝒦 iff ℓ(𝜋𝜋𝜋 𝜋𝜋𝜋  for every execution 𝜋𝜋 𝜋 𝜋𝜋

In practice: to reuse standard algorithms, find an ARS whose traces
coincidewith 𝐸𝐸.

Model checking with strategies — linear‑time case

Standard 𝒦𝒦 𝒦 𝒦𝒦 iff ℓ(𝜋𝜋𝜋 𝜋𝜋𝜋  for every execution 𝜋𝜋 in𝒦𝒦

Strategy (𝒦𝒦𝒦 𝒦𝒦𝒦 𝒦 𝒦𝒦 iff ℓ(𝜋𝜋𝜋 𝜋𝜋𝜋  for every execution 𝜋𝜋 𝜋 𝜋𝜋

In practice: to reuse standard algorithms, find an ARS whose traces
coincidewith 𝐸𝐸.

Model checking with strategies — linear‑time case

Standard 𝒦𝒦 𝒦 𝒦𝒦 iff ℓ(𝜋𝜋𝜋 𝜋𝜋𝜋  for every execution 𝜋𝜋 in𝒦𝒦

Strategy (𝒦𝒦𝒦 𝒦𝒦𝒦 𝒦 𝒦𝒦 iff ℓ(𝜋𝜋𝜋 𝜋𝜋𝜋  for every execution 𝜋𝜋 𝜋 𝜋𝜋

In practice: to reuse standard algorithms, find an ARS whose traces
coincidewith 𝐸𝐸.
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Model checking with strategies — branching‑time case

And for branching time?

Initial idea: use the equivalent ARS of the linear‑time case.

Model checking with Maude strategies — linear‑time case

Small‑step non‑deterministic operational semantics

• Execution states𝒳𝒳𝒳𝒳 : term + strategy progress.

• Control→𝑐𝑐 and system→𝑠𝑠 transitions (rule rewrites).

↠ = →∗𝑐𝑐 ∘ →𝑠𝑠

𝐸𝐸𝐸𝐸𝐸𝐸 𝐸𝐸 𝐸 𝐸 𝐸 term(𝑥𝑥𝑥 𝑥 𝑥𝑥 @ 𝛼𝛼𝛼𝛼𝛼  2 ↠ ⋯ ↠ 𝑥𝑥𝑘𝑘 ↠ ⋯ ,𝑡𝑡  𝑡 𝑡𝑡 𝑡

(𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦    𝒦 𝒦𝒦 𝒦 𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦   @ 𝛼𝛼𝛼𝑡𝑡𝑡𝑡𝑡 , ℓ ∘ term)⊨𝜑𝜑 

Model checking with Maude strategies — linear‑time case

Small‑step non‑deterministic operational semantics

• Execution states𝒳𝒳𝒳𝒳 : term + strategy progress.

• Control→𝑐𝑐 and system→𝑠𝑠 transitions (rule rewrites).

↠ = →∗𝑐𝑐 ∘ →𝑠𝑠

𝐸𝐸𝐸𝐸𝐸𝐸 𝐸𝐸 𝐸 𝐸 𝐸 term(𝑥𝑥𝑥 𝑥 𝑥𝑥 @ 𝛼𝛼𝛼𝛼𝛼  2 ↠ ⋯ ↠ 𝑥𝑥𝑘𝑘 ↠ ⋯ ,𝑡𝑡  𝑡 𝑡𝑡 𝑡

(𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦    𝒦 𝒦𝒦 𝒦 𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦𝒦   @ 𝛼𝛼𝛼𝑡𝑡𝑡𝑡𝑡 , ℓ ∘ term)⊨𝜑𝜑 
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Model checking CTL* properties

𝐸𝐸 𝐸 𝐸𝐸 𝐸 𝐸𝐸𝐸 𝐸 𝐸𝐸 𝐸𝐸 𝐸 𝐸𝐸𝐸𝐸0)
𝐸𝐸 𝐸 A 𝜙𝜙 𝜙𝜙𝜙𝜙𝜙𝜙𝜙𝜙𝜙    𝜋𝜋0 , 𝜋𝜋𝜋𝜋𝜋 
𝐸𝐸 𝐸 E 𝜙𝜙 𝜙 𝜙𝜙𝜙𝜙𝜙𝜙𝜙𝜙   𝜋𝜋0 , 𝜋𝜋𝜋𝜋𝜋 

𝐸𝐸𝐸 𝐸𝐸 𝐸 𝐸 ⟺ 𝐸𝐸 𝐸 𝐸
𝐸𝐸𝐸 𝐸𝐸 𝐸 𝐸 𝐸𝐸 𝐸 𝐸𝐸𝜋𝜋0𝜋𝜋1 , 𝜋𝜋𝜋𝜋𝜋𝜋𝜋 𝜋𝜋𝜋
𝐸𝐸𝐸 𝐸𝐸 𝐸 ♢ 𝜙𝜙 𝜙 𝜙𝜙𝜙 𝜙 𝜙𝜙𝜙 𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋, 𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 𝜋𝜋𝜋
𝐸𝐸𝐸 𝐸𝐸 𝐸 □ 𝜙𝜙 𝜙𝜙 𝜙𝜙 𝜙 𝜙𝜙𝜙 𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋, 𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 𝜋𝜋𝜋
𝐸𝐸𝐸 𝐸𝐸 𝐸 𝐸𝐸1 𝒰𝒰 𝒰𝒰2 ⟺∃𝑛𝑛𝑛𝑛    𝐸𝐸𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋, 𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 𝜋𝜋𝜋 2 ∧

∀ 0 ≤ 𝑘𝑘 𝑘 𝑘𝑘𝑘𝑘 𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋, 𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 𝜋𝜋𝜋 1

𝐸𝐸𝜋𝜋1⋯𝜋𝜋𝑛𝑛 = {𝜋𝜋𝑛𝑛𝜋𝜋+ ∶ 𝜋𝜋1 ⋯ 𝜋𝜋𝑛𝑛𝜋𝜋+ ∈ 𝐸𝐸𝐸

Model checking with strategies — branching‑time case

However, this can be solved bymerging states.

{a @ r1 ; r3 | r2 ; r4} {b @ r3, b @ r4}
{c @ 𝜀𝜀}
{d @ 𝜀𝜀}

a b
d

c

cterm

Model checking with strategies (branching‑time case)

The branching structure of the executions is not preserved.

a @ r1 ; r3 | r2 ; r4
b @ r3

b@ r4

c @ 𝜀𝜀
d@ 𝜀𝜀

a b
d

c

cterm
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The Maudemodel checker for strategy‑controlled systems

SATISFACTIONQIDLTL

BOOL

STRATEGY-MODEL-CHECKER

M-PREDS SM

M

SM-CHECK

The Maudemodel checker for strategy‑controlled systems

SATISFACTIONQIDLTL

BOOL

STRATEGY-MODEL-CHECKER

M-PREDS SM

M

SM-CHECK

R. Rubio, N. Martí‑Oliet, I. Pita, and A. Verdejo.Model checking
strategy‑controlled systems in rewriting logic. Automat. Softw.
Eng., 29(1), 2022.

Model checking in Maude
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The Maudemodel checker for strategy‑controlled systems

SATISFACTIONQIDLTL

BOOL

STRATEGY-MODEL-CHECKER

M-PREDS SM

M

SM-CHECK

op modelCheck : State Formula Qid QidList
-> ModelCheckResult .

The Maudemodel checker for strategy‑controlled systems

SATISFACTIONQIDLTL

BOOL

STRATEGY-MODEL-CHECKER

M-PREDS SM

M

SM-CHECK

fmod SATISFACTION is
sort State Prop .
op _|=_ : State Prop -> Bool .

endfm

The Maudemodel checker for strategy‑controlled systems

SATISFACTIONQIDLTL

BOOL

STRATEGY-MODEL-CHECKER

M-PREDS SM

M

SM-CHECK

fmod SATISFACTION is
sort State Prop .
op _|=_ : State Prop -> Bool .

endfm
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Model checking — Crossing the river

Maude> reduce modelCheck(initial,
�� goal,
'eagerEating) .

rewrites: 24
result ModelCheckerResult: counterexample(…, …)

Model checking — Crossing the river

Maude> reduce modelCheck(initial,
�� (risk� �� �� death),
'eagerEating) .

rewrites: 44
result ModelCheckerResult: counterexample(…, …)

Model checking — Crossing the river

Maude> reduce modelCheck(initial,
�� (risk� �� �� death),
'eagerEating) .

rewrites: 129
result Bool: true
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Model checking — Crossing the river

$ �ma�demc chec� ri�er�ma�de initial �� �� � �� goal� safe
The property is satisfied in the initial state
(11 system states, 44 rewrites, holds in 11/11 states)

| left shepherd wolf goat cabbage | right
∨
O left wolf goat cabbage | right shepherd

Supported logics

LTL CTL CTL* μ‑calculus

Extended Maude ✓
LTSmin ✓ ✓ ✓ ✓

pyModelChecking ✓ ✓ ✓
NuSMV ✓ ✓

Spot ✓
Builtin ✓ ✓

R. Rubio, N. Martí‑Oliet, I. Pita, and A. Verdejo. Strategies,
model checking and branching‑time properties in Maude. J.
Log. Algebr. Methods Program., 123, 2021.

External model checkers for branching‑time logics

Internal Maude rewrite graph

Maude
LTL MC LTSmin

NuSMV pyMC Spot
Custom
impl.

maude Python library

Unified model‑checking interface (umaudemc)

github.com/fadoss/umaudemc · pip install umaudemc



277

Probability assignment

𝑡𝑡0

𝑡𝑡1

𝑡𝑡2

𝑡𝑡3

𝑡𝑡4

𝑡𝑡5

𝑡𝑡6

𝑡𝑡7

Quantitative specification and
verification

Model checking — Crossing the river

$ �ma�demc chec� ri�er�ma�de initial �� �� � �� goal� eager�ating
The property is not satisfied in the initial state
(35 system states, 106 rewrites)
| left shepherd wolf goat cabbage | right
∨
O left wolf goat cabbage | right shepherd
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Probability assignment methods

• uniform

• uaction(𝑟𝑟1=𝑤𝑤1, …, 𝑟𝑟𝑚𝑚=𝑤𝑤𝑚𝑚)

• term(𝑒𝑒)

• metadata

• pmaude (scheck only)

• strategy

Probability assignment

𝑡𝑡0

𝑡𝑡1

𝑡𝑡2

𝑡𝑡3

𝑡𝑡4

𝑡𝑡5

𝑡𝑡6

𝑡𝑡7

𝑟𝑟1, 𝜎𝜎02

Probability assignment

𝑡𝑡0

𝑡𝑡1

𝑡𝑡2

𝑡𝑡3

𝑡𝑡4

𝑡𝑡5

𝑡𝑡6

𝑡𝑡7

⅓

⅓

⅓

½

½

⅗

⅖

1

⅞

⅛

⅓
⅔

1

12 31

4
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Probabilistic extension of the strategy language

choice(𝑤𝑤1 : 𝛼𝛼1, … , 𝑤𝑤𝑛𝑛 : 𝛼𝛼𝑛𝑛)

matchrew 𝑃𝑃 s.t. 𝐶𝐶 with weight 𝑤𝑤 by ⋯

sample � �� 𝜋𝜋(𝑡𝑡1, …, 𝑡𝑡𝑛𝑛) in 𝛼𝛼

Probabilistic extension of the strategy language

choice(𝑤𝑤1 : 𝛼𝛼1, … , 𝑤𝑤𝑛𝑛 : 𝛼𝛼𝑛𝑛)

matchrew 𝑃𝑃 s.t. 𝐶𝐶 with weight 𝑤𝑤 by ⋯

sample � �� 𝜋𝜋(𝑡𝑡1, …, 𝑡𝑡𝑛𝑛) in 𝛼𝛼

Probabilistic extension of the strategy language

𝛼𝛼1 | ⋯ | 𝛼𝛼𝑛𝑛

matchrew 𝑃𝑃 s.t. 𝐶𝐶 by ⋯

sample � �� 𝜋𝜋(𝑡𝑡1, …, 𝑡𝑡𝑛𝑛) in 𝛼𝛼
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Quantitative model checking — Example

$ umaudemc pcheck river initial '�� goal' --assign uniform
eagerEating

Result: 0.006211 (relative error 6.366e-06)

$ umaudemc scheck river initial eaten.quatex --assign step
'choice(1 : alone, 2 : wolf, 1 : goat, 1 : cabbage)'

Number of simulations = 7470
μ = 2.6088353413 σ = 4.40767926235 r = 0.0999696468

Quantitative verification

• Probabilistic model checking
• Probability of LTL or PCTL formulas
• Steady‑state analysis
• Transient‑state analysis
• Expected values of rewards
• With any assignment method except continuous distributions
• For models without unquantified nondeterminism (DTMC) or
even some well‑ordered nondeterminism (MDP)

• Statistical model checking
• Monte Carlo estimation of QuaTEx formulas
• Parameterized queries
• Multithreaded or distributed

Quantitative specification and verification

Probabilistic model checking
(PRISM, Storm)

Statistical model checking
(scheck)

Probability specification

Maude specification
(strategy‑controlled or not)

R. Rubio, N. Martí‑Oliet, I. Pita, and A. Verdejo.QMaude:
quantitative specification and verification in rewriting logic.
In FM 2023, volume 14000 of LNCS. Springer, 2023.
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Statistical model checking — QuaTEx formulas

Eaten(n) = if s.rval("S:State |= bad") then
n

else
# Eaten(n + 1) �� ne�t ��erat�r

fi;

eval E[Eaten(0)];

Quantitative model checking — Example

$ umaudemc pcheck river initial '�� goal' --assign uniform
safe --steps

Result: 54.9975 (relative error 9.778e-06)

$ umaudemc scheck river initial eaten.quatex --assign step
'choice(1 : alone, 2 : wolf, 1 : goat, 1 : cabbage)'

Number of simulations = 7470
μ = 2.6088353413 σ = 4.40767926235 r = 0.0999696468

Quantitative model checking — Example

$ umaudemc pcheck river initial '�� goal' --assign uniform
safe

Result: 1.0

$ umaudemc scheck river initial eaten.quatex --assign step
'choice(1 : alone, 2 : wolf, 1 : goat, 1 : cabbage)'

Number of simulations = 7470
μ = 2.6088353413 σ = 4.40767926235 r = 0.0999696468
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Thank you
Strategies, qualitative and quantitative model checking in Maude
Narciso Martí‑Oliet, Rubén Rubio
Universidad Complutense de Madrid
LAC 2025

References

maude.ucm.es/strategies

M. Clavel, F. Durán, S. Eker, S. Escobar, P. Lincoln,
N. Martí‑Oliet, J. Meseguer, R. Rubio, and C. Talcott.Maude
Manual v3.5.1. July 2025. URL: maude.cs.illinois.edu.
F. Durán, S. Eker, S. Escobar, N. Martí‑Oliet, J. Meseguer,
R. Rubio, and C. Talcott. Programming and symbolic
computation in Maude. J. Log. Algebraic Methods Program., 110,
2020.
R. Rubio.Model checking of strategy‑controlled systems in
rewriting logic. PhD thesis, Universidad Complutense de Madrid,
2022.
R. Rubio, N. Martí‑Oliet, I. Pita, and A. Verdejo.QMaude:
quantitative specification and verification in rewriting logic.
In FM 2023, volume 14000 of LNCS. Springer, 2023.

Statistical model checking — Parallelism

Monte Carlo simulations can be easily parallelized

Process‑level parallelism

• scheck supports it with --jobs n or -j n

Machine‑level parallelism

🖥🖥 umaudemc sworker 🖥🖥 umaudemc sworker 🖥🖥 umaudemc sworker

💻💻 umaudemc scheck --distributed ["192.168.0.1/1234", {…}]
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Transition algebra (TA)

* at a glance, yet another logic used to reason
about labelled transition systems

* deserves further examination thanks to a blend
of special features…

– provides support both for the static, structural
aspects of systems, via equations, and for the
dynamic aspects of systems, via transitions

– uniform treatment of states and transition labels
(in particular, quantification over labels)

– unrestricted use of equations and transitions

– increased expressivity by employing actions
similar to those found in dynamic logics

– operational semantics (more to follow)

In this talk

1. Short presentation of transition algebra

2. Applicability to process calculi

3. Proof system, soundness,
completeness via forcing

4. Tool support and introduction to SpeX

Forcing,
Transition Algebras,
and Calculi

Go Hashimoto and Daniel Găină (IMI, Japan)
Ionuț Țuțu (IMAR, Romania)

2nd Workshop on Logic, Algebra and Category Theory
Fukuoka, 2025
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Models

* (𝑆𝑆𝑆 𝑆𝑆𝑆-algebras 𝐴𝐴 interpreting:

– every sort 𝑠𝑠 𝑠 𝑠𝑠 as a set 𝐴𝐴𝑠𝑠
– every operation symbol 𝜎𝜎𝜎 𝜎𝜎 𝜎 𝜎𝜎𝜎𝜎𝜎 
as a function 𝜎𝜎𝐴𝐴 ∶ 𝐴𝐴𝑤𝑤 → 𝐴𝐴𝑠𝑠

– for any sort 𝑡𝑡 𝑡𝑡𝑡 , every element 𝑒𝑒 𝑒𝑒𝑒 𝑡𝑡
as a binary 𝑆𝑆-sorted relation (𝑒𝑒𝑠𝑠 ⊆ 𝐴𝐴𝑠𝑠 × 𝐴𝐴𝑠𝑠)𝑠𝑠𝑠𝑠𝑠

TA signatures

* ordinary algebraic signatures

* pairs (𝑆𝑆𝑆 𝑆𝑆𝑆, where:
– 𝑆𝑆 is a set of so-called sorts
– 𝐹𝐹 is an 𝑆𝑆∗ × 𝑆𝑆-indexed family of sets 𝐹𝐹𝑤𝑤𝑤𝑤𝑤 of
operation symbols of arity 𝑤𝑤 and sort 𝑠𝑠

* as usual, we also write

𝜎𝜎𝜎 𝜎𝜎 𝜎 𝜎𝜎 𝜎 𝜎𝜎

in place of 𝜎𝜎 𝜎 𝜎𝜎𝑤𝑤𝑤𝑤𝑤

Transition algebra (TA)

* at a glance, yet another logic used to reason
about labelled transition systems

* deserves further examination thanks to a blend
of special features:

– provides support both for the static, structural
aspects of systems, via equations, and for the
dynamic aspects of systems, via transitions

– uniform treatment of states and transition labels
(in particular, quantification over labels)

– unrestricted use of equations and transitions

– increased expressivity by employing actions
similar to those found in dynamic logics

– operational semantics (more to follow)
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Quiz time

Which of the following models satisfies
∀𝑦𝑦 𝑦 𝑦𝑦𝑦𝑦 𝑦 𝑦𝑦 𝑦 𝑦𝑦?

a) b) c)

d) e)

Semantics

* 𝐴𝐴 ⊧ 𝑡𝑡 𝑡 𝑡𝑡′ when 𝑡𝑡𝐴𝐴 = 𝑡𝑡′𝐴𝐴

* 𝐴𝐴 ⊧ 𝑡𝑡 𝑡𝑡 𝑡𝑡′ when (𝑡𝑡𝐴𝐴, 𝑡𝑡′𝐴𝐴) ∈ 𝑎𝑎𝐴𝐴

and so on, where

* (𝑎𝑎 ; 𝑏𝑏𝑏𝐴𝐴 =𝑎𝑎 𝐴𝐴 ; 𝑏𝑏𝐴𝐴

* (𝑎𝑎 𝑎 𝑎𝑎𝑎𝐴𝐴 =𝑎𝑎 𝐴𝐴 ∪ 𝑏𝑏𝐴𝐴

* (𝑎𝑎∗)𝐴𝐴 = (𝑎𝑎𝐴𝐴)∗ = ⋃ {(𝑎𝑎𝐴𝐴)𝑛𝑛 ∣ 𝑛𝑛 𝑛 𝑛𝑛

Sentences

* built using standard Boolean connectives and
quantifiers from two kinds of atoms:

equations 𝑡𝑡 𝑡 𝑡𝑡′

transitions 𝑡𝑡 𝑡𝑡 𝑡𝑡′

where 𝑡𝑡 and 𝑡𝑡′ are terms having the same sort
and 𝑎𝑎 is an action

* actions are built from terms using

sequential composition 𝑎𝑎 ; 𝑏𝑏

choice 𝑎𝑎 𝑎 𝑎𝑎

iteration 𝑎𝑎∗



294

Quiz time

How do the models of ∀𝑦𝑦 𝑦 𝑦𝑦𝑦𝑦 𝑦 𝑦𝑦 𝑦 𝑦𝑦 𝑦 𝑦𝑦𝑦𝑦 𝑦 𝑦𝑦 𝑦 𝑦𝑦
look like?

Quiz time

How do the models of ∀𝑦𝑦 𝑦 𝑦𝑦𝑦𝑦 𝑦 𝑦𝑦 𝑦 𝑦𝑦 𝑦 𝑦𝑦𝑦𝑦 𝑦 𝑦𝑦 𝑦 𝑦𝑦
look like?

Quiz time

Which of the following models satisfies
∀𝑦𝑦 𝑦 𝑦𝑦𝑦𝑦 𝑦 𝑦𝑦 𝑦 𝑦𝑦?

a) b) c)

d) e)
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Syntactic entailment

* get to Γ ⊧ 𝜑𝜑 via Γ ⊢ 𝜑𝜑

* where ⊢ is defined by proof rules of the
following form:

Γ ⊢ 𝑡𝑡 𝑡 𝑡𝑡′

Γ ⊢ 𝑡𝑡′ = 𝑡𝑡
Γ ⊢ 𝑡𝑡 𝑡𝑡 𝑡𝑡′, Γ ⊢ 𝑡𝑡′ 𝑏𝑏 𝑏𝑏″

Γ ⊢ 𝑡𝑡 𝑡𝑡𝑡 ; 𝑏𝑏𝑏 𝑏𝑏″
Γ ⊢ 𝑡𝑡 𝑡𝑡 𝑡𝑡′

Γ ⊢ 𝑡𝑡 𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡 𝑡𝑡′

Γ ⊢ 𝑡𝑡 𝑡𝑡𝑡 ; 𝑏𝑏𝑏 𝑏𝑏″, Γ ∪ {𝑡𝑡 𝑡𝑡 𝑡𝑡𝑡 𝑡𝑡 𝑡𝑡 𝑡𝑡′} ⊢ 𝜑𝜑
Γ ⊢ 𝜑𝜑

Γ ⊢ ¬¬𝜑𝜑
Γ ⊢ 𝜑𝜑

Γ ∪ {𝜑𝜑𝜑 ⊢ ⊥
Γ ⊢ ¬𝜑𝜑 …

Application to process calculi

Demo in
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|___/ .__/\___/_/\_\

|_|

___ __ __
/ __|_ __ ___\ \/ /
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|___/ .__/\___/_/\_\

|_|

___ __ __
/ __|_ __ ___\ \/ /
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Quiz time

What if we add one of the following constraints?

* ∀𝑥𝑥𝑥 𝑥𝑥′ ⋅ 𝑥𝑥 𝑥∗ 𝑥𝑥′

* ∀𝑥𝑥𝑥 𝑥𝑥′ ⋅ 𝑥𝑥 𝑥∗ 𝑥𝑥′ ∨ 𝑥𝑥′ →∗ 𝑥𝑥
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Syntactic forcing

(𝑃𝑃𝑃 𝑃𝑃 𝕊𝕊et

𝕊𝕊ig

𝑓𝑓

Δ Sen𝑏𝑏

⊆

where

* 𝑝𝑝 𝑝 𝑝𝑝𝑝𝑝, Γ𝑝𝑝) where Δ𝑝𝑝 = Σ ∪ 𝐶𝐶𝑝𝑝 and Γ𝑝𝑝 ⊆ Sen(Δ𝑝𝑝) consistent

* 𝑝𝑝 𝑝 𝑝𝑝 iff Δ𝑝𝑝 ⊆ Δ𝑞𝑞 and Γ𝑝𝑝 ⊆ Γ𝑞𝑞
* Δ(𝑝𝑝𝑝 𝑝 𝑝𝑝𝑝
* 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝 ∩ Sen𝑏𝑏(Δ𝑝𝑝)

Forcing properties

(𝑃𝑃𝑃 𝑃𝑃 𝕊𝕊et

𝕊𝕊ig

𝑓𝑓

Δ Sen𝑏𝑏

⊆

where

* (𝑃𝑃𝑃 𝑃𝑃 is a poset of so-called conditions

* Δ maps 𝑝𝑝 𝑝 𝑝𝑝 to Δ𝑝𝑝 ⊆ Δ𝑞𝑞, and similarly for 𝑓𝑓

* 𝑓𝑓𝑓𝑓𝑓𝑓𝑓  Sen𝑏𝑏(Δ𝑝𝑝)

* 𝑓𝑓𝑓𝑓𝑓𝑓 ⊧ 𝜑𝜑 implies 𝜑𝜑 𝜑 𝜑𝜑𝜑𝜑𝜑𝜑 for some 𝑞𝑞 𝑞 𝑞𝑞

Nota bene

* ⊢ is 𝜔𝜔1-compact whereas ⊧ is not so for
uncountable signatures

* therefore, we cannot hope for a general
completeness result for TA

* for at most countable signatures,
neither ⊢ nor ⊧ is compact

* so we cannot tackle completeness using
the classical Henkin method

* which leads us to forcing…
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Generic sets and models

Theorem
1. Every 𝑝𝑝 𝑝 𝑝𝑝 belongs to a generic set 𝐺𝐺 𝐺 𝐺𝐺.

* 𝐺𝐺 is an ideal

* for all 𝑞𝑞 𝑞𝑞𝑞  and sentences 𝜑𝜑 there is 𝑟𝑟 𝑟𝑟𝑟
such that 𝑟𝑟 𝑟 𝑟𝑟 and either 𝑟𝑟 ⊩ 𝜑𝜑 or 𝑟𝑟 ⊩ ¬𝜑𝜑

2. If 𝑝𝑝 𝑝 𝑝𝑝 and 𝐺𝐺 is generic, then ⋃{Γ𝑞𝑞 ∣ 𝑞𝑞 𝑞𝑞𝑞 𝑞
is a maximally consistent set that includes Γ𝑝𝑝.

3. 𝐺𝐺 admits a countable and reachable
generic model 𝐴𝐴.

* 𝐴𝐴 ⊧ 𝜑𝜑 iff 𝑞𝑞 ⊩ 𝜑𝜑 for some 𝑞𝑞 𝑞𝑞𝑞

Forcing properties

* 𝑝𝑝 ⊩ ¬¬𝜑𝜑 iff for all 𝑞𝑞 𝑞 𝑞𝑞
there is 𝑟𝑟 𝑟𝑟𝑟  such that 𝑟𝑟 ⊩ 𝜑𝜑

* if 𝑝𝑝 𝑝 𝑝𝑝 and 𝑝𝑝 ⊩ 𝜑𝜑 then 𝑞𝑞 ⊩ 𝜑𝜑

* if 𝑝𝑝 ⊩ 𝜑𝜑 then 𝑝𝑝 ⊩ ¬¬𝜑𝜑

* we cannot have both 𝑝𝑝 ⊩ 𝜑𝜑 and 𝑝𝑝 ⊩ ¬𝜑𝜑

* Γ𝑝𝑝 ⊢ 𝜑𝜑 iff 𝑝𝑝 ⊩ ¬¬𝜑𝜑

Forcing relation

* 𝑝𝑝 ⊩ 𝜑𝜑 when 𝜑𝜑 𝜑 𝜑𝜑𝜑𝜑𝜑𝜑 for atomic sentences

* 𝑝𝑝 ⊩ 𝑡𝑡 𝑡𝑡𝑡 ; 𝑏𝑏𝑏𝑏𝑏 ′ when 𝑝𝑝 ⊩ 𝑡𝑡 𝑡𝑡 𝑡𝑡 and 𝑝𝑝 ⊩ 𝜏𝜏𝜏𝜏𝜏𝜏  ′
for some Δ𝑝𝑝-term 𝜏𝜏

* 𝑝𝑝 ⊩ 𝑡𝑡 𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡 𝑡𝑡′ when 𝑝𝑝 ⊩ 𝑡𝑡 𝑡𝑡 𝑡𝑡′ or 𝑝𝑝 ⊩ 𝑡𝑡 𝑡𝑡 𝑡𝑡′

* 𝑝𝑝 ⊩ 𝑡𝑡 𝑡𝑡∗ 𝑡𝑡′ when 𝑝𝑝 ⊩ 𝑡𝑡 𝑡𝑡𝑛𝑛 𝑡𝑡′ for some 𝑛𝑛 𝑛 𝑛

* 𝑝𝑝 ⊩ ¬𝜑𝜑 when 𝑞𝑞 ⊮ 𝜑𝜑 for all 𝑞𝑞 𝑞 𝑞𝑞

* 𝑝𝑝 ⊩ ⋁Φ when 𝑝𝑝 ⊩ 𝜑𝜑 for some 𝜑𝜑 𝜑 𝜑

* 𝑝𝑝 ⊩ ∃𝑥𝑥 𝑥 𝑥𝑥 when 𝑝𝑝 ⊩ 𝜃𝜃𝜃𝜃𝜃𝜃 for some substitution 𝜃𝜃
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Completeness

Theorem
1. Every consistent set of sentences has a
countable model.

2. Γ ⊢ 𝜑𝜑 iff Γ ⊧ 𝜑𝜑.

* suppose ad absurdum Γ ⊬ 𝜑𝜑
* we get Γ ⊬ ¬¬𝜑𝜑, hence Γ ∪ {¬𝜑𝜑𝜑 ⊬ ⊥
* it follows that Γ ∪ {¬𝜑𝜑𝜑 is consistent,
so it has a model

* thus contradicting Γ ⊧ 𝜑𝜑

Generic sets and models

Theorem
1. Every 𝑝𝑝 𝑝 𝑝𝑝 belongs to a generic set 𝐺𝐺 𝐺 𝐺𝐺.

* 𝐺𝐺 is an ideal

* for all 𝑞𝑞 𝑞𝑞𝑞  and sentences 𝜑𝜑 there is 𝑟𝑟 𝑟𝑟𝑟
such that 𝑟𝑟 𝑟 𝑟𝑟 and either 𝑟𝑟 ⊩ 𝜑𝜑 or 𝑟𝑟 ⊩ ¬𝜑𝜑

2. If 𝑝𝑝 𝑝 𝑝𝑝 and 𝐺𝐺 is generic, then ⋃{Γ𝑞𝑞 ∣ 𝑞𝑞 𝑞𝑞𝑞 𝑞
is a maximally consistent set that includes Γ𝑝𝑝.

3. 𝐺𝐺 admits a countable and reachable
generic model 𝐴𝐴.

* 𝐴𝐴 ⊧ 𝜑𝜑 iff 𝑞𝑞 ⊩ 𝜑𝜑 for some 𝑞𝑞 𝑞𝑞𝑞

Generic sets and models

Theorem
1. Every 𝑝𝑝 𝑝 𝑝𝑝 belongs to a generic set 𝐺𝐺 𝐺 𝐺𝐺.

* 𝐺𝐺 is an ideal

* for all 𝑞𝑞 𝑞𝑞𝑞  and sentences 𝜑𝜑 there is 𝑟𝑟 𝑟𝑟𝑟
such that 𝑟𝑟 𝑟 𝑟𝑟 and either 𝑟𝑟 ⊩ 𝜑𝜑 or 𝑟𝑟 ⊩ ¬𝜑𝜑

2. If 𝑝𝑝 𝑝 𝑝𝑝 and 𝐺𝐺 is generic, then ⋃{Γ𝑞𝑞 ∣ 𝑞𝑞 𝑞𝑞𝑞 𝑞
is a maximally consistent set that includes Γ𝑝𝑝.

3. 𝐺𝐺 admits a countable and reachable
generic model 𝐴𝐴.

* 𝐴𝐴 ⊧ 𝜑𝜑 iff 𝑞𝑞 ⊩ 𝜑𝜑 for some 𝑞𝑞 𝑞𝑞𝑞
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Completeness

Theorem
1. Every consistent set of sentences has a
countable model.

2. Γ ⊢ 𝜑𝜑 iff Γ ⊧ 𝜑𝜑.

* suppose ad absurdum Γ ⊬ 𝜑𝜑
* we get Γ ⊬ ¬¬𝜑𝜑, hence Γ ∪ {¬𝜑𝜑𝜑 ⊬ ⊥

* it follows that Γ ∪ {¬𝜑𝜑𝜑 is consistent,
so it has a model

* thus contradicting Γ ⊧ 𝜑𝜑

Completeness

Theorem
1. Every consistent set of sentences has a
countable model.

2. Γ ⊢ 𝜑𝜑 iff Γ ⊧ 𝜑𝜑.

* suppose ad absurdum Γ ⊬ 𝜑𝜑

* we get Γ ⊬ ¬¬𝜑𝜑, hence Γ ∪ {¬𝜑𝜑𝜑 ⊬ ⊥
* it follows that Γ ∪ {¬𝜑𝜑𝜑 is consistent,
so it has a model

* thus contradicting Γ ⊧ 𝜑𝜑

Completeness

Theorem
1. Every consistent set of sentences has a
countable model.

2. Γ ⊢ 𝜑𝜑 iff Γ ⊧ 𝜑𝜑.

* suppose ad absurdum Γ ⊬ 𝜑𝜑
* we get Γ ⊬ ¬¬𝜑𝜑, hence Γ ∪ {¬𝜑𝜑𝜑 ⊬ ⊥
* it follows that Γ ∪ {¬𝜑𝜑𝜑 is consistent,
so it has a model

* thus contradicting Γ ⊧ 𝜑𝜑
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Back to
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Completeness

Theorem
1. Every consistent set of sentences has a
countable model.

2. Γ ⊢ 𝜑𝜑 iff Γ ⊧ 𝜑𝜑.

* suppose ad absurdum Γ ⊬ 𝜑𝜑
* we get Γ ⊬ ¬¬𝜑𝜑, hence Γ ∪ {¬𝜑𝜑𝜑 ⊬ ⊥
* it follows that Γ ∪ {¬𝜑𝜑𝜑 is consistent,
so it has a model

* thus contradicting Γ ⊧ 𝜑𝜑

Completeness

Theorem
1. Every consistent set of sentences has a
countable model.

2. Γ ⊢ 𝜑𝜑 iff Γ ⊧ 𝜑𝜑.

* suppose ad absurdum Γ ⊬ 𝜑𝜑
* we get Γ ⊬ ¬¬𝜑𝜑, hence Γ ∪ {¬𝜑𝜑𝜑 ⊬ ⊥
* it follows that Γ ∪ {¬𝜑𝜑𝜑 is consistent,
so it has a model

* thus contradicting Γ ⊧ 𝜑𝜑
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SpeX

* not a plain interpreter, but an ‘environment’

* integrates specification-language processors

* language agnostic

* offers a basic system UI ‘for free’

* based on Maude 3 (OBP with external rewrites)

Object-based programming

* we rewrite configurations
multisets of ↲

1. objects

2. messages

< Id : Class | Attributes >

message(To, From, Arguments)

* using rules of the form

rl < Id : Class | ..... >
message(Id, .....)

=>= .....

Term rewriting as a substructure for
specification-language interpreters

* solid mathematical foundation

* algebraic, close to standard notation used
by working theoretical computer scientists

* great for rapid prototyping

but

* still somewhat rigid as a meta-language

* limited support for modularization
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System overview (overly simplified)
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Example: Spec[DNI] (codev’d J.Fiadeiro
and C.Chiriță)

spec Bind is
including Base .
mod __bind_ : Protein Organelle >< Coat .
.....
ax store k:Nominal

forall-local {p:Protein, o:Organelle}
[ p o bind z:Coat ]
(forall-local {o’:Organelle}
brane(o’) = @(k) brane(o))

and
(forall-local {c’:Coat}
c’ = z implies brane(c’) = @(k) brane(o))

[label: bind-effect] .
endspec

A basic execution scenario

O:REPL SpeX:INT $[L]:PROC

read(O)

eval(SpeX, O, X)

parse($[L], SpeX, X, DB)

parsed(SpeX, $[L], ✓(T))

process($[L], SpeX, T, DB)

processed(SpeX, $[L], M, R)

print(O, M)

Integrating new languages into SpeX

* by means of processors
– objects of class PROC
– interact with SpeX (the object)

* receive messages of the form

parse($[L], SpeX, Input, DB)
process($[L], SpeX, AnnotatedTerm, DB)

* reply with messages of the form

parsed(SpeX, $[L], ParsingOutcome)
processed(SpeX, $[L], Text, Record)
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Example: Spec[DNI] (codev’d J.Fiadeiro
and C.Chiriță)

spec Bind is
including Base .
mod __bind_ : Protein Organelle >< Coat .
.....
ax store k:Nominal

forall-local {p:Protein, o:Organelle}
[ p o bind z:Coat ]
(forall-local {o’:Organelle}
brane(o’) = @(k) brane(o))

and
(forall-local {c’:Coat}
c’ = z implies brane(c’) = @(k) brane(o))

[label: bind-effect] .
endspec

Example: Spec[DNI] (codev’d J.Fiadeiro
and C.Chiriță)

spec Bind is
including Base .
mod __bind_ : Protein Organelle >< Coat .
.....
ax store k:Nominal

forall-local {p:Protein, o:Organelle}
[ p o bind z:Coat ]
(forall-local {o’:Organelle}
brane(o’) = @(k) brane(o))

and
(forall-local {c’:Coat}
c’ = z implies brane(c’) = @(k) brane(o))

[label: bind-effect] .
endspec

Example: Spec[DNI] (codev’d J.Fiadeiro
and C.Chiriță)

spec Bind is
including Base .
mod __bind_ : Protein Organelle >< Coat .
.....
ax store k:Nominal

forall-local {p:Protein, o:Organelle}
[ p o bind z:Coat ]
(forall-local {o’:Organelle}
brane(o’) = @(k) brane(o))

and
(forall-local {c’:Coat}
c’ = z implies brane(c’) = @(k) brane(o))

[label: bind-effect] .
endspec
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Example: IPDL (dev’d K.Sojakova,
M.Codescu,

and J.Gancher)

protocol real =
newfamily SendInShare[bound N + 2 bound N + 2

dependentBound I]
indices: m, n, i ..... : bool in

newfamily OTMsg-0[bound N + 2 bound N + 2
bound K ]

indices: n, m, k ..... : bool in
.....
parties ||| 1OutOf4OTReal
where parties = .....

and 1OutOf4OTReal = .....

See https://arxiv.org/abs/2507.22705

Example: COMP (codev’d R.Diaconescu)

bobj WATCH is
syncing (UP-TO-24-COUNTER as HOUR)

and (UP-TO-60-COUNTER as MINUTE)
and (UP-TO-60-COUNTER as SECOND) .

op _:_:_ : Nat Nat Nat ->- State .
act tick_ : State ->- State .
act inc-min_ : State ->- State .
.....

endbo

open WATCH
check tick inc-min (H:Nat : M:Nat : S:Nat)

~ inc-min tick (H:Nat : M:Nat : S:Nat)
forall M:Nat < 60 = true

and S:Nat < 60 = true .
close

Example: COMP (codev’d R.Diaconescu)

bobj WATCH is
syncing (UP-TO-24-COUNTER as HOUR)

and (UP-TO-60-COUNTER as MINUTE)
and (UP-TO-60-COUNTER as SECOND) .

op _:_:_ : Nat Nat Nat ->- State .
act tick_ : State ->- State .
act inc-min_ : State ->- State .
.....

endbo

open WATCH
check tick inc-min (H:Nat : M:Nat : S:Nat)

~ inc-min tick (H:Nat : M:Nat : S:Nat)
forall M:Nat < 60 = true

and S:Nat < 60 = true .
close
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Happy hacking!

Obtaining SpeX and TATP

* from the git repositories:

https://gitlab.com/ittutu/spex

https://github.com/Transition-Algebra/TATP

* then, provided Maude 3(>.2) is installed:

./configure
make
[sudo] make install

Example: Spec[TA] (codev’d D.Găină
and A.Riesco)

spec Institute is
including CCS .

ops theorem, coffee, coin .....
ops Institute, Mathematician, CoffeeVM .....

ax Institute
= (Mathematician | CoffeeVM) \ coin \ coffee .

ax Mathematician
=(tau)> (snd(coin) . rcv(coffee) .

snd(theorem) . Mathematician) .
ax CoffeeVM

=(tau)> (rcv(coin) . snd(coffee) . CoffeeVM) .
endspec
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Introduction

Introduction

• TA follows the principles of institution theory, a framework that formalizes the notion of
a logical system using four ingredients: signatures, sentences, models, and a
satisfaction relation between models and sentences.

• In TA, each signature is equipped with a separate set of plain, unstructured transition
labels, which are interpreted in models as atomic transition relations.

• Here, we adopt a more minimalistic approach.

• We use terms both to denote elements in models and to form atomic transition labels.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 3 / 50

Introduction

Introduction

• Novel denotational semantics called Transition Algebra (TA), introduced for algebraic
specification languages that are executable through rewriting.

• TA supports actions, which are composed from binary relations using union (∪),
composition (;), and iteration (∗).

• TA can provide a rigorous foundation, in logical terms, for a core fragment of the
Maude strategy language.

• Maude is a specification language that implements Rewriting Logic.

• The strategy language significantly enhances its expressive power by enabling
fine-grained control over the application of transition rules.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 2 / 50

Executable Specifications in Transition Algebra

A. Riesco (joint work with Daniel Găină and Ionuţ Ţuţu)

Universidad Complutense de Madrid, Madrid, Spain

Workshop on Logic, Algebra and Category Theory, LAC 2025
Fukuoka, Japan
October 3, 2025
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Introduction

Introduction - rewriting

• Our rewrite rules are derived from general Horn clauses by imposing restrictions on
the occurrences of variables in order to ensure executability.

• Conditions, while not themselves rewrite rules, may include complex compositions of
actions and thus require their own operational semantics.

• We proceed in two steps.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 6 / 50

Introduction

Introduction

• We define a system of proof rules for reasoning about clauses in TA.

• The resulting entailment system is both sound and complete.

• Our completeness proof does not rely on the use of a cut rule.

• This means that properties of systems specified by clauses in TA can be proved
without requiring the discovery of intermediate results.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 5 / 50

Introduction

Introduction

• It allows us to quantify over atomic transitions using ordinary first-order variables.

• This mechanism serves as a method of encoding second-order quantification (over
transition relations) using first-order quantifiers.

• We focus on defining a fragment of TA with good computational properties, making
specifications written in this logical framework executable via rewriting or narrowing.

• We introduce a notion of Horn clause in two distinct forms: equational and
transitional.

• The framework allows the conditions to include actions that are arbitrarily complex
and not necessarily atomic.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 4 / 50
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Introduction

Introduction - rewriting

• We establish a completeness result for rewriting, thus ensuring that a goal G follows
(semantically) from a set Γ of clauses only if G can be operationally reduced to the
empty set through a sequence of rewriting steps.

• This result bridges the gap between the model-theoretic semantics of TA and its
operational semantics defined via rewriting.

• To achieve it, the set of rules needs to satisfy two key assumptions: confluence of
equational rewriting rules and coherence of transitional rewrite rules.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 9 / 50

Introduction

Introduction - rewriting

• Second, we define term rewriting using equational rewrite rules and, separately, term
transitions using transitional rewrite rules.

• The latter captures the idea of rewriting along a path described by an action, hence
giving an operational interpretation to transitions in the system.

• This separation clarifies how terms transition in response to rules and how side
conditions are validated through structured rewriting.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 8 / 50

Introduction

Introduction - rewriting

• First, we define a rewriting relation on sets of conditions.

• We interpret these sets of conditions as goals G that are meant to be proved by
rewriting.

• Proving a goal amounts to rewriting it to the empty set.

• To prove G we may need to apply other rewrite rules, which may be conditional.

• Unlike term rewriting, for goal rewriting we do not check the conditions of rules
straight away; instead, we add them to G so that they are checked at some point
during rewriting.

• The purpose is to develop a framework for rewriting that is as general as possible,
independent of any particular computational strategy.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 7 / 50
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Introduction

Introduction - implementation

• The close relationship between Rewriting Logic and Transition Algebra makes Maude
the most appropriate language for these tasks, as it already provides mechanisms for
parsing, matching, and unification.

• Both the sentences and the execution mechanisms of Rewriting Logic and Transition
Algebra are different, hence no direct translation is possible.

• For that reason, the tool builds on the features provided by Maude to obtain specially
designed resolution procedures for Transition Algebra.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 12 / 50

Introduction

Introduction - implementation

• We have implemented a tool prototype for writing TA specifications, reducing terms,
checking transitions, and solving queries.

• This was made possible by SpeX, which is both a heterogeneous logical environment
and a collection of Maude libraries that facilitate the development of new specification
languages.

• Thanks to Maude meta-level, it has been possible to define a dedicated syntax for TA
specifications, to parse specifications, transform them into internal Maude
representations, and then use those representations to reduce terms and solve
queries.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 11 / 50

Introduction

Introduction - narrowing

• To define narrowing, we use the same rewrite rules as those used for rewriting.

• The definition of narrowing can be obtained directly from rewriting by replacing
matching with unification.

• We consider queries defined as existentially quantified goals, revisit the classical
notion of solution to a query, and propose a suitable narrowing relation.

• A query ∃X ·Q is satisfiable with respect to a set Γ of clauses, meaning that there
exists a substitution θ such that Qθ follows from Γ, if and only if ∃X ·Q can be
reduced to a trivial query of the form ∃X ′ · ∅ through a sequence of narrowing steps
that ‘compute’ θ.

• The completeness of narrowing holds under confluence, coherence, and also an
additional termination requirement for goal rewriting.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 10 / 50
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Horn clause in Transition Algebra

Horn clause in Transition Algebra

We add transition relations and quantifier-free clauses.

(Comp)
Γ ⊢ a1(t1, t2) Γ ⊢ a2(t2, t3)

Γ ⊢ (a1 ; a2)(t1, t3)
(Union)

Γ ⊢ ai(t1, t2)

Γ ⊢ (a1 ∪ a2)(t1, t2)

(Eq)
Γ ⊢ t1 = t2
Γ ⊢ a0(t1, t2)

(Star)
Γ ⊢ an(t1, t2)

Γ ⊢ a∗(t1, t2)

(MP)
Γ ⊢ φ if H Γ ⊢ ϕ for all ϕ ∈ H

Γ ⊢ φ
(Subst)

Γ ⊢ ∀X · γ
Γ ⊢ γθ

for all θ : X → ∅

These* rules are sound.
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Horn clause in Transition Algebra

Horn clause in Transition Algebra

We start with atomic sentences.

(R)
Γ ⊢ t = t

(S)
Γ ⊢ t1 = t2
Γ ⊢ t2 = t1

(T )
Γ ⊢ t1 = t2 Γ ⊢ t2 = t3

Γ ⊢ t1 = t3

(F)
Γ ⊢ t1 = t ′1 . . . Γ ⊢ tn = t ′n

Γ ⊢ σ(t1, . . . , tn) = σ(t ′1, . . . , t ′n)
(L)

Γ ⊢ ti = t ′i for both i ∈ {1, 2} Γ ⊢ τ = τ ′ Γ ⊢ τ(t1, t2)

Γ ⊢ τ ′(t ′1, t ′2)

These rules are sound.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 14 / 50

Horn clause in Transition Algebra

Horn clause in Transition Algebra

• Remember we have t1 = t2 and a(t1, t2).
• A Horn clause is a sentence of the form ∀X ·φ if H where

1 X is a finite block of variables;
2 H is a finite set of equations and transition rules; and
3 φ is an atomic sentence.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 13 / 50
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Operational semantics Rewriting

Operational semantics - rewriting

• We consider two kinds of rewrite rules to ‘execute’ specifications.

• An equational rewrite rule is a Horn clause of the form ∀X · (ℓ = r) if H such that ℓ
is not a variable and X = var(ℓ) ∪ var(H).

• A transitional rewrite rule is a Horn clause of the form ∀X · τ(ℓ, r) if H such that ℓ is
not a variable and X = var(τ) ∪ var(ℓ) ∪ var(H).

• Whenever we refer to a term rewriting system in Transition Algebra we mean a pair
(Σ, Γ) consisting of a signature Σ and a set Γ ⊆ Sen(Σ) of equational and
transitional rewrite rules.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 18 / 50

Horn clause in Transition Algebra

Horn clause in Transition Algebra

Lemma (Soundness)
The proof rules defined in the tables above are sound. That is, the least entailment system
closed under the proof rules defined in the tables above is sound.

Theorem (Completeness)

Let ⊢ be any sound entailment system closed under the proof rules defined in the tables
above. For all sets of clauses Γ and all clauses γ defined over the same signature, we
have Γ |= γ iff Γ ⊢ γ.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 17 / 50

Horn clause in Transition Algebra

Horn clause in Transition Algebra

We add transition rules and quantified clauses.

(CompI)
Γ ∪ {a1(t1, x), a2(x, t2)} ⊢Σ[z] γ

Γ ∪ {(a1 ; a2)(t1, t2)} ⊢ γ
(UnionI)

Γ ∪ {ai(t1, t2)} ⊢ γ for all i ∈ {1, 2}
Γ ∪ {(a1 ∪ a2)(t1, t2)} ⊢ γ

(StarI)
Γ ∪ {an(t1, t2)} ⊢ γ for all n ∈ N

Γ ∪ {a∗(t1, t2)} ⊢ γ
(Imp)

Γ ∪ H ⊢ φ

Γ ⊢ φ if H

(UQE)
Γ ⊢Σ ∀X · γ
Γ ⊢Σ[X ] γ

(UQI)
Γ ⊢Σ[X ] γ

Γ ⊢Σ ∀X · γ

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 16 / 50
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Operational semantics Rewriting

Operational semantics - rewriting

• So far, we have defined rewriting on sets of ground equations and transitions.

• To extend it to equations and transitions with variables from some given block X , we
treat the variables in X as new constants that we add to the underlying signature.

• Concretely, for any term rewriting system (Σ, Γ) and block X of variables, rewriting
sets of equations and transitions with variables from X amounts to applying rewriting
over (Σ[X ], Γ).

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 21 / 50

Operational semantics Rewriting

Operational semantics - rewriting

Definition (Rewriting)
The general rewriting relation ∗ on Transition Algebra goals is the reflexive and transitive
closure of the one-step-rewriting relation. We define it by ∗ =

⋃
{ n | n ∈ N}, where:

G 0 G, and
if G1

lb G2 and G2
n G3, then G1

n+1 G3, for each label lb ∈ {EQ,=, TR, ;,∪,⟳}.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 20 / 50

Operational semantics Rewriting

Operational semantics - rewriting

Definition (Rewriting step)

Let (Σ, Γ) be a term rewriting system. The one-step-rewriting relation on ground equations
and transitions is defined as follows:

EQ C[t] EQ C[rθ] ∪ Hθ whenever t = ℓθ for some rule ∀Y · (ℓ = r) if H ∈ Γ and

substitution θ : Y → ∅;

= {t = t} ∪ G = G;

TR {τ(t1, t2)} ∪ G TR {rθ = t2} ∪ Hθ ∪ G whenever τ = κθ and t1 = ℓθ for some

∀Y ·κ(ℓ, r) if H ∈ Γ and θ : Y → ∅;

; {(a1 ; a2)(t1, t2)} ∪ G ; {a1(t1, t), a2(t, t2)} ∪ G, for any Σ-term t ;

∪ {(a1 ∪ a2)(t1, t2)} ∪ G ∪ {ai(t1, t2)} ∪ G, for any i ∈ {1, 2};

⟳ {a∗(t1, t2)} ∪ G ⟳ {an(t1, t2)} ∪ G, for any n ∈ N.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 19 / 50
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Operational semantics Narrowing

Operational semantics - narrowing

Definition (Narrowing step)

Let (Σ, Γ) be a term rewriting system. The one-step-narrowing relation on queries,
indexed by so-called computed substitutions, is defined as follows:

EQ ∃X ·C[t] EQ
ψX ∃X ′ · (C[r] ∪ H)ψ when t is not a variable,

ψ = mgu{t
.
= ℓ} : X ⊎ Y → X ′ for some rule ∀Y · (ℓ = r) if H ∈ Γ, and

ψX : X → X ′ is the restriction of ψ to X ;

= ∃X · {t1 = t2} ∪ Q =
ψ ∃X ′ ·Qψ when ψ = mgu{t1

.
= t2} : X → X ′;

TR ∃X · {τ(t1, t2)} ∪ Q TR
ψX ∃X ′ · ({r = t2} ∪ H ∪ Q)ψ when

ψ = mgu{τ .
= κ, t1

.
= ℓ} : X ⊎ Y → X ′ for some rule ∀Y ·κ(ℓ, r) if H ∈ Γ and

ψX : X → X ′ is the restriction of ψ to X ;

; ∃X · {(a1 ; a2)(t1, t2)} ∪ Q ;
ιx ∃X ∪ {x} · {a1(t1, x), a2(x, t2)} ∪ Q, for any new

variable x , distinct from those in X , and for the obvious inclusion ιx : X → X ∪ {x};
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Operational semantics Narrowing

Operational semantics - narrowing

• Next, we look for solutions to queries, which are defined as existentially quantified
goals and are usually denoted ∃X ·Q, where X is a block of variables and Q is a goal
with variables from X .

• As in equational logic programming, a solution to ∃X ·Q is a substitution θ : X → X ′

such that Γ |= ∀X ′ ·Qθ.

• We solve queries by narrowing, which is similar to rewriting, but employs most
general unifiers instead of matching substitutions in order to compute ‘values’ for the
variables in X such that the equalities and transitions in Q hold true.
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Operational semantics Rewriting

Operational semantics - rewriting

This notion of goal rewriting is sound in the following sense: in the presence of the
rewriting rules (Horn clauses) provided by Γ, the outcome of a rewrite is always stronger
than the original goal.

Theorem (Soundness of rewriting)

Let (Σ, Γ) be a term rewriting system. For any goals G,G′ ⊆ Sen(Σ),

G ∗ G′ implies Γ ∪ G′ |= G.

Corollary

For any term rewriting system (Σ, Γ) and goal G ⊆ Sen(Σ), G ∗ ∅ implies Γ |= G.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 22 / 50
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Operational semantics Narrowing

Operational semantics - narrowing

The following result establishes our first link between narrowing and rewriting.

Lemma (Reduction Lemma)

If ∃X ·Q n
ψ ∃X ′ ·Q′, then Qψ n Q′.

One important consequence of Reduction Lemma is the soundness of narrowing.

Theorem (Soundness of narrowing)

Let (Σ, Γ) be a term rewriting system. If ∃X ·Q ∗
ψ ∃X ′ ·Q′, then for any solution

θ : X ′ → X ′′ to ∃X ′ ·Q′, the substitution ψ ; θ is a solution to ∃X ·Q.
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Operational semantics Narrowing

Operational semantics - narrowing

The narrowing relation corresponds to the reflexive and transitive closure of the
one-step-narrowing relation.

Definition (Narrowing)

The general narrowing relation is defined by ∗
ψ =

⋃
{ n

ψ | n ∈ N}, where:

1 ∃X ·Q 0
1X ∃X ·Q, and

2 if ∃X1 ·Q1
lb

ψ1 ∃X2 ·Q2 and ∃X2 ·Q2
n

ψ2 ∃X2 ·Q3, then
∃X1 ·Q1

n+1
ψ1;ψ2 ∃X3 ·Q3, for each label lb ∈ {EQ,=, TR, ;,∪,⟳}.
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Operational semantics Narrowing

Operational semantics - narrowing

Definition (Narrowing step)

Let (Σ, Γ) be a term rewriting system. The one-step-narrowing relation on queries,
indexed by so-called computed substitutions, is defined as follows:

∪ ∃X · {(a1 ∪ a2)(t1, t2)} ∪ Q ∪
1X ∃X · {ai(t1, t2)} ∪ Q, for any i ∈ {1, 2}, where

1X : X → X is the identity; and

⟳ ∃X · {a∗(t1, t2)} ∪ Q ⟳
1X ∃X · {an(t1, t2)} ∪ Q, for any n ∈ N, where

1X : X → X is the identity.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 25 / 50
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Operational semantics Term rewriting

Operational semantics - term rewriting
Term rewriting together with action rewriting allows us to define a transition relation on
terms.

Definition (Term transition)

Let (Σ, Γ) be a term rewriting system. The relation a on Σ-terms is defined by induction
on the structure of a:

TR t1 τ t2 if there exist a rewrite rule ∀Y ·κ(ℓ, r) if H ∈ Γ and a substitution

θ : Y → ∅ such that

1 t1 ∗ ℓθ,
2 τ ∗ κθ,
3 rθ ∗ t2, and
4 Hθ ∗ ∅;

; t1
a1;a2 t2 if t1

a1 t and t a2 t2 for some term t ∈ TΣ;

∪ t1
a1∪a2 t2 if t1

ai t for some i ∈ {1, 2}; and

⟳ t1 a∗
t2 if t1 an

t2 for some n ∈ N.
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Operational semantics Term rewriting

Operational semantics - term rewriting

Term rewriting extends canonically from terms to actions:

; a1 ; a2
∗ a′1 ; a′2 when a1

∗ a′1 and a2
∗ a′2;

∪ a1 ∪ a2
∗ a′1 ∪ a′2 when a1

∗ a′1 and a2
∗ a′2; and

⟳ a∗ ∗ b∗ when a ∗ b.
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Operational semantics Term rewriting

Operational semantics - term rewriting

Definition (Term rewriting)

Let (Σ, Γ) be a term rewriting system. We overload the notation used for rewriting goals
and define a one-step-rewriting relation on Σ-terms as follows: for any context c and term
t , c[t] EQ c[rθ] if there exist an equational rule ∀Y · (ℓ = r) if H ∈ Γ and a substitution
θ : Y → ∅ such that t = ℓθ and Hθ ∗ ∅.
The family of n-step rewriting relations { n ⊆ TΣ × TΣ | n ∈ N} is defined inductively as
follows:

1 t 0 t ;

2 if t1
EQ t2 and t2 n t3, then t1

n+1 t3.

We write t ∗ t ′ whenever t n t ′ for some n ∈ N.
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Operational semantics Term rewriting

Operational semantics - term rewriting

Proposition

Let (Σ, Γ) be a ground confluent term rewriting system.

1 If {t1 = t2} ∗ ∅, then t1 ∗ u ∗ t2 for some Σ-term u.

2 Moreover, if (Σ, Γ) is coherent and {a(t1, t2)} ∗ ∅, then t1 a u ∗ t2 for some
Σ-term u.
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Operational semantics Term rewriting

Operational semantics - term rewriting

Corollary

Let (Σ, Γ) be a term rewriting system.

• Term rewriting is sound, meaning that t1 ∗ t2 implies Γ |= t1 = t2.

• Term transition is sound, meaning that t1 a t2 implies Γ |= a(t1, t2).
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Operational semantics Term rewriting

Operational semantics - term rewriting

Lemma

Let (Σ, Γ) be a term rewriting system. For all Σ-actions a, b and all Σ-terms t1, t2,

if a ∗ b and t1 b t2, then t1 a t2.

Lemma

Let (Σ, Γ) be a term rewriting system.

1 If t1 ∗ u ∗ t2, then {t1 = t2} ∗ ∅.

2 If t1 a u ∗ t2, then {a(t1, t2)} ∗ ∅.
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Completeness of operational semantics - narrowing

Proposition

Let (Σ, Γ) be a canonical and coherent term rewriting system, and let nf(t1) and nf(t2) be
the (unique) normal forms of terms t1 and t2, respectively. For any action a, if
{a(t1, t2)} ∗ ∅, then

1 {a(t1, nf(t2))} ∗ ∅, and

2 {a(nf(t1), t2)} ∗ ∅.
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Completeness of operational semantics Narrowing

Completeness of operational semantics - narrowing

Definition (Strict goal rewriting)

We say that a goal G rewrites strictly to G′, and write G ∗! G′, when there exists a
sequence of rewriting steps G G1 G2 · · · G′ where all the occurrences of the ‘;’
step are instances of the following stricter decomposition of actions:

;! {(a1 ; a2)(t1, t2)} ∪ G ; {a1(t1, t), a2(t, t2)} ∪ G, for any normal Σ-term t .

That is, ∗! =
⋃
{ n! | n ∈ N}, where:

1 G 0! G, and

2 if G1
lb G2 and G2

n! G3, then G1
n+1! G3, for each label

lb ∈ {EQ,=, TR, ;!,∪,⟳}.
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Completeness of operational semantics Rewriting

Completeness of operational semantics - rewriting

All completeness results are based on confluence and coherence assumptions.

Theorem (Completeness of rewriting)

Let (Σ, Γ) be a ground confluent and coherent term rewriting system. For all goals
G ⊆ Sen(Σ),

G ∗ ∅ if Γ |= G.
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TATP

TATP

DEMO

https://github.com/Transition-Algebra/TATP
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Completeness of operational semantics Narrowing

Completeness of operational semantics - narrowing

Theorem

Let (Σ, Γ) be a canonical and coherent term rewriting system such that:

1 for each equational rule ∀Y · (ℓ = r) if H ∈ Γ, Y = var(ℓ), and

2 for each transition rule ∀Y ·κ(ℓ, r) if H ∈ Γ, Y = var(κ) ∪ var(ℓ).

For every normal solution θ : X → Z to a query ∃X ·Q there exists a narrowing derivation
∃X ·Q ∗

ψ ∃X ′ · ∅ and a substitution δ : X ′ → Z such that θ = ψ ; δ.

Corollary (Completeness of narrowing)
Under the conditions above,

∃X ·Q ∗
ψ ∃X ′ · ∅ if Γ |= ∃X ·Q.
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Completeness of operational semantics Narrowing

Completeness of operational semantics - narrowing

Lemma (Lifting Lemma)

Let (Σ, Γ) be a term rewriting system such that:

1 for each equational rule ∀Y · (ℓ = r) if H ∈ Γ, Y = var(l), and

2 for each transition rule ∀Y ·κ(ℓ, r) if H ∈ Γ, Y = var(κ) ∪ var(ℓ).

For every query ∃X ·Q, normal substitution θ : X → Z, and goal G over Σ[Z ] such that
Qθ n! G, there exist a narrowing derivation ∃X ·Q n

ψ ∃X ′ ·Q′ and a normal
substitution δ : X ′ → Z such that Q′δ = G, and ψ ; δ = θ.

∃X ·Q ∃X ′ ·Q′

Qθ G

θ

n

ψ

δ

n!
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TATP

TATP - Implementation notes (rewriting)

• Then, θ′ is computed by using backtracking: for each transition in the condition, as
many child nodes can be generated as there are possible substitutions.

• It is important to note that, because we work modulo equational axioms such as
associativity and commutativity, several different substitutions can be generated when
matching a term and a pattern.

• The number of substitutions generated by a transition might be infinite.

• For this reason, the traversal of the tree follows a depth-first strategy and each
substitution is computed lazily, only if required.

• Also note that equalities must be recomputed in general when the substitution
changes.
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TATP

TATP - Implementation notes (rewriting)

• For transitions, we also apply the current substitution, but the process is slightly
different to the one before.

• First, the matching is twofold: we need the term to match the left-hand side and the
actions to match the labels.

• Then, the implementation includes built-in transitions implementing the rules for
composition, choice, and iteration, which are used when required.

• Finally, the matching with the right-hand side might extend the substitution.
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TATP

TATP - Implementation notes (rewriting)

• We can take advantage of the meta-level capabilities of Maude for designing a
resolution procedure for reductions.

• Given a term t , we look for an equation ℓ = r if H, such that ℓ matches t , obtaining a
substitution θ and a context c.

• Then, a new substitution θ′ extending θ is required for satisfying the condition H; θ′

will be used for instantiating r, replacing ℓ in the context c.

• The process is repeated until no equations can be applied to the current term.

• The condition H may contain both equalities and transitions.

• For equalities, the current substitution is applied to both sides of the equation and
they are reduced independently as described.

• Once they cannot be further reduced, equality modulo axioms is checked.
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TATP - Implementation notes (narrowing)

• An open configuration includes, besides the specification and a query, information
about the partial solution computed up to that point.

• This means that, for any chain of narrowing steps
∃X0 ·Q0 ψ1 ∃X1 · ∅1 ψ2 ∃X2 · ∅2 ψ3 · · · we have a corresponding chain of
configuration rewrites such that, for each index n, the nth open configuration includes
an encoding of the substitution ψ1 ; ψ2 ; · · · ; ψn.

• Open configurations may also carry lists of (sets of) clauses for echeck and
information about the variables in use.

• The latter information is passed to built-in Maude functions for computing unifiers.

• Finally, a solved configuration is a configuration whose query is ⊤.
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TATP

TATP - Implementation notes (narrowing)

• For solving queries, we adapt a general logic-programming procedure that is already
integrated into SpeX and matches closely our definition of narrowing.

• This procedure relies on the Maude strategy language and involves the rewriting of
three kinds of ‘configurations’: initial, open, and solved.

• An initial configuration is a pair consisting of a specification (set of Horn clauses) and
a query that is meant to be checked.

• Optionally, for echeck, an initial configuration may also provide a list of (sets of)
clauses (identified by labels) to be used in subsequent narrowing steps.
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TATP

TATP - Implementation notes (rewriting)

• Termination is ensured by supporting two bounds: in the number of steps (including
both reductions and transitions) and in the number of conditions.

• The bounds are considered differently.

• The number of steps is computed globally, so each application of an equation or a
transition reduces the bound

• The number of conditions is used locally for each reduction step and restarted again
for the next one.

• Our implementation stores the terms already tried to reduce in the conditions,
avoiding loops that often occur when dealing with some operators, in particular
iteration.

A. Riesco (UCM) Executable Specifications in Transition Algebra LAC 2025 43 / 50



324

Conclusions and ongoing work Conclusions

Conclusions

• We have examined Transition Algebra, an extension of many-sorted first-order logic
that includes features from dynamic logic, where actions are used as labels of
transitions, thus allowing us to capture and analyse complex behaviours.

• This logic is useful for modelling and studying systems where the actions are as
important as the system states upon which they produce an effect.

• Unlike previous definitions, and for greater flexibility in the use of actions, we have
extended (and simplified) the framework in order to support arbitrary terms as actions.

• We have devised a sound and complete set of proof rules for reasoning about Horn
clauses.

• We have developed an operational semantics for Transition Algebra based on term
rewriting, transition checking, and narrowing.

• We have shown that rewriting and narrowing are both sound and complete, thus
advocating for Transition Algebra as an appropriate framework for system verification.
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TATP

TATP - Implementation notes (narrowing)

• Similarly to term rewriting, termination can be enforced by specifying a bound on the
number of narrowing steps that can be applied.

• Still, the search space for solved configurations can easily become infeasibly large
even for low bounds.

• Because of this, the explicit search (implemented for echeck) is often more
convenient as it drastically limits the extent of the search space by specifying which
clauses are admissible at each step.

• Its downside is that the search procedure is no longer fully automatic, and
completeness cannot be guaranteed.

• To counterbalance this limitation, if no solved configuration is found (given a sequence
HCL of Horn-clause labels), then the explicit search returns a final list of open
configurations that may be rewritten to a solved one (by modifying or extending HCL).
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TATP

TATP - Implementation notes (narrowing)

• The rewriting of configurations is controlled using Maude strategies. Every change of
configurations consists of several sub-steps:

1 first, we non-deterministically select a context or formula within the current query where
narrowing is applied;

2 then we select (also non-deterministically) a suitable clause,
3 we compute all possible unifiers (which may not be unique if the computations are

performed modulo associativity and commutativity),
4 apply substitutions,
5 compile new partial solutions, and
6 update the information on the variable names that are currently in use and on the list of

(sets of) clauses meant to guide the following narrowing steps.
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Conclusions and ongoing work Ongoing work

Ongoing work

• On the theoretical side, we want to explore additional action operators, such as tests
and parallel composition.

• We aim to continue the study of narrowing.

• Though sound and complete, in its current form, narrowing is still rather inefficient
from a computational perspective.

• We intend to look further into different forms of narrowing, as can be found in the
equational-logic literature.

• Moreover, we aim to explore the use of explicit narrowing as a useful tool in
interactive theorem proving.

• On the practical side, we are interested in continuing the development of the tool.

• We also plan to specify and analyse a variety of systems to asses the approach and
to design strategies to ease the verification process.
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Conclusions and ongoing work Conclusions

Conclusions

• The features above provide advantages from both theoretical and practical points of
view.

• On the one hand, systems can be more easily and accurately described than with
conventional equational logics.

• Furthermore, Transition Algebra allows for integrating specification and verification
organically within a single framework, which is useful especially when considering
properties that cannot be easily expressed equationally.

• On the other hand, its simple but powerful operational semantics is very well suited
for axiomatization.

• We have implemented a Maude prototype that supports specifications in Transition
Algebra and solving queries on them.
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Categoricity

Cardinality assumptions

In general, results on infinitary logics (α-compactness, etc.) depend on cardinals. So to
simplify the situation, we add some assumptions about cardinals.

Assumption 1

Note that there are two kinds of infinite cardinals:”successor cardinal α+”, and ”limit cardinal”.

1 General Continuum Hypothesis. (GCH)

α = 2β for all infinite successor cardinal α = β+

2 Non-existence of inaccessible cardinals. (¬IC)

¬IC ⇔ cf (α) < α for all uncountable limit cardinals α

where cf (α) = min{β ∈ On | ∃γ:β→α α = ∪i∈βγi}.

These are useful for induction on infinite cardinals. This is because they allow us to
rewrite any uncountable cardinal using smaller cardinals.
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Categoricity

Expressive power of TA (Categoricity)

B |= TA ⇐⇒ B ≃ A

Forcing method

Omitting Types Theorem (OTT) and its applications
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Categoricity

Applications of categoricity

Corollary 2

In TA, (α-)Compactness, and (α-)Upward Löwenheim-Skolem Property fails.

Corollary 3 (Robinson Consistency)

Let (Σ,T ) be a maximally consistent theory with at least two non-isomorphic3models A and B. Construct a
pushout as illustrated on the left side of the diagram below.

ΣB Σ′

Σ ΣA

χ2

ιA

ιB χ1

(ΣB,Th(BB)) (Σ′, χ1(Th(AA)) ∪ χ2(Th(BB)))

(Σ,T ) (ΣA,Th(AA))

χ2

ιA

ιB χ1

Then χ1(Th(AA)) ∪ χ2(Th(BB)) is not consistent.

Since A |= T and AA ↾Σ= A, we have T ⊆ Th(AA).

Since B |= T and BB ↾Σ= B, we have T ⊆ Th(BB).

However, χ1(Th(AA)) ∪ χ2(Th(BB)) is not consistent, because any model of
χ1(Th(AA)) ∪ χ2(Th(BB)), by Theorem 1, would imply that A is isomorphic to B.

1For example, if Σ has only one label ≤ and ”≤ is order ” ∈ T , then such models exist because the effect
of ” ∗ ” disappears.
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Categoricity

Proof.(sketch) For simplicity, let α be cardinal, Σ = ({s}, α,<), and A = (α,<α).

Intuitively, we can do this by adding all the elements, functions, and relations on A
as symbols to Σ. 2

Generally, when two reachable models satisfy the same atomic sentences, they are
isomorphic. Since Th(AA) includes atomic sentences, It is sufficient that:

B |= Th(AA) implies ”B is reachable” for all model B.

[α < ω] Let AA := A. B |= Th(AA) ∋ ¬∃x · ∧ {x ̸= a | a ∈ A} implies ”B is reachable”.

[α = ω] Here we use ”*”. We use the successor relation sucAA := {(i , i + 1) | i ∈ ω}.
B |= Th(AA) ∋ ∀x · 0 =(suc∗)⇒ x implies ”B is reachable”.

[α > ω is successor cardinal] From (GCH), we can write α = 2β .

By the induction hypothesis, β can already be expressed. Therefore, we can limit the
number of elements by using the function ·(·) : α× β ≃ 2β × β ∋ (f , x) → f (x) ∈ 2.

B |= Th(AA) ∋ ∀f , g < α (∀x < β f (x) = g(x)) → f = g implies ”B is reachable”.

[α > ω is limit cardinal] From (¬IC) we can wright α = ∪i∈βγi (β < α, γ : β → α).

Since α is a limit of smaller cardinals, which can be expressed by the induction
hypothesis, we can do this by using the symbol corresponding to γ.

B |= Th(AA) ∋ ∀n < α ∃i < β · n ≤ γi implies ”B is reachable”. □
2In reality, we don’t need that many symbols; it is enough to add as many symbols as the cardinality of A.
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Categoricity

Categoricity

A set of sentences is called a categorical theory if it has a unique model up to
isomorphism.

Let Th(A) := {ϕ ∈ Sen(Σ) | A |= ϕ} for a Σ-model A.
If Th(A) is categorical, it means that A can be represented by sentences.

In general this is not true, but the following theorem says that it is possible if we
allow signature expansions.

Theorem 1 (Categoricity)

Let A be a Σ-model. There exist:

1 ιA : Σ → ΣA – sort-preserving inclusion,

2 AA – reachable1ιA-expansion of A,

ΣA AA

Σ A

↾ΣιA

such that Th(AA) is categorical (i.e. any ΣA-model of Th(AA) is isomorphic to AA).

1That is, all elements of AA can be expressed using the symbols in ΣA.
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Forcing

Forcing property

Definition 6

A forcing property is a tuple P = (P,≤,∆, f ), where:

(P,≤) Set

Sig∆

f

Sen0

⊆

1 (P,≤) is a partially ordered set with a least element 0.

2 ∆ : (P,≤) → Sig is a functor, which maps each (p ≤ q) ∈ (P,≤) to ∆(p) ⊆ ∆(q).

3 f : (P,≤) → Set is a functor such that ⊆: f =⇒ ∆; Sen0 is a natural transformation.

4 If f (p) |= φ then φ ∈ f (q) for some q ≥ p, for all atomic sentences φ ∈ Sen0(∆(p)).
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Forcing

Expressive power of TA (Categoricity)

▶ T ⇐representation= A
▶ Negative results.

Forcing method

▶ T =implementation⇒ A
▶ Positive results.

Omitting Types Theorem (OTT) and its applications
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Categoricity

In the case of ZFC

Categoricity and its results use GCH and ¬IC in addition to ZFC . However, the story
also has applications when using only ZFC .

Fact 4

ZFC + GCH + ¬IC ̸⊢ ⊥ ⇐⇒ ZFC ̸⊢ ⊥

Proposition 5

Let ZFC be consistent (ZFC ̸⊢ ⊥). ZFC + GCH + ¬IC ⊢ φ =⇒ ZFC ̸⊢ ¬φ

Proof. Suppose ZFC ⊢ ¬φ, towards a contradiction.

Since ZFC ⊆ ZFC + GCH + ¬IC , ZFC + GCH + ¬IC ⊢ ¬φ.
From the assumption, ZFC + GCH + ¬IC ⊢ ⊥.

By the fact ZFC ⊢ ⊥.

But this contradicts ZFC ̸⊢ ⊥. □

Therefore, the results shown so far cannot be disproven from ZFC as long as ZFC is
consistent (i.e., as long as modern mathematics is not broken).

From here on, GCH and ¬IC will not be used.
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Forcing

Semantic forcing

Example 10

Depending on the logical property being studied, a condition may take on different
forms.

For OTT and DLS, a condition is a triple (Σ[C ],Φ,M): a

▶ Φ - set of Σ[C ]-sentences

▶ M - class of Σ[C ]-models

aStrictly speaking, this is not a tuple, since M can be a proper class.

Syntactic forcing uses p = (Σp,Φp).

p ⊩ ¬¬ϕ ⇐⇒ Φp ⊢Σp ϕ

Semantic forcing uses p = (Σp,Φp,Mp).

p ⊩ ¬¬ϕ ⇐⇒ Φp ⊨Σp ,Mp ϕ

where Φ ⊨Σ,M ϕ : ⇐⇒ A |= Φ implies A |= ϕ for all A ∈ M.
Note: Φ ⊨Σ ϕ : ⇐⇒ A |= Φ implies A |= ϕ for all A.
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Forcing

Generic set and generic model

Definition 8 (Generic set)

A subset of conditions G ⊆ P is generic if

1 G is an ideal, i.e.,

▶ G ̸= ∅,
▶ for all p ∈ G and all q ≤ p we have q ∈ G , and
▶ for all p, q ∈ G there exists r ∈ G such that p ≤ r and q ≤ r (directedness);

2 G determines the truth of sentences, i.e.,

▶ for all conditions p ∈ G and all sentences ϕ ∈ Sen(∆(p)) there exists a condition
q ∈ G such that q ≥ p and either q ⊩ ϕ or q ⊩ ¬ϕ holds.

Theorem 9 (Generic model theorem)

Let ∆G be signature of G, i.e., the “union” of all signatures of the conditions in a generic set G
There is a reachable ∆G -model AG which is generic for G i.e.,

AG |= ϕ ⇐⇒ r ⊩ ϕ for some r ∈ G

for all ∆G -sentences ϕ.
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Forcing

Forcing relation

Definition 7 (Forcing relation)

The forcing relation ⊩ between conditions and sentences is defined by:

p ⊩ φ if φ ∈ f (p), for all atomic sentences φ ∈ Sen0(∆(p)).

p ⊩ (a1 ; a2)(t1, t2) if p ⊩ a1(t1, t) and p ⊩ a2(t, t2) for some term t ∈ T∆(p).

p ⊩ (a1 ∪ a2)(t1, t2) if p ⊩ a1(t1, t2) or p ⊩ a2(t1, t2).

p ⊩ a∗(t1, t2) if p ⊩ an(t1, t2) for some natural number n < ω.

p ⊩ ¬ϕ if there is no q ≥ p such that q ⊩ ϕ.

p ⊩ ∨Φ if p ⊩ ϕ for some ϕ ∈ Φ.

p ⊩ ∃x ·ϕ if p ⊩ ϕ[x ← t] for some ground term t.
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Omitting Types Theorem

Omitting Types Theorem

Definition 13 (Type)

T ⊆ Sen(Σ[X ]) is a type, where α = card(Sen(Σ)) and αcard(X ) ≤ α.

A Σ-model A realizes T if B |= T for some expansion B of A to Σ[X ].

A omits T if A does not realize T .

Σ[X ] B

Σ A

↾Σ

Definition 14 (Isolated type)

Let Σ be a signature of power card(Sen(Σ)) = α.

Φ ⊆ Sen(Σ) isolates T ⊆ Sen(Σ[X ]) iff Φ ∪ Γ ⊨Σ[X ] T for some
Γ ∈ Pα(Sen(Σ[X ])).

Φ locally omits T if Φ does not isolate T .

Σ[X ] Φ ∪ Γ ⊨ T

Σ Φ

Theorem 15 (Omitting Types Theorem)

Σ - signature of power α.
L is a (syntactic) fragment of TA.
If α > ω then we assume that fragment L is compact.

If Φ has a model, and Φ locally omits Ti ⊆ Sen(Σ[Xi ]) for all i < α,
then Φ has a model which omits Ti for all i < α.
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Omitting Types Theorem

Examples

Example 11 (1-type)

Σ = ({Nat}, {0 :→ Nat, s : Nat → Nat, + : Nat Nat → Nat})
Φ = {∀x · x + 0 = 0,∀x , y · x + s(y) = s(x + y)}
T (x) = {x ̸= 0, x ̸= s(0), x ̸= s2(0), . . . }
If A omits a T ⇐⇒ A is reachable by 0 :→ Nat and s : Nat → Nat

Lemma: Φ locally omits b T

aA omits T : ⇐⇒ there is no element (solution) x ∈ |A| that satisfies T (x)
bΦ locally omits T : ⇐⇒ Φ ∪ Γ ̸⊨Σ[x] T for all Γ ∈ P(Sen(Σ[x ])), such that card(Γ) < card(Sen(Σ[x ])).

Example 12 (ω-type)

Σ = ({s}, {r :→ s | r ∈ R})
X = {xi | i ∈ N} a set of variables for Σ (Note that RN ≈ 2N×N ≈ 2N ≈ R)
T (X ) = ∪i∈NT (xi ) ∪ {xi ̸= xj

a | i ̸= j i , j ∈ N} where T (x) = {x ̸= r | r :→ s ∈ F}:
A omits T (X ) ⇐⇒ There are at most finite solutions to T (x) (though they may exist).

Lemma: Any countable and satisfiable set of sentences Φ locally omits T (X ).

aIf we replace ”̸=” with another relation, we can allow finite chains of solutions while eliminating infinite
chains.

Go Hashimoto and Daniel Găină Model-theoretic forcing in transition algebra 14 / 20

Omitting Types Theorem

Expressive power of TA (Categoricity)

Forcing method

Omitting Types Theorem (OTT) and its applications

(A |= Φ) +

{
A |= T (x) for some x ∈ |A| (realize)

A ̸|= T (x) for each x ∈ |A| (omit) ← OTT
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Omitting Types Theorem

Example 17 (Natural numbers)

(Σ,Φ):

Σ = ({Nat}, {0 :→ Nat, s : Nat → Nat, + : Nat Nat → Nat})

Fc = {0 :→ Nat, s : Nat → Nat} – constructors

Nat is a sort interpreted as finite

Φ = {∀x · x + 0 = 0, ∀x, y · x + s(y) = s(x + y)}

(CB)
Φ ⊢ ψ[x ← sn(0)] for all n ∈ N

Φ ⊢ ∀x ·ψ
(FN)

Φ ∪ {∀x0, . . . , xn · ∨i ̸=j xi = xj} ⊢ ψ for all n ∈ N
Φ ⊢ ψ

Completeness of TA
Φ ̸⊢ ⊥ =⇒ there is a model A s.t. A |= Φ

Completeness of TA + CB + FN
Φ ̸⊢CB,FN ⊥ =⇒ there is a model A s.t. A |= Φ and omits infiniteness and inreachability.

Example 18 (Lists)

(Σ,Φ):

1 Σ = ({Elt, List}, {empty :→ List, ; : List Elt → List, add : List List → List})
2 Fc = {empty :→ List, ; : List Elt → List} – constructors

3 Φ = {∀x · add(x, empty) = x, ∀x, y , e · add(x, y ; e) = add(x, y); e}

(CB)
Φ ⊢ ∀e1, . . . , en ·ψ[x ← e1; . . . ; en; empty ] for all n ∈ N

Φ ⊢ ∀x ·ψ
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Omitting Types Theorem

Applications of OTT

OTT + compactness =⇒ Löwenheim-Skolem Properties

OTT + compactness =⇒ Joint Robinson Consistency
negation⇐====⇒ Interpolation

OTT for uncountable languages of regular cardinality =⇒ inf-compactness 4

Completeness of L OTT
===⇒ completeness of the fragment obtained from L by

restricting the semantics to models which omit a certain type.
▶ type = “infinity” =⇒ completeness of finite model theory
▶ type is based on constructors =⇒ completeness of constructor-based logics

4Each set of sentences Φ has an infinite model whenever each finite subset Φf ⊆ Φ has an infinite model.
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Omitting Types Theorem

Proof

The proof of OTT is based on forcing.

The key is to construct a generic set G that forces all negations of formulas in the type T .

Σ\T ϕ0(x) ϕ1(x) ϕ2(x) ϕ3(x) ϕ4(x) ϕ5(x) · · · add counterexamples
c0 true true true true not yet true · · · Φ0 ← ¬ϕ4(c0)
c1 true not yet false true false true · · · Φ1 ← ¬ϕ1(c1)
c2 false false false true true true · · · Φ2 ⊨ ¬ϕ0(c2)
c3 true true true not yet false true · · · Φ3 ← ¬ϕ3(c3)
: : : : : : : · · · :

Then Generic Model Theorem delivers a model A such that

A |= ϕ ⇐⇒ G ⊩ ϕ, for all sentences ϕ.

Hence, A omits T .

Below is an example of a type that cannot be omitted if the Henkin constants are added all at once. Note that
the Kleene star ”∗” is not used in this example. In the case of the proof of OTT , the classical method would
run into problems if there were just an infinite number of sorts.

Example 16 (0-type)

Σ = ({sn | n ∈ N}, F ,P)

T = {∃x0 : s0, . . . , xn : s0 · ∧i ̸=j xi ̸= xj | n ∈ N}: there infinitely many elements of sort s0

A omits T ⇐⇒ As0
is finite

ϕn = ∃zn : sn · ⊤ =⇒ ∃x1 : s0, . . . , xn : s0 · ∧i ̸=j xi ̸= xj for all n > 0: if there exists an element of sort
sn then there exist at least n elements of sort s0

Lemma: Φ = {ϕn | n > 0} locally omits T .
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Conclusion

(λx .f (x , y))g(z) =(β)⇒ f (g(z), y)
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Conclusion

Conclusion and current work

Expressive power of TA (Categoricity)

▶ TA is strong enough to uniquely determine models, by using sentences.
▶ Categoricity can be used to show negative results.

Forcing method

▶ Forcing makes it possible to construct models even for infinitary logic.
▶ Forcing can be used to show positive results.

Omitting Types Theorem (OTT) and its applications

▶ Omitting Types is a way to avoid adding unnecessary elements to models.
▶ OTT has applications such as proving the completeness of constructor-based proofs.

Monoidal categories + TA = MTA (Monoidal Transition Algebra)

1 Monoidal categories can be used to discuss quantum systems.

Quantum system + Transition = Dynamic quantum system 5

2 Since second-order logical expressions are possible, differential equations can be handled
grammatically.

Differential equation + Transition = Hybrid system

Since monoidal categories generate new objects (sorts) through tensor products, the forcing
approach that adapts to the infinite number of sorts is effective.

{s, s ⊗ s, s ⊗ s ⊗ s, s ⊗ s ⊗ s ⊗ s, s ⊗ s ⊗ s ⊗ s ⊗ s, . . . }
5e.g., a system that changes its next action depending on the observation result
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Masato Wakayama
Keisuke Tanaka
Noboru Kunihiro
Kazufumi Kimoto
Yasuhiko Ikematsu

IMI Workshop of the Joint Research Projects
International Symposium on Mathematics, Quantum Theory, 
and Cryptography　246pages

September 25, 2019

MI Lecture Note Vol.82 池森　俊文 令和2年度　AIMaPチュートリアル
新型コロナウイルス感染症にかかわる諸問題の数理　
145pages

March 22, 2021
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MI Lecture Note Vol.83 早川健太郎
軸丸　芳揮
横須賀洋平
可香谷　隆
林　　和希
堺　　雄亮

シェル理論・膜理論への微分幾何学からのアプローチと 
その建築曲面設計への応用　49pages

July 28, 2021

MI Lecture Note Vol.84 Taketoshi Kawabe
Yoshihiro Mizoguchi
Junichi Kako
Masakazu Mukai
Yuji Yasui

SICE-JSAE-AIMaP Tutorial
Advanced Automotive Control and Mathematics　110pages

December 27, 2021

MI Lecture Note Vol.85 Hiroaki Anada
Yasuhiko Ikematsu
Koji Nuida
Satsuya Ohata
Yuntao Wang

IMI Workshop of the Joint Usage Research Projects
Exploring Mathematical and Practical Principles of Secure Computation 
and Secret Sharing　114pages

February 9, 2022

MI Lecture Note Vol.86 濱田　直希
穴井　宏和
梅田　裕平
千葉　一永
佐藤　寛之
能島　裕介
加葉田雄太朗
一木　俊助
早野　健太
佐伯　　修

2020年度採択分　九州大学マス・フォア・インダストリ研究所
共同利用研究集会
進化計算の数理　135pages

February 22, 2022

MI Lecture Note Vol.87 Osamu Saeki, 
Ho Tu Bao, 
Shizuo Kaji, 
Kenji Kajiwara, 
Nguyen Ha Nam, 
Ta Hai Tung,
Melanie Roberts, 
Masato Wakayama, 
Le Minh Ha, 
Philip Broadbridge

Proceedings of Forum “Math-for-Industry” 2021
-Mathematics for Digital Economy-　122pages

March 28, 2022

MI Lecture Note Vol.88 Daniel PACKWOOD
Pierluigi CESANA, 
Shigenori FUJIKAWA, 
Yasuhide FUKUMOTO,
Petros SOFRONIS, 
Alex STAYKOV

Perspectives on Artificial Intelligence and Machine Learning in 
Materials Science, February 4-6, 2022　74pages

November 8, 2022
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MI Lecture Note Vol.89 松谷　茂樹
落合　啓之
井上　和俊
小磯　深幸
佐伯　　修
白井　朋之
垂水　竜一
内藤　久資
中川　淳一
濵田　裕康
松江　　要
加葉田雄太朗

2022年度採択分 九州大学マス・フォア・インダストリ研究所
共同利用研究集会
材料科学における幾何と代数 III 　356pages

December 7, 2022

MI Lecture Note Vol.90 中山　尚子
谷川　拓司
品野　勇治
近藤　正章
石原　　亨
鍛冶　静雄
藤澤　克樹

2022年度採択分 九州大学マス・フォア・インダストリ研究所
共同利用研究集会
データ格付けサービス実現のための数理基盤の構築　58pages

December 12, 2022

MI Lecture Note Vol.91 Katsuki Fujisawa
Shizuo Kaji
Toru Ishihara
Masaaki Kondo
Yuji Shinano
Takuji Tanigawa
Naoko Nakayama

IMI Workshop of the Joint Usage Research Projects
Construction of Mathematical Basis for Realizing Data Rating Service
610pages

December 27, 2022

MI Lecture Note Vol.92 丹田　　聡
三宮　　俊
廣島　文生

2022年度採択分 九州大学マス・フォア・インダストリ研究所
共同利用研究集会
時間・量子測定・準古典近似の理論と実験
〜古典論と量子論の境界〜　150pages

Janualy 6, 2023

MI Lecture Note Vol.93 Philip Broadbridge
Luke Bennetts
Melanie Roberts
Kenji Kajiwara

Proceedings of Forum “Math-for-Industry” 2022
-Mathematics of Public Health and Sustainability-　170pages

June 19, 2023

MI Lecture Note Vol.94 國廣　　昇
池松　泰彦
伊豆　哲也
穴田　啓晃
縫田　光司

2023年度採択分 九州大学マス・フォア・インダストリ研究所
共同利用研究集会
現代暗号に対する安全性解析・攻撃の数理　260pages

Janualy 11, 2024

MI Lecture Note Vol.96 澤田　茉伊 2023年度採択分 九州大学マス・フォア・インダストリ研究所
共同利用研究集会
デジタル化時代に求められる斜面防災の思考法　70pages

March 18, 2024
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MI Lecture Note Vol.97 Shariffah Suhaila Syed Jamaludin
Zaiton Mat Isa
Nur Arina Bazilah Aziz 
Taufiq Khairi Ahmad Khairuddin
Shaymaa M.H.Darwish 
Ahmad Razin Zainal Abidin 
Norhaiza Ahmad 
Zainal Abdul Aziz
Hang See Pheng
Mohd Ali Khameini Ahmad

International Project Research-Workshop (I)
Proceedings of 4th Malaysia Mathematics in Industry Study Group 
(MMISG2023)　172pages

March 28, 2024

MI Lecture Note Vol.98 中澤　　嵩 2024 年度採択分 九州大学マス・フォア・インダストリ研究所 共
同利用研究集会
自動車性能の飛躍的向上を目指す Data-Driven 設計　92pages

January 30, 2025

MI Lecture Note Vol.99 Jacques Garrigue 2024 年度採択分 九州大学マス・フォア・インダストリ研究所 共
同利用研究集会
コンピュータによる定理証明支援とその応用　308pages

March 17, 2025

MI Lecture Note Vol.100 Yutaka Jitsumatsu
Masayoshi Ohashi
Akio Hasegawa
Katsutoshi Shinohara
Shintaro Mori

IMI Workshop of the Joint Usage Research Projects
Mathematics for Innovation in Information and Communication 
Technology
274pages

March 19, 2025

MI Lecture Note Vol.101 Makoto Ohsaki 
Yoshiki Jikumaru

IMI Workshop of the Joint Usage Research Projects
Evolving Design and Discrete Differential Geometry:towards 
Mathematics Aided Geometric Design
528pages

October 1st, 2025

MI Lecture Note Vol.102 Keunsu Kim Young Researchers and Students-Workshop (I)
Topological Data Analysis and Industrial Mathematics
198 pages

December 22, 2025

MI Lecture Note Vol.103 Kulbir Ghuman
Pierluigi Cesana,
Kenji Kajiwara,
Yu Kaneko
Linh Thi Hoai Nguyen
Daniel Packwood,
Yasser Salah Eddine 
Bouchareb

International Project Research-Workshop (I)
Advancing Materials Data, Design and Discovery
102 pages

December 26, 2025

MI Lecture Note Vol.104 Soon-Sun Kwon
Minjung Gim
Jae-Hun Jung

International Project Research-Workshop (I)
orum “Math for Industry” 2025
- Challenge of Mathematics for Industry in the AI era –
444pages

January 5, 2026



MI Lecture Note Vol.105 Zaiton Mat Isa
Arifah Bahar
Shariffah Suhaila Syed 
Jamaludin
Zaitul Marlizawati 
Zainuddin
Sharidan Shafie
Ahmad Fadillah Embong
Shaymaa Mustafa
Nur Arina Bazilah Aziz
Nik Zetti Amani Nik Faudzi
Mohamad Shahiir Saidin
Mohd Rashid Admon

International Project Research-Workshop (I)
Malaysia – Japan Symposium on Mathematical and 
Statistical Modelling
122pages

Junualy 8, 2026

MI Lecture Note Vol.106 ハザリカ・ヘマンタ
村井政徳
太田史朗
窪田上太郎
道勇治
藤白隆司
石澤友浩
田中剛
サハレ・アヌラグ
犬飼隆義
廣瀬慧
福本康秀

2025年度採択分 九州大学マス・フォア・インダストリ研究所
共同利用研究集会　
干拓地における液状化ハザードマップの
改善に向けた新たな手法
216pages

January 30, 2026
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